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INTRODUCTION

The Scientific Subroutine Package (SSP) for Oper-
ating System/360 PL/I is a set of basic computa-
tional subroutines intended to help the user develop
his own PL/I program library. The user may sup-
plement or modify the subroutines to meet his needs.
This package includes a wide variety of subroutines
to perform the functions listed below but is not
intended to be exhaustive in terms of either functions
performed or methods used. As with all tools, the
user should understand their capabilities and their
application to his functional requirements before
deciding to use them.

AREAS OF APPLICATION

Individual subroutines or a combination of them can
be used for the general areas listed here.

Mathematics

Matrix operations

Elementary

Linear equations

Eigenvalues
Polynomial operations

Orthogonal polynomials

Polynomial economization

Polynomial roots
Numerical quadrature

Tabulated functions

Nontabulated functions
Numerical differentiation

Tabulated functions

Nontabulated functions
Interpolation of tabulated functions
Approximation of tabulated functions
Smoothing of tabulated functions
Roots and extrema of functions
Systems of ordinary differential equations
Special mathematical functions

Statistics

Data screening and analysis
Elementary statistics
Correlation and regression analysis
Correlation
Multiple linear regression
Stepwise multiple regression
Canonical correlation
Analysis of variance
Discriminant analysis
Principal components analysis
Nonparametric statistics
Distribution functions

IBM REFERENCE MATERIAL

System/360 Scientific Subroutine Package
(360A-CM-03X) Version III Programmer's
Manual (H20-0205) ‘

IBM System/360 Operating System PL/I (F)
Reference Manual (C28-8201)

IBM System/360 Operating System PL/I (F)
Programmer's Guide (C28-6594)

Preface to PL/I Programming in
Scientific Computing (E20-0312)

CHARACTERISTICS

Some of the characteristics of SSP/360 (PL/I) are
as follows:
e All subroutines are free of input/output
statements.
e All subroutines are written in 0S/360 PL/I (F).
e Most of the subroutines provide a double-
precision option. _
e The use of certain subroutines (or groups of
them) is illustrated in the program documen-
. tation by sample main programs with input/
output.
e All subroutines are documented uniformly.
An example of a sample main program that uses
several of the subroutines is the statistical function
called Principal Components Analysis (FACT). *
It uses five separate subroutine capabilities, as
follows:
e Computation of means, standard deviations,
and correlation matrix (CORR)
e Computation of eigenvalues and eigenvectors
of the correlation matrix (MSDU)
e Selection of eigenvalues (TRAC)
e Computation of factor matrix (LOAD)
e Varimax rotation of the factor matrix (VRMX)
This is one of the sample main programs
included in the program documentation.

*This program performs the same functions as the
program that was called Factor Analysis in the
FORTRAN versions of SSP. The name Principal
Components Analysis more aptly describes the
function of this program than the name Factor
Analysis. For a discussion of the distinction
between Factor Analysis and Principal Components
Analysis see Section 2.2 of 1130 Statistical System
(1130-CA-06X) User's Manual (H20-0333).




REQUIRED SYSTEMS

Programming Systems :

The subroutines are written in the PL/I language,
using the 48-character set and the facilities pro-

vided by the PL/I (F) compiler, which functions-

under Operating System/360.

Machine Configuration

A minimum requirement is a System/360 suitable
for the 0S/360 PL/I (F) compiler. 'The machine -
configuration required for any given problem
depends on the number of subroutines used, the
size of the compiled subroutines, the size of the
compiled main program, the size of the control
program, and the data storage requirements.



OVERALL RULES OF USAGE - \
GENERAL RULES

All subroutines in SSP are entered by means of the
standard PL/I CALL statement. The subroutines
are purely computational in nature and do not con-
tain any references to input/output devices. The
user must therefore furnish, as part of his program,
the input/output and other operations necessary for
the total solution of his problem. He must also
define by DECLARE statements all matrices to be
operated on by SSP subroutines as well as those
matrices utilized in his program. The subroutines
contained in SSP are used like any user-supplied
subroutine. All of the normal rules of PL/I con-
cerning subroutines must therefore be followed.
Note that the subroutines have been written using the
48-character set, so the programmer should be
familiar with its use. '

All variables in the calling program must be
declared with the proper attributes. Those vari-
ables appearing as parameters in the call statement
of the calling program should not have attributes
conflicting with those of the called program.

The CALL statement transfers control to the
subroutine and replaces the dummy variables in
that subroutine with the value of the actual argu-
ments that appear in the CALL statement. When
the argument is an array, the address and size of
the array are transmitted to the called subroutine.

The arguments in a CALL statement should agree
in order, number, and type with the corresponding
arguments in the subroutine. In SSP, all arguments
in a CALL statement must be variable names.
Constants are not acceptable. For example, if the
user wishes to invert a matrix A, which is 10 by 10,
using the SSP subroutine MINV, and if the constant
for testing the condition of the matrix is 1078,
these constants must be defined as variables before
calling MINV, as illustrated below:

N =10, .
CON =1.0E -8, .
CALL MINV (A, N, D, CON), .
where D is the determinant. 7
Some of the subroutines in SSP require the name

of a user function subprogram or a PL/I-supplied
function name as part of the argument list in the

CALL statement. If the user's program contains
such a CALL, the function name appearing in the
argument list must be declared as ENTRY in the
user's calling program. :

For example, the SSP routine SBST calls a user-
supplied subroutine. The user must, therefore,
prepare a subroutine, with the proper argument
list, to perform the desired tasks. He must
declare the name of this subroutine as ENTRY in
his calling program and supply the name of that
subroutine to SBST as the appropriate parameter in
his CALL statement to subroutine SBST. The sub-
routine SBST need not be modified by the user. The
dummy argument B in the subroutine SBST is
replaced by the user's subroutine name at execution
time. '

The following illustrates these procedures:

SSP Subroutine SBST (need not be altered)

SBST..
PROCEDURE (A, C, R, B, S, NO, NV, NC),.
DECLARE
B ENTRY,.

CALL B (R, TR), .

RETTURN, .
END, .

User's Calling Program

USER. .
PROCEDURE OPTIONS (MAIN), .
" DECLARE
BOOL ENTRY, .

CALL SBST (A, C, R, BOOL, S, NO, NX,
NC),.

RETURYN, .
END, .



User's Function Subprogram

BOOL..
PROCEDURE (R, T), .

RETURN, .
END, .

ERROR CODES

In the Scientific Subroutine Package most of the
subroutines use an error indicator to warn the
user that a certain condition exists. The user, .in
his calling program, should check the error indi-
cator when returning from a called program. If

the user wishes to use the error indicator as an aid,

he should, in his calling program, declare ERROR
EXTERNAL CHARACTER(1). In this way he has
available in the calling program the value of the
error indicator (ERROR).

If, in using a subroutine, an error is detected,
some of the output.areas may contain invalid data.
Generally, however, output areas are set to appro-
priate values (for example, zero or * 1075).

MATRIX OPERATIONS

Special consideration must be given to the sub-
routines that perform matrix operations. These
subroutines have two characteristics that affect the
size and format of the data in storage: variable
dimensioning and data storage compression.

Variable Dimensioning

Those subroutines that deal with matrices can
operate on any size array, limited in most cases
only by the available core storage and numerical
analysis considerations. The subroutines do not
contain fixed maximum dimensions for data arrays
named in their calling sequence. The variable
dimension capability has been implemented in SSP

by using the asterisk notation. Under this approach,

where a called subroutine needs to declare an array
of the same dimensions as a calling program, the
dimension specifications are replaced by asterisks.
Thus, the user does not need to modify the sub-
routines so long as he has declared adequate dimen-
sions for arrays in the calling program or main
program.

One way to ensure that arrays have adequate
dimensions for various problems is to declare them
with variable notations. For example, if matrix R

contains intercorrelation coefficients amohg M
variables, the DECLARE statement appears as

follows:

DECLARE R(M, M), .

If Mis 10 then 100 locatlons will be allocated for
matrix R.

If M is 20, then 400 locatlons w111 be allocated
automatically.

Storage Compression

When working with symmetric matrices it is often
advantageous to use a compressed (vector) storage
form. This means that only the upper or lower
triangular part of the matrix need be stored, which,
for an N by N matrix reduces the core requirements
from N2 locations to N(N+1)/2 locations. A sub-
routine, MSCS, is provided in this package which
stores a symmetric matrix in compressed form and
at the same time tests the matrix for symmetry.
The element stored is the average of each pair of
symmetric elements of an n by n matrix Q, i.e.,

. _ Qi + ki . i=1,...,n
ik -2 k=1,..., i

At the same time the difference Qj - Qyj is
tested against a user-supplied tolerance. If this test
fajls, an ERROR indication is given but in any case
the results Sjk are supplied in the vector form:

S.....S8

8 32° 733 nn

s

11’ S

S S

21’ 22’ 731’

Another subroutine, MSCG, is provided which con-
verts this vector (compressed) form back to the
general two-dimensional form.

Some of the subroutines of SSP-- for example,

-MMSS and MAGS-- accept input in this compressed

form. !
DOUBLE PRECISION

The accuracy of the computations in many of the
SSP subroutines is highly dependent upon the number
of significant digits available for arithmetic
operations. Matrix inversion, integration, and
many of the statistical subroutines fall into this cate-
gory. The user may, therefore, wish to use double-
precision versions of these subroutines. Most of
the SSP/360 (PL/I) subroutines provide a double-
precision option. PL/I double-precision statements
have been included in each of these subroutines in



the form of a comments card. The double-precision
version of the subroutine can be obtained by remov-
ing/* from cc 3 and 4 of the double-precision state-
ment card(s) and by removing the corresponding
single-precision cards (or making them comments
cards) before compilation. The use of double-
precision subroutines requires a detailed knowledge
of the PL/I rules concerning double precision. Two
of the more basic rules are as follows:

1. Any real variable, vector, or array name
contained in the argument list of a CALL to a
double-precision subroutine must be declared as
double precision in the calling program.

2. Any user-supplied function named in the CALL
statement for a double-precision SSP subroutine must
be programmed as a double-precision function.

FORMAT OF THE DOCUMENTATION

The major portion of this manual consists of the
documentation for the individual subroutines and
sample programs.

SUBROUTINE DESCRIPTIONS

Subroutines and sample program guides, both cate-
gorical and alphabetic, designed to help locate par-
ticular subroutines are given in the pages that
follow.

The subroutine descriptions, in general, consist
of purpose, usage, remarks, method, mathematical
background,. programming considerations, and a
program listing. References to books and peri-
odicals will be found under the method section of the
description. The mathematical description pages
do not, in all cases, indicate the derivation of the
mathematics. They are intended to indicate what
mathematical operations are actually being per-
formed in the subroutines.

SAMPLE PROGRAM DESCRIPTIONS

A sample program, in general, consists of a de-
scription of the problem, program, input, output,
program modification, operating instructions, error
messages, timing, machine listing of the program,
sample input data, and output results. In some
cases (for example, as a part of developing the data
screening sample program) a special sample sub-
routine has been implemented that may prove useful
to the programmer. One such subroutine, called
HIST, prints a histogram of frequencies. The listing
of these subroutines is included after the sample
program documentation in this manual.

Instructions for modifying the sample programs
for different data formats are included in the docu-
mentation. In addition, those sample programs that
illustrate potentially double-precision subroutines
include double-precision statements in the form of
comment cards. These comment cards are contained
in the sample program source decks.

" OPERATING NOTES

It is recommended that those SSP subroutines that
will be frequently used in an installation be compiled
and that the relocatable programs be placed on the
PL/I systems residence device. In the case of
Operating System/360, this will be the PL/I library
portion of the system disk pack. Information on the
method for updating the system to include user-
supplied subroutines appears in the appropriate PL/I
programmer's guide. SSP subroutines are handled
in the same manner as user-supplied subroutines.

If the subroutines are not placed in the PL/I library,
those required by a particular program will have to
be included in that program each time it is run. As
noted earlier, the subroutines have been written using
the 48-character set.



CATEGORICAL GUIDE TO SUBROUTINES AND

SAMPLE PROGRAMS

'MATHEMATICS

Matrix Operations

Flementary Operations

MSCS
MSCG
v MAGS
/MMGG
MMSS
MMGS
MMGT
MPRM \
MTPI

MPIT

Storage conversion — two-
dimensional to compressed
Storage conversion — com-
pressed to two-dimensional
Add-subtract general and
symmetric matrices
Product of two general
matrices

" Product of two symmetric

matrices
Product of a general matrix

" and a symmetric matrix

Product of a general matrix
and its transpose
Permutation of rows or
columns of a matrix
Calculation of permutations
from transpositions
Calculation of inverse
permutation and trans-
positions

Linear Equations and Related Topics

MFG

MFS

MFSB

MFGR

MDLS/MDRS

MDSB

Triangular factorization of

a general nonsingular matrix
Triangular factorization of

a symmetric positive definite
matrix :
Triangular factorization of
a symmetric positive definite
band matrix

Factorization and rank
determination of a general
rectangular matrix

Dividing a matrix by a
triangular matrix that has
been factored from a
symmetric positive definite
matrix

Dividing a matrix by a
triangular matrix that has
been factored from a sym-
metric positive definite band
matrix

- Page

13
14
14
15

16

17

18

19

21

23

25

29

35

37

MDLG

MGB1/MGB2

Dividing a matrix by a lower

or upper triangular matrix
that has been factored from
a general nonsingular matrix
Inverting a general non-
singular matrix that has been
factored into upper and
lower triangular factors
Inverting a symmetric posi-
tive definite matrix that has
been factored into a triangu-
lar matrix and its transpose
Inverting a general square
matrix ‘

Solution of a system of
linear equations, the least
squares solution being
obtained in case of an over-
determined system

Solution of simultaneous
linear equations with band
matrix of coefficients

Eigenvalues and Related Topics

MATE
VMATU

MSTU

ArEAT

MEST
MEBS

MVST

MSDU

-Reduction of a real matrix

to upper almost-triangular - -
form by elementary trans-
formations :
Reduction of a real matrix
to upper almost-triangular
form by orthogonal trans-
formations

Reduction of a symmetric
matrix to tridiagonal form
by orthogonal transformations
Eigenvalues of a real upper
almost-triangular matrix
Eigenvalues of a real sym-
metric tridiagonal matrix
Bounds for the eigenvalues
of a real symmetric matrix
Eigenvector of a symmetric
tridiagonal matrix, cor-
responding to a given
eigenvalue

Eigenvalues and eigen-
vectors of a real symmetric
matrix

Page

39

40

42

44

45

49

56

- 58

63

66

67

T 69



MGDU

«HIVAT

MVSU

ATVUB

MVEB

Eigenvalues and eigenvectors
of a special real nonsym-
metric matrix

Eigenvector of a complex
almost-triangular matrix,
corresponding to a given
eigenvalue

Eigenvector of a symmetric
matrix from the correspond-

~ ing eigenvector of the

associated tridiagonal form
Eigenvector of a real matrix
from the corresponding
eigenvector of the asso-
ciated almost-triangular
matrix, which has been
developed using MATU
Eigenvector of a real matrix
from the corresponding
eigenvector of the asso- -
ciated almost-triangular
matrix, which has been
developed using MATE

Polynomial Operations

POV

POSV

PEC/PTC

POST

PRTC

Values of orthogonal poly-

‘nomials (Chebyshev,

Legendre, Laguerre and
Hermite)

Value of series expansion
in orthogonal polynomials
(Chebyshev, Legendre,
Laguerre and Hermite)
Economization of a poly-
nomial for symmetric and
asymmetric range, trans-
formation of polynomial to
expangion in Chebyshev or
shifted Chebyshev poly-
nomials ’

Transformation of ortho-
gonal polynomial expansion
to a polynomial

Roots of a complex poly-
nomial by Nickel's method
based on a method of Newton

Numerical Quadrature

Quadrature of Tabulatgd Functions

QTFG/QTFE

Integration of monotonically
or equidistantly tabulated

function by trapezoidal rule

Page

71

72

74

75

76

77

78

81

86

QSF Integration of equidistantly -
tabulated function by
Simpson's rule

QHFG/QHSG/ Integration of monotonically

QHFE/QHSE  or equidistantly tabulated
function with first (and
second) derivatives by
Hermitian formula of the
first (and second) order

Quadrature of Nontabulated Functions

QATR Integration of a given func-
tion by the trapezoidal rule
together with Romberg's
extrapolation method

QG2, QG4, Integration of a given func-

QG8, QG1S6, tion by Gaussian quadrature

QG24, QG32, formulas

QG48

QL2, QL4, Integration of a given func-

QLS8, QL12, tion by Gaussian-Laguerre

QL16, QL24 qua@rature formulas

QH2, QH4, Integration of a given func-

QHS8, QHIS6, tion by Gaussian-Hermite

QH24, QH32, quadrature formulas

QH48 :

QA2, QA4, Integration of a given func-

QAS8, QA12, tion by associated Gaussian-

QAl6, QA24 Laguerre quadrature
formulas

Numerical Differentiation

Differentiation of Tabulated Functions

DGT3 Differentiation of a tabulated

function by Lagrangian
interpolation
DET3 . Differentiation of an equi-

distantly tabulated function
using Lagrangian inter-
polation formulas

DET5 Differentiation of an equi-
distantly tabulated function
using Lagrangian inter-
polation formulas

Differentiation of Nontabulated Functions

DFEC Derivative of a function at
the center of an interval by
Richardson's and
Romberg's extrapolation
method
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93

94

97

99

101

103

105

107

108

110

112



DFEO

Derivative of a function at
the end of an interval by
Richardson's and
Romberg's extrapolation
method '

Interpolation of Tabulated Functions

ALIM/ALIE
AHIM/AHIE

-ACFM/ACFE

Aitken-Lagrange interpola-
tion, monotonic and
equidistant tables
Aitken-Hermite interpola-
tion, monotonic and
equidistant tables
Continued fraction inter-
polation, monotonic and
equidistant tables

Approximation of Tabulated Functions

FFT

FFTM

APLL

APC1/APC2

ASN

Fast Fourier transform for
real or complex one-
dimensional array

Fast Fourier transform for
real or complex multidimen-
sional array

Setting up normal equations
for least squares poly-
nomial approximation
Setting up normal equations
for least squares Chebyshev
polynomial approximation
Solving normal equations
for least squares fit

Smoothing of Tabulated Functions

SG13/SE13

SE15

SE35

EXSM

Local least squares smooth-
ing of a/tabulated function
using a linear fit relative

to three points

Local least-squares smooth-
ing of an equidistantly
tabulated function using a
linear fit|relative to five
points

Local least-squares smooth-
ing of an equidistantly tab-
ulated function using a cubic
fit relative to five points
Triple exponential smooth-
ing of a given series

Page

115

118
122

126

129

134

139

140

143

147

149

150

152

Roots and Extrema of Functions

FMFP Minimization of a function
of several variables without
constraints

RTF Root of a function using

linear, quadratic, or
hyperbolic interpolation

RTFD Root of a function with given ~

derivatives, by linear,
inverse, quadratic, or
hyperbolic interpolation

Systems of Ordinary Differential Equations

DERE Performing one integration
step on a system of first-
order ordinary differential
equations

Special Mathematical Functions

CEL1/CEL2 Complete elliptic integral
of first and second kind

ELI1/ELI2 Incomplete elliptic integral
of first and second kind

JELF Jacobian elliptic functions
LGAM Log of the gamma funétion
STATISTICS

Data Screening and Analysis

TALY Totals, means, standard
deviations, minima, and
maxima -

BOUN Selection of observations
over, under, and within
bounds '

ABST - Detection of missing data

SBST Subset selection from

observation matrix satisfy-
ing certain conditions

TAB1 Tabulation of data (one
variable) including fre-
quencies, over class
intervals, mean, standard
deviation, minimum, and
maximum : -

TAB2 Tabulation of data (two
variables)
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163

167

172
174
177
180

181

182

183
184

185

187



SUBM Copying a subset matrix
that satisfies certain
conditions from an observa-

tion matrix

Elementary Statistics

MOMN First four moments for
grouped data on equal class
intervals

TTST Certain t-statistics on the

means of populations

Correlation and Regression Analysis

CORR Means, standard deviations,
and correlation coefficients

ORDR Selection of submatrix from
matrix of correlation co-
efficients for multiple
linear regression analysis

MLTR Multiple linear regression

' analysis

STRG Stepwise multiple linear
regression analysis -

CANC Canonical correlation be-

tween two sets of variables

Analysis of Variance

AVAR Analysis of variance for a

complete factorial design

Discriminant Analysis

DMTX Means and dispersion matrix
for all groups
DSCR Discriminant functions

Principal Components Analysis

TRAC Cumulative percentage of
eigenvalues

LOAD Factor loading

VRMX Varimax rotation

Nonparametric Statistics

KLMO Kolmogorov-Smirnov one-
sample test

KL.M2 Kolmogorov-Smirnov two-
sample test

SMIR Kolmogorov-Smirnov limit-

ing distribution values

Page

190

191

192

194

196

197

200

204

206

209

210

213

214
215

218
221

223

CHSQ Chi-square test for
contingency tables

KRNK Kendall rank correlation

QTST Cochran Q-test

RANK Rank observation

SRNK Spearman rank correlation

TIE Calculation of correction
factor due to ties

TWAV Friedmann two-way analysis
of variance statistic

UTST Mann-Whitney U-test

WTST Kendall coefficient of
concordance

HTES Kruskal-Wallis H-test

Distribution Functions

NDTR Normal distribution function

BDTR Beta distribution function

CDTR Chi-square distribution
function

NDTI Inverse of normal distribu-

tion function
GUIDE TO SAMPLE PROGRAMS

Data Screening

DACR Sample main program
Illustrates use of:
SBST Subset selection from
observation matrix
TAB1 Tabulation of data (one

variable)

Special sample subroutines are:

BOOL Boolean expression
HIST Histogram printing
DAT1 Sample data read

Multiple Linear Regression

REGR Sample main program
Illustrates use of:
CORR Means, standard deviations,
and correlations
ORDR Rearrangement of
intercorrelations
MINV Matrix inversion
MLTR Multiple regression
Special sample subroutines are:
DAT2 Sample data read
IDT1 Sample binary fixed data

read

Page

224
227
229
230
231
233
234

235
236

238

239
240
243

246

255
184

185

259
259
259

260
194

196

197

. 265

265



Stepwise Multiple Regression

STEP Sample main program

Illustrates use of:
CORR Means, standard deviations,
, and correlations
STRG Stepwise multiple
regression
Special sample subroutines are:
DAT2 Sample data read sub-
routine
IDT2 Sample binary fixed data
read
sSOUT Sample stepwise regression

output subroutine

Canonical Correlation -

CANO Sample main program

Illustrates use of:
CORR Means, standard deviations,
and correlations '
CANC Canonical correlation
MINV Matrix inversion
MGDU Eigenvalues and eigen-

vectors of a special
general matrix

MSDU Eigenvalues and eigen-
. ~ vectors of a symmetric
matrix
Special sample subroutine is: -
DAT2 Sample data read

Analysis of Variance

ANOV Sample main program

Illustrates the use of:

AVAR Analysis of variance
Special sample subroutine is:
DATS Sample data read

Discriminant Analysis

MDSC Sample main program
Illustrates the use of: )

DMTX Means and dispersion matrix

MINV Matrix inversion

DSCR Discriminant analysis
Special sample subroutine is:

DAT2 Sample data read

10

Page

265

194 .

200

270
270

270

270

194

204
44
71

274

274

206

277

C 217

209

44
210

281

Principal Components Analysis

FACT Sample main program
Illustrates the use of: '
CORR Means, standard deviations,
and correlations - o .
MSDU Eigenvalues and eigen-
" vectors of a real symmetric
matrix-
TRAC Cumulative percentage of
eigenvalues
LOAD Factor loading -
VRMX - Varimax rotation
Special sample subroutine is:

DAT2 Sample data read

Kolmogorov-Smirnov Test

KOLM Sample main program
Illustrates the use of:
KLMO One sample test
KLM2 Two sample test
SMIR Kolmogorov-Smirnov limit-
ing distribution function
NDTR - Normal distribution function

Triple Exponential Smoothing

EXPN Sample main program
Tlustrates the use of:

EXSM Triple exponential smoothing
Special sample subroutine is: '

DATS3 Sample data read

Allocation of Overhead Costs

COST Sample main program
Illustrates the use of: '
MFG Matrix triangular factoriza-
’ tion
MDLG Division by triangular
matrices .

Page

281
194

69

213

214
215

286

286

218

-221

223

239

291
152

293

294

23

" 39



ALPHABETIC GUIDE TO SUBROUTINES AND

SAMPLE PROGRAMS, WITH STORAGE

REQUIREMENTS

The following table lists the number of bytes of

storage for the program control section required by

each of the subroutines in the Scientific Subroutine

Package. The storage requirements were obtained

by using Version 4 of PL/I and Release 16 of OS,
The use of other versions and releases may cause

- deviations from these figures,

The doilble-precision version storage require-

ments of the subroutines in the Scientific Subroutine

Package are included in parentheses.

Math. Description

Storage Required

Math. Description

Storage Required

Name Page Number Bytes
ABST 183 610
ACFM 126

ACFE} 126 2,826 (2,696)
ﬁﬁig } 122 2,946 (2,950)
ALIM 118 .
P } e 2,306 (2, 310)
ANOV 274 4,482

APC1 140

APC2 } 140 1,766 (1,766)
APLL 139 986  (986)
ASN 143 1,902 (1,874)
AVAR 206 4,174 (4,174)
BDTR 240 3,830

BOOL 259 - 266

BOUN 182 1,102

CANC 204 4,718 (4,718)
CANO 270 5,478

CDTR 243 3,962

CEL1 172

CEL2 } 172 858 (854)
CHSQ 224 3,882

CORR 194 4,352 (4,408)
COST 294 3,206

DACR 255 4,294

DAT1 259 1,098

DAT2 265 1,098

DATS3 277 850

DERE 167 2,762 (2,738)
DET3 108 658  (658)
DET5 110 890  (890)
DFEC 112 1,142 (1,142)
DFEO 115 1,118 (1,118)
DGTS3 107 894  (894)
DMTX 209 2,498 (2,510)
DSCR 210 3,090 (3,110)
ELI1 174

P12 | 174 1,458 (1,454)
EXPN 291 2,430

EXSM 152 1,030

Name Page Number Bytes
FACT 281 7,116

FFT 129 ?», 166 (3, 166)
FFTM 134 4,040 (4, 040)
FMFP 153 4,174 (4,040)
HIST 259 2,674

HTES 238 1,122

IDT1 265 614

IDT2 270 614

JELF 177 1,270 (1,270)
KLMO 218 2,010

KLM2 221 1,998

KOLM 286 6,828

KRNK 227 2,010

LGAM 180 750

LOAD 214 666 (666)
MAGS 14 638  (638)
MATE 56 1,706

MATU 58 1,918

MDLG 39 1,314

MDLS } 35 1,426 (1,414)
MDRS 35

MDSB 37 1,202 (1,186)
MDSC 277 6,482

MEAT 61 5,638

MEBS 66 1,066

MEST 63 1,890

MFG 23 1,882 (1, 858)
MFGR 29 2,730 (2,714)
MFS 25 886  (874)
MFSB 27 1,158 (1, 142)
MGB1 49

MGBZ} 49 3,562 (3,550)
MGDU 71 2,274 (2,274)
MIG 40 1,894 (1,858)
MINV 44 3,014 (3,014)
MIS 42 1,198 (1,182)
MLSQ 45 3,622 (3,558)
MLTR 197 2,098 (2,098)
MMGG 15 630 (622)
MMGS 17 1,062 (1, 058)
MMGT . 18 868  (846)
MMSS 16 718 (710)
MOMN 191 2,078

MPRM 19 1,078 (1,078)
MPIT 21 730

MSCG 14 474  (474)
MSCS 13 626 (626)
MSDU 69 3,538 (3,538)
MSTU 59 2,426

MTPI 20 674

11



Math. Description Storage Required ; Math. Description Storage Required

Name Page Number Bytes Name Page Number Bytes
MVAT 72 5,782 QL2 101 ‘ 362  (354)
MVEB 76 1,294 QL4 ©101 : 510  (490)
MVST 67 3,254 QLS 101 398  (398)
MVSU 74 1,182 QL12 101 402 - (402)
MVUB 75 1,518 QL6 101 402  (402)
NDTI 246 834 QL24 101 398  (394)
NDTR 239 450’ QSF 93 : 710 (710)
ORDR 196 1,238 (1,238) QTFG } 92

PEC} 81 : 2,082 (2, 090) QTFE 92 e o
PTC . 81 ’ g QTST 229 1,462

POST 86 1,322 (1,322) RANK 230 ' 962

POSV 78 798  (790) REGR 260 7,930

POV 77 722 (714) RTF 159 1,878 (1,882)
PRTC 87 2,686 (2,718) RTFD 163 1,762 (1,762)
QA2 105 362 (354) SBST 184 1,562

QA4 105 510  (490) SE13

QA8 105 398  (398) SGI13 } 147 1,118 (1,118)
QA12 105 402 (402) SE15 149 730  (730)
QA16 105 402  (402) SE35 150 T4 (774)
QA24 105 398  (394) SMIR 223 710

QATR 97 : 1,318 (1, 318) SRNK 231 1,558

QG2 99 422 (422) SOUT 270 3,458

QG4 99 ' 574  (554) STEP 265 5,494

QG8 99 534 (526) STRG 200 : 4,914 (4,950)
QG16 99 538  (530) SUBM 190 790

QG24 99 538  (530) TAB1 ‘185 2,642

QG32 99 538  (530) TAB2 187 4,894

QG48 v 99 530 (522) TALY 181 2,090

QH2 103 346  (342) TIE 233 926

QH4 103 474  (466) TRAC 213 818  (818)
QHS 103 454  (450) TTST 192 2,562

QH16 103 458  (454) TWAV 234 1,562

QH24 103 458  (454) UTST 235 - 1,802

QH32 103 458  (454) VRMX 215 3,970 (3,852)
QH48 » 103 450  (446) WTST 236 1,986

QHFG 94

QHFE 94

QHSG o4 1,178 (1,178)

QHSE 94

12



SUBROUTINE DESCRIPTIONS AND LISTINGS

MATHEMATICS -

Matrix Operations

Elementary Operations

o Subroutine MSCS

MSCS.. MSCS 10
/% /MSCS 20
lAd . . */MSCS 30
44 CONVERT THE STORAGE ALLOCATION OF A SYMMETRIC MATRIX */MSCS 40
A FROM A TWO-DIMENSIONAL ARRAY TO A LINEAR ARRAY */MSCS 50
lad */MSCS 60
/ /MSCS 70
PROCEDURE(QyNyEPS4S) 4. MSCS 80

- DECLARE s - MSCS 90

. LQU*y*) yEPSyS(%)4Ql,Q24M) MSCS 100

BINARY FLOAT, /*SINGLE PRECISION VERSION /%*S*/MSCS 110
/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/MSCS 120

(Ny1,KyL)BINARY FIXEDy MSCS 130

ERROR EXTERNAL CHARACTER(1l),. . MSCS 140
ERROR='0"y . /*PRESET ERROR INDICATOR ®/MSCS 150
L =0y . MSCS 160
IF N GT O /*VEST SPECIFIED DIMENSION */MSCS 170
THEN DO I =1 TO Ny. + . MSCS 180

DO K =1 TO I,. . MSCS 190
L =L+1,. MSCS- 200
Ql  =QI,K)y. /*REPLACE Q1 BY QUIK) . */MSCS 210
Q2 =Q(KyI)y. /*REPLACE Q2 BY Q(K,I) */MSCS 220
S(L) yM=(Q1+4Q2) ¥0.5, . /*SET RES. S(L) =(Q1+Q2)/2 " */MSCS 230
IF ABS(Q1-Q2) GT /*TEST FOR SYMMETRY OF Q " #/MSCS 240
EPS*MAX(1,ABS(M)) MSCS 250

. THEN ERROR='S',.. © . . /%Q 1S NOT. SYMMETRIC */MSCS 260
ENDy .« MSCS 270

ENDy » A MSCS 280
ELSE ERROR='D",. /*ERROR IN SPECIFIED DIMENSION #/MSCS 290
ENDy. /*END OF PROCEDURE MSCS */MSCS 300

Purpose:

MSCS compresses the storage allocation of a sym-
metric two-dimensional matrix to a one-dimensional
array. '

Usage:
CALL MSCS (Q, N, EPS, S);

BINARY FLOAT [(53)]

‘Given N by N symmetric matrix.

N - BINARY FIXED ‘

Given order of matrices Q and S.
BINARY FLOAT: [(53)]

Given relative tolerance for test on
symmetry.,

S(N*(N+1)/2) ~ BINARY FLOAT [(53)]

Resultant symmetric matrix in one-
‘dimensional compressed form.

Q(N’N) -

EPS -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions
that may be detected:

ERROR='D' means N is less than 1.

ERROR='S' means given matrix Q does not pass
the specified symmetry test. Nonethe-
less, all of the elements §;; are com-
puted as shown below and stored in S.

Method:

et Yy .
S.k=——2— f0r1=1,2,...,n
' k=1,...,i
Symmetry-test:

Qjk ~ Qkj must be absolutely less than
Max (1, |Qki ';Qikl) * EPS

Mathematics-~Matrix Operations--Elementary 13



@ Subroutine MSCG

e Subroutine MAGS

MSCG. .o ' MSCG 10
/ ok * * ook ok /MSCG  2C
/% . . ) */MSCG 30
/% CONVERT THE STORAGE ALLOCATION OF A SYMMETRIC MATRIX */MSCG 40
/% FROM A LINEAR ARRAY 'TO A TWO~-DIMENSIONAL ARRAY */MSCG 50
/% . */MSCG 60
VAl Rt o O e ok R ok % FRREERKERERERR/MSCC  TO
PROCEDURE(S)NyQ)y o MSCG  8C
DECLARE MSCG 90
(SU*),QU*,y%)) MSCG 100

BINARY FLOAT, /*SINGLE PRECISION VERSION /%S#/MSCG 110

1% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D%/MSCG 120

{NyI,KsL)BINARY FIXEDy. MSCG 130

L =0y MSCG 140

IF N GT 0 /%TEST SPECIFIED DIMENSION */MSCG 150

THEN DC I =1 TO N,. MSCG 160

DO K =1 TO I,. . MSCG 170

L =L+1ly. MSCG 180

QUIK) »yQ(KsI)=S(L)y, /*STORE Q(I,K) AND Q(K,I) */MSCG 190

END,y . MSCG 200

ENDy . MSCG 210

ENDy . /*END OF PROCEDURE MSCG */MSCG 220
Purpose:

MSCG expands the compressed one-dimensional
storage allocation of a symmetric matrix to general
two~dimensional form.

Usage:
CALL MSCG (S, N, Q);

S(N*(N+1)/2) - BINARY FLOAT [(53)]
Given one-dimensional array
representing a symmetric N by N
matrix in compressed form.
N - BINARY FIXED
Given order of matrices S and Q.
BINARY FLOAT [(53)]
Resultant two-dimensional general
representation of given symmetric
matrix S.

Q(N7 N) -

Remarks:

Operation is bypassed in case of a nonpositive value
of N. The elements of given S are assumed to be
stored in compressed form -~ that is:

S S S S

(Sll’ 21" T22’ "31' “32’ 832""’Sn1""’

Snn)'
Method:

For the elements of resultant Q:

Q.,=Q .=8_ for i=1, 2,...,n
e ki ik k=1, 2,...,i

14  Mathematics--Matrix Operations-~Elementary

MAGS.. MAGS 10
7 %R ok R R RO R RO R KKK ROk SRR SRR KRR AR KA /MAGS 20
l% “/MAGS 30
A ADD OR SUBTRACT A SQUARE AND A SYMMETRIC MATRIX . */MAGS 40
1% . #/MAGS  5C
L T "k *¥%/MAGS 60

PROCEDURE(A4ByNyOPT+C)ys MAGS TC

DECLARE MAGS 80

(A(%y%) 3B (%) 4C(*y%) ALy BL)
BINARY FLOAT,

. MAGS 90
/%SINGLE PRECISION VERSION /*S*/MAGS 100

lad BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D¥/MAGS 110
(NyI4KoLoLI)BINARY FIXED, MAGS 120

OPT CHARACTER(L) s . MAGS 130

IF N GT 0 /%1S N GREATER THAN ZERO */MAGS 14C
THEN D0y . MAGS 150
LIyI =1y, MAGS 160
NEXTI.. MAGS 170
L =Lly. MAGS 180

K =1ly. MAGS 19C

NEXTK. o ! . : MAGS 200
AL =A(T+K)ye /*REPLACE AL BY A(I,K) */MAGS 21C

BL  =B(L),. /*SET BL CORRESPONDING TO AL */MAGS 220

IF K LT T N . MAGS 23C

THEN L =L+l MAGS 240

ELSE L =L+Kyo MAGS 250

IF OPT='2" /*SHOULD A-B BE CALCULATED */MAGS 26C

THEN 8L ==BLy. /*THEN CONVERT SIGN OF BL */MAGS 270

ELSE IF OPT='3* /*SHOULD 'B-A" BE CALCULATED */MAGS 280

THEN AL ==Aly. /*THEN CONVERT SIGN OF AL */MAGS 290
ClIyKI=AL+BLy. /*SET RESULTANT C(I,K) TD AL+BL*/MAGS 300
IF K LY N MAGS 310
THEN 00, . /*INCREMENT K : */MAGS 320
K =K+1lye MAGS 330

GO TO NEXTKye MAGS 340

NDy « MAGS 350

ELSE IF I LT N MAGS '360
‘THEN 00,. /*INCREMENT I */MAGS 370
LI =LI+I,. MAGS 380

1 =l+1ly. MAGS 390

GO TO NEXTIy. MAGS 400

ENDy MAGS 410

END,y .« : MAGS 420
ENDy . /*END OF PROCEDURE MAGS */MAGS 430

Purpose:

MAGS computes C = A + B if OPT = '1'
C=A-Bif OPT ='2'
C=B - A if OPT ="'3'

for given mafrices A and B which are general and
symmetric respectively.

Usage:
CALL MAGS (A, B, N, OPT, C);

BINARY FLOAT [(53)]

Given general N by N matrix.
B(N*(N+1)/2) - BINARY FLOAT [(53)]

‘ Given one-dimensional array con-
taining the lower triangular part of
symmetric matrix B stored rowwise
in compressed form.

A(N’ N) -

N - ‘ BINARY FIXED
o Given order of matrices A, B and C.
OPT - CHARACTER(1)
Given option for selection of opera-
tion. '

BINARY FLOAT [(53)]
Resultant general N by N matrix,
which may be overlaid with A.

C(N,N) -

Remarks:

Operation is bypassed in ¢ase of a nonpositive value
of N. A value of OPT different from '2' and '3’ is
treated as if it were '1'.




Method: .

The sum or difference of matrices A ahd B is
calculated elementwise. The elements of the sym--
metric matrix B are accessed only once. '

e Subroutine MMGG

MMGG. . . . Dol X ' .7 'MMGGI 10

Vhaaads : g /MMGG  20]

= [N R */MMGG, 30

’* MULTIPLY TWO GENERAL MATRICES */MMGG 40

1% sttt *[MMGG . 50,

/ e i /MMGG™ 60

PROCEDURE(A1B1KyLyMeC)ya MMGG 70

DECLARE MMGG 80

CAUS %) BUK %), C Uk %)) MMGG 90

BINARY FLOAT, /*SINGLE PRECISION VERSION /¢S*/MMGG 100

% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D*/MMGG 110

S BINARY FLDAT(53), MMGG 120

(KyLoMyLydaN) MMGG 130

BINARY FIXED, MMGG 140

ERROR EXTERNAL CHARACTER(1),. MMGG 150

ERROR=1D", ., /#PRESET ERROR INDICATOR */MMGG 160

IF K GT 0 /%TEST SPECIFIED DIMENSIONS  */MMGG 170

THEN IF L GT 0 MMGG 180

THEN IF M GT © MMGG 190

THEN DCy . MMGG 200

I =Ci. MMGG 210

NEXTI.. /#COMPUTE THE I-TH ROW OF C  */MMGG 220

I =l+l,. MMGG 230

=0y MMGG 240

NEXTJ.. /#COMPUTE THE J-TH ELEMENT */MMGG 250

4 =g, MMGG 260

S =0y, MMGG 270

00 N =1 TO L,. /+PERFORM SCALAR PRODUCT */MHGG 280

S =S+MULTIPLY(A(I4N), MMGG 290

BINyJ)¢53) 4. MHGG 300

END, « MMGG 310

ClI,d1=S,. /#STORE RESULTANT CUI,J) */MMGG 320

IF JLT M MMGG 330

THEN GO TO NEXTJy. /*INCREMENT J */MMGG 340

ELSE IF 1 LT K MMGG 350

THEN GO TO NEXTI,. /*INCREMENT 1 */MHGG 360

ERROR=101,. /%SUCCESSFUL OPERATION #/MMGG 370

END,. MMGG 380

END, . /%END OF PROCEDURE MMGG */MMGG 390
Purpose:

MMGG computes the standard matrix product
C=A- B,

Usage:
CALL MMGG (A, B, K, L, M, C);

A(K, 1) - BINARY FLOAT [(53)]

Given K by L matrix A (left~hand factor).
B(L, M) - BINARY FLOAT [(53)]

Given L by M matrix B (right-hand factor).

K- BINARY FIXED . '
Given row dimension of A and C.

L - BINARY FIXED
Given column dimension of A and row
dimension of B.

M - BINARY FIXED

Given column dimension of B and C.
C(K, M) - BINARY FLOAT [(53)]
Resultant K by M product matrix.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='D' means errors in specified dimen-
sions K, L, M. Accumulation of scalar products
is performed in double-precision arithmetic. C
must be different from A and B.

Mathematics--Matrix Operations--Elementary 15



Method

" Standard multlphcatmn means that the element C; ik
~ is the scalar produot of the 1-th row of A with the
k-»th column of B.

16. Mathematics-~Matrix Operations--Elementary

. Subroutine MMSS

MMSS. . MMSS 10

/ . * /MMSS 20

% I N C. . - . */MMSS 30

A MULTIPLY TWO SYMMETRIC MATRICES STORED IN LINEAR ARRAYS */MMSS 40

1% B */MMSS SO

. /MMSS 60

PRDCEDURE(A,B'N.P). MNSS 70

DECLAI MMSS 80

(MH'B(‘)'H‘ *)) MMSS 90

BINARY FLOAT, /*SINGLE PRECISION VERSION /#*S%/MMSS 100

Kad BINARY. FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/MMSS 110

S BINARY FLOAT(53), MMSS 120

(NJL14L2¢LE oL KT 9Ky J) MMSS 130

BINARY ' FIXED,« MMSS 140

IF N 6T © MMSS 150

THEN. DOy o MMSS 160

LIvl =140 MMSS 170

NEXTI.. MMSS 180

LKyK =1y. MMSS 190

NEXTK, MMSS. 200

: Ll LIy MMSS 210

L2 =LKy . MMSS 220

S =040 /*COMPUTE VECTOR PRODUCT OF TWO*/MMSS 230

DO J =1 TON /*CORRESP. SUBARRAYS OF A AND B*/MMSS 240

S -s*nuLYlPLY(A(Ll). - MMSS 250

B(LZ).H),. MMSS 260

IF J LT . . MMSS 270

THEN L1 =L1+1lye MMSS 280

ELSE L1 =L1+Jye MMSS 290

IF J LT K MMSS 300

THEN L2 =L2+1ye MMSS 310

ELSE L2 =02+Jye MMSS 320

ENDy o MNSS 330

PUIK)=Sys 7*STORE RESULTANT ELEMENT OF P */MMSS 340

IF K LT N MMSS 350

THEN DOy . /*INCREMENT K */MMSS 360

LK =LK+Ky o MMSS 370

K =K+lys MMSS 380

GO TO NEXTKy. MMSS 390

. ENDy o’ MMSS 400

ELSE IF I LT N MMSS 410

THEN DO,y . /*INCREMENT I */MMSS 420

LI =LI+I,0 MMSS 430

I =1+, MMSS 440

G0 TC NEXT],. MMSS 450

ENDy . MMSS 460

ENDy .o B MMSS 470

ENDy « /*END OF PROCEDURE MMSS */MMSS 480
Purpose:

MMSS computes the standard product P= A - B of

two symmetric

Usage:

CALL MMSS (A,

A(N¥(N+1)/2) -

B(N*(N+1)/ 2). -

P(N,N) -

Remarks:

matrices.

B, N, P);

BINARY FLOAT [(53)]

Given symmetric N by N matrix,
stored in compressed form (left-
hand factor).

BINARY FLOAT [(53)]

Given symmetric N by N matrix, .
stored in compressed form (right-
hand factor).

BINARY FIXED

Given order of matrices A, B, P.
BINARY FLOAT [(53)]

Resultant N by N general product
matrix.

Operation is bypassed in case of a nonpositive value
of N. The symmetric matrices A and B must be
stored in compressed form. Accumulation of

scalar products is performed in double-precision

arithmetic.




Method:

Standard multiplication means that the element Pjj
is the scalar product of the i-th row of A with the
k-th column of B.

e Subroutine MMGS

MMGS. . B HMGS 10

/ * * 7MMGS 20

/% o B */MMGS 30

/% MULTIPLY A GENERAL WITH A SYMMETRIC MATRIX */MMGS 4

/% ) ) */MMGS 50

* * 7MMGS 60

pauceouaetc.s'mu.upn. MMGS 70

DECLARE MMGS  8C

(Gl*"hS(‘l.H(MAX(N.M)H MGS 90

BINARY FLOAT, | /*SINGLE PRECISION VERSION . /%S®/MMGS 100

A BINARY FLOAT(53}, /*DOUBLE PRECISION vER$mN /'m/nnas 110

T BINARY FLOATUS53), MGS 120

(Mo N MMINNY 103K oLy LTy LI9RNHCN) -nt;s 130

BINARY FIXED, MMGS 140

(OPT,ERROR ' EXTERNALICHARACTER(1) 4. MMGS ‘150

NN =Nj. 7*SET NN TO NUMBER OF GOLUMNS' #/MMGS 160

MM =My, : /#SET MM TO NUMBER OF ROWS DF G#/MMGS 17¢

ERROR='0Y, ., /*PRESET ERROR INDICATOR #/MMGS 180

IF NN GT O /#TEST SPECIFIED. DIMENSIONS «/MMGS '190

THEN IF MM 6T O - : . MMGS 200

THEN D0y ° MMGS 210

IF 0PT=12¢ MMGS 220

THEN D04 751N CASE OF MULTIPL: 546 */MMGS 230

NN =HMy. . /*INTERCHANGE NN AND MM #/MMGS 240

M =Ny MMGS 25C

END} & . MMGS 260

K =044 MMGS 210

NEXTK.. MMGS 280

RNoCNoKaK+1ya N ) MMGS 290

00 I =1.TC NNy /#REPLACE HU#) BY CURRENT ROW' #/MMGS 300

IF 0PT=12" /*RESP. COLUMN VEGTOR OF G */MMGS 310

THEN RN =I,. . MMGS 320

ELSE GN  =2I,. MMGS 330

HIT) =G(RNyCN) . MMGS 34C

ENDy ¢ MMGS 350

LisI =1y, MMGS 360

NEXTI.: : 7#FDR_CURRENT ROW RESP. COLUMN */MMGS 370

L =tli. . /#VECTOR COMPUTE I~TH ELEMENT #/MMGS 380

T =0ye MMGS 390

D0 J =1 TO NNj. 7#PERFURM ‘SCALAR PRODUCT #/MMGS 40C

T =T#MULTIPLY(HUJ), MMGS 410

L SULY 53Dy, MMGS. 420

iFJLT I MMGS 430

THEN ‘L =Lelys MMGS 440

ELSE L SLtdy. . MMGS 450

ENDy . . . - | MMGS 460

IF OPT=12°¢ . J4TEST SPECIFIED MULTIPLICATION®/MMGS 470

THEN RN =y . . MMGS 480

ELSE CN  =l,. S : MMGS 490

GIRNJCNI=Ty . /#STORE RESULTANT ELEMENT */MMGS 500

L =ttel,. : MMGS 510

1 =414, MMGS 520

IF I LE NN MMGS 530

THEN GO TO NEXTI;. 7*INCREMENT I */MMGS 54C

ELSE IF K LT MM ) MMGS 550

THEN GO TO NEXTK,. /*INCREMENT K */MMGS 560

ERROR='0",. /*SUCCESSFUL OPERATION */MMGS 570

END, . MMGS 580

ENDy . /%END OF PROCEDURE MMGS */MMGS 590
Purpose:

MMGS calculates G * S if OPT='1'
S « Gif OPT='2

where G is a general and S a symmetric matrix.

Usage:
CALL MMGS (G, S, M, N, OPT);

GM, N) - BINARY FLOAT [(53)]
Given general M by N matrix.
Resultant product matrix G - S
S G

S(dimension) ~BINARY FLOAT [(53)]

or

M -

N -~

OPT -

Given symmetric N by N or M by M
matrix stored in compressed form in
a one-dimensional array, lower tri- =
angular part rowwise.

BINARY FIXED

Given row dimension of matrix A.
BINARY FIXED

Given column dimension of matrix A.
CHARACTER (1)

Given option for selection of operation.
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Remarks:

I no errors are detected in the processmg of data,
vthe error indicator, ERROR, is set to zero. The
: "followmg constitutes the pos51ble error condltlon
“that may be detected:
ERROR ='D' means errors in spec1f1ed dimen-
. sions M, N. Any value of OPT dlfferent from '2¢ is
treated as if it were '1'. -
. Scalar products are accumulated in double-
. ‘pre01s10n arithmetic.

‘Me’thod:
‘Standard multiplication is performed; the general -~

.. product is generated in'the storage locanons
occupled by G.
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o Subroutine MMGT

MMGT.. ' L : R MMGT - 10
y .

k8 : JMMGT 20

AR o e e : . */MMGT 30
/% MULTIPLY A GENERAL MATRIX WITH ITS TRANSPOSE #/MMGT 40
7% o =/MMGT * 50
/ * * /MMGT 60
PROCEOURE (A yMyN,OPT,S) 5.0 MMGT 70
DECLARE . MMGT 80
(AL%, %) ,S(%)) MMGT 90

BINARY FLOAT, /#SINGLE PRECISTON VERSION /#S*x/MMGT 100

1% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D*/MMGT 110

T BINARY FLOAT(53), MMGT 120
(MyN, T, TT4dyJJdsKyL) MMGT 130
BINARY FIXED, MMGT 140
(OPT,ERRCR EXTERNAL)CHARACTEP(IM MMGT 150

184 —'4, MMGT 160
JJ =N MMGT 170
ERROR='D',. /*PRESET ERROR INDICATOR */MMGT 180
IF 11 GT C /*TEST SPECIFIED DIMENSIONS */MMGT 190
THEN IF JJ GT O MMGT 200
THEN 00y« MMGT 210
IF QPT=12" /*CHECK SPECIFIED MULTIPLIC. */MMGT 220

THEN DQy . MMGT 230

39 =1Iy. /*INTERCHANGE II AND JJ IN CASE*/MMGT 240

11 =Ny, /*0F PRODUCT TRANSPOSE(A)*A */MMGT 250

ENDy . MMGT 260

Lyl =1,. MMGT 270

I NEXTIL.. MMGT 280
K =ly. MMGT 290
NEXTK. o MMGT 300
T =Cya MMGT 310

IF QPT='2¢ /*CHECK SPECIFIED MULTIPLIC. */MMGT 32C

THEN DC J =1 TO JJdy. /*TRANSPOSE(A)*A IS PERFORMED */MMGT 330

T =T+MULTIPLY(A(JI,T), MMGT 340

ACJyK) 95304, MMGT 350

ENDy . MMGT 360

ELSE DO J =1 T0 JJ, /*A%*TRANSPOSE(A) IS PERFORMED */MMGT 370

T —T“MULT[PLY(A(IvJ)v MMGT 380

ALK Y9530, MMGT 390

ENDy . MMGT 400

S(L) =T,. /*STORE RESULTANT ELEMENT S(L) */MMGT 410

L =L+1y. MMGT 420

IF K LT I MMGT 430

THEN DOy, /*INCREMENT K */MMGT 440

K =K+ly. MMGT 450

GC TG NEXTKg. MMGT 460

END, . MMGT 470

ELSE [F I LT II MMGT 480
THEN DUy /*INCREMENT I */MMGT 490
=1+1, MMGT 500

GD TC NEXT].. MMGT 510

"ENDy . MMGT 520
E==O'=='C'.. /*SUCCESSFUL OPERATION */MMGT 53C

ENDy o MMGT 540

ENDy . /*END OF PROCEDURE MMGT */MMGT 550

Purpose:

MMGT calculates A - AT if oPT="1'

AT - Aif OPT ='2!
Usage:
CALL MMGT (A, M, N, OPT, S);
A(M, N) - BINARY FLOAT [(53)]
Given M by N matrix.
M - BINARY FIXED

Given row dimension of A.

N - BINARY FIXED
Given column dimension of A.
CHARACTER(1)
Given option for selection of
operation
S(dimension) - BINARY FLOAT [(53)]

4 Resultant symmetric product matrix,
stored in compressed form in a
one-dimensional array.

Dimension is M- (M+1)/2 if OPT='1'
and N- (N+1)/2 if OPT="2!,

OPT -



Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='D' means errors in specified dimen-
sions M, N. Any value of OPT different from '2' is
treated as if it were '1'.

Scalar products are accumulated in double-
precision arithmetic.

Method:
Standard multlphcahon is performed A+ AT is

symmetric M by M, while AT . Ais symmetric
N by N.

e Subroutine MPRM

MPRM. . : MPRM 10
/ /7MPRM 20
,% */MPRM 30
A PERMUTE THE ROWS OR, IF OPT = *C', THE COLUMNS OF A */MPRM 40
A4 MATRIX */MPRM 50
7 */MPRM 60
Jrrsaeanxs /MPRM  TC
PROCEDURE(A, My Ny T,OPT,INV) 40 MPRM 80
CECLARE MPRM 90
(Al%,%),A0) MORM 100

BINARY FLCAT, /%SINGLE PRECISION VERSION /#S#/MPRM 110

7% BINARY FLCAT(521, /+DOUBLE PRECISION VERSION /$D*/MPRM -120
(Mo N, TU%)  EE o T o1 dy1A,DI,1T) ) MPRM 130

EINARY FIXEC, MPRM 140

(OPT, INV,ERRGR EXTERNAL)CHARACTER(1),. MPRM 150
ERRCR='D",. /*PRESET ERROR INDICATOR */MPRN 16C

IF M GT C 7+TEST 'SPECIFIED DIMENSIONS  */MPRM 170
THEN IF N GT C MPRM 180
THEN D7, . MPRM 19C
ERRCE=1CY,. MPRM 200

IF CPT='C' /*1F COLUMNS SHOULD BE MOVED */MPRM 210
THEN [E =Ny /*SET IE TO NUMBER OF COLUMNS #/MPRM 220
ELSE IE =M, . /*RESP. NUMBER OF ROMS IF NOT &/MPRM. 230
1T =IEy. MPRM 240
DiylA=1,. MPRM 250
IF INV='1" MPRM 260
THEN DQye MPRM 270

1A =IEy. MPRM 280
IE =D1I,. MPRM 290
01  ==0I,. MPRM 300
ENDy « MPRM 310
00 I =14 TO IE BY OIy. MPRM 320
TI =T(I)y. /*SET 71 TO T(I) */MPRM 330
IF T1 NE I /*1S INTERCHANGE STEP NEEDED */MPRM 340
THEN DO, . MPRM 350
IF TI GT © /%IS ELEMENT OF T VALID */MPRM 360

THEN IF TI1 LE IT MPRM 370

TNEN 0Qy. MPRM 380

IF 2PT=*C* /*CHECK SPECIFIED OPERATION */MPoM 39C
/*INTERCHANGE COLUMNS [ AND TI */MPRM 400

THEN DO J =1 TO M,. MPRM 41C

Ad =AU, 1)y MPRM 420
AlJy1)=ALJ:TI)y, MPRM 430

AlJyTI)=Ady. MPRM 440

ENDy o MPRM 450

/*INTERCHANGE ROWS [ AND TI

ELSE 00 J =1 TO N,. MPRM 4TC

AJ =A(14d),. MPRM 480

AL, 31=A(T1,d) 50 MPRM 490

AUTI,d)=Adye MPRM 500

ENDy.o MPRM 510

GOTQ END,. B MPRM 520

ENDy. MPRY 53C
EFGQOR='T!,, /%7 CONTAINS INVALID ELEMENTS #/MPRM S4C
END.. Lo MPRM 550Q
ENDye MO_M 56C

ENDy .« . MPRwW 57C
END,y . ! uoayv 580
ENDy . /*END OF PROCEDURE MPRM ®/MPRM E9C

xz

Purpose:

MPRM permutes rows (if OPT='R') or columns (if
OPT ='C") of a given matrix A according to the
permutation P (if INV-='0") or its inverse p-1 (if
INV='1"), The permutation P is given in the form
of its transposition vector T.

Usage:
CALL MPRM (A, M, N, T, OPT, INV);
A(M,N) - BINARY FLOAT [(53)]

Given M by N matrix.
Resultant matrix.

M - BINARY FIXED
Given number of rows of A.
N - BINARY FIXED

Given number of columns of A.
T(range) - BINARY FIXED R
Given transposition vector. Its dimen-
sion range equals M if OPT —'R' and N
if OPT='C".
CHARACTER(Y)
Given option specifying row or column
permutation.

OPT -
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INV - CHARACTER(1) : -
Given option specifying whether permu-
tation P or inverse permutation P~
applied.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

-following constitutes the possible error conditions
~ that may be detected:

ERROR="'D' means error in specified dimensions.
ERROR= 'T' means invalid transposition vector.

If some element t; of T does not satisfy 1 <t; <
‘range (invalid transposition vector),: then the value
of this element is interpreted as if it were equal to
i (no interchange).

Any value of OPT different from 'C' is inter-
preted as if it were 'R'.

Any value of INV different from '1' is inter-
preted as if it were '0'.

Method:

Permutation of A is performed by successively
interchanging rows (if OPT ='R') or columns (if
- OPT='C"), i and t; for i = 1 up to range if INV='0".
and for i = range down to 1 if INV ='1",

In case i = tj no interchange takes place.

Mathematmal Background

A

The resultant A is calculated as the product

I I ...I A
m,tm m 1,tm_1 l’tl

if OPT="R', INV="0'

if OPT="R', INV ='1'

AT, - L, ...

1, tl-.\ 2,t, "t
if OPT ='C', INV ='0'
AL -1 RS |
n,tn ‘ n l,tn_1 1?t1

“if OPT='C’, INV="1"

For notational details see MPIT.
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o Subroutine MTPI

IF INV NE *1° /%SHOULD THE INVERSE PERMUTAT. */MTPI

MTPT.. MTP T
Vi : x /MY PY
. */MTO]
A CALCULATE PERMUTATION VECTOR (OR ITS INVERSE IF NV =110) */MTPY
7% CORRESPONDING TC GIVEN TRANSPOSITION VECTOR */MTOT
7% \ /MTPT
/ : 7MTPI
PROCEDURE( T4 N+ INV 4Py MTPI
DECLARE MTPI

TUTUR) N, PUR) 1 TT,PT, THUN) MToL
BINARY FIXED, MTPI
(INV,ERROP EXTERNALICHARACTER(L),. (il

1 =0,. ) : uTPL

11 =l,. _MTPIL
LN =Ny : NTPT

IF LN GT ¢ /*TEST. SPECIFIED DIMENSION */MTPI
THEN D0, ¢ . . . . MTPT
NEXTI.o /#PRESET PERMUTATION VECTOR  &/MTPI
1 =Isl,. /%TO IDENTITY PERMUTATICN ~  #/MTPI

PII) =I,. MTPI

IF 1 LT MTPI

THEN GC TC NEXTI,. MTRI

THEN I =Ky /*VECTOR BE GENERATED */MTPL

ELSE II ==I1ly. uMTPL
ERROR=10",., /*PRESET ERROR INDICATOR */NTPL
FEO., . . MTPI
TI =T(I)ye . - /*REPLACE TI B8Y T(I) */MTPI

IF T1 6T C /*IF (1,T1) IS A VALID */MTPI

THEN IF TI.LE LN /*TRANSPOSITION THEN */MTP]
"THEN DO, /*INTERCHANGE P(1) AND P(TI) */MTPI

PI =P(I),y. MYPI

PLI) =P(TI)},y. LAl
PITII=PI,. MTPI

GOYQ STEP+. MYPI

ENDy o ! MTPI
ERROR=1T1,. /*MARK INVALID TRANSPOSITION */MTPI
STEP,. “TPIL
T =1411ye MTPI

IF I LEN /*HAS T ITS FINAL VALUE */MTPI

THEN IF I GE 1 . ¥TPL

THEN GO TO REPy. MTPI

ENDy . MTPT

ELSE ERROR='C'y. /*ERRCR IN SPECIFIED DIMENSION */MTPI
ENDy. /%END OF PROCEDURE MTPI */MTPI

Purpose:

MTPI calculates the permutation vector if INV='0'

and the inverse permutation vector if INV='1' from

a given transposition vector.
Usage:
CALL MTPI (T, N, INV, P);

T(N) - BINARY FIXED

Given transposition vector.
N - BINARY FIXED
’ Given dimension of vectors T and P.
CHARACTER(1)
Given option for selection of operation.
BINARY FIXED

INV -

P(N) -

Resultant vector containing the permutation

vector of permutation or inverse
permutation.

Remarks:

If no errors are detected in the processing of data,

the error indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:

ERROR="'D' means N is less than 1.

ERROR='T' means T contains elements outside the

range (1, N).

A value of INV different from '1' is interpreted as if

it were '0'.




Method:

Vector P is preset to the identity permutation
P=(1,...,N). Interchanging successively the
components i and tj within P results in the permu-
tation vector belonging to T if i runs from 1 up to N
and to the inverse permutation if i runs backward
from N down to 1.

Mathematical Background:

See MPIT for notation and definitions on permuta-
tion and transposition vectors.

The permutation vector P=(py, ..., py) corre-
sponding to the transposition vector T = (t1, ..., ty)
is defined through:

S S |

1k, ka= Wt e e

1

The elementary matrices Ijk are symmetric and
orthogonal, that is,

T -1
Ijk = Ijk = Ijk
Therefore, the inverse permutation vector is
defined by:

I[k,qk]= Il’tl- AT

2 o, tn

Programming Considerations:

For valid transposition vectors it is necessary that
l<tij<nforalli=1,2,...,n. As soon as a given
transposition vector is detected nonvalid, the error
indicator is set to T and further calculation is
bypassed. .

o Subroutine MPTT

MPIT.. MPIT 10

/MPIT 20

1% =/MPIT 30

/% CALCULATE THE INVERSE PERMUTATION VECTOR OR, IF OPT = °¢T¢, */MPIT 40

1% THE TRANSPOSITION VECTORS OF THE GIVEN AND INVERSE */MPIT S0

I7* PERMUTATIONS */MPIT 60

VA */MPIT 70

/ /MPIT 80

PROCEDURE{PyN,OPT,PI) .o MPIT 90

DECLARE MPIT 100

(PU*) NyPIL*)4LN+JsPL,P2) MPIT 110

BINARY FIXED, MPIT 120

(OPT,ERROR EXTERNAL)CHARACTER(1),y. MPIT 130

LNsJ =Ny MPIT 140

IF LN GT 0 /*TEST SPECIFIED DIMENSION */MPIT 150

THEN 00y MPIT 160

REP.. MPIT 170

PI(J)=0,4. /*PRESET RESULTING VALUES IN */MPIT 180

J =J=1ly. /*0RDER TO' CHECK PERMUTATION */MPIT 190

IF J GT 0 MPIT 200

THEN GO TO REP,. S MPIT 210

ERROR='P*, ., /*PRESET ERROR INDICATOR */MPIT 220

NEXTJ.. MPIT 230

J =J+1,. MPIT 240

Pl =PlJ),. /*SET P1 TO P(J) */MPIT 250

IF P1L LE LN /*FEASIBILITY TEST.. */MPIT 260

THEN IF P1 GT O /*IS 1 LE PL LE N, AND IS */MPIT 270

THEN IF PI(P1)=0 /%P1 DIFF. FROM PREVIOUS VALUES*/MPIT 280

THEN 00,. MPIT 290

PI(PL1)=dy. /*SET P1-TH ELEMENT OF PI YO J */MPIT 300

IF J LT LN /*HAS J 1TS FINAL VALUE */MPIT 310

THEN GO TO NEXTJ,e. MPIT 320

ERROR='0",. /*VALID PERMUTATION VECTOR */MPIT 330

IF OPT=°T" /*1IF SPECIFIED THEN TRANSPOS. #*/MPIT 340

THEN DO J =1 TO LN,. /*VECTORS ARE CALCULATED */MPIT 350

Pl =P(J)y. MPIT 360

P2 =PE(J)y. MPIT 370

P(P2)=P1,. MPIT 380

PI(P1)=P2,. MPIT 390

END». MPIT 400

ENDy o MPIT 410

ENDy . MPIT 420

ELSE ERROR='D',. /*ERROR IN SPECIFIED DIMENSION */MPIT 430

END,. /*END OF PROCEDURE MPIT */MPIT 440
Purpose:

MPIT calculates the permutation vector corre-
sponding to the inverse of a given permutation if
OPT="T" and the transposition vectors of the given
permutation and of its inverse if OPT='T"'.

Usage:
CALL MPIT (P, N, OPT, PI);

BINARY FIXED

Given permutation vector of given
permutation. ‘
Resultant transposition vector of given
permutation if OPT='T"'; otherwise,

P(N) -

unchanged.
N - BINARY FIXED

Given dimension of vectors P and PI.
OPT - CHARACTER(1)

Given option for selection of operation.
BINARY FIXED

Resultant permutation vector of inverse
permutation if OPT='T' or transposition
vector of inverse permutation if OPT='T".

PI(N) -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions
that may be detected: "

ERROR='D' means N is less than 1.
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ERROR='P' means given permutation vector P is
not a valid permutation vector. A value of OPT
different from 'T' is treated as if it were "I''. PI
cannot coincide with P in case OPT='T". '

Method:

In case OPT ='T' as well as OPT='T" the first step
. is calculation of the inverse permutation vector PI
combined with a check on the feasibility of given
permutation vector P.

. OPT='T' a second step is performed which
replaces the permutation vectors by the corre-
sponding transposition vectors simultaneously.

Mathematical Background:

Elementary matrices I

The elementary matrix Iy is obtained from the
identity matrix I by interchanging rows k and 1.
Multiplication of a matrix A on the left by an Ijq of
compatible dimensions results in an interchange of
rows k and 1 of A, while multiplication on the right
interchanges columns k and 1. An interchange of
two elements is also called a transposition. Note
that I is symmetric and orthogonal:

T -1

ha T T ha

Permutation vector

Let N* denote the set of integers {1,2,...,n}. A
permutation is a one-to-one function that maps N*
onto N*. It is fully described by the ordered
n-tuple (s1, Sg, .-+, Sp) called a permutation vector,
where s; ¢ N* is the function value corresponding to
argument i ¢ N*. Applying the permutation

(815 - -+ »Sp) on the rows of the n by n identity
matrix I results in an orthogonal matrix I[k, sy ].
The notation indicates that the k-th row.is identical
with the sp-th row of I for allk =1,2,...,n.

If an n by n matrix A is multiplied on the left by
1[k, sy ], its rows get permuted according to the
permutation vector (si, S92, ..., 5p)-

Permutation of columns is similarly performed
multiplying by the permutation matrix .

T [k, sk]= I[sk, k] on the right-hand side.

Transposition vector

An n-term product In,'tn * Ip-1, tp-1 " I,t, cor-

responds uniquély to a permutation matrix I[k, Sk] .
The ordered n~tuple (tq,ty, . .., ty), which fully
describes the above transposition product, is
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called a transposition vector. The correspondence
between permutation vectors and transposition
vectors is not one to one: a given permutation
vector (s1, Sg, . . ., 8;)) corresponds to several dif-
ferent transposition vectors if n > 2. A uniquely
determined transposition vector is obtained under
the additional restriction t; = i.

The transposition vector comes in naturally when
pivoting is used with Gaussian elimination technique.
If, at the j-th elimination step, rows j and tj. must
be interchanged for j=1,...,n, then (t1,to,...t,) is
the transposition vector of the permutation that was
applied to the rows of the original matrix. - This
transposition vector is uniquely determined since
ti =i.

Permutation vector of the inverse permutation

The inverse P~1 of a permutation P = (®1s ---5 Pp)
has function value i corresponding to argument p;.

Let Q= (a1, «.., dp) be the permutation vector of
Pl 1 [k, px] is orthogonal —- that is,

Il [k pr ] =17 [k, P ] . Therefore, I [k, qx] =
I[py, k]. Since I[k, q]=1I[p, ap ] , it
follows by comparison gpj. = k.

Transposition vector of permutation
The calculation of the transposition vector T = (t1,

to, +.., ty) corresponding to the permutation
vector P = (P, P2, .., Pp) is based on the identity

I[k p] T, g=1[k p'] @
with P*= (p]_', coey pn')=(p1, eeey Pi-1s i,'
Pit1r onr» Pgy-1> 94 Pgy +10 »- o> Py)

Applying identity (1) successively for i= 1, 2, ... ,'
n leads to

Tl pe] T, 40 T2 g e Tyt = T
or
I [k’ pk] = In,tn *Ih - Lthet " 12, to *
Ity
It is interesting to note that combining the calcula-
tion of transposition vectors of P and p-1 greatly
improves the efficiency.

Programming Considerations:

The check on validity of the given permutation vec-
tor is performed so that all components of the



vector PI are preset to zero. ' At the i-th step of the
calculation of the inverse permutation vector, pj is
checked for 1 < pj< n, and 9p; is checked for zero.
If both restrictions are met dp; is reset to i. Other-
wise, the error indicator is set to 'P' and further
calculation is bypassed.

Linear Equations and Related Topics

e Subroutine MFG

MFG.. MFG 10
/ /MFG 20
* */MFG 30
VAl FACTORIZE A GENERAL NON-SINGULAR MATRIX A INTO A PRODUCT */MFG 40
1% OF A LOWER. TRIANGULAR MATRIX L AND AN UPPER TRIANGULAR */MFG 5C
1% MATRIX U OVERWRITTEN ON A, OMITTING UNIT DIAGONAL OF U */MFG 60
/% =/MFG 70
/ /MFG 8C
PROCEDURE{A, IPERyN.EPS)y o MFG 90
DECLARE MFG 100
ERROR EXTERNAL CHARACTER(1), /#*EXTERNAL ERROR INDICATOR */MFG 110
EPS BINARY FLOAT, MFG 120
W BINARY FLOAT(S3), MFG 130
LA(*,%) yH,4R) MFG 140
* BINARY FLOAT, /#SINGLE PRECISION VERSION /*S*x/MFG 150
/% BINARY FLOAT(53), /#*DOUBLE PRECISION VERSION /*D#/MFG 160
i (IPER(*) 41, INDyJsKsLsLNyMyN) MFG 170
I BINARY FIXEDy. MFG 180
LN =Ny MFG 190
IF LN LE O /*TEST SPECIFIED DIMENSION */MFG 2C0
THEN 0Qy. MFG 21C
ERROR=1P", . /%P MEANS WRONG PARAMETER */MFG 220
GO TO RETURN,. MFG 230
ENDy . MFG 240
ERROR="0",. /*PRESET ERROR INDICATOR */MFG 250
/ /MFG 260
DO L =1 TO LNy. /*CALCULATE SCALING FACTORS */MFG 270
R =0y / /MFG 280
DO J =1 TO LNy« /*COMPUTE ABSOLUTELY GREATEST *¥/MFG 290
H =ABS(A(LyJ))ye /*ELEMENT R IN EACH ROW OF A */MFG 300
IF H GT R MFG 310
THEN R =Hy. MFG 320
ENDy « MFG 330
IF R = /*TEST FOR ZEROS IN ANY ROW *#/MFG 340
THEN DO, MFG 350
" ERROR='S',. /*ANY ROW IN GIVEN MATRIX A */MFG 360
GO TO RETURN,. /*1S ZERO */MFG 370
END» . MFG 380
/*STORE R IN AN INTEGER VECTOR */MFG 390
ELSE UNSPECU(IPER(L))=UNSPEC(R),. : MFG 40C
END, . / /MFG  41C
/*GAUSS ELIMINATION */MFG 420
DO L =1 TO LN,. / /MFG 430
UNSPEC(M)="'1"B,. /*PRESET M AS SMALLEST INTEGER #/MFG 440
D0 J =L TO LN,. /*MODIFY COLUMN, SEARCH PIVOT *=/MFG 450
WeH =AlJsL)y. /#SAVE ELEMENT *#/MFG 460
00 K =1 TO L-1,. /*COMPUTE SCALAR PRODUCTS */MFG 470
W =W-MULTIPLY(A(J,K)sA(KyL) 453Dy MFG 480
ENDy. MFG 490
AlJ L) =Wy /*UPDATE ELEMENT ®*/MFG 5G0
W =ABS(W)y. MFG 510
UNSPEC(I)=UNSPEC(W),. MFG 520
1 =I[-IPER(J)+e /*DIFFERENCE OF EXPONENTS */MFG 530
IF I GT M /*SEARCH FOR LARGEST DIFFERENCE=/MFG 540
THEN DO, . MFG 550
ND  =Jy. /*STORE ROW—-INDEX */MFG S60
M 1. MFG S57C
R =Hyo /%SAVE ORIGINAL ELEMENT FOR */¥“FG 580
END,y. /*=TEST ON LOSS OF SIGNIFICANCE */MFG 590
ENDy . MFG 660
IF IND GT L /%1S INTERCHANGE NECESSARY */MFG 610
THEN DQ,y. MFG 62C
IPER(IND)I=IPER(L),. /*RESTCRE PERMUTATION VECTOR */MFG 630
! DO J =1 TO LN,. /*INTERCHANGE ROWS COF MATRIX A */MFG 64C
| H (Lyd)ye MFG  65C
" AlL,J)=A(INDsJ),. MFG 660C
AUINDyJ)=Hy. MFG  67C
END,. MFG 680
ENDy MFG 69C
IPERI(LI=IND,. /*STORE ROW NUMBER */MFG 700
=A{LsL) s /*H CONTAINS THE PIVOT */MFG 710
IF ABS(H) LE ABSIEPS*R) /=*TEST PIVOT ELEMENT FOR LOSS */MFG 720
THEN IF H NE © /*=0F SIGNIFICANCE AND FOR ZERC */MFG 730
THEN ERROR='W',. /*W MEANS WARNING */MFG  T40
ELSE [F R = C /%1S ORIGINAL ELEMENT ZERO *#/MEG 750
THEN 00,. MFG 760
ERROR=7S",. /*CALCULATED PIVOT AMD THE */MFG  TTC
GO TO RETURN,. /=0RIGINAL ELEMENT ARE ZERO */MFG 780
ENDy . MFG 79C
ELSE DO . /*CORRECT ZERO PIVCT */MFG 80C
H =R*LE=Ty. /*=SINGLE PRECISION CORRECTION */MFG 810
A H =R*1E-1&,. /% DOUBLE PRECISION CORRECTION */MFG 820
ERROR=1C"',. /=WARNING AND CORRECTINN ®*/MFG 83C
END,y « MFEG 840
D0 J =L+1 TO LN,. /*EXECUTE LOOP OVER L-TH ROW ®#/MFG 850
‘W =Cy. - MFG 860
DO K =1 TO L-1,. /*CALCULATE SCALAR PRODUCTS */MFG 870
W =W+MULTIPLY(A(L,K) sA(KyJ)453) . MFG 88C
ENDy. MEG  89C
AlLsJ)=(A(L,J)-W)/Hs. /%*COMPUTE NEW ELEMENT ®#/MFG 900
ENDy « MFG 91C
ENDy .« MFG  92C
RETURN. . MFG  93C
END, . /*END OF PROCEDURE MFG */MFG 940
Purpose:
MFG factorizes a general nonsingular matrix A
into a product of a lower triangular matrix L and
an upper triangular matrix U overwritten on A,
omitting the unit diagonal of U,
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Usage:
CALL MFG (A, IPER, N, EPS);
A(N,N) - BINARY FLOAT [(53)]
Given two-dimensional array.
Resultant calculated triangular
factors L and U, where unit diagonal
of U is not stored.
BINARY FIXED
Resultant vector containing the per-
) mutations of rows of the matrix.

N - BINARY FIXED

’ Given order of matrix A.

IPER(N) -

EPS - BINARY FILOAT ‘
Given relative tolerance for test on
loss of significant digits.

Remarks:

If no errors are detected in the processing of data,
the error'indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:
ERROR='P' means error in specified dimension

: N<0
means that any row in the given
matrix A is zero or that any calcu-
lated pivot and the corresponding
original elements are zero; this
implies that the given matrix A is
singular.
indicates correction. Any calculated
zero pivot is modified to R+10~7 in
single precision (R.10~16 in double
precision if the corresponding
original element R is nonzero).
indicates a warning. A possible
loss of significance may occur.

ERROR="S'

. ERROR='C'

ERROR='W'

If at any factorization step the calculated pivot is
equal to zero, the corresponding original element
R is tested for zero. The given matrix A is inter-
preted as being singular if R is zero. MFG sets
error indicator ERROR to 'S' and further calcula-
tion is bypassed. If R is not zero, pivot is cor-
rected to R+10~7 (in double precision R- 10'16) and
ERROR is set to 'G'.

Method:

Calculation of the triangular factors L and U is done
using the standard Gaussian elimination technique.

Columnwise pivotingis builtin, combined with scaling

of rows (equilibration), The upper triangular ma-
trix U is normalized so that the diagonal contains

all ones, which are not stored. The given matrix
A is overwritten by the resulting triangular factors
L and U, omitting the unit diagonal of U,

For reference, see:

H.J. Bowdler, R.S. Martin, G, Peters, J.H.
Wilkinson, '"Solution of Real and Complex Systems
of Linear Equations', Numerische Mathematik,
Vol. 8, 1966, pp. 217-234, '

A. Ralston and H.S. Wilf, Mathematical Methods
for Digital Computers, Vol. 2, 1967, pp. 69-T1.

' Mathematical Background:

Let A be a nonsingular real matrix of order n, In
general, it can be factorized into a product

A=L"T

where L and U are lower and upper triangular
matrices respectively; U is chosen so that it has a
unit diagonal.

The elements lik and ug, of the _factor matrices L
and U are computed using the following recursive
formulas:

k-1
L =245 - 2 Lim* “mk
m=1
i=1,2,...,N
k=1,2,...,1
i-1

1
U T BT 2 Lim " Y
ii m=1

i=1,2,...,N-1

k=i+1,¢.n,N

Programming Considerations:

Even if the given matrix A is nonsingular and well
conditioned, the process can fail when a leading
principal submatrix of A is singular; furthermore,
the process is numerically unstable whenever a
leading principal submatrix is ill conditioned.

~ In order to avoid these inconveniences, a tech-
nique of partial pivoting with an equilibration of the
matrix has been introduced in MFG, Initially, the
element with greatest absolute value -- say,
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Wi (1—1 2, ..., N), of each row of A is computed. o Subroutine MFS
The scaling factors W; are used as weights for

pivoting. MES.. s 1o
. Y s /MFS 2
The p-th factorization step is as follows: p eMEs  ac
I* FACTORIZE SYMMETRIC POSITIVE DEFINITE MATRIX . */MFS 40
/% #/MFS 50
EEET Y /MFS 60
1. Computation of the p-th column of L: DECLARE © NrERSte: "o
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MFS 90
EPS BINARY FLOAT, . MFS 100
_1 :l(J:)EINARY FLOAT(53), ::g i;g
p . BINARY FLODAT, /*SINGLE PRECISION VERSION /*S*/MFS 130
Al BINARY FLOAT(53), /%DCUBLE PRECISION VERSION /*D*/MFS 140
a - L "u e pe e
lp lp m_l im mp IF NLE C ' /%TEST SPECIFIED DIMENSICN */MFS l;g
= ' MF
THEN 22ROR='P". /%P MEANS WRONG PARAMETER #/MFg 193
GO TO FETURN,. MFS 20
) ENDy . MFS 21C
and overwrite 1; onay,  (1=p, P+, ..., N) e G i
1 Bcln'ﬁ =1 TO N,. /%*EXECUTE LOOP OVER ALL ROWS l/MF: 25(6‘
KL =Cqe MF 26
sy Y Y Py LOOP.. /*PERFORM LOOP WITHIN K-TH ROW */MFS 270
2. Equlllbrated partlal pIVOtmg: so Bg l: =IB TO IND,. /%*CALCULATE SCALAR PRODUCT */:gg g%g
= MFS 3C0
';tlﬂ -l;'l-JHlNUI.T]PLV(A(L)'AlKL).53), :22 ;;g
Choose k so that " KL Eﬁ{’:l,. MFS 330
= ve MFS 340
SUM ZACIND}-suM, .« MES e
IF IND GT KL /%S A(IND) ON DIAGONAL */MFS 360
B 1. MFS 370
’ , ]'l(pl | li | . . THEN |l:\u(:ilND)=SU?‘I/A(KL)'- /*CALCULATE NON-DIAGONAL TERM */MFS 380
p GO TO LOOP,. :l;g 233
W W. IF SUIENgl".O /*TEST SIGN OF RADICAND */MFS 410
k iz p 1 . THEN DO, . /%POSITIVE RADICAND */MFS 420
: IF SUM LE ABS(EPS*A(IND))/*TEST ON LOSS OF SIGNIFICANCE */MFS 430
THEN ERROR='W',. /%W MEANS WARNING */MFS 440
. . A(IND)=SQRT{SUM),. /*CALCULATE NEW DIAGONAL TERM ‘/:g: :Zg
Store the mteger k m the VeCtor IPER and’ ELSE [E)g?:. /*NEGATIVE RADICAND . */MFS 470
if k > p, interchange the k~-th and p-th rows. f.”"“:.:l:‘ frostrive permre s ! AR
Thenl _is th - AT LR i
en op is the next pivot, 16 =IB4K,. MFS 520
3. Computation of the p-th row of U: T J4END OF PROCEDURE MFS */MES 550
p-1 Purpose:
1
u,=— (a_. - 1 cu_ ) s o e
pi lpp pi ™ pm mi MFS computes a triangular factorization of a sym-
metric positive definite matrix using the square root
. . method of Cholesky. B '
and overwrite upi on api (i =pt+l, pt2,...,N) ky
Usage:
The diagonal terms of U, which are 1, are not
~stored. For economy of storage, the scaling CALL MFS (A, N, EPS);
weights W; are initially stored in the vector IPER. ‘
This is done using the PL/I function UNSPEC, A(N¥(N+1)/2) - BINARY FLOAT [(53)]
which stores W; in internal coded representation, Given one-dimensional array con-
This allows substltutmg]subtractlons for divisions taining the matrix A stored row-
in the choice of pivots. wise in compressed form.

If at factorization step p the pivot becomes Resultant calculated lower triangular
zero, the corresponding original element app is factor T stored rowwise in com-~
tested for zero. The given matrix A is interpreted pressed form.
as being singular if apy, is also zero, MFG sets N - BINARY FIXED
error indicator ERROR to 'S' and further calcula- Given order of matrix A.
tion is bypassed. In other cases zero pivot is Resultant order of the triangular
modified to: factor T.

EPS - BINARY FLOAT
=-7. s . . . .
107" in the single precision Given relative tolerance for test on

1 =4 * version loss of significant digits.

pp pp
10716 in the double precision Remarks:
version

If no errors are detected in the processing of da’cé,
the error indicator, ERROR, is set to zero. The
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following constitutes the possible error conditions
that may be detected:

ERROR='P' means error in specified dimension:
' N<o0 .
ERROR='S' means given matrix A is not positive
definite, possibly because of severe
loss of significance.
ERROR='W' is a warning. A possible loss of

significance could occur.

The lower part of the given symmetric matrix, A,
is assumed to be stored in compressed form ~- that
is, rowwise in N*(N+ 1)/2 successive storage lo-
cations. On return the lower triangular factor T is
stored in the same way.

Method:

Factorization is done using the square root method
of Cholesky, which generates a lower triangular
factor matrix T such that

T ° transpose (T) = A

The given matrix, A, is replaced in core by‘the
resultant matrix, T,

For reference, see:

J. H. Wilkinson, The Algebraic Eigenvalue Prob-
lem, Clarendon Press, Oxford, 1965,

A. Ralston and H. S, Wilf, Mathematical Methods
for Digital Computers, Vol. 2, 1967, pp. 71-72.

Mathematical Background:

The elements ty of the lower triangular matrix T
are computed uging the following recursive
formulas:

ik Z tim tkm
¢ = m=1

1k bk

i=k+1, ..., N, k=1, ..., N

i
(> 1is tobe interpreted as zero when j< 1.)
=1

The determinant of A may be computed by the
formulay

N 2
det(A)="m
ok

Programming Considerations:

The given symmetric matrix A is assumed to be
stored in compressed form. The resultant lower
triangular factor T is returned in the locations of A,

If at factorization step k (k=1, 2, ..., N) the
radicand is not positive, the error parameter
ERROR is set to 'S', N to k-1, and further calcula-
tion is bypassed.

The error parameter ERROR is set to "W' if any
calculated radicand r = r - SUM is not greater than
| EPS- r | , where r is the original diagonal term
and SUM a scalar product sum.

It should be noted that Cholesky factorization is

- done without pivoting.
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o Subroutine MFSB

(AL*y%),4P1V) MFSB 130
BINARY FLOAT, /*SINGLE PRECISION VERSION /%S¥/MFSB 140

00 I =1 7O LNy.

IF T GT NR /*MODIFY JEND ‘AT THE END OF */MFSB 290
THEN JEND =JEND-1,. /*THE BAND STRUCTURE . */MFSB 300
KEND =NCy . /*INITIALIZE KEND AND M */MFSB 310
M =NC-1y. MFSB 320
IF M GT C /%*MODIFY KEND AT THE START OF */MFSB 330
THEN KEND =KEND-M,. /*THE BAND STRUCTURE */MFSB 340
DO J =1 TO JEND,. /*EXECUTE LOOP OVER I[-TH ROW  */MFSB 350

1D =J=1y. /*CALULATE INCREMENT 1D */MFSB 360

KK =1y, /*INITIALIZE KK AND SUM */MFSB 370

SUM =0y, MFsS8 380

DO K =J+1 TO KEND,. /*COMPUTE SCALAR PRODUCT SUM  */MFSB 390

KK =KK-ly. MFSB 4C0

SUM  =SUM+MULTIPLY (A(KKsK) »A(KKsK=1D)453)y. MFS8 410

ENDy. MFSB 420

SUM  =A(I,J)=SUM,y. MFSB 430
IFJ =1 /*1S All4J) DIAGONAL ELEMENT  */MFSB 440

THEN IF SUM GT C /*TEST FOR LOSS OF SIGNIFICANT */MFSB 450
THEN DO, /*DIGITS AND COMPUTE NEW TERM */MFSB 460

IF SUM LE ABS(EPS*A(I,J)) MFSB 470

THEN ERROR='W',. MFSB 480
PIV4A(T4J)=SORT(SUM),. MFSB 490

END,y. MFSB 500

ELSE DOy, MFSB 510
ERROF=1S",. /%A 1S NOT POSITIVE DEFINITE  */MFSB 520

N =I=1y. /*RESET INPUT DIMENSION N */MFSB 530

GO TO RETURNy. MFSB 540

END,. MFSB 550

ELSE A(1,J)=SUM/PIV,. /%MODIFY NON-DIAGONAL ELEMENT */MFSB 560

IF J LE M MFSB 570

THEN KEND =KEND+1l,. /*UPDATE KEND IF NECESSARY */MFSB 58C

ENDy .« MFSB 590

NDy « MFSB 6CC
ERROR=10",, /%SUCCESSFUL OPERATION */MFSB 610
RETURN.. MFSB 620
ENDy . . /*END OF PROCEDURE MFSB */MFSB 630

MFSB.. MFSB 10
/ BREEX /MFSB 20
Al | */MFSB  3C
/% FACTORIZE A GIVEN POSITIVE DEFINITE N BY N MATRIX A */MFSB 40
/% WITH SYMMETRIC BAND STRUCTURE (NUD UPPER CODIAGONALS) */MFSB 50
/% */MFSB 60
/ hbd /MFSB 70
PROCEDURE{AsNyNUD,EPS) e MFSB 80
DECLARE MFSB 90
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MFSB 100

EPS SINARY FLDAT, MFSB 110

SUM BINARY FLOAT(53), MFSB 120

Al BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#%D*/MFSB 150
(1,1D+J9JENDK,KKyKEND, MFSB 160
LNyLNUDsMyNyNCyNRyNUD) MFS8 170
BINARY FIXEDy. . MFSB 180

LN =Nyo MFSB 190 |
LNUD =NUD,. MFSB 200 |
ERROR=*P ', , /%P MEANS WRONG PARAMETER */MFSB 210
IF LNUD LT C /*TEST SPECIFIED NUMBER OF */MFSB 220
THEN GO TO RETURN,. /*UPPER CODIAGONALS */MFSB 230
IF LN LE LNUD /*TEST SPECIFIED DIMENSION N  */MFSB 240
THEN GO TO RETUFNy. MESB 250
NR =LN-LNUDy . /*INITIALIZE PARAMETERS */MFSB 260
NC»JEND=LNUD+1y. MFSB 270

/*EXECUTE LOOP OVER ALL ROWS  */MFSB 280

Purpose:

MFSB computes a triangular factorization of a sym-
metric positive definite band matrix using the
square root method of Cholesky.

Usage:
CALL MFSB (A, N, NUD, EPS);

A(N, NUD+1) - BINARY FLOAT [(53)]
Given two-dimensional array con-
taining the upper part of a sym-
metric band matrix A with NUD
upper codiagonals.
Each row starts with its diagonal
element.
Resultant calculated upper band
factor T.

N - BINARY FIXED
Given number of rows of matrix A.
Resultant number of rows of upper
band factor T.

NUD - BINARY FIXED
Given number of upper codiagonals
of A.
EPS - BINARY FLOAT
Given relative tolerance for test
on loss of significant digits.
Remarks:

I no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions

that may be detected:

ERROR='P' - means error in specified dimen-
sions: :
NUD< 0 or N = NU

ERROR='S' - means any calculated pivot is not
positive -~ that is, given matrix A
is not positive definite. This is
possibly due to a severe loss of
significance. ’

ERROR='"W' - is a warning indicating possible loss
of significance.

The upper part of symmetric band matrix A, con-
sisting of the main diagonal and NUD upper co-
diagonals, is assumed to be stored rowwise in
array A(N, NUD+1) starting with its diagonal ele-
ments. Thus, A(i, 1) are the diagonal elements of
the given band matrix A (i=1, 2, ..., N). On re-
turn, the upper band factor T is stored in the same
way in the locations of A. :

Input parameters N and NUD should satisfy the
following restrictions:

0< NUD< N
Method:
Factorization is done using the square root method
of Cholesky. This generates the upper band factor
T such that

T * transpose (T) = A
The given A is replaced by the resultant T.
For reference see:
H. Rutishauser, " Algorithmus 1 - Lineares
Gleichungssystem mit symmetrischer positiv-
definiter Bandmatrix nach Cholesky', Computing

(Archives for Electronic Computing), Vol. 1, iss.
1, 1966, pp. 77-78.
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Mathematical Background:

For the elements a., of a symmetric band matrix

with NUD upper coc}k agonals the following is true:
age =0 if [|i-k|> NUD

The elements t., of the upper factorized matrix T

are computed using the following recursive
formulas

1‘ i-1
W |
ii m=mqo

tng ° tmk:l v

m0 = max (1, k-NUD) i=1,2, ..., N
k=i+1, ...,
min (i+ NUD, N)

r
b . .
(any symbol mz=m0 Xm is to be interpreted as

zero if r <m0)

In the special case i =k (diagonal elements), the
above equation may be written:

=

1 _
= - tz N
bk Ak ke 3

=m0

k=1,2,..., N mg= max (1, k-NUD)

The resultant upper factor T has band structure
again, because the following is true:

t, =0 if

ik k > i+ NUD

Programming Considerations:

The upper part of the symmetric positive définite
band matrix A, consisting of the main diagonal and
NUD upper codiagonals, is assumed to be stored

rowwise in the two-dimensional array A(N, NUD+ 1)

such that A(i, 1) are the diagonal elements (i=1, 2,
«e+s N). Therefore, the elements A(i, k) of array
A with i+k> N are irrelevant; they are not touched
within MFSB. The resultant upper band factor T is
returned in the locations of A,

If, at factonzatlon step m(m=1, 2, ..., N), ‘the
radicand is not positive, error parameter ERROR
is set to'S', dimension N to m - 1, and further
calculation is bypassed. '

The error character is set to 'W' if any calculated

radicand r=r - SUM is positive but no longer

greater than | EPS * r |, where r means the
original diagonal term and SUM a scalar product
sum,

The input parameters N and NUD must satisty
the restriction:

0s NUD< N
Otherwise, ERROR is set to 'P'.

It should be noted that Cholesky's factorization
is done without pivoting.
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e Subroutine MFGR

MFGR. . MFGR 10
/%% A HEEKE *xxxEkK/MFGR 20
/= . */MEGR 30
/% FOR A GIVEN M BY N MATRIX A THE FOLLOWING CALCULATIONS */MFGR 40
1% ARE PERFCRMED . */MFGR SO
A (1) DETERMINE RANK AND LINEARLY INDEPENDENT ROWS AND */MFGR 60
A COLUMNS  (BASIS) */MFGR T0
/% (2) FACTORIZE A SUBMATRIX OF MAXIMAL RANK */MFGR 80
/*® (3) EXPRESS NON-BASIC ROWS IN TERMS DOF BASIC ONES */MFGR 90
A (4) EXPRESS BASIC VARIABLES IN TERMS OF FREE ONES */MFGR 100
/% . - */MFGR 110
™ SR ORRRRERRARAKEE IR EER/MEGR 120
PROCEDURE (A, My N, EPS, IRANK IROW, ICCL) 5 MFGR 130
DECLARE . . R MFGR 140
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MFGR 150

EPS BINARY FLODAT, MFGR 160

SUM BINARY FLOAT(53), : MFGR 170

(A(%*4%) yHOLD yPIVy SAVE ,TOL y WORK) MFGR 180

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S*/MFGR 190

1% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /%D*/MFGR 200
(ICOL(*), TRON(*) 41,1IC4iR, MFGR 210

INDy IRANKyJ9KoLMyLNsMsN) MFGR 22C

BINARY FIXEDy. MFEGR 230

Lh =M,. MEGR 240
LN =N,. MFGR 25C
ERROR=1P 1, , /*P MEANS WRONG INPUT */MFGR 260

IF LM LT 1 . /*TEST OF DIMENSION M */MFGR 270
THEN GO TO RETURNy. MFGR 280
IF LN LT 1 /*TEST OF DIMENSION N */MFGR 290
THEN GO TO RETURN,. MFGR 3C0C
ERROR='0",. /*PRESET ERROR INDICATOR */MFGR 310
/*INIT. COLUMN INDEX VECTOR */MFGR 320

PIV =0y, /%SEARCH FIRST PIVOT ELEMENT */MFGR 330
00 J =1 TO LNy. /*EXECUTE LOOP OVER COLUMNS */MFGR 34C
ICOL(J)=d,. MFGR 35C

DD I =1 TO LM,. /*EXECUTE LOOP OVER ALL ROWS */MFGR 360

HOLD =A(I,J),. MFGR 370

IF ABS(HOLD) GT ABS(PIV) MFGR 380

THEN DOy . MFGR 390

PIV  =HOLD,. /*#SAVE VALUE AND INDEX OF THE */MFGR 400

IR =Iy. /*ABSOLUTELY GREATEST ELEMENT */MFGR 410

1c =Jdye MFGR 420

ENDy. MFGR 430

END, . MFGR 44C

ENDy . MFGR 450

DO I =1 TO LM,. /*INITIALIZE ROW INDEX VECTOR */MFGR 460
IROWLI)=1,. MFGR 470

ENDy . . MFGR 480

TOL =ABS(EPS*PIV),. /*SET UP INTERNAL TOLERANCE */MFGR 490
TRANK=0y « [ EEER Rk kR E gk R RR Rk i kk k& x/MEGR 500
DO J =1 TO LN,. /*GAUSS ELIMINATION */MFGR 510

IF ABS(PIV) LE TOL 4 *Hx¥EE/MFGR 520

THEN GO TO ROW,. /%PIVOT IS NOT FEASIBLE */MFGR 530
IRANK=Jy . /*UPDATE RANK */MFGR 540

IF IR GT IRANK /*SHOULD ROWS BE INTERCHANGED #*/MFGR 550

THEN DOy. MFGR 560

00 I =1 TO LNs. /*INTERCHANGE ROWS */MFGR 570

SAVE =A(IRANKysI)s. MFGR 580

ACTRANK,I)=ACIR 1)y MFGR 590

ACIRy[)=SAVE,. MFGR 600

ve MFGR 610

=IROW(IR) 4, /*UPDATE ROW INDEX VECTOR */MFGR 620
IROW(IR)=IROW(IRANK),. MFGR 630
TRCW{LIRANK)=IND, . MFGR 640

ENDy . MFGR 650

IF IC GT IRANK /%*SHOULD COLUMNS BE INTER- */MFGR 660

THEN DOy« /*CHANGED */MFGR 670

DO 1 =1 TO LM,. /*INTERCHANGE COLUMNS */MFGR 680

SAVE =A(I+IRANK],. MFGR 690
AUIIRANK}=A(I4IC),y. MFGR 700

A{I,IC)=SAVE,. MFGR 710

END,. MFGR 720

=1COL{IC),. /*UPDATE COLUMN INDEX VECTOR */MFGR T30
ICOL(IC)=ICOL{IRANK),. MFGR 740
ICOL(IRANK)=INDy. MFGR 750

END,y .« MFGR 760

IND =IFANK+1,. /*INITIALIZE LOOP FOR TRANS- */MFGR 77C

SAVE =PIV,. /*FORMING CURRENT SUBMATRIX */MFGR 780

PIV  =0y. /*AND SEARCHING NEXT PIVCT */MFGR 790

DO I =IND TO LM,. MFGR 800
HOLD,A(1,IRANK)=A(I,IRANK)/SAVE;y. MFGR 810

0 K =IND TO LNy. MFGR 820
WORKA(T4K)=AUI,K)—HOLD*A(IRANKsK)y. MFGR 830

/*SEARCH NEXT PIVOT ELEMENT */MFGR 840

IF ABS(WORK) GT ABS(PIV). MEGR 850

THEN DO,y MFGR 860

PIV  =WORK,. /*SAVE VALUE AND INDEX OF THE */MFGR 870

IR =ly. /*ABSOLUTELY GREATEST ELEMENT */MFGR 880

Ic =Ky o ) MFGR 890

ENDy o MFGR 900C

ENDy. MFGR 910

ENDy o MFGR 920

ENDy . / /MFGR 930

ROW.. /%*COMPUTE ROW DEPENDENCIES */MFGR 940
IF IRANK= LM / /MFGR 950
THEN GO TO HOM,. R /%ALL ROWS ARE BASIC ONES */MFGR 960
DO J =IRANK-1 TO 1 BY -1,. /*SET UP MATRIX EXPRESSING */MFGR 970

IR =J+1y. /*ROW DEPENDENCIES */MFGR 980

DO I =IND TO LM,. /*L0O0P FOR NON-BASIC ROWS */MFGR 990

SUM  =C,. MFGR1000

DC K =IR TO IRANK,. /*CALCULATE SCALAR PRODUCTS */MFGR1010

SUM  =SUM+MULTIPLY(A(I+K)4AlKyJ)953)y. MFGR1020

ENDy. MFGR1030
ACI159)=AlI+J)-SUMy. /*MODIFY ELEMENT */MFGR1040

ENDy .« MFGR1050

ENDy . / *%/MFGR1060

HOM. . /*COMPUTE HOMOGENEOUS SOLUTION */MFGR1070
IF IRANK= LN / /MFGR1080
THEN GO TQ RETURN,. /*ALL COLUMNS- ARE BASIC ONES */MFGR1090

. /*SET. UP MATRIX EXPRESSING */MFGR1100

DO J =IRANK O 1 BY -1l,. /*BASIC VARIABLES IN TERMS OF */MFGR1110

IR =J+1ly. /%*FREE PARAMETERS */MFGR1120

DO I =IND TO LN,. /*L00P FOR FREE COLUMNS */MFGR1130

SUM  =0,. . MFGR1140

DC K =IR TO IRANK,. /*CALCULATE SCALAR PRODUCTS */MFGR1150

SUM  =SUM+MULTIPLY(A{J+K)+A(KsI)953),. MFGR1160

END,y. MFGR1170

ACJ2I)==(AC(J, 1)+ SUMI/A(J,d) s MFGR1180

ENDy o MFGR1190

ENDy .« MFGR1200
RETURN.. MFGR121C
ENDy « /*END OF PROCEDURE MFGR */MFGR1220

Purpose:

For a given general rectangular matrix, MFGR
performs the following:
1. Determines rank and linearly independent rows
and columns (basis)
2. Factorizes a submatrix of maximal rank
-3, Expresses nonbasic rows in terms of basic

TOWS
4, Expresses basic variables in terms of free
variables
Usage:

CALL MFGR (A, M, N, EPS, IRANK, IROW, ICOL);

A(M,N) - BINARY FLOAT [(53)]
Given general matrix with M rows and
N columns.
Resultant calculated triangular
factors I, U and submatrices C, H, D.
M- BINARY FIXED
Given number of rows of matrix A.
N - BINARY FIXED
Given number of columns of matrix A,
EPS - BINARY FLOAT
‘Given relative tolerance for test on
Zero.
IRANK - BINARY FIXED
Resultant rank of given matrix,
IROW(M) - BINARY FIXED
Resultant vector containing the sub-
scripts of basic rows in IROW(1) up to
IROW (IRANK). '
ICOL(N) - BINARY FIXED
Resultant vector containing the sub-
scripts of basic columns in ICOL(1)
up to ICOL(IRANK).

Remarks :

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero, The
following constitutes the possible error condition
that may be detected:

ERROR='"P' means error in specified dimensions:
M < 0 and/or N< 0"

Calculation of the rank of given matrix A is most
critical, It is not claimed that MFGR will give the
correct rank in all cases, because of the intrinsic
difficulty caused by performing calculations with
a finite number of digits.

Suggested range for values of EPS is 10'4,
10'6) in single precision and (10"8, 10~15y in double
precision,
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Method:

Calculation of the rank IRANK and of the triangular
factors L and U is done using the standard Gaussian
elimination technique with complete pivoting. The
lower triangular matrix L is normalized so that the
diagonal contains all ones, which are not stored.
The subdiagonal part of L and the upper triangular
factor U are stored in the locations of the given
matrix A.

In case A is singular, the triangular factors L
and U only of a submatrix of maximal rank are re-
tained, The remaining parts of the resultant matrix
.give the dependencies of rows and columns and the
solution of the homogeneous matrix equation
A-X=0,

For reference see:

A.S. Householder, The Theory of Matrices in
Numerical Analysis, 1965, pp. 125-130,

Mathematical Background:

Interchange information

Gauss elimination with complete pivoting implies
that the rows and columns of the given M by N
matrix A are interchanged at each elimination step
if necessary. The interchange information is re-
corded in two integer vectors IROW and ICOL.:

row

The i-th {
column

corresponds

} of the interchanged matrix

IROW (i)-th row
to the { ICOL(i)-th column
matrix, where initially

} in the original

IROW (i)=i and ICOL(i)=i for i = {1,2, M}

,2,..., N

At the i~-th elimination step the interchanged
matrix is denoted by A,

First elimination step

After pivoting, the interchanged matrix Alis uniquely
expressed as:

1 1

1
At=1 Dl U

by imposing the following conditions:

1. Ul is the Nby N identity matrix except for
the first row.

2. Ll is the M by M identity matrix except for
the first column, The first diagonal element
has a value of one. '

3. D! is an M by N matrix with first diagonal
element equal to one, while all remaining
elements of the first row and column are equal
to zero.

Partitioning of matrices AL, 1.1, D!, U leads to:

11 A
a‘11 A12 1 0
1 .1 1
Ag1 oo Loy I
1 1
1 0 u, U,
1
0 D, 0 I
where:
Lot
11 11
1 1
A = Upp
1 1 1
Ag1 = Ly Y11
1.1 1 1
Agg = Lgy + Upp * Doy

This implies the following:
1. The elements of the first column of U1 are

1 1
W = A k=1, 2, 3, «o., N)

2. The elements of the first column of L} are

al

1 1 il

111 = 1’1]'.1 —a—l (i=2, 3, eee, M)
11
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3. The elements of submatrix D%Z of D! are

al al
% N A S A Sl
ik "%k T otr 0 Mk T Rk T 1

411

i=2,38,.... M
k=2,3,..., N

Note that it is possible to record all nontrivial
information about Ll, Dl, U~ in the storage loca-
tions originally occupied by A, storing only:

1 1
U1 Uis
1 1
Lo1 Do

Second elimination step

Assume D%z is not zero in the sense that all its
elements are absolutely greater than an internal
tolerance TOL. The complete pivoting in D%z

implies that matrix Al possibly is interchanged,

giving AZ;

1 0o\ /1 0 o v

Now Dgz may be expressed uniquely in the form:

, 2 2
o 1 0 10 (Y9 Ups

22 | 12 ’ 2
Ly, I 0 Dy, 0 I

It is easily seen that

A2=L2'D2’U2

where
1 0 0
2 [ 2 1 0
= 1,
9 2
L3g1  Dgp I
1 0 0
p?= [ o 1 0
9
0 0 D,

1 2 2
Uy Yy Upg
2 2 2
U = 0 u22 U23
0 0 I

Final elimination step

At the next step D§3 is factorized, and so on. Now
agsume that D£ +1. psq Oquals zero -- that is, that
all its elements are all)solutely less than or equal
to TOL. This is interpreted as matrix A has the
rank r and the result is the factorization:

Af - 1T Dr . Ur
. i . r [ s
Neglef:tmg‘ the small elements in Dr +1, 1 this may
be written as:
T L .
A _<LR> (U, UR)
with '
1 0 . . . 0
2
121 1 0
L = . . . o
r T
lrl 1r2 . L] L] 1
1 2 T
Y11 %2 ¢ . S
2 r
0 1.122 . u21‘
U = . . R .
0 0 . . u
Tr
- (X r ‘ T
LR = (Lr+1, 1 Lr+1, 2> " Lr+1, r)
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Then, from AT « XT =RT is obtained:

T
Ul, r+l I X R
) . . 1) =(21
§ () " @ - () (&
U2, r+l
More explicitly:
° o o ° + . . =
L U Xl L UR X2 Rl
UR = : '
. LR-U'X1+LRV-I‘JR°X2=R2
* Since L and U are nonsingular, this ‘implies
that:
r, r+l
X, = gl. ot R, vt UR-X,
L is a lower triangular matrix of order r with unit
diagonal. ' 1
U is an r by r upper triangular matrix. R2 =1LR - L~ * R1

LR is an (M-r) by r matrix; if the given matrix A
is row regular (that is, r=M), LR is absent in the
final factorization. '

UR is an r by (N-r) matrix; if the given matrix : -1
A is column regular (that is, r = N), UR is absent LR is replaced by C, = IR * L
in the final factorization. v

For the user's convenience:

. -1
Further calculations UR is replaced by H = -U * UR

while L and U remain unchanged.

For consistency it is necessary to set
Ry = Cq + Rj and to obtain homogeneous
solutions from the equation:

The problem of matrix factorization arises in con-
nection with the solution of systems of equations
A+ X =R. Three different cases must be dis-

tinguished:
l.r=M=N
Ais nonsingular, and A * X = R has a unique Xl =H- X2
solution,
2. T<M In case of a consistent system of equations
A is not row regular; solutions of A* X =R AT+ XT = RT, the general solution is:
exist only if the linear combinations among the rows -
of g'aiejll\?o valid among the rows of R. x* = ( X;) with X1 _ U_]_ . L..1 . Rl
A is not column regular; A » X = 0 has non- :
trivial solutions. +H * X
' The cases (2) and (3) may occur together, The 2
solution, if it exists, is uniquely determined for
r=N; otherwise, it contains N-r free parameters. while the values of the free variables contained in
It is quite natural to ask for the linear combinations Xg may be chosen arbitrarily.
among the rows and columns of given matrix A and :
for the linear forms expressing basic variables in Programming Congiderations:
terms of free variables. Therefore, instead of LR
and U_R, matrices C and H, containing linear Let aj; be the absolutely greatest element of the
combinations, are returned. o original matrix A, which is found first in column-
Observe car:efully that the calt.::ulated factorization  yiqe scan, The internal tolerance TOL is set equal
belongs to the interchanged matrix AY. Therefore, to | EPS - ai | . .
we use AT+ XI' = RT instead of A+ X =R. If, at the m-th elimination step, the absolutely
Let Xr, RY be partitioned into (%%) and R1> . greatest element of D%:%n is less than or equal to

TOL, the submatrix D%"lln is interpreted as being
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the zero matrix. Then m-1 is returned as rank of
the given matrix A and further factorization is
bypassed.

The calculated factorization belongs to the inter-
changed matrix AT, Therefore, we deal with AT -
XY = RY instead of A + X = R, where:

{ ey }is obtained from { X} using the
Rr | R

ICOL(k) | { X k-th
{IROW(i) j element of \ R as i-th element of

x
rY
withk = 1,2, ..., Nandi =
Within the storage area
originally occupied by the
input matrix A, procedure
MFGR returns, in a com-

1,2, ..., M.

- N —

pact scheme, the matrices ~*-IRANK-#~
L, U, C, H, and D (see +
diagram). ™ U
Z H
. é L
MY
C D
Numerical example
Let A = EPS = 1E-5

H DN R
NN
[STRN RN

Procedure MFGR returns L, U, C, H, and D:
1 0 _ (4 2
(o.s 1>’ v "(o 3 )

c = (05 0 o =("0- 33333325
\1.5 -1)° -0.33333331/°

L

)

and combines them in the following compact scheme:

0.5 3 oosaam |  [RANK=2
o5 0 o and IROW = (3,2,1,4)
s -1 ICOL = (2, 3, 1)

0

From information in C, IRANK, IROW we get the
linear dependencies among rows:

row(1)
row (4)

= 0,5 row(3) + 0 * row(2)
1.5 ° row(3) - 1 * row(2)

From information in H, IRANK, ICOL we get the

homogeneous solution of A * X = 0: X1 =H" X2:
X, = -0. 33333325 Xy
Xy = -0. 33333331 Xy

and with

column (1) ° x3 + column (2) * xo
+ column (3) + xg = 0, the linear dependencies
among columns:

column (1) = 0.33333325 * column (2)
+0. 33333331 * column (3).

Multiplying the triangular factors L, U we get:
a, a [ 4 2

a a 2 4

Mathematics--Matrix Operations--Linear Equations

33



34

.
.
.
.
*
.

. o¥ *,
XYES o% IS N *. NO

e¥saoee

R R R N R R R S R B N R N N S S A N I RS IR A SR S N A N RN A R A A A RS S

FUR A GIVEN GENERAL RECTANGULAR MATRIX
DETERMINES RANK AND LINEARLY INDEPENDENT ROWS AND COLUMNS
EXPRESSES NONBASIC ROWS IN TERMS CF BASIC ROWS,

FER kA ] RE KKk kR

*PROCEDURE: MFGR
FEEERKEERAKERAE

X

LI LT SEL L L LS 2T
*

* PRESET

* ERROR='P ¢
*
*
*

SRS RSS2 g

ceo¥o

LESS THAN
. ONE  ..¥%

.
€, %
*

*
*

*
*
&
&
*
&
*

«

© 8 0 088NN ENIBI O EEEEN R E S

...X*

MFGR

'tttitAZtttt#tt*ti
. *

PRESET *
ERROR=1'0"* :

tt*tthttttttttt:
ASET_UP INTERNAL#
*TDLERANCE TOL=

* =ABS{EPS*PIV) *

* &
L EL RS SRR 2L ELE 2

L&A Y AL L LS E L]
Ed Ed

* PRESET RANK *
: INDEX IRANK=0 *

SO Iy

* 8

*
EAEEEE RS S E LSS
.

-

cecsesscsccs

. PERFORMS THE FOLLOMW ING

(BASIS),

t*t**Aat::tt*tttt
Z =1 &

© FOR_GAUS hd
: ELIMINAT!DN :
HEEEREREXRRKKKKEE

@

3*

*,

#* »
.
=
A
=

*

.-
# M
#_ 0> YW

FR %
o

¢ “IME@ea o

Xe s 8 0 s # ODpUVmC #Xs s
o FHm~mO ¢
* or-—

<
m
©w

FhxrkCIhkkkEkE ks
*

' UPDATE RANK,
* TRANK=J

ET T 22

t FRxFkEkk xR gk ek

#Xe s 00

* DT
hzzwe

NK o ¥
*

Xe o 0 0 0
.

bk dx TEL IS L L T
* *
* INTERCHANGE *
* ROWS *
* *
* *
FEEEEA TR EEXEEEXE

seesses

seean
cos e

X
HHAEEFIEREREERERE

* UPDATE ROW =
: INDEX VECTOR :

* *
EERS RIS 22 2223

-

L
G3
«¥S HOU
« *COLUMN:
*. INT ERCH
*.-15 1
*.IRA
*.

*

X i -
:ttt*H;t**t*tt*#:
* INTERCHANGE *
* COLUMNS &
* ) *
* *
HEEXE S TRERERKREREE

X
FEERKJIRERXEEEXREE
*

*
* UPNATE COLUMN ¥

*
*

eXeoseanaosae

“x. NO

* INDEX VECTOR :..

x
kg Ekkk ke kr ks

| .
ey [ ot

FACTDRTZES A SUBMATRIX DF MAXIMAL RANK,

evesecsssscecnccessssscscsnsence ¥

.
.
o
-
.

B R R N R N N N N N S A N A R A S R A A A N N N N S A N N N A N S S A R A B R A A A SO B SR P S SR PRSPPI

.
.
.
x
#*

D LR T R TR R T TEY

FREESDARREREREER
TRANSFORM
CURRENT
SUBMATRI X
KEEEAERRERERTRRK

.

%
*
*
*
*
*
%

AREKSESXKRRTRRkEE
SEARCH NEXT
PIVOT PIV

e o000

* 3 3 % B
LR X2 X2

EEEEEEERETEEERKENX

TEEEKF GEEXEXRRERE

X% o000

F
* PIVOT PIV *
Fkkkkkkkokkkg ok kkE

S U

R KK RGLHRRTXR EEKKE

J=J+1

LR 2 X
LA R 2]

kR kkkkkkkxkk ks
-

ecescesccsssssssscccscccan

EXPRESSES BASIC VARIABLES IN TFRMS OF FRFE VARIABLFS.

Lo ¥
NO . %

sesssencessasX

. ROW
- B

ws.dN
p

> VO °*
3O 80 0 ey premiTIE P 00 0 g

.

t*#**cs*tttt*tttt

SET UP MATRIX '
tFXPRESSING ROW t
: * DEPENDENCIES
FEERBAKEIERKSERER

st erssstss st

P

axe o

. HOM

.
*
lal=]

YES o #

.
:
:
:
*
:
*
;
amiz
cwumown
> e .
Zr=mc
X
b
* oZmne

>
.

BOODUN _ #X® S 00

Cess et sttt ernetont s
*
*

eescesssneX

.5 000 00000000000 050600 00808050000 060660080800006808080800000000000ss00ssseets0et0st0sttNsEVLETL OGS

secscscses

B R I N R A R N R I IR R I SR R AP S I I N W IR ST AT ST SIS ST S ST AT SR Y

RE TURN *
HEEEKS FEEKEFEXE - -
) =

P esteccece ettt eseresseencsesessetesesses st sessescssesneTeressesscrsesssrssssanseassevassesvrescenssessssene X¥PROCEDURE MFGR *

Mathematics--Matrix Operations--Linear Equations.

EEES S22 E L2 LS 0



e Subroutine MDLS/MDRS

MDLS.. MDLS 10

/ /KDLS  2C

A #/MDLS 30

/* FOR AN EQUATION SYSTEM A%*X=R WITH SYMMETRIC POSITIVE */MDLS 4C

1* DEFINITE MATRIX A=T*TRANSPOSE(T) CALCULATE OPTIONALLY * %/MDLS S50

/% SOLUTION X */MDLS 60

1% INVERSE(T) * R =/MDOLS 70

lAd TRANSPOSE(INVERSE(T)) * R */MDLS 80

1% FOR GIVEN TRIANGULAR FACTOR T AND RIGHT HAND SIDE MATRIX R */MDLS 90

1* */MDLS 10C

/ /MDLS 110

PROCEDURE(RyMyNyA4CPT ), MDLS 12C

DECLARE MDLS.13C

ERROR EXTERNAL CHARACYER(1), /*EXTERNAL ERROR INDICATOR */MDLS 140

(OPT,COPT) CHARACTER(L), /%*0PTION PARAMETEF */MDLS 15C

SUM BINARY FLOAT(53), MDLS 160

{RU%, %) yALX)) MDLS 170C

BINARY FLOAT, /*SINGLE PRECISION VERSION /%S#/MDLS 18C

,* BINARY FLOAT(53), /%*DOUBLE PRECISION VERSION /*D%/MDLS 19C

(I4IENDoI1,1TA,11D,1IST,IK,y MDLS 2cC

IKA,IKD s IKST+Js JEND yKyL LDy MCLS 210

LXeLDXyMyMSTA,MDEL +MX4N) MDLS 220

BINARY FIXEDs. MDLS 230

/ /MDLS 240

110y1KA=1,. /#INITIALIZE PARAMETERS FOR */MDLS 250

IKDy I IA=0y o /*DIVISION FROM LEFT */MDLS 260C

TEND =N, . ’ /MDLS 27C

JEND =M-1,. MDLS 28C

GO TO 80TH,. MDLS 290

MDRS.. MDLS 3CC

7 /MDLS 310

/% ®/MDLS 32¢

1% FOR AN EQUATION SYSTEM X#A=R WITH SYMMETRIC POSITIVE */MDLS 33C

A DEFINITE MATRIX A=T#TRANSPOSE(T) CALCULATE OPTIONALLY ®#/MDLS 34C

1% SOLUTION X */MDLS 325¢C

/1% R = TRANSPDSE(INVERSE(UI */MDLS 360

Al R * INVERSE(T */MELS 27C

1% FOR GIVEN TRIANGULAR FACTOR T AND RIGHT HAND SIDE MATRIX R */MDLS 380

VA . */MDLS 39C

/ * /MOLS 4CC

ENTRY(RyMyNsAyOPT) 4. MDLS 41C

/%% JMOLS 420

11Dy IKA= /7*INITIALIZE PARAMETERS FOR */MDLS 43C

/*DIVISION FROM RIGHT */MDLS 44C

[ #Ek% /MDLS 45C

MOLS 460

MOLS 47C

/%P MEANS WRONG PARAMETER */MDLS 48C

/*TEST INPUT DIMENSIONS M AND N*IHDLS 49C

THEN GO TO RE‘I’URN'- LS SC¢C

IF JEND LT O MDLS 51C

THEN GO TO PETUFRN,. MDLS S2C

TIST,IKST=1,. MDLS 53¢

COPT =0PT,. MDLS 540

IF coeT= '2° /*TEST SPECIFIED QPERATION */MDLS 550

THEN GO TO NEW,. MDLS 560

4 /MOLS 57C

Lx =Cye /*INITIALIZATION FCR A*X = R &/MOLS 58C

MSTAyMDEL ¢ MX4LD=1y . /*AND FOP X*TRANSPOSE(A) = P */MDLS 590

. 4 /MDLS 600

MAIN.. /*EXECUTE DIVISION PROCESS */MDLS 610

D0 J =0 TO JEND,. MDLS 620

1 =1ISTy. /*INITIALIZE ADDRESSING VALUES */MDLS 630C

1K =IKSTye MDLS 640

DO I =1 TO IEND,. /*EXECUTE LOOP OVER CCLUMNS */MDLS 65C

SUM  =Cy. /#0R ROWS OF MATRIX R */MDLS 66C

L =MSTA,. MDLS 67C

LDX =LD,. MOLS 680

D0 K =1 TO Jy /*COMPUTE SCALAR PRODUCT SUM *#/MDLS 690

SuM —SUM»HULTIPLV(A(L),R([[ 1K) 453),. MDLS 7CC

L =L+LDXyo MDLS 71C

LDX =LDX+LX,. /*UPDATE ADDRESSING PARAMETERS #*/MDLS 720

II =[1+11Dy. . MDLS 730

IK =IK+IKDy o MDLS 740

ENDy . MDLS 750

IF AfL)=C /%S DIAGONAL TERM IN A ZERO #/MDLS 760

THEN DOy MDLS 770

ERROR='S"*,. /%S MEANS ZERO DIAGONAL TERM #/MDLS 780

GO TO RETURN,. /%*IN TRIANGULAR FACTOR A */MOLS 79C

ENDy. MDLS 8CC

/%*CALCULATE NEW ELEMENT */MDLS e10¢

ELSE RITISIK)={R(IT,IK)~-SUMIZA(L),y. MDLS 820

184 =IIST+ITA*I,. .o MDLS 830

1K =IKST+IKA®I . /*YPDATE ADDRESSING PARAMETERS */MDLS 840

END,y MDLS 850

MSTA =MSTA+MDEL,. /*MODIFY START PARAMETERS */MDLS 86C

MDEL =MDEL+MX,. MDLS 87C

END,y o . MDLS 880

IF COPT NE '1* /*TEST END OF OPERATION */MDLS 890

N MDLS 9C0

NEW.. X /7 /MDLS 91C

00y . /*INITIALIZATION FOR X*A = R */MDLS 92C

EUPT =01%,. /*AND FOR TRANSPOSE(A)*X = P  */MDLS 930

=0y / /MDLS 94C

=lye MDLS 950

MDEL ==1ls. MDLS 960C

LD ==JEND, MDLS 97C

MSTA =lJENO+l)*(JEND#2)/2'. KDLS 98C

110 =-1IDs. MOLS 99¢C

IKD =-IKD,. ¥pLsLoce

IF IIA= O /*SHOULD DIVISION FROM LEFT */MDLS1C10

THEN IIST =M,. /*BE EXECUTED ®=/MDLS1C20

ELSE IKST =N,. mMDLS103C

GO TO MAIN,. /%GO TO MAIN PART QOF MOLS */MDLS1040C

END, . MDLS1050

ERROR='0"y. /*SUCCESSFUL OPERATION */MDLS1060;

RETURN. .« MDLS1070

ENDys o /*END OF PROCEDURE MDLS */MDLS1080
Purpose:

For a system of equations AX = R with symmetric

positive definite matrix A =T » TT,

MDLS

Mathematics~-Matrix Operations--Linear Equations

performs the following calculations depending on
the character of the input parameter OPT:

OPT ='1' R is replaced by T~ -l. g

OPT =

otherwise R is replaced by (T °

Usage:
CALL MDLS (R,

R(M,N) -.

N -

A(M*(M+1)/2) -

OPT -

Purpose:

'2' R is replaced by (T~ )T ‘R

1T)-1.

M, N, A, OPT);

BINARY FLOAT [(53)]

Given general right-hand-side
matrix with M rows and N
columns.

Resultant solution depending
on the option parameter OPT,
BINARY FIXED

Given number of rows of matrix R
and the order of matrix A,
BINARY FIXED

Given number of columns of
matrix R,

BINARY FLOAT [(53)]

Given one-dimensional array

-containing lower triangular matrix

T stored rowwise in compressed
form (possibly resultant array A
of SSP procedure MFS).
CHARACTER (1)

Given option parameter for selec~
tion of operation. (See '"Purpose"
above. )

For a system of equations XA = R with symmetric
positive definite matrix A=T » TT, MDRS per-
forms the following'calculations, depending on the
character of an input parameter OPT:

OPT =1'1'
OPT =2
otherwise

Usage:

R is replaced by R" (T'l)T
R is replaced by R ° T1
R is replaced by R (T -

TT)~1

CALL MDRS (R, M, N, A, OPT);

R(M’ N)-

BINARY FLOAT [(53)]

Given general right-hand-side
matrix with M rows and N columns,
Resultant solution depending on the
option parameter OPT.

M -

BINARY FIXED

Given number of rows of matrix R
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N - : BINARY FIXED
Given number of columns of matrix
R and the order of matrix A.
A(N*(N+1)/2) - BINARY FLOAT [(53)]
Given one-dimensional array
containing lower triangular matrix
T stored rowwise in compressed
form (possibly resultant array A of -
SSP procedure MFS).

OPT - CHARACTER (1)
Given option parameter for selection
of operation (see ""Purpose", above),
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions:
that may be detected:

ERROR='P' - means error in specified dimensions:
M < 0 and/or N<0
ERROR='S' - means given triangular factor T has
at least one diagonal term (pivot) equal
.to zero -- that is, matrix A is not
positive definite,

The given lower triangular factor T is assumed to be
stored in compressed form, that is, rowwise in
successive K*(K+1)/2 storage locations, where K is
the number of rows (or columns) implied by
compatibility:

- K=M in procedure MDLS
K =N in procedure MDRS

During calculation the lower triangular matrix T is
not changed. The right-hand-side matrix R is re-

placed by the solution depending on the character of
parameter OPT.

Method:

It is supposed that the symmetric positive definite
matrix A is given in the factored form (Cholesky):

where T is the lower triangular factor (possibly
calculated by SSP procedure MF'S) and TT the
transpose of T.

The required calculations are done using forward
and/or backward substitutions,

Mathematical Backg'roimd:

Calculation of X = T™1 «+ R is done using forward
substitution to obtain X from T+ X =R.

Calculation of Y = (T"1)T . R is done using back-
ward substitution to obtain Y from
TT. Y=R.

Calculation of Z = (T - TT)~1. R is done by first
solving T + X = R and then solving
.72 =X,

Calculation of X = R(T'l.)T is done using forward sub-
stitution to_.obtain X from X. TT = R.

Calculation of Y =R - T-1 is done using backward
substitution to obtcun Yfrom Y T=R.

Calculation.of Z=R~ (T TT )‘ is done by first
solving X - TT = R and then solving
Z+T=X,"

Programming Considerations:

The given lower triangular matrix T is assumed to be
stored rowwise in successive storage locations.
During calculation, T is not changed, while the right-
hand-side matrix R is replaced by the solution
depending on parameter OPT. If any diagonal element
(pivot) of T is zero, the error parameter ERROR

is set to 'S' and further calculation is bypassed. Any
zero pivot in T means that the matrix A=T - T

is not positive definite, possibly because of severe
loss of significance in the factorization routine.
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o Subroutine MDSB

MDSB. . MOS8 1C
/ Rk /MDSB 20
lAd */MDSB  3C
/% FOR AN EQUATION SYSTEM A%X=R WITH SYMMETRIC POSITIVE */MDSB 40
/% DEFINITE BAND MATRIX  A=TRANSPOSE(T)*T  CALCULATE */MDSB 50
Al OPTIONALLY #/MDSB 60
/% SOLUTION X #/MDSB 70
’* TRANSPOSE (INVERSE(T)) * R */MDSB  8C
/% INVERSE(T) * R */MDSB 90
1% FOR GIVEN UPPER BAND FACTOF T AND GENERAL RIGHT HAND- */MDSB 100
A SIDE MATRIX R */MDSB 110
1% */MDSB 120
/MDSB 130

PROCEDURE(AyRsNyNUDyMyOPT) . MDSB 140
DECLARE - MDSB 150
ERROR EXTERNAL CHARACTER{1), /*EXTERNAL ERROR INDICATOR */MDSB 160
(0PT,COPT) CHARACTER(1), /*0PTION PARAMETER */MDS8 170

SUM BINARY FLOAT(53), MDSB 180

(AL% %) yR(* %) 4H) . MDSB 19C

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MDS3 200

1% BINARY FLOAT(53), /%DOUBLE PRECISION VERSION /*D¥/MDSB 210
{1, ISTAZ,TEND+INCRyJ 4Ky MDSB 220

KEND yKI 4 KINC yKKyL s LMy MDSB 230

LNy LNUD,M,NyNC,NRsNUD) MDSR 240
BINARY FIXED,. . MDSB 250

LN =Ny . /*STORE VARIABLES Ny NUD, M, */MDSB 260
LNUD =NUD,. /%0QPT FROM CALLING SEQUENCE *#/MDSB 270
LM =My /*INTO LOCAL PARAMETERS «/MDSB 280
COPT =0PT,. MDSB 290
ERROR='P ', . /%P MEANS WRONG INPUT */MDSB 300
IF LNUD LY O /*TEST SPECIFIED INPUT PARA- */MDSB 310
THEN GO TO RETURN,. /*METERS NUDy Ny M *#/MDSB 320
IF LN LE LNUD MDSB 330
THEN GO TO RETURN,. /*PROCEDURE RETURNS IF AT */MDSB 340
IF LM LT O /*LEAST ONE OF THE PARAMETERS */MDSB 350
THEN GO TO RETURN,. /%*NUDy Ny M IS WRONG #/MDSB 36C
/% #/MDSR 370

NC =LNUD+1,. /*NC AND NR ARE MARKS FOR' BEGIN*/MDSB 2380
=LN-LNUD,y .

NR /*AND END OF THE BAND STRUCTURE#/MDSB 39C
IF COPT= 12t

/%SHOULD R BE DIVIDED BY T ONLY*/MDSB 400
/%%

THEN GO TO UPPER,. /MDSB 410
ISTA, INCR=1y.« /*INITIALIZATION FOR */MDSB 420
TEND =LNy. /*TRANSPOSE(T) * X = R */MDSB 430
KINC =-1,. / /MDSB 440
MAIN.. MDSB 450

0 [ =ISTA TO IEND BY INCR,. /*EXECUTE LOOP OVER ALL ROWS  */MDSB 460

H  =ACl,1),. /#STORE I-TH DIAGONAL ELEMENT - %/MDSB 470

IFH=C /%AND TEST IT FOR ZERO #/MDSB 48G

THEN DOy . . . MDSB 49C

ERROR='S', . /%S MEANS ANY PIVOT IS ZEROD  */MDSB 50C

GO TO RETURN,. ’ MDSB 510

ENDy .« ) MDS8 520

"KEND =NC, . /*KEND IS END VALUE OF THE #/MDS8 530

IF INCR= 1 /*INNERMOST DO-COUNTER K */MDSB 540

COTHEN L =NC—1,. /#0 IF DIVISION BY TRANSP(T)  */MDSB 55C

ELSE L =I-NR,. /#L IF DIVISION BY MATRIX T  =/MDS8 56C

IFLGTC MDSB 57C

THEN KEND =KEND-L,. /5MODIFY KEND #/MDSB 580

00 J =1 TO.LM,. /%L00P OVER THE M COLUMNS OF R #/MDSS 590

SUM  =R(1,d),. /#INITIALIZE SUM #/MCSB 600

KL KK=1,. ) MDSB 61C

DO K =2 TO KEND,. /*COMPUTE SCALAR PRODUCT SUM  */MDSB 620

KI  =KI+KINC,. MDSB 630

KK =KK=INCR, . . MDSB 640

SUM  =SUM=MULTIP!Y(A(KI,K) yRIKKsJ) 953044 MDS8 650

END,y . MDSB 660

RUT,J)=SUM/H, . /%OIVIDE SUM BY DIAGONAL TERM */MDSB 67G

ENDy . - /=AND STORE IT BACK #/MDSR 68C

END . . : 0SB 690

IF COPT= '11 /#TEST END OF DPERATION #/MDSB 700

THEN 00, . MDSR 710

ERROR=1C",. /#SUCCESSFUL DIVISION #/MDS8 720

GO TO RETURN,. HDSB 730

END, . MDSB 740

UPPER.. ’ /DB 750

coPT =111, JHINITIALIZATION FOR T * X = F£/MDS8 760

ISTA =UN,. / 7mDsE T7¢C

INCR =-1,. MDSB 780

IEND =1,. - MDSB 790

KINC =C,. MDSE 8C0

GO TO MAIN,. /#BRANCH TO THE MAIN LOOPS #/MDSE 810

RETURN. . MDSB 820
END, . /#END OF PROCEDURE MDSS

*/MDSB 83¢C

Purpose:

Depending on the character of the input parameter
OPT, MDSB performs the following operations on a

system of equations A * X =R with symmetric positive

definite band matrix:

A=TT e T

OPT

-1 T
'1' R is replaced by (T 1) ° R
OPT ="'2' R is replaced by T_l « R

otherwise R is replaced by (TT . T)_v1 - R

Usage:

CALL MDSB (A, R, N, NUD, M, OPT);
A(N,NUD+1) - BINARY FLOAT [(53)]

Given two-dimensional array contain-
ing the upper band factor T stored
rowwise such that A(i, 1) are the
diagonal elements (i =1, 2, ... N).
This could be the resultant array A
from SSP procedure MFSB.

BINARY FLOAT [(53)]

Given general right-hand-side matrix
with N rows and M columns.
Resultant solution depending on
option parameter OPT,

N - ‘ - BINARY FIXED

Given number of rows of matrices R
and A, '

BINARY FIXED

Given number of upper codiagonals of
symmetric matrix A, '

M - BINARY FIXED '

Given number of columns of matrix
R.

CHARACTER (1)

Given option parameter for selection
of operation (see '"Purpose").

R(N, M) -

NUD -

OPT -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions

that may be detected:

ERROR='P' - Indicates an error in specified
dimension: NUD <0 or N < NUD
ERROR='S' - means the given band factor T has

at least one diagonal term (pivot)
equal to zero —- that is, matrix A is
not positive definite.

Upper factor matrix T, consisting of main diagonal
and NUD upper codiagonals, is assumed to be stored
rowwise in array A(N, NUD+1) such that A(i, 1) are
the diagonal elements of T (i=1,2,...,N). SSP
procedure MFSB provides upper band factor T inits
resultant array A, which may be used directly for
input in MDSB. S
During calculation in MDSB, the band matrix T
is not changed. The right-hand-side matrix R is
replaced by a solution depending on the input
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character of parameter OPT, Input values N and -

NUD should satisfy the restriction
0<NUD<N
Method:

Depending on the actual character of OPT, division
of R by TT and/or T is performed using forward
and/or backward substitutions., The result is
returned in the locations of R.

For reference see:

R. S. Martin and J. H., Wilkinson, '"Solution of
Symmetric and Unsymmetric Band Equations and
the Calculation of Eigenvectors of Band Matrices',
Numerische Mathematik, Vol, 9, iss. 4, 1967,
pp. 279-301,

H. Rutishauser, '"Algorithmus 1-Lineares
Gleichungssystem mit symmetrischer positiv-
definiter Bandmatrix nach Cholesky", Computing
(Archives for Electronic Computing), Vol. 1, iss.
1, 1966, pp. T7-78.

Mathematical Background:

The given elements of the upper factor matrix T
are to be stored rowwise in array A so that A(i, 1)
are the diagonal elements of T (i=1, 2, ..., N).
Calculation of X = (T“l)T « R is done using
forward substitution to obtain X from TT - X =R
and satisfying the following recursive scheme:

i-1
1
Xk T a, Yik Z am,1+1-m mk
i ik m=m
0
m = max(l, i-NUD); i=1,2,..., N
0 k=1,2,..., M

r

(Any symbol Z c . is to be interpreted as

. m=m_
zero if r <m0. )

After each X is computed, it is stored in the

location ry,. Analogously, computing Y = 1. R
is the same as solving the equation T+ Y =R for Y.

This is done using backward substitution in a -
similar recursive scheme:

Vik - - a. . rik- Z aim ’ yi—1+m,k
ik
" . m=2

mO = min (NUD +1, N+ 1 -i)

i=N, N-1,...,1
k=1, 2,.00,M

Calculation of Z = AL« R=(TT - T)"1+ R is done
by first computing X from TT - X = R and over-
writing on R, then solving T+ Z =X, again in the
locations of R. If R is equal to the unit matrix, this
process replaces R with the inverse Alof A, 1t
should be noted that in general A~1ligno longer a
band matrix.

Programming Considerations:

The upper band factor matrix T is assumed to be
stored rowwise in the two-dimensional array
A(N, NUD+1) such that A(i, 1) are the diagonal
elements of T(i=1, 2, ..., N). Therefore, the
elements A(i,k) of array A with i +k > N are ir-
relevant and not used within MDSB.

During calculation, the upper band factor T is not
changed, while the right-hand-side matrix R is re-
placed by a solution depending on the character of
parameter OPT.

If any diagonal element A(i, 1) of factor T is zero,
the error parameter ERROR is set to 'S' and further
calculation is bypassed. Any zero pivot of T means
that matrix A=TY « T is not positive definite.
This is possibly due to severe loss of significance in
the factorization routine.

If the SSP procedure MFSB provides the factor
matrix T directly as input for MDSB, the resultant
error indicator ERROR from MFSB should be tested.
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e Subroutine MDLG IPER(N) - BINARY FIXED g
Given integer vector containing the.

Moo - e 10 permutations of rows of the matrix A in
b L
/% 6 30 i i
/2 FOR AN EQUATION SYSTEM ASX=R WITH GENERAL NON-SINGULAR “MbLe 40 factorization steps.
* ATRIX A=L*U LCuL LY */MDLG [}
;* ) ?alg'r;grlq X n/nutg zo N - BINARY FIXED
% NVERSE(L) * R */MDLG 70 . .
/ INVERSE (U) «
7 FOR GIVEN TRIANGULAR FACTOFS L, U AND RIGHT HAND SIDE R “noLe 90 Given order of matrix A and number of
i , wmoLs 1oof rows of matrix R,
PROCEDURE (A, Ry IPER ,N,M,0PT) s
DECLARE woio 1of M - BINARY FIXED
ERROR EXTERNAL CHARACTER(1), /#EXTERNAL ERROR INDICATOR #/MDLG 140
CPT CHARACTER (1), /%OPTION PAFAMETER «/MDLG 150 Given number of columns of matrix R
s Fistlon. s i
BINARY FLOAT, /#SINGLE PRECISION VERSION /#S%/MDLG 180 OPT - CHARACTER (1)
% BINARY FLOAT(S3), /+DOUBLE PRECISION VERSION /+D*/HDLG 150/ - Given option eter £ 1
Sik?ét“é‘i"é& N MDLG 200 P pa’I"am er I?r selection of
XED, o MOLG 220
b HoLG z2c operation (see "Purpose').
=Ny MOLG 240
ERROR='PV,, /#P MEANS WRONG INPUT #/MDLG 250
IF LN LE O 74TEST SPECIFIED PARAMETER N */MDLG 260
THEN GO TO RETURNy. MOLG 270 Remarks:
IF LM LE 0 /%TEST SPECIFIED PARAMETER M %/MOLG 280
THEN GO TO PETURN,. MDLG 290
ERROR=101,. J*PRESET ERROR INDICATOR =/MDLG 300 . .
HEN Co 1o upPER, - i‘s:":“’ : BlE 2‘[’“’5“ o e If no errors are detected in the processing of data,
*L00P FO v ON BY *, = . 2
20 1 =1 10 L, TR ANCUL AR naTRIx ) TOMER Llie 3a0 the error indicator, ERROR, is set to zero. The
=A(I4 1)y, s /MOLG 350 . . . ips
‘}‘fiE: = /%15 ANY DIAGONAL ELEMENT ZERD #/HMDLG 260 following constitutes the possible error conditions
y. MOLG 3
ERFGR="S",. : s o :
ERFOR NI 745 MEANS ANY PIVOT IS ZEROD /¥DLG 380 that may be detected:
END, & /+FOR PERMUTATION OF ROWS OF  */MDLG 400
IS =IPERUD),. 7#RIGHT HAND SIDE ARRAY R £/MDLG 410
';(”,,,“ ;,}({g,;g‘;; e Tpe Gy COLUNNS OF R =/uOLG 420 ERROR="P' - means error in specified d1mens1ons:
RUIS KI=RUT K] 4. /*RESTORE RONS OF ARRAY =/MDLG 440
DO J =1 TO I-1, 74CONPUTE SCALAR PRODUCT SUM  «/MDLG 450 M=0 and/or N=<0
SUM wSUM- —HULTIPLY [A(T,0) R(J4K1153) 0 HDLG 460 . :
MOLG 470 ERROR='S' - means that a diagonal element (pivot)
RO, KT SUR/Hy /*DIVIDE SUM 8Y DIAGONAL TERM =/MDLG 480 . . . .
END,. /+AND STORE RESULT */MDLG 490 in the given lower triangular matrix
IF opta Fie /*TEST END OF OPERATION «/MDLG 510 Li s furth alculati i
THEN GO TO RETURN,. ’ /MOLG 520 ig zero; further calculation is
/+L00P FOR DIVISION B /MDLG 530
UPPER.. TATRIANGULAR MATIX U Teh L7uDLG 340] bypassed.
00 I =LN-1 TO 1 BY -1,. Vi /MDLG 550
AL E: et e e ¥canis or s Jms e
00 4'=141 TO LN,.  /#COMPUTE SCALAR PRODUCT SUM  */MDLG 580 The given matrix A is assumed to be factorized into
SUM  =SUN-HULTIPLY(AUL,d),RUS1KD 153D, . MDLG 590 duct of a1 tri 1 trix I, and
V. . HDLG 600
RUT,K)=SUM, . /#STORE RESULT +/MDLG 610 a product of a lower iriangulal matrix L and an upper
eno, .0 hore 828 triangular matrix U using partial pivoting with row
RETURN. + MDLG 640 . .
END, . /XEND OF PROCEDURE MDLG #/MDLG 650 1nterchanges, where L and U are overwritten on A,
omitting the unit diagonal of U, Details of the row
Purpose: interchanges are to be stored in the vector IPER.

This required factorization may be obtained using the
For a system of equations As X =R, where A=L.TU SSP procedure MFG. The resulting arrays A and

is a general nonsingular matrix, MDLG performs IPER are used as input for MDLG.

the following calculations, depending on the character During calculation in MDLG the arrays A and
of an input parameter OPT: IPER are not changed. The right-hand-side matrix

R is replaced by a solution depending on the char-

' -1
OPT = '"I' Risreplacedby L~ « R acter of parameter OPT.

; -1
OPT = '2! R is replaced by U~ « R
- Method:
otherwise R is replaced by (L = TU) 1.r etho

i

The required calculations are performed using
Usage: forward and/or backward substitutions, where the
interchange information is combined with the lower

CALL MDLG (A, R, IPER, N, M, OPT); triangular matrix L.

© A(N,N) - BINARY FLOAT [(53)]
Given two-dimensional array containing
lower and upper triangular matrices L

Mathematical Background:

and U where the unit diagonal of U is Suppose a general nonsingular matrix A of order n
omitted. is factored into the form: »

R(N,M) - BINARY FLOAT [(53)] A=P - L - U
Given general right-hand-side matrix
with N rows and M columns. where L is the lower triangular matrix, U the upper
Resultant solution depending on the option triangular matrix with unit diagonal, and P the per-
parameter OPT, mutation matrix corresponding to the integer vector
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IPER. ThenX=L-1.pP1.Rr=L"1. Ris cal-
culated using forward substitution to obtain X from
L+ X=P1l. R=R. Ris obtained from R by
interchanging rows in the same way as the rows of
matrix A are interchanged during partial pivoting
in any factorization routine (for example, MFG).
To calculate Y = U-1 . R backward substitution
is used in obtaining Y from U . Y=R. Calculation
of Z=u-1l.1-1.p1.r=yl. - R is done

by first solving L - X =R and then solving U - Z=X.

Programming Considerations:

Matrix A is assumed to be given in the factored
form:

A=P-L-TU

where the lower triangular matrix L and the upper
triangular matrix U are overwritten on A, omitting
the unit diagonal of U. The permutation matrix P
is obtained by interchanging the rows of an n by n
unit matrix according to information stored in the
vector IPER.

e Subroutine MIG

MIG.. MIG . 10
4 /MIG 20
1% */MIG 30
lAd INVERT A FACTORIZED GENERAL MATRIX A. */MIG 40
/% A MUST BE FACTORIZED INTO THE FORM A .= L*U, WHERE THE */MIG SO
Al UPPER TRIANGULAR MATRIX U CONTAINS THE UNIT DIAGONAL */MIG 60
lAd WHICH IS NOT STORED. */MIG 70
/% */MIG 80
/MIG 90

PROCEDURE(A,IPER'N)“ MIG 100
DECLAR MIG 110
ERRUR EXTERNAL CHARACTER(1), = /*EXTERNAL ERROR INDICATOR */MIG 120

SUM BINARY FLOAT(53), MIG . 130

(Al*,%),PLV) MIG 140
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S%/MIG 150

A BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D%/MIG 160
(IPER(%) 14y KeLNyMyMN,N) MIG 170
BINARY FIXEDy. MIG 180

LN =Ny. MIG 190

MN  =LN-1,. MIG 200

IF LN LE O /*TEST SPECIFIED PARAMETER N  */MIG 210

THEN DO, . MIG 220

ERROR='P*,, /%P MEANS WRONG INPUT */MIG 230

GO TO RETURN,. MIG 240

ENDy o / /MIG 250

/*INVERT LOWER TRIANG. MATRIX L*/MIG 260

DO I =0 TU MN,. / /MIG 270

M =l+1qe : MIG 280

PIV =A(M3M),. MIG 290

IF PIV= C /%15 ANY DIAGONAL ELEMENT ZERQ */MIG 300

THEN DO,. MIG 310

ERROR=1'S",. /%S MEANS NEXT PIVOT ELEMENT  */MIG 320

GO TO RETURN,. /*1S ZERO */MIG 330

MIG 340

PIV;A(M.M) 1/PIVs. /%CALCULATE NEW DIAGONAL TERM */MIG 1350
J =1 TO 1. '/#EXECUTE LOOP IN M=TH ROW */MIG 360 {.

SUH =0y, MIG 370

D0 K =J TO I,. /*COMPUTE SCALAR PRODUCT SUM  */MIG 380

SuUM —SUM'HULTIPLY(MN.K),MK.J).SN.. MIG 390

ENDy. MIG 400

A(MyJ)==SUM*PIV,. /*CALCULATE AND STORE NEW TERM */M1G 410

ENDy . MIG 420

ENDy . / /MIG 430

/*INVERT UPPER TRIANG. MATRIX U*/HIG 440

DO I =MN TO 1 BY -1,. / 450

M =I+ly. 460

DO J =LN TO M BY ~-1,. /*EXECUTE LOOP IN I-TH ROW */NIG 470

SUM  =A(14)y. 480

DO K =M TO J-1y. /*COMPUTE SCALAR PRODUCT SUM 1/HIG 490

SUM  =SUM+MULTIPLY(ACL+K)¢A(KsJ) 45304 50C

END, MIG 510

A(I,J)=—SUM1. /*STORE NEW VALUE */MIG 520

ENDy « MIG 53C

ENDy .« 7/ /MIG 540

/XMULTIPLY INVERSE(UI®*INVIL) */MIG 550G

DO I =1 TO MN,. / /MIG 560

M =1+ls. MIG 57C

DO J =1 TO LN,. /*EXECUTE LOOP IN I-TH ROW */M1G 580

IF J LE I MIG 590

THEN SUM  =A(1,J),. /*FOR LOWER TRIANGULAR PART */MIG  6CC

ELSE DO, MIG 610

SUM  =0,. /*IF ELEMENT A(1,J) BELONGS TG */MIG 620

M =Jye /*THE UPPER TRTIANGULAR PART OF */MIG 63C

ENDy. /AMATRIX A */MIG 640

/*COMPUTE SCALAR PRODUCT SUM  */MIG 650
/%0F I-TH ROW WITH J-TH COLUMN */MIG 660
SUM -SUH#MUL"PLY(A(InK),MKyJ)ySB),. MIG 670

DO K =M TO LN,

END,
Al I,J)=SUMV. /*STORE RESULT */MIG 690

ENDy o . / /MIG  T10
/*RE~INTERCHANGE COLUMNS OF A */MIG 720

DC I =MN TO 1 BY -1y. / /MIG  73C
M =IPER(I),. MIG T74C
IF M GT I /%SHOULD RE-INTERCHANGE BE DONE*/MIG 750
THEN DO,y. MIG 760
D0 J =1 TO LNy. /*INTERCHANGE COLUMN T WITH */MIG 770

PIV =AlJyI)y. /%COLUMN IPER(I) ®#/MIG 780
ACJy1)=A0UsM) . MIG 790
AlJsMI=PIV,. . MIG 8CC

ENDy. MIG 810

ENDy .« MIG 820

END
RETURN. . MIG 84C
ENDy o /#END OF PROCEDURE MIG */MIG 850

Purpose:

MIG inverts a general nonsingular matrix 'A, which
is given in the factored form:

A=L-U

where the upper triangular matrix U contains the
unit diagonal, which is not stored.

Usage:
CALL MIG (A, IPER, N);
BINARY FLOAT [(53)]

Given two—dimensional' array containing
lower and upper triangular factors L and

A(Ns N) -
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U, where the unit diagonal of U is not
stored (possibly resultant array A of
SSP procedure MFG).
Resultant calculated inverse of matrix
. A.

IPER(N) - BINARY FIXED
Given vector contains the permutations
of rows of the matrix in factorization
steps.

N - BINARY FIXED
Given order of matrix A.

Remarks:

. ERROR='P' - means error in specified dimension:
N<o0
ERROR='S' - means that a diagonal element (pivot)
in the given lower triangular matrix
L is zero; further calculation is
bypassed.

Method:

It is required that the general nonsingular matrix
A be given in the factored form:

A=L-U

where L means the lower triangular matrix and U the
upper triangular matrix with unit diagonal. L and
the superdiagonal part of U are stored in the storage
locations of A, which may be factored by SSP pro-
cedure MFG.,

In the first step MIG inverts L, giving L-l, which
is overwritten on L, In the second step U-1 is
calculated and stored in U. Then U-1 is multiplied
by -1, giving, in an order determined by pivoting,
the columns of A~l, These, finally, are reordered
to produce A-l,

For reference see:

A, S. Householder, The Theory of Matrices in Nu-
merical Analysis, 1965, pp. 125-130.

A, Ralston and H, S, Wilf, Mathematical Methods
for Digital Computers, Vol. 2, 1967, pp. 69-71,
R. Zurmiihl, Matrizen, 1964, pp. 75-77.

Mathematical Background:

Suppose A, a general nonsingular matrix of order
N, is factored into the form:

A=P - L - U

where L is the lower triangular matrix, U the upper
triangular matrix with unit diagonal, and P the

row-permutation matrix (unit matrix with inter-
changed rows) resulting from partial pivoting in any
factorization routine, Then A~l is calculated in
four steps:

1. The elements Tik of L1 are computed from the
elements lj; of L with the following recursive
formulas:

i-1

- 1 - _ .
lik - _1._. Z 1im 1mk Bk
ii m=k
— 1 .
lik = '1— i=k
ii
1ik =0 ik

2. The elements Tji of U-1 are computed from the
elements uy, of U with the following recurrsive
formulas:

k-1
e = Uy~ 25 W Ty i<k
m=i+l
k-1
(any symbol X is tobe interpreted as zero)
m=k
U, = 1 i=k
u, = 0 i>k
3. The elements ay, of the product vl . 171 are
computed with the formulas:
N
Q = 1 + u ° 1 >
alk ! Z im “mk 12k
m=i+l
N
ik T > Yim 1mk i<k
m=k

4, The resultant product vl 11is multiplied
on the right by the inverse permutation matrix P~1
giving:

-1 1 -1 -1

A"=U0"-L"-P

That is, the columns of the product Ul . -1 are
rearranged according to the interchanges performed
during the factorization of the matrix,

Mathematics--Matrix Operations--Linear Equations 41



Programmmg Cons1derations-
Matrix A is requ1red in the factored form:
A=P «- L - U

where L is the lower triangular matrix, U the upper
triangular matrix with unit diagonal, and P the
permutation matrix corresponding to the integer
vector IPER. L and the superdiagonal part of U are
to be stored in the two-dimensional array A.

If the required factorization is done using the SSP
procedure MFG, the resulting arrays A and IPER
may be directly used as input for MIG. The inverse
matrix AL is calculated by MIG in the storage

-locations of array A,

e Subroutine MIS

ok /MIS 20

/% */MIS 30
/% . INVERT SYMMETRIC POSITIVE DEFINITE MATRIX E/MIS 40
1% . */MIS 50
/MIS . 60

PROCEDURE(A¢N) 4+ . . MIS . 70
DECLARE MIS 80
ERROR EXTERNAL 'CHARACTER(1),  /%EXTERNAL ERROR INDICATOR */MIS 90

SUM BINARY FLOAT(53), MIS 100
(AU*) 4 PIV) MIS 110
BINARY FLOAT, : /*SINGLE PRECISION VERSION /#S*/MIS 120

% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#0%/MIS 130
(1COL,IPIVyIRONsJ 1Kol sLNyMyN) MIS 140
BINARY FIXEDj. MIS 150

/ /MIS 160

/*INVERT TRIANGULAR MATRIX */MIS 170

LN =Nyo / /M1S 180
=04+ MIS 190

lF LN LE 0 /*TEST SPECIFIED PARAMETER N  */MIS 200
THEN 00, ' MIS 210
ERROR='P!y4 /%P MEANS WRONG INPUT */MIS 220

GO TO RETURNy. . ©OMIS 230
ENDy. ) MIS 240
/*PERFORM LOOP OVER ALL ROWS  */MIS 250

DO K =0 TO LN-ly. MIS 260

IPIV =0,, MIS 270

J o =d4l,y. MIS 280

PIV  =A(J+K) . MIS 290

IF PIV= 0 /%15 ANY DIAGONAL ELEMENT ZERO */MIS 300

THEN DOy, MIS 310
ERRCR=1S1,, /%S MEANS MATRIX IS NOT #/MIS 320

GD TO RETURNy« /%POSITIVE DEFINITE */MIS 330

MIS 340

Plv.Au«K):x/PIv.. MIS 350

DO L =1 TO Ky /*EXECUTE LOOP - IN (K+1)=TH RO */MIS 360

SUM =0y, MIS 370

IROW =Jy MIS 380
lcoL.xnv=wlv+L. MIS 390

DO M =L TO K /+CALCULATE SCALAR. PRODUCTS  */MIS 400

SUM  =SUMKHULTIPLY(ALIRON) 1A (ICOL) 553) yo MIS 410

ICOL =ICOL+M,. MIS 420

IRONW =IROW+14. MIS 430

ENDy. MIS 440

A(J) ==SUM*PIV,. /%¥CALCULATE NEW ELEMENT */MIS 450

J =+l MIS 460

END, « MIS 470

ENDy o / /MIS 480

. /%MULTIPLY WITH TRANSPOSE */MIS 490

=0y /MIS 500

D0 K =1 TO LNy. /+PERFORM LOOP OVER ALL ROWS  */MIS 510

IROW =Ky . MIS 520

DO L =1 TO Ky. /*EXECUTE LOOP WITHIN K-TH ROW */MIS 530

SUM  =Cy. MIS 540
ICOLyJ=J+1,. MIS 550

IFOW =IROW=-1,. MIS 560

M =K TO LN,. /*CALCULATE SCALAR PRODUCTS  */MIS 570

SUM | =SUMSHULTIPLY(ACICOL) ;AUICOL+TRON) ;531 . MIS 580

ICOL =ICOL#M,. WIS 590

END,y. : MIS 600

ACJ) =SUM,. . MIS 610

. ENDy .« ) MIS 620
END, . ‘ . MIS 630
RETURN.. ) MIS 640
ENDy . /%END OF PROCEOURE MIS */MIS 650

Purpose:

MIS inverts a symmetric positive definite matrix A,
which is given in factored form (Cholesky):

A =T - transpose (T)
Usage:
CALL MIS (A, N);

A(N*(N+1)/2) - BINARY FLOAT [(53)]
Given one-dimensional array con-
taining the lower triangular factor T
. of matrix A stored rowwise in com-
pressed form: (possibly resultant
array A of SSP procedure MFS).
Resultant lower triangular part of
calculated inverse (A) stored row-
" wise in compressed form. '
N - BINARY FIXED
. ‘Given order of matricés A and T.
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Remarks:

ERROR='P! means error in specified dimension:
N<0O0
ERROR='S" means given triangular factor T has

at least one pivot equal to zero -~
that is, matrix A is not positive
definite.

The given lower triangular factor T is assumed to be
stored in compressed form -~ that is, rowwise in
N*(MN+1)/2 successive storage locations, On return
the lower triangular part of the inverse of A is
stored in the same way.,

Method:

It is supposed that the symmetric positive definite
matrix A is given in the factored form (Cholesky):

A =T . transpose (T)
where T is the lower triangular factor, possibly
calculated by SSP procedure MIS,

In the first step MIS inverts the given triangular
matrix T in the storage locations of T, Using

inverse (transpose (T)) = transpose (inverse (T))

in the second step MIS multiplies inverse (T) with
. its transpose on the same storage locations, giving

inverse (A) =transpose (inverse (T))
. inverse (T)

Thus, the given lower triangular factor T is re-
placed by the lower part of the resultant inverse (A).

For reference see:
A, S. Householder, The Theory of Matrices in

Numerical Analysis, 1965, pp. 125-130,
R. Zurmiihl, Matrizen, 1964, pp. 77-79.

Mathematical Background:

Suppose the symmetric positive definite matrix A is
factored in the form:

A =T - transpose (T)
where T is a lower triangular factor matrix. Then:
inverse (A) = transpose (inverse (T))

- inverse (T)

1. The elements tjx of inverse (T) are computed
from the elements tj; of T using the following re-
cursive formulas:

i-1
E 1;mk ’ tim
T -.2Xk i>k
ik
11
- 1 _
bk T 1=k
11
tik =0 i<k

2. From inverse (T) the elements 3j; of inverse
(A) are calculated as follows:

N

% T T T =
ms=i

with 8y = ak

Programming Congsiderations:

The given lower triangular matrix T is assumed to
be stored in compressed form -- that is, rowwise
in N . (N+1)/2 successive storage locations, The
lower triangular part of the resultant inverse (A) is
returned in these locations of T,

If any pivot of the input matrix T is equal to zero,
the error parameter ERROR is set to 'S' and further
calculation is bypassed. Any zero pivot in T means
that matrix A= T + transpose (T) is not positive
definite, possibly because of severe loss of signif-
icance in the factorization routine,
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e Subroutine MINV

MINV.. MINV 10
/ /MINV 20
/% */MINV 30
/* TO INVERT A MATRIX */MINV 40
/% */MINV 50
/ /MINV 60
PROCEDURE (A4N,DyCON)y. MINV 70
DECLARE MINV 80
ERROR EXTERNAL CHARACTER(1), MINV 90
(I9JsKeNyLINI s M(N)) MINV 100

FIXED BINARY, MINV 110
(Al*,%),BIGA,HOLD,D,CON+S) MINV 120

BINARY FLOAT,.

/*SINGLE PRECISION VERSION /#*S*/MINV 130

1% BINARY FLOAT (53),. /*DOUBLE PRECISION VERSION /#D#/MINV 140
/* */MINV 150
ERROR='0"y. MINV 160
IF N LE O MINV 170
THEN DO,y . MINV 180
ERROR="1",. /+ ORDER OF MATRIX = 0. */MINV 190

GO TO FINye MINV 200

END, . MINV 210

IF CON= 0 MINV 220
THEN S =1.0E-5y. /% SINGLE PRECISION VERSION /*S*/MINV 230
J#THEN S =1.0E-15,. /% DOUBLE PRECISION VERSION /%D*/MINV 240
ELSE S =CONy« MINV 250
IFN=1 /% INVERT A SCALAR */MINV 260
THEN DO,. MINV 270
D =A(141) 4. MINV 280

IF ABS(D) LE S MINV 290

THEN DOy. MINV 300
ERROR='21,. MINV 310

ENDy » MINV 320

ELSE A(1s1) = 1/D,. MINV 330

GO TO FINy. MINV 340
END,. INV 350

D =1.0, /% SEARCH FOR LARGEST ELEMENT */MINV 360
DO K = 1 TO Ny. INV 370

LK) =K, MINV 380

MIK) =Ky MINV 390

BIGA =A(KsK)s. MINV 400

D0 I=K TO Ny. MINV 410

00 J=K TO Nyo MINV 420

1F ABS(BIGA) LT ABS(A(I,J)) MINV 430

THEN DOy« MINV 440

BIGA =A(1:J)y. MINV 450

LK) =I,. MINV 460

MIK) =Jyo MINV 470

END, . MINV 480

END,. MINV 490

END, . MINV 500

J =LK}y /% INTERCHANGE ROWS */MINV 510

IF L(K) 6T K MINV 520

THEN DO,. E MINV 530

DO I =1 TO Ny« MINV 540

HOLD =-A(K,1) 4. MINV 550

A(Ky1)=A(Js1) 40 MINV 560

A(J,1)=HOLD,. MINV 570

ENDy. MINV 580

END, . MINV 590

1 =M(K) g /% INTERCHANGE COLUMNS */MINV 600

IF M{K) GT K MINV 610

. THEN DO,. MINV 620

DO J = 1 TO Ny. MINV 630

HOLD =—A(JyK) o MINV 640

ACIIKI=ALIs 1) 40 MINV 650

A(JyI)=HOLDs. MINV 660!

END,y. MINV 670°

END,. MINV 680'

IF ABS(BIGA) LE S MINV 690}

THEN DO, . MINV 700’

D =0.0,. MINV 710

GO TO COMP,. MINV 720!

END, . . MINV 730|

7% */MINV. 740!
/% DIVIDE COLUMNS BY MINUS PIVOT (VALUE OF PIVOT ELEMENT IS */MINV 750,
lad CONTAINED IN BIGA) E */MINV 760}
DO I =1 TQ Ny. MINV. 770

IF I NE K . MINV 780,

THEN ALT,K)=ACT,K)/(=A(KsKI) g MINV 790}

ENDy . . MINV 800!

DO I = 1 TO Nyo /% REDUCE MATRIX */MINV 810

IF I NE K MINV 820;

THEN DO,. MINV 830

DO J =1 TO Ny« MINV 840!

IF J NE K - MINV 850

THEN ALI,J)=A01,1KI*A(K,J)+A(T,d) . MINV 860:

ENDy. MINV 870!

END;. MINV- 880

END, . MINV 890i

00 J = 1 TO Ny. MINV 900

IF J NE K /% DIVIDE BY ROW PIVOT */MINV 910

THEN A(KsJ)=A(KsJ) /A(K K)o K MINV 920|

END, . MINV 930!

=D¥ALK,K) 5o /% COMPUTE DETERMINANT */MINV 940:

coMP.. MINV 950;
IF ABS(D) LE S MINV 960 |

THEN 00, . MINV 970,
ERROR="'2",. /% DETERMINANT IS ZERD */MINV 9801

GO TO FINy. MINV 990

END, . MINVL000

A(K K)=1.0/A(KsK] 4o /% REPLACE PIVOT BY RECIPROCAL */MINV1010]

END, . MINV1020 |

/% */MINV1030
VAd FINAL ROW AND COLUMN INTERCHANGE */MINV1040
/% */MINV1050
K =Ny MINV1060
LOOP.. MINV1070
K =K-1,. MINV1080
1IF K GT 0 MINV1090
THEN DO, . MINV1100
1 =L(K) 4. MINV1110:

IF 1 GT K MINV1120!
THEN DO,. MINV1130

DO J =1 TO Ny. MINV1140.

HOLD =A(JyK)ya MINV1150,
AlLJ,K)==A(Js1)y. MINV1160

AlJyI)=HOLD,y. MINVI1T70

END,. MINV1180.

END, . MINV1190

J =M(K) 4. MINV1200

IF J 6T K MINV1210°

THEN DOD,. © MINV1220

DO I =1 TO Ny. MINV1230

HOLD =A(KyI)y. MINV1240]

AlKsI)==AlJs1) e MINV1250
A(Jd,1)=HOLD,. MINV1260
ENDy. MINV1270
MINV1280
MINV1290
MINV1300
MINV1310
MINV1320
*/MINV1330

ENDy .«
GO. TO LOOP,.
ENDy

IN..
RETURN, «

END, . /*END OF PROCEDURE MINV

Purpose:

MINV inverts a general square matrix.
Usage:

CALL MINV (A, N, D, CON);

A(N,N) - BINARY FLOAT [(53)]

Given matrix.

Resultant inverse of given matrix.
BINARY FIXED

Given order of matrix A.

BINARY FLOAT [(53)]

Resultant determinant.

BINARY FLOAT [(53)]

Given constant with which the determinant
is compared. I the given value of CON
is zero, the program assigns the value 10~
in single precision and 10-15 is double -
precision,

5

Remarks:

A must be a general square matrix.

If no errors are detected in the processing of
data, the error indicator, ERROR, is set to zero.
The following constitute the possible error condi-
tions that may be detected:

ERROR=1 - méans that the order of the matrix is
less than or equal to zero. '

ERROR=2 - means that the absolute valqe of the
determinant is less than or equal to the
speciﬁed constant CON (see descrip-
tion of parameters for e_xplanation).

Method:

The standard Gauss-Jordan method is used and the
determinant is calculated.
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.
H o =Bl MLSQ1250
¢ '————Sllbroutlne MLSQ ’ 0O L = J+1 TO LNy« MLSQ126C
H  =H=MULTIFLY(A(J,L)4B(LyT)453),. wLsQ127C
END, MLSQ1280
. PIVI =PIV(J),. MLSQ129C
MLsa.. ﬁtég 28‘ eu.n=a(P1v1’.n.. MLSQ1300
Jare * +/MLSQ 30! BOPIVI,I)=H/AUXIJ) . sLsa1310
7% LINEAR LEAST SQUARES PROSLEM SOLVED USING HOUSEHOLDER TRANSF.*/MLSQ 40 e, END, . HLsaiszo
I Inise e IF LN LT LM /*COMPUTE LEAST SOUARES #/MLSQ1340
Rt ) "MLsQ 70| THEN 00 J = 1 TO LKs. /%IN CASE DF AN CVERDETERMINED */MLSQ1350
PRUCEDURE“'B'“'N'K v MLSO 80 H =0y, /*EQUATION SYSTEM ONLY */MLSQ1360
A (s %) 1BU%, 9 4 PIVR, HAXA) ' MLSQ 90 DO I = LN+1 TO LM, MLS0137C
v = ']
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MLSQ 100 H ZHeMULTIPLY(8(1,J) U1, 41,531, Mtgg}ggg
1% BINARY FLOAT(531, /%DDUBLE PRECISION VERSION /+D¥/MLSQ 110 END,
s 120 a(LM,J)—H.. vLSQ1400
_(AUX(N) +H,SIG,BETA) e 130 END, . : : MLSQL41C
??33“315%3;‘7'”" HCSa 140 ENDy . /%END OF OPERATION #/MLSQ1420
3 MLSQl43C
BINARY FLOAT, MLSQ 150 END, . /*END OF PROCEDURE MLSQ */MLSQ
ERRO? EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MLSQ 160
(LyJyKyLyMyNyPIVISLHyLNsLK) MLSQ 170
BINARY FIXED,. MLSQ 180
LM =My MLSQ 190
s | i o
LK =Ky o
SIG =0y, HLSQ 220 Purpose:
ERROR=D", . /#PRESET ERROR INDICATOR */MLSQ 230
IF LM GE LN /%IF M LESS THAN N 4uLse 240
THEN IF LN GE © /%0R IF N NOT POSITIVE #/ML . . .
THEN IF X GT © 7%0R IF K NOT POSITIVE srmLsg 250 MLSQ calculates X satisfying AX=B, that is, the
THEN 00, . /%THEN BYPASS OPERA X " " N
DO Lz L TO LNy JECALCULATE SCALARPRADUCTS OF /ML 38 290 solution of a system of linear equations using House-
=Cye
00 1 =1 T0 LMy MLSQ 300 : s
i CHeHULTIPLY (ALT4L)ACTsLY 45314, : Y holder transformations. The least squares solution
ENDy o . . .
IF H GE SiG HLSQ 330 is obtained in case of an overdetermined system of
THEN DO, . .
SIG =Hy. /%SAVE MAXIMAL SCALARPRODUCT  */MLSQ 350
PIVI =Ly /#SAVE SUBSCRIPT OF PIVOTCOLUMN®*/MLSQ 360 equations.
ENDy . MLSQ 370
AUX(L) 4 PIVIL) =H,. eeaaan LS 280
END, . /
o /+DECOMPOSITION LOOP */MLSQ 400 Usage:
ERROR=10" ’ /MLSQ 410
00 L = 1 TO LNy. . ~ MLsSQ 420
TOL =PIVIPIVI),. /*ORIGINAL LENGTH OF PIVOTCOL. */MLSQ 430
IF PIVI GT L /#SHOULD COLUMN. BE INTERCHANGEDS/HLSQ 440 CALL MLSQ (A, B, M, N, K);
THEN DO, MLSQ 4 .
W =AUX(L) . /*INTERCHANGE SCALARPRODUCTS  #/MLSQ 460
AUX(L)=AUX(PIVID . HLSQ 470
PIVIPIVI)=PIV(L).. B
AUXCPIVI)=H,. : HLSQ 490 A(M, N) - BINARY FLOAT [(53)]
DO J=L TO LM,. /*INTERCHANGE LOWER PART OF - */MLSO 500 N . " .
PIVR =A(JL);. /%COLUMNS OF A */HLSQ 510 Given coefficient matrix of equation
AGILI=ALI IV, MLSq 520
ALJPIVI)=PIVP,.
Ehon, ' nse sic system.
END, . MLSQ
tFLeT /#*RECALCULATE COLUMN LENGTH  */MLSQ 560 A gets destroyed.
THEN DO, . /%TO AVOID ROUND-OFF PROBLEMS */MLSQ 570
SIG =y, © MLse 580 B(M,K) - BINARY FLOAT [(53)]
Dol =L TD LM, . .
SI1G =stcmuuxmu(l.L),An.u,53).. :LSO 6200 Given matrix of rlght—hand sides.
END, . . LSO 6
END, . MLSQ 620 s o #
IF ToL= £ HUSQ 630 . Resultant solution of A X=B stored in
THEN DO, . MLSO 640 .
1F 'ERROR NE 'B1 HLSQ 650 upper N rows of B, and if M>N resultant
THEN IF ERROR NE '"W' MLSQ 660 . .
THEN ERROR='S*,. /%*GIVEN A HAS ZERG-COLUMN(S)  */MLSQ 678 square sum of residuals for I-th I'Ight-
ELSE ERROR='B',. MLSQ 68 .
o, ia S hand side stored in elements B(M,I) for
.- )
BETA =TOL*1E-10,. /*SINGLE PRECISION VERSION /*S*/MLSQ 710 =1. 9 K
7% SETA =TOL*1E-2C,. /#DOUBLE PRECISION VERSION /#D*/MLSQ 720 ceey K,
R IF SIG LE BETA MLSQ 730C . -
THEN DO, . /*INDICATE LOSS OF SIGNIFICANCE#/MLSQ 740 M - BINARY FIXED
IF ERROR NE 'B" MLSQ 750 b f t‘ th t . num
THEN IF ERROF NE 'S°* MLSQ 760 i ) ls -
THEN Ehepmernins W59 770 Given number of equations, that is,
ELSE ERROR='B',. MLSQ 78 .
IF SIGLEo Jse 10 ber of rows of matrices A and B.
THEN SIG =BETA,.  /*MODIFY ZERO VALUE *
END, . ! Msa 810 N - . BINARY FIXED
SIG =SQRT(SIG)y. . .
HoL ALY MLSQ 830 Given number of unknowns, that is,
Them SIG. ) TO SIGN(H)  +/MLSo 850 .
THEN SIG =-SIG,. /#FORCE SIGN(SIG H
PIV(LIZPIVI,. /#SAVE INTERCHANGE INFORMATION */MLSQ 860 number of columns of matrix A and
A(L,L) ,BETA=H¢SIG,. /*TRANSFORM DIAGONAL ELEMENT  */MLSQ 870 .
AUX(L)==SIG, . ! /%SAVE DIAGONAL ELEMENT */MLSQ 880 number of rows of resultant X, which
BETA =SIG*BETA,. MLSQ 890 . . .
/*TRANSFORM SUBMATRIX OF A */MLSQ 900 is overlaid with B.
PIVR =0,. MLSa 510
DO J = L+l TO LN,. /*TRANSFORM LOWER PART OF A */MLSQ 92 _
H o =Cy. '" 7+COLUMNS L+l UP TO N ONLY */MLSQ 930 K BINARY FIXED
001 = L TC LM,. MLSQ 940 . . .
H  SHeMULTIPLY(ACT L)1 ALT,J),53),. MLSQ 950 Given number of rlght-hand SldeS, that is,
END, . ) MLSQ 960
SIG . =H/BETA,. /*MODIFY J=TH COLUMN */MLSQ 970 number of columns of B.
= LM TO L BY -1,. MLSQ 980
IS . MLSQ 990
AU1,J)=H=A(1,L) #SIG, . i sazoao
END. « /%NEXT UPDATE COLUMN LENGTH  */MLSQ1010 R ks:
=A(Lyd)y. MLSQ1020 emarks:
AUX(J).H AUX(J)—H*H.. MLSQ1030
IF H GE PIVI /#SEARCH NEXT PIVOTCOLUMN */MLSQ1040
THEN D0O,. MLSO1050 . .
Plve o ML 521060 If no errors are detected in the processing of data,
=d.
END, . MLSQ1080 2 di *
oy oL sa1o80 the error indicator, ERROR, is set to zero. The
. /*TRANSFORM LGWER PART OF */MLS@G1100 . . o ol e
DO J = 1 TO LK,. /*RIGHT HAND SIDE MATRIX B */MLSQLL1C followmg constitutes the pos&uble error conditions
H  =0,. S MUsel120
D01 =L TC LM,. MLSQ1130 that may be detected:
H  =H#MULTIPLY(ACL, L) ,B{1,J),53),. MLSQ1140
END, . . MLSO01150
MAXA =H/BETA,. /*MODIFY J=TH CCLUMN - *¥/MLSQ1160
DO 1 =L TO LM MLSQ1170
BII,J)=B(1,J)- AllyL)*MAXA'. MLSQ118C
END, . MLSQ1190 (3] s 3 s .
€N, poariee ERROR='D' means incorrect dimension(s); not all
END, . /4END OF DECOMPOSITION LODP  +/KLSOl21C ops
’ HLSQ1220 of the conditions M >N >0, K > 0 are
DO J = LN TO 1 BY -1,. /*BACKSUBSTITUTIDN.!NYERCHANGE nseraae . s . .
DO L =1 TO LK. /ML se1240 satisfied. Operation is bypassed.
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ERROR='W' means warning, indicating possible
loss of significance in resultant X,
ERROR='S' means A has at least one zero-
column. Resultant X is a least
squares solution (not necessarily of
o minimal norm).
" ERROR='B' implies both ERROR='S' and ERROR=
© 'W'; that is, resultant X is a least
squares solution, ‘but possibly affected
by loss of significance.

The internal relative tolerance for test on loss
of significance is set to 10~9 in single precision
and to 10-10 in double precision. In the single
precision version, scalar products are accumulated
using double precision arithmetic.

Method:

A is reduced to upper triangular form, using
Householder transformations successively. The
same sequence of transformations is applied to
given right-hand-side matrix B. Solution X is then
obtained using backsubstitution.

For reference see:

G. Golub, "Numerical Methods for Solving Linear

Least Squares Problems'", Numerische Mathematik,

vol. 7, 1965, pp. 206-216.

Mathematical Background:

Notation

The transpese of a matrix A is written as AT, The

kth column vector of A is written as A Jk and the
row vector as A1 %. The Euclidean norm of the

Ty
vector R = 1;2 is abbreviated:
T
/ 2
" R " ’\' i

Problem

For a given m by n coefficient matrix A withm =n
and an m by k matrix B of right-hand sides, an n by
k matrix X must be calculated that solves AX =

in the least squares sense, that is:

” By - AXy || = min, forj=1, 2, ..., k

The determination of X is based on the reduction of
the matrix A to an m by n matrix R of the form

(2

by means of an orthogonal transformation Q, so that
U is an upper trangular matrix of order n,

QA =

Then, the given equation AX = B can be solved as
follows:

QAX = QB
RX = QB
X =[ulo]eB

if U is of maximal rank (otherwise, see ""Program-
ming Considerations'). It is interesting to note
that U is the triangular factor provided by the
Cholesky factorization of A TA,

ATA = yTu

- Householder's transformations

The reduction of the given matrix A to the matrix R
can be achieved by means of a sequence of (n-1)
orthogonal transformations the product of which will
be Q. This can be written as

A(O) = A
AW o @ N6
where A( ); is supposed to have the same form as R

in its first i columns, and where P(i) is an
orthogonal matrix. Then:

R = A€

Among the possible matrices P(l) , let us consider
those of the form

P _1 4 @ i) @ T
where I is the unit matrix and w a vector of order m
related to the scalar (i) # 0 by

M w0, o 2
SWEL WSS 50
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It is easy to see that these matrices are orthogonal
and symmetric. By definition of AQ), pl) can be
written as

(i) _ 1 (i)__(1) @_ @), T
P/ =t v -g'’e) (v''-g"e)
0 @ O 0 i 5T
where:
WOT = O 0 O
vj(i) = 0forj<i

v @ = a.f—l) forj=i

g

- sin (5,

and where e; is a vector of order m whose compo-
nents are zero except for the i-th, which is one.
' Actually, neither matrices P() nor matrix
Q =p@-1) P is computed explicitly.
Each column k of A®) |, k=1, ..., n, is
calculated from column k of Ali=1) ag follows

RN R

A=A + = <V

S S PN
gl AGD 5 (0 0

The columns of matrix B are modified in the same
manner,’ o ‘

Pivoting

To keep roundoff errors as small as possible, an
interchange of columns is performed before the i-th
transformation, so that the i-th column of Al-1) gets
permuted with the k-th for which || v(®) ” is maximum.,
k is determined by:

S(i) - Max (S.(i))
.i<j=<n
where:
S0 -3 [
J =i q)

Back substitution

When the matrix is reduced to the triangular form,
the solution is obtained by back substitution., The
interchange of rows determined by the pivoting is
applied to the solution as soon as any component is
computed. ‘

Programming Considerations:

The procedure may fail if, at any intermediate step
i, no column with nonzero parameter g(i)can be
found -- that is, if no nonzero main diagonal element
in U can be generated. In this case, the rank of the
matrix A is less than n, Because of roundoff errors
this situation may even occur if the rank of the given
matrix A equals n,” In order to indicate this ill-
conditioned case, with its possible loss of signif-
icance, each | g(i) | is compared against a tolerance
TOL,. TOL, is the product of the norm of the cor-
responding column in the original matrix A times
the internal tolerance EPS (10’5 in single precision
and 10~10 in double precision).

1, I the relative tolerances TOL; are all positive
(no zero columns in original A), then ERROR =
'wt if | g(i) | > TOL; does not hold true for all
i=1, 2, .s., D, Zero elements g(i) get replaced by
TOL; » 10710 (TOL - 10720 in double precision).

2,. If A has zero columns (corresponding
TOL; = 0), then ERROR ="'S', The corresponding
gl is set to 1E710 oy 1£-20, '

3. If cases 1 and 2 occur combined,  ERROR = 'B’,

Case 1 indicates possible loss of significance in
resultant solution X, Case 2 means that X is a
least squares solution but possibly not the uniquely
determined one of minimal norm.

For full ynderstanding of the procedure note tnat:

1. The gli) 's are recalculated to avoid roundoff
problems.

2. The resultant X is overlaidwith the given right-
hand sides. ' '

3. Least squares deviations are calculated only
in case m >n, and stored in the last row of the given
right-hand-side matrix.
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e Subroutine MGB1/MGB2

BINARY FLOAT,

BINARY FLCAT(53),

MGB1.. MGB
Udaiahs /MGB
/% */MGB
Al FOR AN FQUATION SYSTEM A*X=F WITH BAND MATRIX A=L*U */MGB
/% CALCULATE GPTIONALLY */MGB
/% UPPER TRIANGULAR FACTCR U AND SOLUTION X, */MGB
/% UPPER TRIANGULAR FACTOF U AND INVERSE(L)*R, */MGB
VAl INVERSE(U)®R FCR GIVEN UsR. */MGB
A */MGB
7 TSI . /MGB
PROCEDURE(AyR ¢ NyNLDyNUDyMsEPS,OPT), . MGR
DECLARE MGB
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERRDR INDICATOR */MGB
(0PT,COPT) CHARACTER(1), MGB

EPS BINARY FLOAT, MGe

SUM BINARY FLOAT(S3), MGB

(AR %) gRU% %) yLIX) 5 SLIND 4 PIVyW) MGB

/*SINGLE PRECISION VERSTON /*S#/MGB
/*DOUBLE PRECISION VERSION /¥D¥/MGB

CIPER(*),1,1BAC,IND,INL4IPIV, MGB

JoK oKLy LMyLLMyLN,LNLDLNUDy M, MG8

NyNB +NLDsNUD) MGB

BINARY FIXED,. MGB

=1, MGE

GO 'I’D BOTH, . MGB
MGB2.. MGB
/ /MGE
" */MGB
A FOR AN EQUATION SYSTEM A*X=F WITH BAND MATRIX A=L*U */MGB
TAd COMPUTE OPTIONALLY */MGB
1% TRIANGULAR FACTORS L,U POSSIBLY COMBINED WITH */MGB
% CALCULATION OF X DR INVERSE(L)*R, */MGB
1% INVERSE(L)*R OR INVERSE(A)*R FOR GIVEN LsU,R. */MGB
/% */MGB
’ /MGB
ENTRY(AsRoLy IPERyNoNLD,NUDsMyEPS,CPT) e ¥GB
IND =2.. MGR
BOTH.. MGB
L =Ny . /#STORE VARIABLES N, M, NUDy,  */MGB
LMyLLM=M, . /*NLD FROM CALLING ‘SEQUENCE */MGB
LNUD =NUD;. /*INTO LOCAL PARAMETERS #/MGB
LNLD =NLD,. MGB
ERROR='P',, /%P MEANS WRONG INPUT */MGB

IF LM LE 0 /*VALUE M MUST BE POSITIVE */MGB
THEN GO TO RETURN,. MGB
IF LNLD LT 0 /*NUMBER OF LOWER CODIAGONALS */MGB
THEN GO TO RETURN,. /*NLD MAY NOT BE NEGATIVE AND #/MGB
IF LNLD GE LN /%EQUAL TO OR GREATER THAN N */MGB
THEN GO TO RETURNy. MGB
IF LNUD LT C /%NUMBER OF UPPER CODTAGONALS */MGB
THEN GO TO RETURN,. /*NUD MAY NOT BE NEGATIVE AND #/MGB
IF LNUD GE LN /*EQUAL TO OR GREATER THAN N  */MGB
THEN GO TO RETURN,. MGB
ERROR=10" 4. /*PRESET ERROR INDICATOR */MGB
NB  =LNUD+LNLD+1,. /*CALCULATE THE MAXIMUM WIDTH #*/MGB
IF NB GT LN /%0F BAND MATRIX /MGB
THEN NB  =LN,. MGB
IBAC =1y. /*IBAC IS AN INDICATOR FOR */MGB
KL =0,. /%BACKSUBSTITUTION */MGB
COPT =0PTy. MGB

IF COPT= 'A! R /*CALCULATE INVERSE(L) * R */MGB
THEN no.. /+FOR GIVEN Ly Uy R */MGB
IN MGB

lBAC MGB

GO TO sauss. MGB

MGB

IF COPT= '8! /#CALCULATE INVERSE(U) * R */MGB
THEN GO TO BACK,. /+FOR GIVEN U, R */MGB
IF COPT= 'C' MGB
THEN DO, . /+CALCULATE INVERSE(A) * R */MGB
IND  =0,. 7%FOR GIVEN Ly Uy R */MGB

GD TO GAUSSy. MGB

END, . MGB

IF COPT= L /*COMPUTE TRIANGULAR FACTDR U */MGB
THEN DO, . /*AND OPTIONALLY */MGB
1BAC =0,. /*CALCULATE mvsnssu.) “ R */MGB

GO TO SCAL,. /#FOR GIVEN A, R */MGB

END, . MGB

IF COPT= 'F! /*COMPUTE TRIANGULAR FACTORS  */MGB
THEN DO,. 7+L AND U FOR GIVEN MATRIX A */MGB
IBAC =0y, MGB

LLM . =0y. MGB

GO TO SCALy. MGB

END, . /*COMPUTE TRIANGULAR FACTOR U */MGB

IF COPT= 'y* /*AND INVERSE(U)*R FOR GIVEN  */MGB
THEN LLM  =0,. /n. R */MGB
*/MGB

SCAL.. /tcm.cuure SCALING FACTORS */MGB
/MGB

K =LNUD, . /tx IS AN END INDICATOR FOR */MGB
INL =LNLD+LN-NB¢1'. /*EACH ROW OF MATRIX A */MGB
IPIV =NB-LNUD, . . MGB

0 I =1 TO LN,. /*EXECUTE LOOP OVER ALL RONS  */MGB

IF I LE IPIV MGB

THEN K =K#ly. /%IN I-TH ROW THE ELEMENTS' */MGB

_IF T GT INL 7#A(I,K+1) TO AUI,NB) ARE */MGB

THEN K =K-1;. /*FILLED UP. WITH ZEROS */MGB

PIV =0,. . MGB

00 J -1 m NBy. /*EXECUTE LOOP OVER I-TH ROW  */MGB

1F J MGB

THEN Au..n [ /*FILL UP WITH ZEROS */MGB

ELSE DO, MGB

W =ABS(A(I,J))s. /*#COMPUTE ABSOLUTELY GREATEST */MGB

IF W 6T PIV /*ELEMENT PIV IN I-TH ROW OF A */MGB

THEN PIV =Wy, NGB

END,. MGB

END, . MGB

1F PIV= © /*TEST FOR ZERO~ROW */MG8

THEN 005. /*ALL ELEMENTS IN I-TH ROW OF */MGB
ERROR='S"y. 7#GIVEN MATRIX A ARE ZERO */MGB

GO TO-RETURN,. MGB

ENDy . /*STORE THE RECIPROCAL IN THE */MGB
SLUI)=1/PIV,. /#VECTOR SL */MGB

END, . / MGB

GAUSS.. /%GAUSS ELIMINATION */MGB
DO I =1 TO LN-1,. /MG8

INL  =I+LNLDy. /#INVERSE(L)*R */MGB

IF INL 6T LN MGB

THEN INL =LN,. MGS

IF IND= ¢ /%NO FACTORIZATION */MGB 1200
THEN DO,. /#CALCULATE INVERSE(L) * R */MGB 1210
IPIV =IPER(I)y. /*FOR GIVEN Ly Uy R */MGB 1220
GO TO INTR,. MGB 1230
ENDy o MGB 1240
4 W o o=0,. /*INITIALIZE W FOR PIVOTING  #/MGB 1250
30 D0 J =I TO MGB 1260
240 PIV -ABS(A(J'UHSL(J)'./*MULTIPLV ELEMENTS WITH SCALE */MGB 1270
50 IF P1V GT /*FACTORS AND SEARCH GREATEST #/MGB 1280
60 THEN DO,y /*PRODUCT */MGB 1290
70 W =PIV, MGB 1300
80 IPIV =J,. /*STORE ROW INDEX */MGB 1310
90 . ENDy. MGB {ggg
100 ' 1.
110 IF W LE ABS(EPS) /*TEST FOR LOSS OF SlGNIFICANCE‘/HGB 1340
120 THEN IF W = 0 /%AND FOR ZERD 6B 1350
130 THEN DO, . HGB 1360
140 ERROR=1S1,. /*NEXT PIVOT IS ZERO POSSIBLY */MGB 1370
15¢ GO TO RETURN,. /*DUE TO LOSS OF SIGNIFICANCE #%/MGB 1380
160 END, . MGB 1390
170 ELSE ERROR='HW',. /%W MEANS WARNING */MGB 1400
180 PIV  =A(IPIV,1),. /%*PIV CONTAINS THE PIVOT */MGB 1410
190 IF IND= 2 /*STORE INFORMATION FOR ROW- */MGB 1420
200 THEN IPER(I) IPIVy. /*PERMUTATIONS */MGB 1430
210 IF IPIV= 1 /*1S INTERCHANGE NECESSARY */MGB 1440
220 THEN GO TO FSUB,. MGB 1450
23¢ SLIIPIVI=SL(I),. /*RESTORE SCALING ELEMENTS */MGB 1460
24¢ D0 J =1 TO NBy. MGB 1470
250 W =A(L4d)y. /*INTERCHANGE ROWS IN GIVEN */MGB 1480
26C AL, J)=ALIPIV,J),y. /*MATRIX A */MGB 1490
270 ACIPIV J)=Hye MGB 1500
280 e £ WeB 1520
290 ..
300 D0 J =1 TO LLMy. /*INTERCHANGE ROWS IN RIGHT */MGB 1530
310 W =RITsd)ye /¥HAND SIDE MATRIX R /MGB 1540
120 RULyJI=RIIPIVsd) . MGB 1550
330 RUIPIV, )=y, MGB 1560
340 ENDy . MGB 1570
350 FSUB. . /*MODIFY OPTIONALLY ROWS IN */MGB 1580
360 DO J =I+1 TO INLs. /*MATRIX A AND IN RIGHT HAND */MGB 1590
370 IF IND= O /#SIDE MATRIX R */MGB 1600
380 THEN 0Oy . MGB 1610
390 KL =KL#l,. MGB 1620
400 W =LIKL) 4o MGB 1630
e Ehpye e Heb 1650
42C re
430 H =A(Jy1)1/RIVy. /*4 IS AN ELEMENT OF THE LOWER */MGB 1660
440 IF IND= 2 /#TRIANGULAR FACTOR L */MGB 1670
P e Wep 1650
460
470 LKL} /*STORE W INTO L IF REQUESTED #/MGB 1700
480 ENDyo MGB 1710
490 D0 K =2 TO NB, /*HODIFY AND SHIFT ROWS OF A */MGB 1720
500 . A(J,x-nnAlJ,K)-uu(l.x).. MGB 1730
510 . MGB 1740
520 A(J.NB)=0'. /*LAST TERM IS SET TO ZERO */MGB 1750
530 DIVL.. /*MODIFY RONS OF R TO COMPUTE */MGB 1760
540 DO K =1 TO LLMs. /*INVERSE(L)*R */MGB 1770
550 RUJsKI=R(J9KI=H#R(T KDy e MGB 1780
560 ENDy. NGB 1790
570 END,y o MGB 1800
ol | ey e e
590
600 THEN I°ER(LN) LNy e MGB 1830
83 THEN GO To RETURN / /MGS 1850
620 ' / 0
630 BACK. /*BACKSUBSTITUTION */MGB 1860
640 D0 I =LN TO 1 BY -1y, 7/ /MGB 1870
650 PIV =AlI,1),. MGB 1880
660 IF PIV= 0 /*TEST FOR ZERO PIVOT */MGB 1890
670 THEN DO, . NGB 1900
680 ERROR='S5"',. /*PIVOT ELEMENT IS ZERO */MGB 1910
690 GO TO RETURN,. MGB 1920
e 5 hes 1220
710 =I-1y.
720 D0 J =1 TO LM,. /*L00P OVER ALL COLUMNS OF R */MGB 1950
730 SUM =R(I1J).. MGB 1960
740 K =2 TO IBACy. /*CALCULATE SCALAR PRODUCT */MGB 1970
750 SUH =SUM=MULTIPLY(A(I,K),ROINL#K3J) 453D, MGB 1980
760 END,. MGB 1990
770 R{I3J)=SUM/PIV,y. /*COMPUTE NEW ELEMENT IN R */MGB 2000
e i e nee 2o
790
800 THEN IBAC =IBAC+l,. /*UPDATE END OF INNERMOST LOOP */MGB 2030
810 END,y o MGB 2040
820 RETURN. . MGB 2050
830 END, . /%END OF PROCEDURE MGB */MGB 2060
840
850
860
870
880 Purpose:
890
900
910 (
230 MGBI1 performs the following operations on an
940 . - .
95| equation system A . X = R with general band
960 . .
510 matrix A = - U, depending on the character of
.
1000 an input parameter OPT:
1010
1020
1030 -
p— A}
1osg OPT = 'L U replaces A and L"1R
1060 replaces R
1080 - 1
1080 OPT = 'U U replaces A and U-lr
1100
1110 re laces R
1120
= IR 2
1130 OPT = 'B U "R replaces R for a given
1ies U on storage locations of A
1170 3 O
1180 otherwise U replaces A and the solution
1190 -
X = A~1R replaces R
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~The followmg table. shows input and output depending

on OPT
MGB1 - OPT| 'L’ i 'B' |otherwise
INPUT AR AlR UlR AlR
-1 -1 -1 -1
OUTPUT |UlL -R|U|U -R|U|U -R|UJA ‘R
Usage:

CALL MGB1 (A, R, N, NLD, NUD, M, EPS, OPT);

A(N, NB) -

CR(N, M) -

BINARY FLOAT [(53)]
Given N by N band matrix A con-
sisting of the main diagonal, NLD
lower codiagonals, and NUD upper
codiagonals, A is stored rowwise
and left-adjusted so that A(i, 1) con-
tains the first nontrivial element in
the i-th row of matrix A, i=1,
2, «o., N. Thus, the maximum
number of elements in the rows of
array A is: '
NB = min (N, NLD + NUD + 1)
Resultant upper band factor U stored
rowwise and left-adjusted so that

A(i, 1) contains the diagonal element

in the i-th row of the upper factor

U, #1, 2, ..., N. IfOPT="H,

A contains U,

BINARY FLOAT [(53)]

Given right-hand-side matrix with N
rows and M columns, which implies
that M sets of- r1ght-hand—s1de vec-
tors are given,

'Resultant solution depending on the

option parameter OPT (see
" Purpose').
BINARY FIXED

_Given row dimension of matrix A

and number of rows of right-hand

. side R.

NLD -

BINARY FIXED

Given number of lower codlagonals
of matrix A,

NUD - BINARY FIXED ]

' Given number of upper codiagonals

of matrix A, :

M- BINARY FIXED
Given number of columns of R, that
is, number of right-hand-side vectors.

EPS - BINARY FLOAT
Given relative tolerance for test on

' . loss of significant digits.

OPT - CHARACTER(1)
Given option parameter for selection
of operation (see ' Purpose').

Purpose:

MGB2 performs the following operations on an
equation system A-« X = R with general band ma-
trix A= L . U, depending on the character of an
input parameter OPT:

OPT = 'I' A is replaced by upper band factor
~ : U, Ris replaced by L™l « R, and
lower band factor L is stored in
a one-dimensional array L omit-
" ting the unit diagonal,
"OPT = 'F* A is replaced by the upper band
" factor U and the lower band factor
L is stored in the array L, The
right-hand side R remains un-
’ changed.
OPT = 'A' Ris replaced by L~1. R for the
' given upper factor U in array A
. and the lower factor L in vector
L.
OPT = 'C' R is reflaced by the solution
‘ R for given Uand L.,
otherwise A is replaced by the upper factor
' U. The lower factor L is calcu-
lated and stored in L, and R is
replaced by the solution
X= A-LR,

The following table shows 1nput and output depending
on OPT:

MGB2 - OPT| 'Lt g TA! ok} otherwise
INPUT |A R |A| [R|U/L] R |UlL| R |A R

‘ -1 -1 -1 -1
ouTPUT |U|L|L Rl U|L|R|U|L|L *R|U|L|A™ "Rl U|L|A R
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Usage:

CALL MGB?2 (A, R, L, IPER, N, NLD, NUD, M,
EPS, OPT);
A(N, NB) - BINARY FLOAT [(53)]

Given an N by N band matrix A con-
sisting of the main diagonal, NLD
lower codiagonals, and NUD upper
codiagonals, A is stored rowwise and
left-adjusted so that A(i, 1) contains
the first nontrivial element in the i-th
row of matrix A. Thus, the maxi-
mum number of elements in the rows
of the array A is:

NB = min (N, NLD + NUD + 1)/
Resultant upper band factor U stored
rowwise and left-adjusted so that
A(i, 1) contains the diagonal element
ini-throwof U, i=1, 2, ..., N,

If OPT="'A' or'C!', the array A
contains U,
BINARY FLOAT [(53)]
Given right-hand-side matrix with N
rows and M columns, which implies
that M sets of right-hand~side vectors
are given,
Resultant solution depending on the
option parameter OPT (see
"' Purpose'').
L(N- NLD-NLD. (NLD+1)/2)
BINARY FLOAT [(53)]
Resultant one-dimensional array con-
taining the lower factor L, If OPT=
'A' or'C', array L contains the
lower factor L, obtained by sub-
routine MGB2 with any other option
parameter,
BINARY FIXED ‘
Resultant integer vector containing
the permutations of rows of the ma-
trix A in the factorization steps.
If OPT="1A"' or'C', permutation
vector IPER must be given, obtained
by MGB2 with OPT="'A"', 'C!',
N - BINARY FIXED
Given row dimension of matrix A and
number of rows of right-hand side R.

R(N, M) -

IPER(N) -

NLD - BINARY FIXED
Given number of lower codiagonals
of the matrix A, .

NUD - BINARY FIXED

Given number of upper codiagonals
of the matrix A.
M - BINARY FIXED .
Given number of columns of R, that
is, number of right~hand-side vectors.

EPS - BINARY FLOAT
Given relative tolerance for test on
loss of significant digits.
OPT - CHARACTER(1)
Given option parameter for selection
of operation (see " Purpose').
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:
ERROR='P' means error in specified parameters:
M =<0or NLD <0 or N <NLD

or NUD <0 or N < NUD
means all elements in a row of the
given matrix A are zero, or the
calculated pivot in a factorization
step is zero. This is possibly due to
an ill-conditioned or singular matrix
A,
is a warning indicating possible loss
of significance.,

ERROR='S'

ERROR='W'

The storage mode for band matrices is a natural
generalization of the normal two-dimensional
storage scheme: any row is stored with NB=min
(N, NLD+1+NUD) elements, but only the nontrivial
elements (that is, those within the band) must be
specified. The remaining elements are set to zero
automatically within procedure MGB1/MGB2.

Note that a fully populated N by N matrix would
require exactly N . N storage locations if stored as
band matrix in compressed form. However, the
unit lower triangular factor L would need additional
N . (N-1)/2 storage locations.

Method: -

Calculations of the lower and upper band factors L,
U are done using a standard Gaussian elimination
technique. Columnwise pivoting is built in, com-
bined with scaling of rows (equilibration).

The lower band factor L is normalized such that
the diagonal contains all ones, which are not stored
(Doolittle factorization). )

The procedure gets the required solutions by
means of forward and/or backward substitutions,
where the interchange information is combined with
the lower band factor L.

For reference see:

R.S., Martin and J, H, Wilkinson, '"'Solution of
Symmetric and Unsymmetric Band Equations on the

Mathematics--Matrix Operations--Linear Equations 51



Calculation of Eigenvectors of Band Matrices",
Numerische Mathematik, vol, 9, 1967, pp. 279-301,

Mathematical Background:

Let A be an N by N nonsingular real band matrix
with NLD lower codiagonals and NUD upper codiag-
onals., In general, it can be factorized into a
product

A=P-.L-U

where L and U are lower and upper band factors
respectively. L can be normalized so that it has a.
unit diagonal. Pmeans the row-permutation matrix,
that is, an N by N unit matrix with interchanged
rows resulting from partial pivoting in the factoriza-
tion steps.

Then X = L-1. P~1.R= L-1 R is calculated
using forward substitution to obtain X from L - X =
pP~l-R= R, where R is obtained from R by inter- .
changing rows in the same way that rows of matrix
A are interchanged during columnwise pivoting in
factorization,

Calculation of Y = U~1. R is done using backward
substitution to obtain Y from U-Y=R.

Calculation of Z = U™L. L. p-L.g= U l. 17L.R
is done by first solving L+ X = R and then solving
U-Z=X. )

Programming Considerations:

1. Storage Mode
The following is an example of a 7 by 7 matrix with
two lower and three upper codiagonals which shows
the storage compression of band matrices and the
storage allocation of upper and lower triangular
factors U and L,

Fully stored matrix:

41 %12 P43

291 2g2 Bo3

Compressed stored band matrix:

11 P12
%91 Pa
331 - P32
1 o
%51 %5
%1 g2
11 P

Elements marked X need not be specified. They get
filled up with zeros automatically.

Resultant upper triangular factor U and unit lower
triangular factor L:

1 Y12 Y13 Y Y15 Y

Yoo Moz Ugy  UYg5  Ugg U

Y33 "s4 "5  Ugg "

R R T 0
u55 0 0
Uge 0 0 0
u 0 0 0
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The band-shaped upper triangular factor U is stored
rowwise and left-adjusted, so that A(i, 1) contains
the diagonal element for i=1, 2, ..., N, The
band-shaped lower unit triangular factor L is
stored in a one-dimensional array. Only the non-
trivial subdiagonal elements are stored columnwise
in successive storage locations.

2, Computational remarks : ’
In order to improve numerical stability, partial
pivoting is used combined with an equilibration of
rows. In each row i of the given matrix A the
element ajj; of greatest absolute value is found . -
The absolute values vi= 1/ ,aiji | are used as
weights for pivoting:

At the first step of Gaussian elimination that
element aj is used as pivot element piv for which

= max

(|a. ©v)
i=1,...,NLD+1 ﬂl !

| akll "k

If necessary, rows k and 1 are interchanged in A,
Rand V=| V1 \ and IPER(1) is set to k.

The elements in the first NLD rows are trans-
formed by means of

1 C ai1 i=2,...,NLD+1
piv

1 _ 1. -

ai]. aij - 1i1 alj j =2, ,NB

r(l) =r_ -1_°r k=1,...,M

ik ik i1 1k

- If specified, the elements 1;; are stored in

successive locations within L.

Transformed rows of A get shifted to the left
by one position, and zero is inserted in the last
location.

Repeating this process (N-1) times gives
triangular factors U and L and the product L'lR,
in permuted form.

If at an elimination step the value of piv be-
comes zero, then ERROR is set to 'S' and further
calculation is bypassed.

ERROCR is set to 'W' if, at elimination step j,

vj - piv < EPS.
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Bk | LR R SRR K

”PRUCI:DURE MGB1l *
sasa Sel IND=1 :
I TEsmseseEoEROR
.

. FERE G L EREEE EEEK
- *  ENTRY MGB2y, *
- :PRESET IND=2 :
: RREEREEAERE LK
. .
O ¢

BOTH
t#*a#c]#*#a##ata*

o -
o* IS M *,
*. POSITIVE LIRS
*, ok
*.o o
*

YES

*
.

o
Os Z H#3<e s a0 #
~ .

o
GR
OR
-L
x

»_ -
-
x
m.
Z
hy
*

£l
IS
A
ES
.t

z
.

% Keweseseian

R RN
* *
wxex .

RETURN :
ERERGIEREREEERS
® £ *
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Eigenvalues and Related Topics

Note: The following example illustrates a way to
link subroutines MATE, MEAT, MVAT, MVEB
(which follow) for the computation of the eigenvalues
and eigenvectors of a real nonsymmetric matrix.
(Subroutines MATE and MVEB can be replaced with
MATU and MVUB,)

Description of the parameters used:

A - Real array containing the given matrix
(this matrix is not preserved)
N - Order of the matrix

Real array in which the Hessenberg matrix
will be saved together with the elements of
the transformations involved in subroutine
MATE :

Complex array containing the Hessenberg
matrix for the computation of the eigen-
vectors

Complex array where the eigenvectors are
stored

CH -

EV -

The other parameters are defined in the descrip~
tions of the subroutines.

All the eigenvalues are assumed to be complex in
this example, so that only N/2 eigenvectors are
computed.

e e e / * MAIN PROGRAM * /
=50, .
BEGIN, . / * BEGIN BLOCK * /
DECLARE
(A(N, N), RR(N), RI(N), H(N, N)) BINARY,
(CH(N, N), EIG, EV(N, N/2)) COMPLEX BINARY,
(IP(),I,d,K, M) BINARY FIXED,
ANA(N) BIT(1), .
CALL GEN(A,N), . / * GENERATE THE MATRIX * /
CALL MATE(A,N,IP), . /*  REDUCTION TO HESSENBERG FORM * /
"H=A, . / * SAVE HESSENBERG MATRIX  */
CALL MEAT(A, N,RR, RI, AN3), . / * COMPUTE THE EIGENVALUES */
I=0,. :
DOM=1TONBY 2, . / * COMPUTE N/2 EIGENVECTORS * /
I=1+1,.
EIG=COMPLEX(RR M), RIM)), .
CH(L,* =H (1,%), . / * PUT THE HESSENBERG MATRIX * /
DOJ=2TON, . / * INTO A COMPLEX ARRAY . * /
DOK=J-1TON, .
-CH(J,K)=H(J,K), .
END, .-
END, .
CALL MVAT (CH, N, EIG, EV(*,1)), . / * EIGENVECTORS OF THE * /
/ ¥  HESSENBERG MATRIX ’ * /
CALL MVEB@H, N, IP, EV(*,1)), . / * VECTORS OF THE GIVEN MATRIX * /
END, . : » -
PUT EDIT..... / *  PRINT THE RESULTS * /
END, . / * END BEGIN BLOCK */
/ *

MAIN PROGRAM

Note that the eigenvalues of the original matrix A are equal to the eigenvalues of the corresponding
Hessenberg matrix, so that no back transformation of the eigenvalues is required.
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e Subroutine MATE

MATE. . MATE 10

/ /MATE 20

7% */MATE 30

/* REDUCE A REAL MATRIX TO HESSENBERG FORM */MATE 40

/% ELIMINATION TECHNIQUES */MATE 50

/% */MATE 60

4 /MATE 70

PROCEDURE(ASN,IP)y . MATE 80

DECLARE MATE 90

(Al*,%),CyU, V) MATE 100

BINARY, MATE 110

s MATE 120

BINARY(53) MATE 130

(NyIP(%) K yKPLyKLy My IgJdyN1) MATE 140

BINARY FIXED,. MATE 150

IF N LT 3 THEN GO TO EMATE,. MATE 160

IP(N)=N,. MATE 170

N1=N-1,. MATE -180

DO K=NL 7O 1 BY —1,. MATE 190

KP1l=K+1,. MATE 200

K1=K-1y. MATE 210

M=Kyo MATE 220

U=ABS{A(KPL,K) ), MATE 230

DO I=1 TO Kl,y. % PIVOTING */MATE 240

V=ABS (A(KPLyI))y. MATE 250

IF V 6T U MATE 260

THEN DOy MATE 270

u=v, MATE 280

M=I,. MATE 290

. ENDy MATE 300

END;. MATE 310

IP(K)=My.o MATE 320

IF M NE K MATE 330

THEN 00, . /% INTERCHANGES */MATE 340

00 I=1 TO Ny. ,% COLUMNS */MATE 350

C=AlI1K)ye MATE 360

A(I,K)=A(I, M), MATE 370

ACI MI=Cy. MATE 380

ENDy .« MATE 390

00 I=1 TO Ny. lad ROWS */MATE 400

C=A(KyI)ye MATE 410

ALKy I)=AtMs 1),y MATE 420

AMy1)=Cye MATE 430

ENDy . MATE 440

END MATE 450

1F A(KPI.K) NE o : MATE 460

THEN DO I=1 TO /% COEFFICIENTS OF ELIMINATION #/MATE 470

A(KPl'l) Aixn.u/uxn.m,. MATE 480|

EN MATE 490

oo 15N 70 1 8Y -1, /% K-TH ROW OF THE HESSENBERG */MATE 500

S=A(Ky L)y ’+ MATRIX */MATE 510

DO J=1 TO K1, MATE 520

S=S*MULTIPLY {ACKPLod) AL o 11,5350 MATE 530

END, . MATE 540

DO J=MAX(I+1,K) TO N1, MATE 550

S=S-MULTIPLY (ALKsd) s ALJ+1,1),53) 50 MATE 560

END, . MATE 570

A(KyI)=S,. MATE 580

ENDs. MATE 590

END,. MATE 600

EMATE.. MATE 610

RETURNy « MATE 620

END, . ’* END OF PROCEDURE MATE  */MATE 630
Purpose:

MATE reduces a given real matrix to upper almost
triangular (Hessenberg) form by means of a se-

quence of si

Usage:

milarities.

CALL MATE (A, N, IP);

A(N’ N) -

N -

IP(N) -

56

BINARY FLOAT

Given real matrix,

Resultant upper almost triangular ma-
trix. .

BINARY FIXED

Given order of the matrix,

BINARY FIXED

Resultant vector containing information
about-the interchanges operated on rows
and columns of the matrix.
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Remarks:

The elements defining the transformations applied
to the matrix are stored in place of the lower tri-
angular part of the matrix on return. These ele-
ments and the vector IP will be used in the com-
putation of the eigenvectors of the original matrix
(Procedure MVEB),

Method:

Each row of the matrix is reduced in turn, starting
from the last one, by applying a suitable elimination,
and similarity is achieved by applying the left
inverse transformation, A Crout-like algorithm is
used to take advantage of the accumulation of the
inner products in double precision,

For reference see:

J. H, Wilkinson, The Algebraic Eigenvalue Prob-

lem, Clarendon Press, Oxford, 1965,

Mathematical Background:

Let us consider a matrix A of order n and the
similarity

TAT L= 1)

where H is a Hessenberg matrix associated with A,
and T a lower triangular matrix with unit diagonal.
Equation (1) can be written as

TA = HT (2)
Matrices H and T will be determined row by row,
according to the algorithm described below.

If rows (k+1) to n of H and rows k to n of T are
assumed to be known, row k of H and row (k-1) of
T will be determined as follows,

From equation (2) we get
k-1

"2 b ot L

=i+l kj ji
and
k-1 n
b= o |
ki ki kj % _E i i )



If we apply equation (3) for i=n, n-1, . . ., k,
we will obtain recursively the terms of the k-th
row of H, excepting the subdiagonal term.
(When the upper bound of a summation is less
than the lower bound, the value of the sum is
taken as zero.)

Let us determine now the (k-1)st row of T and
the subdiagonal term

h f H.

k k-1°

From equation (2) we get

k-1 n
a +2 0t a = 2, h t. 1si<k-1
ki j=1 kj i k-1 kj ji
Defining
k-1 n
= + - h .t ., 1<i<k-1
My = g ; Y i Z_: kg 510 151 “)
=1 j=k
we finally obtain
h =m t = i 1si<k-2  (5)
'k k-1 kk-1" k-11i i

hk k-1

To ensure stability, a technique of pivoting is in-
corporated in this algorithm,

After the computation of the my4's, the sub-
script j is determined for which

lmkj \ > \ mki| , lsi<k-1.

Then the elements mys and my 1.1 are interchanged.

So are columns j and (k-1) of T, Similarly, the

columns and the rows of matrix A are also inter-

changed, Then equations (4) and (5) are applied.
The algorithm is initialized by taking

h =a
nn nn
m  =a
ni ni
1<i<n-1
t.=0
ni
=1
nn

When m

=0fori=1, ..., k-1, hkk_1=0and

., k-2,

ki
tk-l i = 0 fori=1, .

Programming considerations:

1. The interchanges determined by the pivoting
are stored in vector IP, This vector will be used
in the computation of the eigenvectors (subroutine
MVEB). ‘

2. The matrix T is stored in the lower part of
the array A, overwriting the terms of the original
matrix:

t ;oA (41, J),  2<I<N-1, 1=J<I-1
e

I

These elements ty, y will be used in the computation
of the eigenvectors (subroutine MVEB). The last
row and the diagonal of T are not stored,

3. The inner products involved in equations (3)
and (4) are computed in double precision.
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o Subroutine MATU

MATU. « MATU 10
/ /MATU 20
/* . */MATU 30
IAd REDUCE A REAL MATRIX TO HESSENBERG FORM */MATU 40
/* HOUSEHOLDER*S TRANSFORMATIONS */MATU 50
/* ) */MATU 60
5 /MATU 70
PROCEDURE (AsNyB)y . . MATU 80
DECLARE MATU 90

© (Al%4%),B(*),EPS,TsC+U) BINARY, MATU 100

S BINARY(53), MATU 110
(I+J+KyKPL,KP2,N) BINARY FIXED,. MATU 120
EPS=1.0E-14s., MATU 130
B(1) =0y. MATU 140
DO K=1 TO N-2y. MATU 150

KPL =K+#l,. MATU 160

© . KP2 =KPltly. MATU 170

°s =0y /% PREPARE K-TH TRANSFORMATION */MATU 180

Do I=KP2 T0 MATU 190
S'SOMULTIPLY(A(lyK).A(IvK).53)'- MATU 200

END MATU 210

T —MKPI:K)*MKPL,K):- MATU 220

IF S GT EPS*T MATU 230

THEN DO MATU 240

s =SQR|’(S#T): MATU 250

! /% CHOOSE SIGN FOR STABILITY */MATU 260

lF A(KPl.K) GT 0 THEN T=-T,. MATU 270

4 =A(KPLyK)=Ty . MATU 280

DO J=KP1 TO Ny« /% ROW OPERATION */MATU 290

s =20y, ) MATU 300

DO I=KPl TO N MATU 310
S'SiHULTlPLV(A(l.J)'AII'K)'53)n MATU 320

ENDy. MATU 330

=A(KP1yJ)ye MATU 340

A(KP].'J)=S/T'. MATU 350

=(A(KP14J)-U)/Cye MATU 360

DO I=KP2 TO Ny MATU 370

AlIsd)=A( I.JHU‘A(!,K).. MATU 380

ENDy . MATU 390

END MATU 400

DO J-l TO Nyo % COLUMN OPERATION */MATU 410

=0y MATU 420

Do 1=KP1 TO Nso MATU 430
S=S+MULTIPLY(A(J3I)5Al14K)953)y0 MATU 440

ENDy . MATU 450

=A(JsKP1)y o MATU 460

A(JyKPl)-S/T,- MATU 470

o =(AlJsKP1)= U)/Cu MATU 480
. DO I=KP2 TO MATU 490
A(J'I)=A(J'INU‘A(11K)'. MATU 500

ENDy. MATU 510

ENDy . MATU 520

B(KPL)=A(KPLlyK) o MATU 530

A(KPLsK)=Ty. /% TRANSFORM SUBDIAGONAL TERM */MATU 540

Dye MATU 550

ELSE B(KP1)=0,. /% BYPASS K-TH TRANSFORMATION */MATU 560

" ENDy. MATU 570
RETURN; « MATU 580
ENDy . /% END OF PROCEDURE MATU */MATU 590

Purbose-:

' MATU reduces a given real matrix to upper almost
trlangular (Hessenberg) form by means of a sequence
of orthogonal transformations.

iUsa‘g‘e:

CALL MATU (A, N, B);

BINARY FLOAT

AN, N) -
Given real matrix,
Resultant upper almost trlangular
matrix,

N - BINARY FIXED

Given order of the matrix,

BINARY FLOAT

Resultant vector containing information
about the transformations applied to
the original matrix,

B(N) -

Remarks:
Other elements defininyg the transformations are

stored in place of the lower triangular part of the
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matrix on return. These elements and the vector
B will be used in the computation of the eigenvectors
of the original matrix (Procedure MVUB),

Method:

Each column of the matrix is reduced in turn by
means of orthogonal similarities (Householder's
transformations).

For reference see:

J.H, Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965,

Mathematical Background:

For a given real matrix A of order n, let us con-
sider the sequence of similarities

A(1+1)=Pi AP i1 s 02

with A® = A @)

Assuming that A(D) is of almost triangular form in its
first (i-1) columns, we will determine a trans-
formation P; such that AU+1) §5 of almost triangular
form in its f;rst i columns. Among the matrices

P;, let us consider those of the form

=I-2uu’ (Householder's matrices) (2)

where I is the unit matrix and u a vector of order n
such that

<w,u>=1 ' o 3)

-These matrmes are orthogonal and symmetrlc, and

equation (1) can ‘be written as

A0D P, A(i) P a @

'
! i

Let us now define a vector v by

T ’ ;
v.. = (Vly'vzs ey Vn)s‘
with
Vk =0 fork =1,2, ...,1

v?=a(1) i'flork——“i# i, ..., n



and try to determine the transformation Pi so that

1/2

P. v = be, whereb = £ <v, v> (5)

i i+1

ej+1 is a vector whose components are zero,
except for the (i+1) st which is one.
The combination of equations (2) and (5) gives

Piv v-2<u,v>u

be 1

Putting <u, v> = s, uis given by

v-be
2s

From equation (3) we get

=b®-v;, /2
Then the matrix P; can be written as

1 T

P.=1+ )(v be 1)( be1+1)

! b4y P

The sign of b will be such that the magnitude of
the denominator is maximum, that is,
)

sign (b) = - sign (v,

i+1

in order to ensure stability. .

If we now form the product P;A (@, the resulting
matrix, according to (5), will have zeros in posi-
tions (k, i), k=1+ 2, ..., n, and the term in
position (i+1, i) will be b. The (i-1) first columns
and rows remain unaltered.

The right transformation (P; Al )) Pj, completing
the similarity, will leave this structure unchanged.
Thus, after (n-2) transformations according to (1)
and (4), the matrix will be reduced to almost
triangular form.

When the matrix is symmetric, it is interesting
to note that the resulting almost triangular form is
symmetric also (that is, tridiagonal).

Programming Considerations:

A transformation P; for which | vy, ; + bl <1077 |p|
is bypassed, All the scalar products involved in
the computation are calculated in double precision.

o Subroutine MSTU

*

usw.. MSTU 10
wxRERE JMSTU 20

/ =/MSTU 30
/¢ REDUCE A COMPRESSED SYMHETRIC MATFIX TO SYMMETRIC TRIDIAGONAL FORMS/NSTU 4G
1% #/MSTU 50
7 SEERERK JHSTU 60,
PROCEDURE (A¢N4DCD) s MSTU 70
DECLARE . . MSTU 80
(A(*)+D(*),CO{*),T,EPS) BINAFY, MSTU 9C
(NyN2,1CDMP2,MsMP,Js 1, LsLKsK) BINARY FIXED, HSTU 100
(s.on BINARY(53),. MSTU 110

N2 =N-2, MSTU 120
IF N2 LE O THEN GO TO EMSTU,. MSTU 130
D{1) =A(1l),. MSTU 140
=1.0E-14,. MSTU 15¢C

1C0 =0y . MSTU 160
MP2 =2, MSTU 170
00 #=1 TO N2,. /% COMPUTE NEW SUBDIAGONAL TEFM#/MSTU 180

MP =HP2,y. MSTU 190

HP2  =HP+1,. - MSTU 200

1C0  =ICD+MP,. HSTU 210

J =1CD,. HSTU 220

s =0y, . MSTU 230

DO I=MP2 TO Nj. MSTU 240

J =J+1-1,. MSTU 250

D) =A(J),. MSTU 260
S=S+MULTIPLY(D(I)4D(1),53),. MSTU 270

END, . HSTU 280

T =ALICD)*A(ICD) 44 MSTU 290

S GT T#EPS THEN GO TO TRANS,. MSTU 30C
COUMI=ALICD) . 1% BYPASS TRANSFORMATION */MSTU 310

GO TO BYPASS,. MSTU 320
TRANS.. MSTU 330
CO(M)=SQRT(S+T), HSTU 340

IF ALICD) GT ©C THEN CD{M)=—CD(M)+. MSTU 35C
D(MP)=ALICD)-CO(M},. MSTU 360

J =lCD-Hn MSTU 370

oT =0, /%  COMPUTE VECTORS DEFINING */MSTU 380

ou L=Mp TO N,. /% - THE TRANSFORMATION */MSTU 390

=J+l-1,. MSTU 400

s =0y HSTU 41C

LK =dy. HSTU 420

DO K=MP TO Ly. BSTU 430

LK =LK+1, MSTU 440
S=S+MULTIPLY(A(LK) yD(K) 1530 4. HSTU 450

ENDy. MSTU 460

DO K=L+1 TO Ny. MSTU 470

LK =LK+K-1, MSTU 480

s= smuLnPLV(A(LK).u(x).sal,. . MSTU 490

EN MSTU 500

-onstD(L). . MSTU 510

cn(u See MSTU 52¢C

ENDy MSTU 530

oT  =C. MSTU 54C

T -D(MP)*CD(MI. MSTU 550

D0 L=MP TO N, MSTU 560

DIL) =D(L)/T MSTU 570
COL)=COCL) +DT*D(LI 4. MSTU 580

END, . MSTU 590

J =1CD-M,. 1% PERFORM SIMILARITY */MSTU 600

uo K=MP TC Ny. MSTU 610

=J+K-1y. MSTU 620

LK =Jdy . MSTU 630

DG L=MP-TO Ki© : MSTU 640

LK =LK+ly. MSTU 650

s =A(LK) . MSTU 660
S=S+MULTIPLY(D(L) sCD(K) 453 )4MULTIPLY(D(K),CDIL)+53),.4STU 670

A(LK) =S, MSTU 680

END, MSTU 690

END, . MSTU 7CC

BYPASS.. MSTU 710
D(MP)=ALICD+1),. : . MSTU; 720

ENDy . MSTU 73C

ICD  =I1CD+N,. . MSTU 740
CDIN)=ALICD),. © MSTU 750
DIN) =A(ICD+l),. . MSTU 760
D0 J=N-1 TO 2 BY -1,. - MSTU 770
COLJI=CDLI-1) 4. MSTU 780

END, . MSTU 790
co(1)=c, MSTU 80C
EMSTU MSTU 810
RETURN, MSTU 820
END; . 1% END OF PROCEDURE MSTU */MSTU 830

Purpose:

MSTU reduces a given real symmetric matrix to
tridiagonal form by means of a sequence of
orthogonal transformations.

Usage:

CALL MSTU (A N, D, CD),

A(N*¥(N+1)/2) - BINARY FLOAT
Given matrix in compressed storage
mode.

N - BINARY FIXED
' Given order of the matrix. i
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BINARY FLOAT

Resultant vector containing the
-diagonal terms of the tridiagonal
matrix.

BINARY FLOAT

Resultant vector containing the co-
diagonal terms of the tridiagonal
matrix in positions 2, 3, ..., N.

D(N) -

CD(N) -

Remarks:

The elements defining the transformations applied

to the matrix will replace the given matrix in array
A. These elements will be used in the computation
of the eigenvectors of the original matrix (subroutme
MVSU).

‘Method:

Each row and column of the matrix is reduced in
turn by means of orthogonal similarities (House-
holder's transformations).

For reference see:

J.H. Wilkinson, The Algebraic Eigenvalue
Problem. Clarendon Press, Oxford, 1965.

Mathematical Background:

We know that a matrix A of order n can be reduced
to almost triangular form by means of (n-2) suc-
cessive unitary similarities (see description of
subroutine MATU). Furthermore, when A is
symmetric, these transformations preserve the
property of symmetry, and the resulting matrix is
symmetric and tridiagonal. Let us consider the
sequence of such similarities that reduces A to
the tridiagonal form An-1

A = p a®p, 4@ -y,

i=1,2,~..., n-2

where A() is assumed to be of tridiagonal form in
its first (i-1) rows and symmetric, and where P; is
the Householder matrix such that A(1+1) is of tri-
diagonal form in its first i rows. We know that P;
is defined by

1 T -
————_b—) (v—be )(v be1+1)
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where:
VT = (Vl’ vz, e vn)
Vk = F), fork=1, 2, coey i
Vk = aéf)i, fork=i+1, .., N
b = %<y, v>1/2, sign (b) = - sign (v. 1+1)

and where ej41 is a vector whose (i+1)st compo-
nent is one, the others being zero (see mathematical
description of subroutine MATU).

. - - _ -1
Putting x=v bei_'_1 and o [b (Vi+1 b)]’ s

we have
PiA(l) Pi = A(l) + o A(l) xxT + o xxT A(i)

+ a2<x, A(l) X > xxT

A® 4 [A(i) x+1/2<x, AD »
ax:l axT
+ox |:xT A(i) + 1/2

< X, A(l) X>o xT]

Since A(i) = A(i)T, this can be written as
Pi.A(i) P, = AD 4 vz T 4 gyT (1)
where
Y= [A(i) + o <x, A(i) x> I] X (2)

2
Z=0ox
Programming Considerations:

In the subroutine each similarity is performed on
the upper part of the matrix accordlng to equations
(1) and (2). .

The scalar products needed by the process are
computed in double precision.



e Subroutine MEAT

MEAT. . MEAT 10
/ /MEAT 20
/% */MEAT 30
I+ EIGENVALUES OF A REAL HESSENBERG MATRIX */MEAT 40|
/% «/MEAT 50
/ /MEAT 60
PROCEDURE (AyMyRRyRIyANA)y o MEAT 70
DECLARE MEAT 80
ANA(*) BIT(L1), EAT 90
IA(cm.muﬂ,Rnn.ma(zn.pnuz).anz).a.s,eps.etnsv.slz.u.r.uzn 100
UsV1GLyG2+G3,PSI1,PSI2,PHIJETA) BINARYy 110
(l'll.IZvIPhIPZ'IP3'IT'lTMAX:JyK:N.Nl.NZ,P'Q'H) BINARY leen..neu 120

E6  =1.0E-6y. CONSTANTS 130
ET  =1.0E-Ty. HEAT 140
512 =1.0E=12y. MEAT 150
=0.544 MEAT 160
lTHAX=30'- MEAT 170
=Myo MEAT 180
aEc.. /* INITIALIZATION */MEAT 190
NL  =N-1 MEAT 200
n= N1=0 THEN GO TO ONE,. MEAT 210
1S =04. MEAT 220
D0 I=1,2, MEAT 230
PANCIDJPRRUI)4PRI(I)=0, . MEAT 240

END, . MEAT 250

N2 =Nl-1,. MEAT 260
DO IT=1 TO ITHAX,. /%  START LOOP FOR ITERATION */MEAT 270

IF ABS(A(N,N1)) LE E12#ABS(AINsN)) THEN GO TO ONE,. MEAT 280

T =A(NLIN1)=A(NsN)y . /%  ROOTS OF THE LOWER MAIN  */MEAT 290

U =TeT,. ,* SUBMATRIX OF ORDER TWO  */MEAT 300

V_ =4%AINL,N)*AINsNL), . MEAT 310

IF ABS(V) LT U*ET MEAT 320
THEN DOy« MEAT 330
RRIN1)=A(NLyN1),. MEAT 340

RRIN) =A(NyN)y. MEAT 350

GO TO ZIMy. MEAT 360

END,. MEAT 370

ELSE DO,. MEAT 380

T =Usv, MEAT 390

xr ABS(T) LT E6#HAXIU,ABSIV)) THEN T=04. MEAT 400
=(ACNLINLI+A(NIN) ) /250 MEAT 410

v =SQRTIABS(T))/2,. MEAT 420

IFTLT O MEAT 430

THEN DOy. /% COMPLEX ROOTS */MEAT 440
RR{N)yRRIN1)=U, . MEAT 450

RI(N)==V,. MEAT 460

RI(N1)=Vy. MEAT 470

ENDy . MEAT 480

ELSE DOy . 1+ REAL ROOTS */MEAT 490
RR(N)=U+V, o MEAT 500

RRINL)=U-V,. MEAT 510

2IM.. ) MEAT 520
RIIN),RIIN1)=0,. MEAT 530

IF _ABS(RR{NL)) LT ABS(RRIN)) MEAT 540

THEN DO,. MEAT 550

T =RRIN1),. MEAT 560

RR{NL)=RR(N}y. MEAT 570

RR{N) =Ty . MEAT 580

ENDy. MEAT 590

END, . MEAT 600

END, . MEAT 610

IF N2=0 THEN GO TO TWO,. /% TESTS OF CONVERGENCE t/uEAr 620

EPS =E12#(RI(N1)+ABS(RR(N1))),. EAT 630

IF ABSI{A(N1,N2)) LE EPS THEN GO TO TWO,. nen 640

IF ABS(A(N1,N2)-PAN(1)) LT ABS(A(NL,N2))*#E6 THEN GO TO CMP,.  MEAT 650

IF ABS(AIN,N1)-PAN(2)) LT ABS{AIN,N1))*E6 THEN GO TO CMP,. MEAT 660

K =0y. MEAT 670

DO I=142,. /% DETERMINE THE SHIFT */MEAT 680

T J=I4N2, MEAT 690

IF ABS(RR(J)-PRR(I1))¢ABS(RI(J)=PRI(I)) MEAT 700

LT H*(ABSIRR(J))+ABS(RI(J))) THEN K=K+I,. MEAT 710

PRR{I)=RR(J)y. MEAT 720

1)y MEAT 730

AJyd-1) 4. MEAT 740

MEAT 750

MEAT 760

MEAT 770

MEAT 780

MEAT 790

=A(NyN)+AINL,NL) y o MEAT 800

R =AUNyN) *AINLNL)-A(NLyN)*ACNsN1) 4 o MEAT 810

END, . MEAT 820

ELSE DO,. MEAT 830

R =PRRIK)*PRR (K)o MEAT 840

s =PRR(K)+PRRIK), « MEAT 850

END, . MEAT 860

IF N LT 4 % SEARCH FOR A PARTITION  */MEAT 870

THEN P,Q =1,. MEAT 880

ELSE DO,. MEAT 890

DO Q=N2 TO 2 BY -1, MEAT 900

IF ABS(A(Q,Q-1)) LE EPS THEN GO TO FOPs. MEAT 910

END, . MEAT 920

Q  =l,. MEAT 930

FOP.. MEAT 940
IF Q LT N2 MEAT 950

THEN DO P=N2 TO Q+1 BY -1,. MEAT 96Q

IPL =P+l,. MEAT 970

IF (ABS(A[P,P)+A(IP1,1P1)=S)+ABS(A(IP1+41,1PL))) MEAT 980
*ABS(A(P,P-1)*A(IP1,P)) MEAT 990

LT EPS*ABS(A(P,P)*(A(PyP)-S)+A(P,IP1)*A(IP1,P)+R) MEAT1000

THEN GO TO QRT,. MEAT1010

ENDy .o MEAT1020

P =Q,. MEAT1030

ENDy. MEAT 1040

QRT.. MEAT 1050
DO I=P TO Nl,. /%  START QR TRANSFORMATION = */MEAT1060

Pl =I+l,. . MEAT1070

Pl+l,. MEAT1080

~ly. MEAT1090

MEAT1100

THEN DO, . /% INITIALIZE TRANSFORMATION */MEAT1110

S Gl =ALII)*(ACI,1)-S)+A(L, IPL)*ACIPL, I)4+Ry. MEAT1120

sz =ALIPLy T )I#(ACIP1, IPLI+ALI 1) =S)y. MEAT1130
=A(IP1,1)% A(IP2,1PL)y. MEAT 1140

A(lPZ.ll O  MEAT1150

END,. MEAT1160

ELSE DO, . MEAT1170

Gl =Al(I,I1),. MEAT1180

62  =A{IP1,Il),. MEAT1190

IF I 6T N2 MEAT 1200

THEN G3  =0,. MEAT1210

ELSE G3 =A(IP2,11)y. MEAT1220
ENDy o MEAT1230
u =SQRT(G1*G1l+G2*#G2+G3*G3)y. MEAT1240
IF U=0 MEAT1250
THEN 00y « MEAT1260
PHI =2,. MEAT1270
PSI!.'PSIZ=0.. MEAT1280
ENDye MEAT 1290
ELSE 00, MEAT1300
IF Gl LT O THEN U=-Uy. MEAT1310
T =G1l4Uy. : MEAT1320
PSI1 =G2/Ty. MEAT1330
PSI2 =G3/Ty. MEAT1340
PHI  =2/(1+PSIL*PSI1+PSI2*PSI12),y. MEAT1350
ENDy.o MEAT1360
IF I=Q THEN GO TO ROW,. MEAT1370
IF 1=P THEN A(I,ILl)=-A(I,I1),. MEAT1380
ELSE A(I+Il)=-Uy. MEAT 1390
ROW.. MEAT 1400
00 J=1 TO Ny. /% ROW OPERATION */MEAT 1410
T =PSIL*A(IP1sJd) . MEAT 1420
IF I LT N1 THEN T=TOP$IZ*AUPZ'J).. MEAT1430
ETA =PHI*(T+A(I,J))y. MEAT 1440
AlL+J)=A(1+4J)-ETA,. MEAT1450
AULIPLyJ)=A(IP1,J)=PSIL*ETAy. ‘ MEAT1460
IF T LT N1 THEN A(IP2,J)=AlIP2,J)-PSI2*ETA,. MEAT1470
ENDy. MEAT 1480
IF 1 LT N1 I% COLUMN OPERATION */MEAT 1490
THEN K =1P2y.¢ MEAT1500
ELSE K =Nyo MEAT1510
00 J=Q TO Ky, MEAT1520
T =PSIL*A(JyIPL)ye MEAT1530
IF I LT N1 THEN T=T+PSI2%A(J,1IP2),. MEAT1540
ETA =PHI*(T+A(JyI))y. MEAT1550
Al I)=ALJ,1)-ETA,. MEAT1560
AlJoIP1)=A(J,IP1)-ETA*PSI,y. MEAT1570
IF 1 LT N1 THEN A(J,IP2)=A(J,1P2)-ETA%PSI2,. MEAT1580
ENDy .o MEAT1590
IF I LT N2 MEAT1600
THEN DOy « MEAT1610
1P3  =IP2+1,. MEAT1620
ETA  =PHI*PSI2*A(IP3,IP2),. MEAT1630
AUIP341)==ETAy. MEAT1640
A(IP3,IP1)=—ETA®PSI1, MEAT1650.
ACIP3,1P2)=A(IP3, lPZ)-ETA‘PSIZn MEAT1660
ENDy. MEAT1670
ENDy . /% END QR TRANSFORMATION */MEAT 1680
ENDy « ,* END LOOP OF ITERATION */MEAT 1690
MP.oo MEAT1700
IF ABS(A(NsN1)}) GT ABS(A(NL,N2)) MEAT1710
THEN MEAT1720
TWO.. MEAT1730
DOy /% THWO EIGENVALUES HAVE BEEN */MEAT1740
ANAINL1)="*1'B,., /* FOUND */MEAT1750
ANA(N)=*0'By « MEAT1760
N =N2ye MEAT1770
ENDy . MEAT1780
ELSE MEAT1790
ONE.. MEAT 1800
0y o /%0ONE EIGENVALUE HAS BEEN FUUND*IHEA’I’IBIO
ANA(N)='17B, . T1820
RRIN) =A(N¢N)y. MEATIBSO
RI(N) =0s. MEAT1840
N =Nlye MEAT1850
ENDy . MEAT 1860
IF N GT O THEN GO TO BEGy. - MEAT1870
RETURNy o MEAT 1880
ENDy . /% END OF PROCEDURE MEAT */MEAT 1890
Purpose:
MEAT computes the eigenvalues of a real upper
almost triangular matrix (Hessenberg form --
see subroutines MATE and MATU) using the double
QR iteration.
Usage:

CALL MEAT (A, M, RR, RI, ANA);

AM, M) -

M -

RR(M) -

RI(M) -

ANA(M) -

Mathematics--Matrix Operations--Eigenvalues

BINARY FLOAT

Given almost triangular matrix.
BINARY FIXED

Given order of the matrix.

BINARY FLOAT

Resultant vector containing the real
parts of the eigenvalues. -

BINARY FLOAT

Resultant vector containing the imagi-
nary parts of the eigenvalues.

BIT(1)

Resultant vector containing information
for checking the results (see "Program-
ming Considerations’, below).
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. Remarks:

‘The original matrix is destroyed.
Method:

Double QR iteration of J. G. F. Francis

For reference see:

J.G.F. Francis, Computer Journal, October 1961,
4-3; January 1962, 4-4.

J. H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965.

Mathematical Background:
1. Definition of the QR iteration

Let A be a real or complex nonsingular matrix of
order n. Then a decomposition of A exists of the
form

A=QR

where Q is unitary and R is upper triangular. If
the diagonal elements of R are real and positive, Q
is unique. Consider now the sequence of matrices
AP defined recursively by

4O _p, A0 ) O 04D @)@ o

Note that APTD = Q(p)* AP Q(p) for p = 0; hence,
AP is similar to A for all p.

Furthermore, if A satisfies certain conditions,
it can be proved that AD) tends to an upper triangu-
lar matrix as p @ @ ; thus the eigenvalues of A are
the diagonal elements of this limit matrix.

2. Convergence

If the moduli of the eigenvalues are distinct, the
elements a 1p below the main diagonal of A(P) tend
to zero, as do l A | p/|>\j| P, the eigenvalues being
subscripted-so that |Xi|>|);+1]|

Thus, in general, the eigenvalues appear on the
main diagonal, starting from the last position, in
increasing order of moduli.

So, when the smallest eigenvalue )‘n has been
found, we can reduce the order of the matrix by
neglecting the last row and column and find A,,_q
by the same process, without any special deflation.

Note that the speed of convergence is consider-
ably improved when the origin of the eigenvalues is
shifted close to Ap. ‘
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Such a shift -- say, s® . can be introduced
before an iteration and the opposite one afterwards.
Then the iteration can be written as:

AP @) )

APt _ o) Q(p) + P

In general, Arsl,)?a , for p large enough, can pro-

vide an efficient value for s'P.
3. Use of the Hessenberg form

The Hessenberg form is preserved under the QR
iteration. Thus, a reduction of the initial matrix
to the Hessenberg form can give a significant
saving of computation in each iteration for the QR
decomposition, the lower part of the matrix con-
sisting only of the codiagonal terms.

Before each iteration, the codiagonal terms will
be inspected. If some of these are zero, the matrix
will be split according to this occurrence, and the
iteration will be applied to the lower main subma-

" trix only.

4. The double QR iteration

Let A be a diagonalizable real upper Hessenberg
matrix. Such a matrix must be expected to have
complex conjugate pairs of eigenvalues. If these
pairs are the only eigenvalues of equal modulus, it
can be shown that they will appear as the latent roots
of main submatrices of order 2. In this case, if a
shift is close to one of these roots, .it will be com-
plex, and we will have to deal with complex ma-
trices, although the initial one is real. The use of
the double QR iteration avoids.this inconvenience.

Taking s(P*1) = 5(P), consider the transforma-
tion giving AP*2) from AP);

AP _ oD (0% 0 o) (@+D)

It can be proved that the product Q(p)Q(p+ b de-
rives from the QR decomposition of the matrix M =
AP - s® 1 AP - 5P+ 1) which is real.

In fact, Francis (1961, 1962) showed that only
the first column m; of M is necessary for determin-

- ing the transformation which gives A P+2) from
: A(p), if they both have the Hessenberg form.

Practically, the first part of the double iteration
consists of the application of an initial transforma-
tion Ny A(P) Ny where Ny is unitary and such that
Nf my = || my || e1- This leads to a matrix that
no longer has the Hessenberg form.



Thus, the remaining part of the iteration will
involve the application of (n-1) successive trans-
formations, which have the same form as the initial
one whose matrices Nj are such that the resulting
matrix A has the Hessenberg form.

This process can fail when a subdiagonal term of
the given matrix is zero. In this case, the matrix
can be split, and the iteration is performed on the
lower main submatrix only.

In the subroutine, Ni are Householder's matrices.

Programming Considerations:

At each iteration, the latent roots X1 and xg of the
lower main submatrix of order 2 are computed.
Then the following situations can occur:

1. The term ap-1, p-2 can be taken as zero. Then
Xy and Xg are eigenvalues of the original matrix,
and the order of the matrix is reduced by 2. ANA(N)
and ANA(N-1) are set to 0 and 1 respectively.

2. The term ap p-1 can be taken as zero. In
this case, ap p is an eigenvalue of the original
matrix, and the order of the matrix is reduced by
1. ANA(N) is set to 1.

3. One of the last two subdiagonal terms is stable
through one iteration. Then the smaller one is con-
sidered as zero. The corresponding components of
ANA are set to 0 or 1, according to situation 1 or 2,

4. The maximum number of iterations is reached.
In this case the smaller of the last two subdiagonal
elements is taken as zero. The corresponding
components of ANA are set to 0 or 1, according to
situation 1 or 2.

The user can check the results by inspecting the
subdiagonal terms of the matrix on return from the
subroutine, according to the vector ANA, in the
following way: If, for each ANA(I) containing 1,

|A(1,1—1)|s10’7 (|RRM| + | RID]| ),
i=2, ..., M

then RR(I) and RI(I) were computed with a satisfac~
tory accuracy.

B(M) -

e Subroutine MEST

MEST MEST 10

7 /MEST 20

% ) ’ */MEST 30

1% EIGENVALUES OF A SYMMETRIC TRIDIAGONAL MATRIX */MEST 40

1% */MEST 50

r%% re /MEST 60

PROCEDURE (A4BMyDsNEIG) . MEST 70

DECLAKE HEST 80

(MIT MyNyNEIGINR,I,KoIT5JsIP) BINARY FIXED, MEST 90

(CLyC25CDIN) 1CDJ D1 *) yET/ELC»GyHy Py PDsSeSHsToUsALX) 4B(%)) MEST 100

BINARY, . MEST 110

E10 =1.CE=2Cs. ’% CONSTANTS */MEST 120

ET  =1.CE-Ty. MEST 130

=30, MEST 140

=0.5y. MEST 150

N =My, ’% INITIALIZATION */MEST 160

IF NEIG GE N MEST 170

THEN DO, .« MEST 180

NEIG =Ny. MEST 190

NR  =N-1,. MEST 200

ENDy. MEST 210

ELSE NR  =NEIGy. MEST 220

BI1)=0y. MEST 230

DO I=1 TO Ny. MEST 240

D(1)=AC1),. MEST 250

COUI)=BIII*B(I),. MEST 260

EMD, . MEST 270

DO K=1 TO Nk,. /* LOOP FOR NR EIGENVALUES  */MEST 280

Nl =N-1,. MEST 290

PD =Chye MEST 300

DO I1T=1 TO MIT,. /%  START LOOP FOR ITERATION #*/MEST 310

€l =ABS(D(N)),. . MEST 320

€2 =Cl¥Cl,. /% TEST CONVERGENCE */MEST 330

IF CO(N) LE E10%C2 THEN GO TO DEC,. MEST 340

S =ABSIDIN)=PD) 4. MEST 350

IF S LE E7*CLl THEN GO TO DEC,. MEST 360

1IF S GT H¥Cl % TEST FOR APPLYING A SHIFT #/MEST 370

THEN SH  =0,. HEST 380

ELSE SH  =D(N),. MEST 390

PO =DIN)y. MEST 400

DO J=N1 TO 2 BY —-1,./*TEST FOR SPLITTING THE MATRIX*/MEST 410

IF CD(J) LE E10%C2 THEN GO TO SITy. MEST 420

ENDy. MEST 430

J =1y, MEST 440

SIT.. MEST 450

SiU =Cy. /*INITIALIZE THE TRANSFORMATION#/MEST 460

€2 =1,. MEST 470

G =D(J)-SH,. MEST 480

P =G¥Gy. - MEST 490

CDJ  =CO(J)y. MEST 500

00 I=J TO Nl,. 7% QR TRANSFORMATION #/MEST 510

P =lI+l,. MEST 520

T =P+COUIP) . MEST 530

CDII)=5%T,. MEST 540

s =COLIP)/T,. MEST 550

Cl  =C2y. MEST 560

€2 =P/T,. MEST 57C

O(1P)=D(IP)=SH,. MEST 580

U =S*(G+D(IP)),. MEST 590

D(I) =G+U+SHy. MEST 600

6 =D(IP)~Uy. MEST 610

IF C2=0 MEST 620

THEN P =CD(IP)*Cl,. MEST 630

ELSE P =G¥G/C2y. MEST 640

END,. MEST 650

C0(J)=C0J;. MEST 66C

CD(N)=S*P,. MEST 670

DIN) =G+SH,. MEST 680

ENDy. /% END LOOP FOR ITERATION - %/MEST 690

DEC.. MEST 700

N =Ny, /% DEFLATE ORDER OF THE MATRIX */MEST 710

END, . MEST 720

IF NEIG LT M MEST T3¢

THEN DO, . MEST 740

J=M-NEIG, . i MEST 75¢

DO I=1 TO NEIG,. MEST 76C

J=d+l,. MEST T7¢C

DII)=D(J),. MEST 780

END,y . MEST 790

ENDy . MEST 800

RETURN, « MEST 810

END, . 7% END OF PROCEDURE MEST  */MEST 820
Purpose:

MEST computes the eigenvalues of a real symmetric
tridiagonal matrix (see subroutine MSTT).

Usage:
CALL MEST (A, B, M, D, NEIG);

BINARY FLOAT

Given vector containing the diagonal terms
of the matrix.

BINARY FLOAT

Given vector containing in positions 2,

3, ..., M, the codiagonal terms of the
matrix.

AM) -
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M - BINARY FIXED
Given order of the matrix.

D(M) -  BINARY FLOAT v
Resultant vector containing the eigenvalues.
NEIG - BINARY FIXED
Given number of eigenvalues required
(see '""Remarks").
Remarks:

When the eigenvalues are well separated, this pro-
cedure generally gives the NEIG eigenvalues of
smallest moduli in the first NEIG posﬁ:wns of
vector D.

Vectors A and B are preserved.

Method:

QR iteration modified by Kaiser and Ortega.

For reference see:

J.M. Ortega and H. F. Kaiser, "The LLT and QR
methods for symmetric tridiagonal matrices",
Computer Journal, Volume 6, 1963, pp. 99-101.

J.H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965.

Mathematical Background:

The general properties of the QR algorithm are
given in the description of subroutine MEAT
(""Mathematical Background', items 1 and 2). We
recall them briefly here.

For a given diagonalizable matrix A of order n,
the QR iteration is defined by:

A0 A, A =Q(p) R(p)’ AP _ g() o)

where Q(®) R(P) is a unitary-triangular factorization
of AP). A condition on R p) is assumed to ensure
the uniqueness of the factorization. If the eigen-
values have distinct moduli, for example, | ;| >
[A\j41] fori=1, ..., n-1, then we have the
following propertles

1. When p tends to infinity, AP tends to a tri-
angular matrix and the eigenvalues of A appear on
the main diagonal of AP starting from the last
position in increasing order of moduli.

2. The symmetry and the tridiagonal structure
of a matrix are preserved under the QR iteration.

3. If the origin of the eigenvalues is shifted close
to A before an iteration and shlfted back afterwards,
then the rate of convergence of a.n n to >\ -- that is,
the rate of convergence of agp) to zero for i=1,

., n-1, canbe cons1derab1y improved.
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From the second property we can see that a
preliminary reduction of a symmetric matrix to a
similar tridiagonal form will give a significant
saving of computation for each QR iteration.

From the first property we note that no special
deflation is needed when ), has been found to suf-
ficient accuracy; the last row and column of the
matrix are neglected and the iteration is apphed
to the reduced matrix to obtain A, _;

Let us consider a step of the iteration, denoted
by

A=QR, A =RQ

where A' is the iterate of A, the iteration super-
script being dropped for clarity of notation. A and
A' are symmetric tridiagonal matrices of order n.
A will be fully defined by its diagonal terms

aj, i=1, ..., nand its subdiagonal terms
bj,i=2, ... ,n The terms of A' will be denoted
by a;,i=1. ,nandb{,i=2,._..,n.

The reduction of A to R can be completed by pre-
multiplication by (n-1) orthogonal matrices (Plane
Rotations) Qi ,i=1, ., n-1 of the form

1

L a
c, and s, are the cosine and sine of an angle such
that

R= Qn—l . Q1 A
Then:
Q =Qi T Q:l—l
c; and si are gi‘ven by
Pj
c, =
! (p'i2 +bi2+ 1)1/2



bi+1
)1/2

i i+1

.,n-1 (1)

with
and

R will be defined by:

= + i= e . -
ri,icipi sibi+1’1 1, ,n-1
rn,n=pn
r _=cb_+s a (2)
1,2 12 12

= +
i1 % % Pier TSy %41
i=2,...,n-1

ri’ i+2=sibi+2’1=1""’n-2
r, ,.=0 for j>i+2
i,j

The post-multiplication of R by Q will provide A/ s
according to:

/
%7 %1% i T ST
i=2, ,n-1
a; " %1 rn,n @)
/
Pia1 ™% Tiat,ia1
i=1, ,n-1

Formulas (2) and (3) can be combined in order to
get A directly from A. This avoids the computa-
tion of the square roots appearing in the expres-
sions of ¢cj and s; .

Then the final algorithm can be expressed as
follows:

& % "%
2 2 2
P, =& /ci_1 when ci_laéo
2 2
C 9 bi when ¢ 1~ 0

fori>1 (4)

i=1,2,...,n
Programming Considerations:

The iteration is performed according to equations
(4). A shift of the originof the eigenvalues is intro-
duced in order to accelerate convergence. This
shift is based on the last diagonal term of the matrix;
it is applied only when convergence begins appearing.
When several eigenvalues are of same magnitude,
codiagonal terms are close to zero. Then the matrix
is split according to this occurrence and the itera-
tion is performed on the lower main submatrix only.
The iteration is stopped and the last diagonal term
is taken as an eigenvalue when one of the following
situations occurs:
1. The last subdiagonal term can be taken as
Zero.
2. The last subdiagonal term is stable through
one iteration. ‘
3. The maximum number of iterations is reached.
Then the order of the matrix is reduced by one and
the process is repeated on the resulting matrix.
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e Subroutine MEBS

MEBS MEBS 10
/ /MEBS 20
Vkd . . */MEBS 30
/% BOUNDS FOR THE EIGENVALUES OF A SYMMETRIC MATRIX */MEBS 40
Ad */MEBS 50
/ /MEBS 60
PROCEDURE (AsNyBLyB2)y. MEBS 70
DECLARE . MEBS 80
(I4J9KsLsN) BINARY FIXED, MEBS 90

(A(*),B1,B2,P,SQ) BINARY, MEBS 100
(S451552) BINARY(53),. MEBS 110

J =2y, MEBS 120
Si =A(1)y. MEBS 130
S2 =0y MEBS 140
S =S1%Sly. MEBS 150
1 =lye MEBS 160
DD K=2 TO N,. MEBS 170

1 =I4Ky o MEBS 180

S1  =S1+All),. /% SUM OF THE ROOTS */MEBS 190
S=S+MULTIPLY (A(I),A(I),53),. MEBS 200

00 L=J TO I-1,. MEBS 210
S52=S2+MULTIPLY{A(L),A(L),53),. MEBS 220

ENDy. MEBS 230

J =I+ly. MEBS 240
ENDy. MEBS 250

s2 =2%S52+Sy. /* SUM OF THE SQUARES OF ROOTS */MEBS 260

SQ  =SQRT((N-1)*ABS(N*S2-S1#S1)),./*% ITERATE FROM INFINITY */MEBS 270
P =(1-N)*S2+S1%*Sl,. MEBS 280
IF S1 LT 0 MEBS 290
THEN DOy MEBS 300
Bl =51-5Qy .« MEBS 310

B2  =P/Bl,. MEBS 320

81 =B1/Ny. MEBS 330
ENDy. MEBS 340

ELSE DOy MEBS 350
=51+45Qy . MEBS 360

Bl  =P/B2s. MEBS 370

B2 =B2/Ny. MEBS 380

ENDjy « MEBS 390
RETURN, MEBS 400
ENDy . /% END OF PROCEDURE MEBS */MEBS 410

Purpose:

MEBS computes a lower and an upper bound for the
eigenvalues of a real symmetric matrix.

Usage:
CALL MEBS (A, N, Bl, B2);

A (N*(N+1) /2) - BINARY FLOAT
~ Given real symmetric matrix in
o compressed storage mode,
N - ; BINARY FIXED
. Given order of the matrix.
Bl -

BINARY FLOAT

Resultant lower bound.
B2 - BINARY FLOAT

Resultant upper bound.
Method:

Laguerre's iteration is applied to the points at
infinity.

For reference see:
B. Parlett, "Laguerre's Method Applied to the

Matrix Eigenvalue Problem'', Mathematics of Com-
putation, 18, 1964.

Mathematical Background:

1. Laguerre's iteration.
Let P(x) be a polynomial of degree n. The

66  Mathematics--Matrix Operations--Eigénvalues

Laguerre iterate of a point x for the poly-
nomial P can be expressed by

LP(X) =X -

n P (x)

P’ (x) :l:\/(n-—l) [(-1) P (x)2 -nP (x) P"(x) ]

@
Letting
/ n
P& _ 1
Sl(x) T P(x) Z X-X,
i=1 1

p’ (%)% - P(x) P"(x)

8, =

P(x)z
1
D 5
i=1 (x-xi)

where Xps + - -5 Xy are the roots of P(x), formula
(1) can be written as

n .
L x=x-
P s, % 4/(n-1) (nS, —slz) @)

The sign of the square root is chosen so that the

magnitude of the denominator is maximum.
When P(x) has real roots, we have the following

properties:

a. Let us consider a partition of the real
line defined by the points at infinity and
the zeros of P’ (x). Starting from an
initial point in any interval of the parti-
tion, the successive Laguerre iterates
converge monotonically to the root there-
in. If the root is simple, convergence is
asymptotically cubic.

b.  Laguerre's iterations are invariant under
Mobius transformations.
2. Iterates of the points at infinity.

From the first property of monotonic con-
vergence, we can see that the iterates of the
points at infinity will provide bounds for the
roots. The second property gives the rela-
tion. '

1 .
Lp® = —3—
T L) @



where Q is the polynomial reciprocal of P,
the roots of which are

1
xi,i=1,...,n.
Thus
o) = @)
LP() L

Now, if we combine equations (2) and (4), we
can obtain the final formula

LP () =%-[01 +1/1n-1) (no 9~ of)] ®)

where o is the sum of the roots and o_ the
sum of t]he squares of the roots of polynomial
p.

Programming Considerations:

We can note that equation (5) does not require the co-
efficients of polynomial P but only the values of 0q
and g9. If we apply this formula to the character-
istic polynomial of a symmetric matrix (real roots),
o1 will be obtained by computing the trace of the
matrix and ) the sum of the squares of the terms

of the matrix. Then, equation (5) will give the
bounds of the eigenvalues.

e Subroutine MVST

MVST.. MVST 10

7 /MVSTY 20

1% ! */MVST 30

VA EIGENVECTORS OF A SYMMETRIC TRIDIAGONAL MATRIX */MVST 40

/* */MVST 50

/ /MVST 60

PROCEDURE (D¢CDsN,EIGyY)ye MVST 70

DECLARE MVST 80

(D(*) ,CD{*) yEIGoY(*) yET T EPS W, MVST 90

XUIN)gP(N)sQIN) yAUN)sRIN) 4U,VoS+CI,CIP) BINARY, MVST 100

(NsIoIPLoN1,IT,I1) BINARY FIXED, MVST 110

CH(N) BIT(1l),. MVST 120

N1=N-1ly. MVST 130

ET=1.0E-Ty. MVST 140

T=ABS(D(1)),. % NORM OF THE MATRIX */MVST 150

DO I=2 TO Ny. . MVST 160

W=MAX(ABS(D(I)),ABS(CD(I)})),. MVST 170

IF W GT T THEN T=HW,. MVST 180

ENDy., MVST 190

EPS=T*ET7,. MVST 200

U=D(1)=EIGye MVST 210

IF ABS(CD(2)) LT EPS MVST 220

THEN V4CIP=EPSy. MVST 230

ELSE V,CIP=CD(2),. MVST 240

00 I=1 TO Nl,. /% START FACTORIZATION *#/MVST 250

IP1=1I+1,. MVST 260

CI=CIPy. MVST 270

IF 1 = N1 MVST 280

THEN CIP=0,. MVST 290

ELSE IF ABS(CD(IP1+1)) LT EPS MVST 300

THEN CIP=EPS,. MVST 310

ELSE CIP=CD(IP1+1l),. MVST 320

IF ABS{(CI) GE ABS(U} A PIVOTING */MVST 330

THEN DO, . /% INTERCHANGE */MVST 340

IF U NE O MVST 350

THEN A(IP1)=U/CI,. MVST 360

ELSE IF CI=EPS MVST 370

THEN AtIPl)=1,. MVST 380

ELSE A(IP1)=0y. MVST 390

PLI1)=CI MVST 400

Qlll=D(IPl) EIGy. MVST 410

R(I)=CIP,. MVST 420

U=V=-AL{IPL)*Q(I),. MVST 430

V= —ALIPLI*RII),. MVST 440

CH(IPL)="1'8B,. MVST 450

ENDy . MVST 460

ELSE DOy« /% NO INTERCHANGE */MVST 470

A(IPL)=CI/U,y. MVST 480

P(I)=U,. MVST 490

Q(I)=V,. MVST 500

R(II=0y. MVST 510

U=D(IPL)-EIG~V*A(IPLl),. MVST 520

V=CIP,y. MVST 530

CH(lPl) 10'By. MVST 540

ENI MVST 550

IF ABS(P”)) LT EPS THEN P(I)=EPS, MVST 560

X(ll 1y /% lNlTlAL GUESS OF EIGENVECTOR*/MVST 570

MVST 580

IF ABS(U) LT EPS THEN U=EPSy. MVST 590

PIN)=U,. /* END FACTORIZATION ®/MVST 600

X{N)=1,y. MVST 610

00 IT=1,2,. % START LOOP FOR ITERATION #/MVST 620

IF IT 6T 1 MVST 630

THEN DOy« 1% SOLVE WITH LOWER FACTOR */MVST 640

V=ABSIX(1)),. MVST 650

DO I=2 TO Ny« /% NORMAL IZATION */MVST 660

U=ABSIX(I))y. MVST 670

IF U GT V THEN V=U,. MVST 680

END,y o MVST 690

X{1)=X(1)/Vye MVST 700

0 I=2 TO Ny. MVST T10

X(I)=X(I)/Vye MVST 720

IF CH(I) MVST 730

THEN DO,. MVST 740

I1=I-1y. MVST 750

U=X(I1l)y. MVST 760

X(I1)=X{1)ye MVST 770

X(I)=U-A(T1)*X{I1},. MVST 780

ENDy o MVST 790

ELSE X{I)=X{I}=A{I)*X(I~-1)},. MVST 800

END, . MVST 810

ENDy. MVST 820

X{N)=X(N)/P(N) yo 1% SOLVE WITH UPPER FACTOR */MVST 830

X{NL)=(X(NL)— Q(NU‘X(NI)/P(NU.- MVST 840

DO I=N-2 TO 1 BY -1 MVST 850

X(Iy=0X(1)- 0([)‘)((1‘1) RODEX(I+2))1/P(1),. MVST 860

ENDyo MVST 870

ENDy . 7% END LOOP OF ITERATION */MVST 880

S=0y MVST 890

DO I=1 TO Ny. 1% NORMALIZE SOLUTION */MVST 900

S=SHX{I)*X(I)ye MVST 910

ENDy o MVST 920

S5=SQRT(S)s. MVST 930

DO I=1 TO Njy. MVST 940

Y(I)=X(I)/Sse MVST 950

ENDy. MVST 960

RETURNy« . B MVST 970

ENDy « 1% END OF PROCEDURE MVST */MVST 980
Purpose:

For a given symmetric tridiagonal matrix, MVST
provides the eigenvector corresponding to a given

eigenvalue,

Usage:

CALL MVST (D, CD, N, EIG, Y);
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BINARY FLOAT

Given vector containing the diagonal terms
of the matrix,

CD(N) - BINARY FLOAT

Given vector containing in positions 2, 3,
.oe, N the codiagonal terms of the matrix,

D(N) -

N - BINARY FIXED
Given order of the matrix.
EIG - BINARY FLOAT
Given eigenvalue.
Y(N) - BINARY FLOAT
Resultant vector containing the eigenvector.
"Remarks:

Vectors D and CD remain unaltered.
Method:

Wielandt's inverse iteration is applied to the matrix,
using the given eigenvalue as a shift.

For reference see:

J. H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965, '

J. H. Wilkinson, ""Calculation of the eigenvectors of
the symmetric tridiagonal matrix by inverse itera-
tion", Numerische Mathematik, 4 (1962), pp. 368-376.

Mathematical Background:

Let us suppose that we know an approximation A of an
eigenvalue of a symmetric tridiagonal matrix A, A
corresponding eigenvector V can be obtained by using
Wielandt's inverse iteration (see the description of
procedure MVAT), defined by the iterative process:

where V(O) is an arbitrary vector, not deficient in the
eigenvector V.
Considering a triangular factorization of A-AI,

A-AI = LR,
(p+1) . . . .
A% will be provided by solving successively the
following equations:
Lw = v® )
rvP*) - (2)
When A is close to an eigenvalue of A, V(p) tends very

rapidly to V. Most of the time, two iterations are
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quite sufficient to provide an accurate approximation
of V.

Programming Congiderations:

A technique of partial pivoting by row interchange is
used for the triangular factorization. This factoriza-
tion is performed before starting the iterative process.
The two iterations are then carried out according
to formulas (1) and (2).
The initial vector V") is chosen so that
VO =16, with eT = (1, 1, ..., 1). Then the first
iteration will consist of solving equation (2) only:

RV(l) = e



e Subroutine MSDU

BINARY FLOAT,.
/% BINARY FLOAT (53),.

ERROR='0", .«
IF N LE 1
THEN DO, .
ERROR="17,,
GO TO FINy.
ENDy .
FN =Ny o
IF Mv= 0
THEN DOy«
DO I =1 TO Ny
DO J =1 TO Ny
RU1,4)=0y.
ENDy.
RiI,1)=1,.

ANORM=0, «
DO I =1 TO N-1,.
D0 J = I+1 TO

ENDy .

ENDy
IF ANGRM LE C.C
THEN GO TO SGRT,.
ANORM=1,414*SQRT(ANORM) 4 .
ANRMX=ANORM*1.0E-6/FN,.

IND =C,.
THR  =ANORM, .

THR  =THR/FN,.
=1y,
=L+lye

40..
IF ABS(A(L,M))» GE THR
THEN DOy .
IND =1,.
u =0.5%(A(LsLI-AlMsM)),y.

IF U LT 0.0
THEN Y

SINX2=SINX*SINXy.
COSX =SQRT(1.0-SINX2),.
COSX2=COSX*COSXy .
SINCS=SINX*COSXy .«
00 I =1 TO Ny.
IF I LT L
THEN DOy
IF T LT M
THEN DOy.
u

END
ELSE IF I GT L
THEN DOy«

THEN DO,.
u

ENDy .
ELSE IF I GT M
THEN DO,.

u

END, .
IF 1 NE M
THEN AlL,1)=U,.
ENDs.
IF Mv= 0
THEN DO,.
u

RUI4LI=Uy.
ENDy.
END,y .«
u =2.C*ALL M) *SINCSy o

IF M

THEN
M =M+lye
GO TO S40,.
ENDy .

IF L NE N-1
THEN DOy .
L =Lel,,

(A(%,%) yR(%,%) y ANORM, ANRMX y THR U, Y » SINXy SINX2, COS Xy CDSKZ.S!NCS.HSDU 13c
) MSDU

/% COMPUTE INITIAL AND FINAL NORM

MSDU. . ¥SDU 10
/ *Ek /MSDU 20
/* */MSDU 30
/% TO COMPUTE EIGENVALUES AND EIGENVECTORS OF A REAL SYMMETRIC */MSDU 40
Al MATRIX */MSDU  5C
VAl */MSDU 60
7/ /MSOU  7C-
PROCEDURE (AR INsMV),y. MSOU  8cC
DECLARE MSDU 90
(I4INDsJslyMyMV4N) MSOU 100

FIXED BINARY, MSDU 110

ERROR EXTERNAL CHARACTERIL), MSDY L20

/*SINGLE PRECISION VERSION /#S*/MSDU 150
/*DOUBLE PRECISION VERSION /*D%/MSOU 16C

/% THE ORDER DF MATRIX A IS */MSOU 190
/% LESS THAN OR EQUAL TO ONE. */MSDU 200

/% GENERATE IDENTITY MATRIX */MSDU 270

Nyo
ANORM=ANORM+A(I,J) *¥AlT14d),. MSDU 400

A INITIALIZE INDICATOR AND COMPUTE THRESHOLD, THR */MSDU 480

/% COMPUTE SIN AND COS */M5DU 59C

Y ==AlL,M)/SQRT(ALL M) *ALL,MI+U*U) 4. MSCU 630

=Y.
SINX =Y/SQRT{2,0%(1.C+(SQRT(1.0-Y*Y)))),. MSDU 660

/* ROTATE L AND M COLUMNS */MSDU T1C

=A(T,L)*COSX-ALI,M)*SINX,y. MSOU 760
(I4L)*STNX+A(I,M)*COSXy . MSDU 770

=A(Ly 1) *COSX-AL{IM)*SINXy . MSDU 850
AL M)=A{Ly T)*SINX+AL{TI,M)#COSXy o MSDU 860

=A(Ly1)*COSX-A(My) I)*SINX, . MSDU 9C0

A(MyI)=ALL, T)XSINX+A{Ms [)*COSXy o MSDU 910

=R(L,L)*COSX—=& (I ,M)*SINX,y .« MSDU 980
RUTyMI=RUI4L)*SINX+R{1,M)*COSXy. MSDU 990

MSDU1C00
MSDU1010
MSDU1020
MSDU103C

Y SAIL L) *COSX2+AIMy M) *SINX2-Uy MSDU1040
=A(LyL)%SINX2+AlMs M) ¥COSX2+Uy « MSDU1050
A(L,L)-A(MyM) ) *SINCS+A(L M) *(COSX2-SINX2),. MSDU1060

MSDU1070

MSDU1080

MSDU1090

/% TEST FOR M = LAST COLUMN */MSDU1100
MSDU1110

MSDU1120

MSDU1130

MSDU1140

*/MSDU1150

/% TEST FOR L = SECOND FROM LAST COLUMN */MSDU1160

*/MSDU1170
MSDU1180
MSDU1190
MSDU1200

GO TO S30y. MsSDU1210

ENDy. MSDU1220

IF IND= 1 MSDU1230
THEN DN, . - MSDU1240
IND =0y, MSDU1250

GO TO S20y. MSDU1260

END, .« MSDU1270

/x #/MSDU1280
/* COMPARE THRESHOLD WITH FINAL NORM */MSDU1290
/* */MSDU1300
IF THR GT ANFMX MSDU1310
THEN GO TO S10,. MSDU1320

/% */MSDU1330
1% SORT EIGENVALUES AND EIGENVECTORS */MSDUL340
lad */MSDU1350
SORT.. MSDU1360
00 I =1 TO Ny, MSDU1370

00 J = T TO Nyo MSDU1380

IF A(I,1) LT AGJyd) MSOU1390

THEN DN, . MSDU1400

u =A(I41)y. MSDU1410

ACT41)1=A0J4d) 4. MSDU1420

AlJ4d)=Uy . MSOU1430

IF MV= 0 MSDU1440

THEN 00,. MSDU1450

DO L =1 TO Ny. MSDUl460C

u (LeI)ye MSDU14T70

RILsI)=R(LsJ)y. . MSDU1480

RILsJI=Uy. MSDU1490

END,. MSDU1500

ENDy o MSDU1510

END,. MSDU1520

ENDy .« MSDU1530

END, . MSDU1540

FIN.. MSDU1550
RETURN, « . MSDU1560
ENDy « /*END OF PROCEDURE MSDU */MSDU1570

Purpose:

MSDU computes eigenvalues and eigenvectors of a
real symmetric matrix,

Usage:
CALL MSDU (A, R, N, MV);

A(N,N) - BINARY FLOAT [(53)]
Given matrix (symmetric), destroyed in
computation.
Resultant eigenvalues are developed in the
diagonal of matrix A in descending order.
R(N,N) - BINARY FLOAT [(53)]
Resultant matrix of eigenvectors (stored
columnwise, in the same sequence as

eigenvalues).
N - BINARY FIXED

Given order of matrix A and R.
MV - BINARY FIXED

Given code containing the following:
0--compute eigenvalues and eigen-
vectors.
1--compute eigenvalues only.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR=1 - The order of the matrix is one or less.

Note: If the initial norm is equal to zero, the matrix
is diagonal.
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.Method:

Diagonalization method originated by Jacobi and
adapted by Von Neumann for larger computers as
found in Mathematical Methods for Digital Computers,
edited by A. Ralston and H. S, Wilf, John Wiley and
Sons, New York, 1962, Chapter 7.

Mathematical Background:

This subroutine computes the eigenvalues and eigen-
vectors of a real symmetric matrix,

Given a symmetric matrix A of order N, eigen-
values are to be developed in the diagonal elements
of the matrix. A matrix of eigenvectors R is also
to be generated.

An identity matrix is used as a first approxima-
tion of R.

The initial off-diagonal norm is computed:

2 /2 ‘ .
v =42 24 o (1)
i<k
v = initial norm
A = input matrix (symmetric)

This norm is divided by N at each stage to produce

the threshold.
The final horm is computed:

VI X 10_6
vp ST | @

This final norm is set sufficiently small that the
requirement for any off-diagonal element Ay to
be smaller than yy in absolute magnitude defines
the convergence of the process.

An indicator is initialized, This indicator is
later used to determine whether any off-diagonal
elements have been found that are greater than the
present threshold, .

Each off-diagonal element is selected in turn and
a transformation is performed to annihilate the off-
diagonal (pivotal) element, as shown by the following:
equations: ' : ,

A

Al | @
V2 (A -A ) )

=
o
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R, S

AZ +”2

w = sign (W) (5)

w

(6)
Va@ + V1- wz) ‘ »
cos B= \Il - sin2 6 M

sin § =

B = Ail cos 6 —Aim sin 6 (8)
C = Ail sin 6 + Aim cos 6 9)
B =R_cosf-R,_ sinb (10)
il im
R, =R, sin@+R, cos 6 (11)
im il im
R, = B (12)
A_ = A, cos2 6+ A sin26
il il Tmm
(13)
- 2Alm sin 6 cos 0
.2 2
Amm = A11 sin” 6+ Amm cos 6
' (14)
+ 2A] sin 6 cos 6
Alm = (A11 - Amm) sin 6 cos 6
(15)

+ Alm (cos2 0 - sinzl 0)

The above calculations are repeated until all of the
pivotal elements are less than the threshold.

Programming Considerations:

Matrix A cannot be in the same location as matrix

R. If the eigenvectors are not calculated, the

matrix R does not need to be dimensioned in the
declare statement, but R must appear in the argument
list of the procedure,



e Subroutine MGDU

MGDU.. MGDU 10

/ /MGDU 20

/% */MGDU 30

% TO COMPUTE EIGENVALUES AND EIGENVECTORS OF A REAL NONSYMM- */MGDU 40

/% ETRIC MATRIX OF THE FORM B INVERSE TIMES A. */MGDU 50

1% */MGOU 60

/MGDU  TO

PROCEDURE (MyAsByXLyX) e MGDU 80

DECLARE MGDU 90

(I4JyMsMV,4K) MGDU 100

FIXED BINARY, MGDU 110

ERROR EXTERNAL CHARACTER(1), MGDU 120

(A% %) 4B %y %) g X(¥y%) $XL(*) 4 SUMV) MGOU 130

BINARY FLOAT,. /*SINGLE PRECISION VERSION /#*S*/MGDU 140

/% BINARY FLOAT(53),. /*DOUBLE PRECISION VERSION /*D*/MGDU 150

% */MGDU 160

,* COMPUTE EIGENVALUES AND EIGENVECTORS OF B */MGDU 170

% */MGDU 180

% THE MATRIX B IS A REAL SYMMETRIC MATRIX. */MGDU 190

1* */MGOU 200

MV =0ye MGDU 210

CALL MSDU (ByXsMsMV),y. MGDU 220

IF ERROR NE ‘'0* MGDU 230

THEN GO TO FIN,. MGDU 240

Al */MGDU 250

/* FORM RECIPROCALS OF SQUARE ROOT OF EIGENVALUES. THE RESULTS */MGDU 260

1% ARE PREMULTIPLIED BY THE ASSOCIATED EIGENVECTORS. */MGDU 270

1% : */MGDU 280

001 =1T0 MGDU 290

xl.(l) 1. OISQRTIABS(B(I,I)H.. ‘ MGDU 300

TQ M, MGDU 310

B(Jyl) X(J.l)'XL(l)'. MGDU 320

ENDy . MGDU 330

ENDy o MGDU 340

/* . */MGDU 350

/* FORM (B**(—1/2))PRIME * A * (B*%(-1/2)) */MGDU 360

/* */MGDU 370

CO I =1 TO My MGDU 380

DO J =1 10 Mye MGDU 390

X(14J)=0.0y. MGDU 400

DOK=1TaoM MGDU 410

X(I,J)= Xll,JHBlK.Il*A(K,Jh MGDU 420

ENDye MGDU 430

ENDy .« MGDU 440

END,y MGDU 450

DD I =1 TO My. MGDU 460

DO J =1 TO Mye MGDU 470

A(I4J)=0.0y. MGDU 480

0 K =1TOoM MGDU 490

A{I,d)= A(l'J)#X(l.K)*B(K.J), MGDU 500

ENDyo MGDU 510

ENDy . MGDU 520

ENDy .o MGDU 530

/* */MGDU 540

/* COMPUTE EIGENVALUES AND EIGENVECTORS OF A */MGDU 550

1% */MGDU 560

CALL MSDU (AsX3MyMV)ye MGDU 570

DO I =1 TO Mye MGDU 580

XLUI)=A(I,I)y. MGDU 590

/% */MGDU 600

/% CCOMPUTE THE NCRMALIZED EIGENVECTORS */MGDU 610

lAd */MGDU 620

DO J =1 TO My MGDU 630

AlI+J)=0.0y. MGOU 640

DO K =1 MGDU 650

AlT4d)= All,J)+B(1.K)tX(K'J).. MGDU 660

ENDy.o MGDU 670

END.. MGDU 680

END MGDU 690

oo J =1 TO My MGDU 700

SUMV no.o,. MGDU 710

0 K =1 MGDU 720

SUMV -SUHVOA(K.J)*A(K'J)u MGDU 730

END MGDU 740

SuMV —SQRT(SUHV)'. MGDU 750

DO K =1 TO M, MGDU 760

X(K.J)-A(Kle/SUHV,. MGDU 770

ENDy .o MGDU 780

ENDy . MGDU 790

.o MGDU 800

RETURNy « MGDU 810

ENDy. /*END OF PROCEDURE MGDU */MGDU 820
Purpose:

MGDU computes eigenvalues and eigenvectors of a
real matrix of the form B-inverse times A, where
A is symmetric and B is positive definite,

Usage:

CALL MGDU (M, A, B, XL, X);

M - BINARY FIXED
Given order of square matrices A, B,
and X,
A(M,M) - BINARY FLOAT [(53)]
v Given symmetric matrix,
B(M,M) - BINARY FLOAT [(53)]
Given positive definite matrix,

XL(M) - BINARY FLOAT [(53)]
Resultant vector containing eigenvalues
of B-inverse times A.
X(M,M) - BINARY FLOAT [(53)]
: Resultant matrix containing eigenvectors
columnwise.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero by the

called subroutine MSDU. The following constitutes
the possible error condition that may be detected:

ERROR=1 MSDU has been called and an error
has occurred (see MSDU).

Subroutines and function subroutines required:
MSDU

Both matrices A and B are destroyed,

Method:

Refer to W, W. Cooley and P. R. Lohnes,

Multivariate Procedures for the Behavioral
Sciences, John Wiley and Sons, 1962, Chapter 3.

Mathematical Background:

This subroutine calculates the eigenvalues and the
matrix of eigenvectors of the matrix B~1A,

First the subroutine MSDU is used to calculate
the eigenvalues and eigenvectors of the matrix B.
The eigenvalues b;; are stored in the main diagonal
of the original matrix B and the eigenvectors are
stored columnwise in the matrix X. Next the square
roots of the reciprocals of the eigenvalues b;; are
formed and stored in XL

XL, = 1/ W

Then each eigenvector stored in X is multiplied by
the corresponding value XL;. The matrix of
results is again stored in B. Next the matrix
BTAB is generated and stored in A. Then the sub-
routine MSDU is used to calculate the eigenvalues
and eigenvectors of BTAB. The eigenvalues are
stored in XL and the eigenvectors are stored in X,
Next the matrix product BX is formed and stored in
A. The eigenvectors are then normalized to the

form aij/ \/ SUMjaijZ to form the desired output

matrix of eigenvectors,
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© Subroutine MVAT

MVAT.. MVAT 10
/ JMVAT 20
/% */MVAT 30
I* EIGENVECTORS OF A COMPLEX HESSENBERG MATRIX */MVAT 40
’* ) */MVAT 50
/ /MVAT 60
PROCEDURE (AINIEIGy V) s MVAT 70
DECLARE MVAT 80
PIN) MVAT 90
BIT(L), MVAT 100
(ET4Uy T, EPS) MVAT 110
BINARY, MVAT 120
(ACK, %) 4 EIG, €,V (%)), MVAT 130
COMPLEX BINARY, MVAT 140
s MVAT 150
COMPLEX BINARY(53), MVAT 160
(NsISIN) o1 9119JsNLoKsK14KPLoIT) : MVAT 170
BlNARV FIXED, o MVAT 180
ET=1.0E- MVAT 190
A11.1)=A(1.1) EIGy. /%  MODIFY DIAGONAL ELEMENTS #/MVAT 200
IS(L)=1y. MVAT 210
U=ABSIA(1,1))y. /+COMPUTE A NORM OF THE MATRIX */MVAT 220
D0 I=2 TO Ny. MVAT 230
I1=I-1,. MVAT 240
IS(I)=I1, MVAT 250
ACL D) =AUT, 11-EIG, . MVAT 260
T=ABS(A(L, 1)), MVAT 270
IF T GT U THEN U=T,. MVAT 280
00 J=I1 TO Ny. MVAT 290
T=ABS(A(I4d))y. MYAT 300
IF T GT U THEN UsT,. MVAT 310
ENDy . MVAT 320
END,y .« MVAT 330
EPS=UXET,. MVAT 340
N1=N-1,. 1% START FACTORIZATION */MVAT 350
P(1)=10"By. MVAT 360
IF ABS(A[2,1)) GT ABS(A(l,1)) % INITIALIZATION */MVAT 370
THEN DO, . MVAT 380
P(1)='1'8,. MVAT 390
DO I=1 TO Ny. MVAT 400
C=Ally1)y. MVAT 410
A(L,1)=A(241)y. MVAT 420
AL2,1)=Cy. MVAT 430
ENDy. MVAT 440
ENDy . MVAT 450
IF ABS(A(Ly1)) LT EPS THEN A(1l,1)=EPS,. MVAT 460
A(2,1)=A12,1) /A1y 1)y MVAT 470
00 K=2 TO Nl,. MVAT 480
KP1=K+l,. MVAT 490
Kl=K-1y. MVAT 500
S=AlKsK) 10 /%  COMPUTE THE LOWER FACTOR */MVAT 510
00 I=IS(K) TO K1, MVAT 520
S=S—MULTIPLY(ALKs 1), ACT,K),57) 5. MVAT 530
END:- MVAT 540
AlKsKI=S MVAT 550
IF Aas(Alx,Kn LT Aasu(xn.xn MVAT 560
THEN D PIVOTING */MVAT 570
P(Kl='1'8v- MVAT 580
00 I=K TO N,. MVAT 590
C=A(KyI),y MVAT 600
ACKy T1=ATKPLy 1)y 0 MVAT 610
CALKPL,I1)=Cy. MVAT 620
ENDs . MVAT 630
00 I=IS{K) TO Kly. MVAT 640
ACKPLyI)=A(KyI)y0 MVAT 650
ENDy o MVAT- 660
I=IS(K) s MVAT 670
IS(K)I=IS{KP1)y. MVAT 680
IS(KPL) =14, MVAT 690
END,y . MVAT 700
ELSE DO, . MVAT 710
P(KI='0"8,. MVAT 720
D0 J=KPL TO Ny. /%  COMPUTE THE UPPER FACTOR */MVAT 730
S=AlKsd)ye MVAT 740
D0 I=IS(K) TO Kly. MVAT 750
S=S-MULTIPLY(A(I4J)sA(KsT)953),. MVAT 760
ENDy . MVAT 770
AlKyJ)=Sy. MVAT 780
ENDy .« MVAT 790
ENDy. MVAT 800
/% NORMALIZE THE LOWER FACTOR */MVAT 810
IF ABSUA(KsK)) LT EPS THEN A(K.K)=EPS,. MVAT 820
A(KPLyK)=ALKPL,K) /ALK K) 5o MVAT 830
ENDy . MVAT 840
S=AINsN) s MVAT 850
DO I=IS(N) TO Nl,. MVAT 860
S=S=MULTIPLY (AINyI),ACT4N) 453}y, MVAT 870
END; . MVAT 880
A(NyNI=Sy o ’% END FACTORIZATION */MVAT 890
“IF ABS(A(NyN)) L'I‘ EPS THEN A(NsN)=EPS,. MVAT 900
0 I=1 TO Ny. % INVERSE ITERATION */MVAT 910
ViIl=ly. % STARTING VALUE */MVAT 920
ENDy .« MVAT 930
00 IT=1,2,. MVAT 940
=Ny o MVAT 950
IF IT GT 1 MVAT 960
THEN 00, . MVAT 970
: DO I=1 TO Nl,. " INTERCHANGES */MVAT 980

IF P(I) MVAT 9
THEN DO, . MVAT1000
I1=1+1y. MVAT1010
C=VII),y. MVAT1020
VII)=V(IL),. MVAT1030
VIIL=C,. MVAT1040
ENDy o MVAT1050
END,y .« MVAT 1060
DO I=2 TO Ny. /%  SOLVE WITH LOWER FACTOR  %/MVAT1070
S=VII)y. : MVAT1080
DO J=IS(I) TO I-1 MVAT 1090
S=S-MULTIPLY (ACT»0) V(41453054 MVAT 1100
ENDy o MVAT1110
VII)=S,. MVAT1120
END,. MVAT1130
ENDy . MVAT1140
VINI=VINI/A(NyN)y . /% SOLVE WITH UPPER FACTOR  */MVAT1150
© U=ABSIVINI )y ' MVAT 1160
DO I=Nl1 TO 1 BY —1,. MVAT1170
S=VI(I)y. . MVAT1180
DO J=I+1 TO N MVAT1190
$=S-MULTIPLY (A(L,4),V(J),53) 5. MVAT1200
ENDy .« MVAT1210
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VII)=S/A(Is1),. MVAT1220
T=ABSI(VII))y. MVAT1230
IF T GT U MVAT1240
THEN DO, . MVAT1250
K=Iye MVAT1260
Us=Ty. MVAT1270
ENDy . MVAT1280
ENDy. MVAT1290
c =V(K) s MVAT1300] -
DO I=1 TO Ny« /* NORMALIZE RESULTING VECTOR */MVAT1310
VII) =V(I)}/Cye MVAT1320
ENDy. MVAT1330
ENDy . /* END OF LOOP FOR ITERATION */MVAT1340
RETURN, « MVAT1350
ENDy o 1% END OF PROCEDURE MVAT */MVAT 1360
Purpose:

For a given almost triangular complex matrix
(Hessenberg), this procedure provides the eigen-
vector corresponding to a given eigenvalue.

Usage: '
CALL MVAT (A, N, EIG, V);

A(N,N) - COMPLEX BINARY FLOAT
Given almost triangular matrix.

N - BINARY FIXED
Given order of the matrix.

EIG - COMPLEX BINARY FLOAT
Given eigenvalue,

V(N) - COMPLEX BINARY FLOAT
Resultant vector containing the eigen-
vector corresponding to EIG.

Remarks:

‘The original matrix is destroyed.

Method:

Wielandt's inverse iteration is applied to the matrix,
using the given eigenvalue as a shift.

For reference see:

J. H. Wilkinson, The Algebraic Eigenvalue

Problem, Clarendon Press, Oxford, 1965,

Mathematical Background:

For a given nonsingular matrix A, the inverse
iteration is defined by the following process:

yOH) _ 41 @)
where V(O) is an arbitrary starting vector. We
know that when P - =, under certain conditions
V{P) tends to an eigenvector V associated with the
smallest eigenvalue A g of the matrix A.

When converging to V, the speed of convergence
can be substantially improved by shifting the origin



of the eigenvalues close to Age Then the iteration
can be written as

v o a_ap ty® (@)

where A is the value of the shift.

When we know an approximation A of Ag» the
above properties of the inverse iteration can be
used for finding the corresponding eigenvector V
by means of equation (1).

The closer A is to ), the faster v(p) converges
to V. If A\ has been obtained with good accuracy,

V can be obtained using only a few steps of inverse
iteration.

Each step of iteration is equivalent to finding the
solution of the equation

@a-an v - y@ | (2)

Congidering a triangular factorization of A - X I,
A - AI = LR, the solution of equation (2) will be
provided by solving successively

Lw = v® ‘ @

rvP - w “)

where L and R are lower and upper triangular
matrices, The triangular decomposition has to be
performed only once before starting the iterative
process, and the iteration is carried out by solving
equations (3) and (4).

Programming Considerations:

A technique of partial pivoting by row interchange
is included in the process of triangular factoriza-
tion. This pivoting is obviously convenient in two
ways; it is economical and does not modify the
special structure of the matrix, Thus, it will be
possible to take advantage of this structure in the
factorization of the matrix, as well as in the
solution of equation (3).

Since the starting vector is arbitrary, we choose
it so that

V(O) = Le, W = e,
where:

T

e = (1, 1,...,1)

Then the first iteration will consist of solving
equation (4) only:

RV(l) = e

Only two iterations are performed. Most of the
time they are quite sufficient to provide an accurate
approximation of the eigenvector V.
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@ Subroutine MVSU

¥ /MVSU 20

Al BACK TRANSFORMATION OF THE EIGENVECTORS
led SYMMETRIC CASE

/

PROCEDURE (AyNyCDsV)ye MVSU 80
DECLARE . MVSU 90
(A(*),CD(*),V(*),T,C) BINARY, . MVSU 100
(MyNsICDyK¢KPLyKP2,JyIyL) BINARY FIXED, MVSU 110
(S40P) BINARY(53)s.
ICD=(N*{N+L))/2-1,y. MVSU 130
DO K=N-1 TO 2 BY ~1y.
KPl=K+1y . MVSU 150

ICD=1CD-KP1y .
C=A(ICD)-CD(K)y.
IF C NE O
THEN DOy .
$=0y

/% ORTHOGONAL TRANSFORMATION */MVSU 190
MVSU 200
MVSU 210
MVSU 220
MVSU 230
MVSU 240

J=1C0-K+1y .
DO I=K TO Nso
J=J+I-1ys.
S=S+MULTIPLY(A(J)yVI(I)453)s.

MVSU 260
MVSU 270
MVSU 280
MVSU 290
MVSU 300
1e MVSU 310
VII)=VII)4T*A(J) e .MVSU 320

ENDy o - MVSU 330

ENDy. MVSU 340

ENDy « MVSU 350
=0y, lAd NORMALIZE */MVSU 360
DO I=1 TO N,. MVSU 370
OP=V(I},. MVSU 380
S=S+DP*DP,. MVSU 390

ENDyo MVSU 400

© $=SQRT(S)ye MVSU 410
DO I=1 TO Ny MVSU 420
VII)=VII)/Sse MVSU 430
ENDy. MVSU 440
MVSU 450
*/MVSU 460

§=S/CD(K)y .
T=(S~V(K))/Cs.
VIK)=Sy.
J=1CDy e
00 I=KP1 TO Ny.
J=J+I-1

RETURNy «

ENDy o /% END OF PROCEDURE MVSU

ENDy . MVSU 250

Purpose:

For a given symmetric matrix M that has been
reduced to a similar tridiagonal symmetric matrix
H by procedure MSTU, MVSU gives the eigenvector
of M corresponding to a given eigenvector of H.

Usage:
CALL MVSU (4, N, CD, V);
A(N*(N+1)/2) - BINARY FLOAT

Given vector whose elements are
set up by procedure MSTU.

N - BINARY FIXED
Given order of the original matrix
v M.
CD(N) - BINARY FLOAT

Given vector containing in positions
2, 3, ..., N the codiagonal terms
of the tridiagonal matrix.

V(N) - BINARY FLOAT
Given eigenvector of the tridiagonal
matrix, Resultant eigenvector of
the original matrix.

Remarks:

See procedure MSTU,
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Method:

The eigenvector of the almost triangular matrix
H is transformed according to the unitary similar-
ities applied to matrix M in procedure MSTU.

For reference see:

J. H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965.

Mathematical background:

- For a symmetric matrix M of order n that has been

reduced to the tridiagonal matrix H by similarities,
we have a relation of the form

H=p'Mp

and an eigenvector of M, X(M) corresponding to an
eigenvector of H, X(H) according to

HM) = P * X(H) (&)

In procedure MSTU, P consists of the product of
(n-2) Householder's matrices:

P = Pl ° Pz XXXyl Pn_2 . (2)
_ 1 T
Pi =1 + 5 (vi+1 ~H) (v - bei +1) (v - bei +1)

where the vector v and the scalar b have been defined
in the transformation of the i-th column of the
given matrix in procedure MSTU.

P will thus be applied to X(H) by means of (n-2)
successive transformations, Pyos; Pn-l’ cees Pp,
according to equations (1) and (2).

The elements v and b defining each P; are trans-
mitted to MVSU through the parameters A and B.



o Subroutine MVUB

MVUB.. MVUB 10

7 wxx¥xxx/MVUB 20

/* */MVUB 30

/% BACK TRANSFORMATION OF THE EIGENVECTORS .®/MVUB 40

/% HOUSEHOLDER'S TRANSFORMATIONS #/MVUB 50

/% */MVUB 60

/MVUB  TO

PROCEDURE (AsNyByV)ye MVUB 80

DECLARE MVUB 90

(Al*,%),B(*),T,U) BINARY, MVUB 100

{I1,KyK1,KP1,N) BINARY FIXED, MVUB 110

(V(*),X) COMPLEX BINARY, MVUB 120

S COMPLEX BINARY(S53),. MVUB 130

DO K=N-1 TO 2 BY -l,. MVUB 140

IF B(K) NE O MYUB 150

THEN DOy« /* ORTHOGONAL TRANSFORMATION */MVUB 160

KPLl=K+1,. MVUB 170

Kl=K=14.« MVUB 180

S=MULTIPLY(BI(K)yVIK)53),. MVUB 190

DO I=KPL TO N,. MVUB 200

S=S+MULTIPLY(ACI,K1)yVII)y53),. MVUB 210

END, . MVUB 220

S=S/AIK K1)y e MVUB 230

X=(S=VIK))/{BIK)=A(K,KL) ) ye MVUB 240

VIK)=Sy. MVUB 250

DO I=KPLl TO Ny. MVUB 260

VD) =VOD) #X*¥A(T K1) e MVUB 270

END, . MvuB 280

ENDy o MVUB 290

ENDy . MVUB 300

K=lye MVUB 310

T=ABSIV(1)),y. /% NORMALIZE */MVUB 320

DO I=2 TO Ny. MVUB 330

U=ABS(V(I) ). MVUB 340

IFUGT T MVUB 350

THEN DO, MVUB 360

T=Uye MVUB 370

K=[ya MVUB 380

ENDy. MVUB 390

ENDy. MVUB 400

X =V(K) o . MVUB 410

DO I=1 TO Ny. MVUB 420

VL) =V(I)/Xye - MVUB 430:

ENDy. MVUB 440

RETURNy o MVUB 450

ENDy .« Al END OF PROCEDURE MVUB */MVUB 460
Purpose:

For a given matrix M that has been reduced to a
similar almost triangular matrix H by procedure
MATU, MVUB gives the eigenvector of M cor-
responding to a given eigenvector of H.

Usage:
CALL MVUB (A, N, B, V);

A(N, N) - BINARY FLOAT
Given two-dimensional array whose
elements are set up by procedure MATU.
N - BINARY FIXED
' Given order of the matrix.
BINARY FLOAT
Given vector whose components are
provided by procedure MATU,
COMPLEX BINARY FLOAT
Given eigenvector of the almosttriangular
matrix, '
Resultant eigenvector of the original
matrix,

B(N) - -

V() -

Remarks:

See procedure MATU,

Method:

The eigenvector of the tridiagonal matrix H is
transformed according to the unitary similarities
applied to the matrix M in procedure MATU.

For reference see:

J. H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965.

Mathematical background:

For a matrix M of order n that has been reduced to
the almost triangular matrix H by similarities, we
have a relation of the form

H=plmp

and an eigenvector of M, X(M) corresponding to an
eigenvector of H, X(H) according to

X(M) = P X(H) . : 1

In procedure MATU, P consists of a product of (n-2)
Householder's matrices:

P=P . P P @)

1 t
Pp=1+ V(7,,; b) (v - be; 1) (v - beyy)
where the vector v and the scalar b have been defined
in the transformation of the i-th column of the given
matrix in procedure MATU. ] ’

P will thus be applied to X(H) by means of (n-2)
successive transformations, Phogs Pp1s eees Py,
according to equations (1) and (2).

The elements v and b defining each P; are trans-
mitted to MSTU through the parameters A and B.
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® Subroutine MVEB

MVEB. MVEB 10

/ /MVEB 20

TAd */MVEB 30

A BACK TRANSFORMATION OF THE EIGENVECTORS */MVEB 40

/% ELIMINATION TECHNIQUES */MVEB 50

TAd */MVEB 60

/ /MVEB 70

PROCEDURE (A¢NyIPyV)ye MVEB 80

DECLARE MVEB 90

(A(*,%),T,U) BINARY, MVEB 100

(V(#*),C) COMPLEX BINARY, MVEB 110

(IP(*),1,KyK14N) BINARY FIXED, MVEB 120

S CCOMPLEX BINARY(53),. MVEB 130

DO K=2 TO N-1,. - MVEB 140

K1=K#1ly.e MVEB 150

IF A(KLl4K) NE O MVEB 160

THEN DOy . /% ELEMENTARY TRANSFORMATION */MVEB 170

S=V(K)go MVEB 180

DO I=1 TO K=l,y. MVEB 190

SaS—MULTIPLY(A(K1»1)4VI(I)e53) e MVEB. 200

ENDy o MVEB 210

VIKI=S, MVEB 220

ENDye MVEB 230

ENDy. MVEB 240

DO K=2 TO N-lyse MVEB 250

IF IP(K) NE K /% INTERCHANGES */MVEB 260

THEN DOyo MVEB 270

I=IP{K) e MVEB 280

C=V(Kly.o MVEB 290

VIKI=VII)ye MVEB 300

VII)=Cy. MVEB 310

ENDyeo MVEB 320

ENDy. MVEB 330

K=1ly¢. MVEB 340

T=ABS(V(1))y. * NORMALIZE */MVEB 350

00 I=2 TO Ny. MVEB 360

U=ABS{VII))y. MVEB 370

IFUGT T MVEB 380

THEN DOye. MVEB 390

T=Uyg. MVEB 400

K=Iye MVEB 410

ENDy. MVEB 420

ENDy. MVEB 430

c =VIK) yo MVEB 440

DO [=1 TO Ns. MVEB 450

VII) =V(I)/Cye MVEB 460

ENDyeo MVEB 470

RETURNy o MVEB 480

ENDy . /% END OF PROCEDURE MVEB */MVEB 490
Purpose:

For a given matrix M that has been transformed to
a similar almost triangular matrix H by procedure
MATE, MVEB gives the eigenvector of M cor-
responding to a given eigenvector of H,

Usage:
CALL MVEB (A, N, IP, V);
A(N,N) - BINARY FLOAT

Given two-dimerisional array whose
elements are set up by procedure MATE,

N - BINARY FIXED
Given order of the almost triangular
matrix.,

IP(N) - BINARY FIXED

Given vector whose components are
provided by procedure MATE,

V(N) - COMPLEX BINARY FLOAT
Given eigenvector of the almosttriangular
matrix,
Resultant eigenvector of the original
matrix.

Remarks:

See procedures MATE and MVAT,
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Method:

The eigenvector of the almost triangular matrix is
transformed according to the similarities applied to
the matrix M in procedure MATE.

For reference see:

J. H. ‘Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965,

Mathematical background:

We know that a given matrix M of order n can be
reduced by similarity to an almost triangular matrix
H., This can be written as

H = sMS

Then, for a given eigenvalue of both M and H, the
corresponding eigenvectors V of M and W of H are
related by the equation

v = slw

The transformation S is defined here as the product
of a triangular matrix T with unit diagonal by a
permutation matrix P which was operating on the
rows of M according to the pivoting used in procedure
MATE.

The elements of the matrix T are transmitted to
the procedure through the array A. The permuta-
tion matrix P is defined by the information contained
in vector IP.

Then V is provided by

V = PX
where the vector X is the solution of the equation

™X = W



Polynomial Operations Remarks:

e Subroutine POV Operation is bypassed if N is not positive. Any input
value of OPT other than 'T', 'L', or 'H' is treated
Pavs Jpov 10 ag if it were 'P'. The values of the shifted poly-
2: CALCULATE VALUES OF FIRST N ORTHOGONAL POLYNDMIALS :5'533 ] nomials of Chebyshev or Legendre for argument
* */POV 50 o . .
7 /POV 60 X are obtained as values of non-shifted polynomials
PROCEDURE(XsNyOPT oY) ye POV 70
DECLM:EX.N.HC.HI'HZJNI BINARY FLOAT(53), :g¥ gg for the argIlment (2 °X- 1)'
(Yi*)eX) POV 100
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*x/POV 110
VAd BIN%?YB:;%:(?;;ED /*DOUBLE PRECISION VERSION I'D*/l;gz }gg M ‘th d
(N, , :
OPT CHARACTER(1),. POV  14C ethod:
LX =Xy, ) POV 150
‘:’:E’N‘ gg 1 /*BYPASS OPERATION IF N LE O */:gz {gg
1F OPT=1T" /SCHEBYSHEV POLYNDMIALS T(X)  %/POV 180 Evaluation is based on the three-term recurrence
TH§'E¢ I’)'g =LXy. /*INIT. STARTING VALUE */:g¥ ;gg 1 t. f rth al 1 'al
& FN'. =lye /*INIT. INTEGER FACTOR TERM */POV 210 re a2 lon or o ogon po ynoml S.
HO =0y /*INIT. STARTING VALUE *#/POV 220 .
Yt 5’1‘3;.’ /*STORE AND SAVE FIRST RESULT *I:gz gzg
B0 1= 2 T0 Ny POV 250 For reference see:
H2 =LX*Hly. /*PERFORM COMMON CALCULATION */POV 260
’l‘F OP:Hﬁ;H?{’: /*CHEBYSHEV POLYNOMIALS T(X) *I:gz g;g
THEN 00, JeHERMITE POLYNORIALS Wixy  +pel) 230 Jahnke-Emde-Loesch, Tables of Higher Functions,
THEN 327" ehzernmmc, Pov 310l B, G, Teubner, Stuttgart, 1960, pp. 96-114,
ENp,. T NT2re  /MSTEP INTEGER FACTOR S M. Abramowitz and I. A, Stegun, Handbook of
ve PO . . s > 0alldpPooxr OL
ELSE ?E;I’;‘Ph W' JeLAGUERRE POLYNOHIALS LIX)  7bOV 360 Mathematical Functions, Applied Mathematics
DOy« POV 37C . .
e’ " sra-tsnn s Pov 380 Series 55, National Bureau of Standards, 1964,
ELSE Sgo"suz /*LEGENDRE POLYNOMIALS P(X) *I;g\vl :gg pp. 771-803.
=H/FNy. POV 420
an =FN+1ly. /%*STEP INTEGER OENOMINATOR 'I:g¥ Z‘B'g .
END,. " /*CONTINUE COMMON CALCULATION */POV 450 Ma’thema'tlcal Ba’CkgTound°
HO =H1,y. /*SAVE PRECEDING RESULT VALUE */P0V 460
HLyY{T)=H¢H2,. /*STORE AND SAVE I-TH RESULT */POV 470
e, : sov 40l  The orthogonal polynomials are defined by the fol-
ENDy .o /*END OF PROCEDURE POV */POV 500 . . .
— lowing iteration scheme:
Purpose: Chebyshev polynomials Tk(x)
POV computes the values of the first n orthogonal
polynomials. The user has the choice of TO(X) =1
Chebyshev polynomials (Tg, Ti, eso, Tn_l) with Tl(X) =x
OPT = 'T
Legendre polynomials (Pg, Pi, ..., Pp_1) with
OPT = 'P' Tk+1(X) =2x Tk(x) - Tk—l(x) , fork=1,2, ...
Laguerre polynomials (L, L, ««., Ly ;) With
= I, ) P
OPT = 'L ) ) Laguerre polynomials P (x)
Hermite polynomials (Hy, Hy, o.o, Hn—l) with
OPT = 'H' ' P 1
X =
o)
Usage:
P x)=x
1)

CALL POV (X, N, OPT, Y);

X -  BINARY FLOAT [(53)] (+1)Py ,; (x) = (2k+1)xP, () - kP, (x),
Given argument of the orthogonal polynomials fork=1. 2 ‘

N-  BINARY FIXED e
Given number of orthogonal polynomials to be

calculated, Laguerre polynomials L (x)
OPT - CHARACTER (1) - k

Given parameter of choice (see "Purpose').

Y(N) - BINARY FLOAT [(53)] Ly&) =1
Resultant vector containing the values of the
first N orthogonal polynomials. » Ll(x) =1-x
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(k+1)L (2k+l - x) L) - KL, @) ,

e @) =

fork=1,2, ..,

Hermite polynomials

H (%)
Ho(x) =1
Hl(x) =2x

P11{+1(x) = 2ka(x) - 2ka_1(x) ,fork=1, 2, ...

Programming Considerations:

For reasons of programming efficiency and for
diminishing roundoff errors, the recurrence rela-
tions are modified to the following forms:

Chebyshev polynomials

=1 xT, - T +xT

T =% Tp=1 Ty =xT - Ty +xTy

-1
fork=0,1,2, ... , n-2

Legendre polynomials

fork=0,1,2,...,n-2

Laguerre polynomials

L =0, L =1,

0

R CR R SN A )
fork=0,1,2,...,n-2

Hermite polynomials

H =0, H =1,

Heyg = - H 5 - @-DHE_, +xH

fork=0,1,2, «o., D-2
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e Subroutine POSV

POSVee POSV 10

/ *x%/POSY 20

1% */POSY 30

I* EVALUATE N-TERM SERIES EXPANSION IN ORTHOGONAL POLYNOMIALS #/POSY &0

/* */POSV 50

/POSY 60

PROCEDURE ( XyCyNyOPToSUM) 90 POSY TC

DECLARE PNSV 80

(LXyHyHOyH1,H2,FN) BINARY FLOAT(53), POSV 90

(XyCL*)4SUM) POSY 100

BINARY FLOAT, /*SINGLE PRECISION VERSION /%*S*/POSV 110

lad BINARY FLOAT(53), /%DOUBLE PRECISION VERSION /*D*/POSV 120

{Ny1) BINARY FIXED, POSY 130

OPT CHARACTERI(1) 4. POSV 140

1 =Ny o POSV 150

IF I GE 1 /*BYPASS OPERATION IF N LE O */POSV 160

THEN 00y« . POSV 170

LX =Xye POSV 18C

IF 0PT="L" /*LAGUERRE POLYNOMIALS L(X) */POSV 190

THEN LX =1=LXyo POSV 200

H29H1=0y4 /*ZERD U(N+#1)y U(N+2) OR VIN#2)%*/POSV 210

FN =lye POSV 220

ITER.. /%L00P OVER I = N TO 1 BY -1 */POSY 230

IF OPT=1T? /*CHEBYSHEV POLYNOMIALS T(X) */POSV 240

THEN DOy« POSV 250

HO =LX*H1ly. POSV 260

H =HO~-H24HO . /*H = 2%X*ULI+1)-U(I+2) */POSY 270

ENDy . POSV 280

ELSE DOye POSV 290

IF OPY='H! /*HERMITE POLYNOMIALS H(X) */POSV 300

THEN DOy« POSV 310

H =LX*HL~FN*H2,, POSV 320

H =H+Hy o /*H = 2% (X*U(T+1)-I*U(I+2)) */POSV 330

ENDyeo POSV 340

ELSE DOy. /*LAGUERRE OR LEGENDRE POLYNDM.*/POSV 350

HO =Hly . /*SAVE U(I+1) */POSY 360

H =H1/FNyeo POSV 370

HL aH1=Hy, /*COMPUTE V(I+1) */POSV 380

IF OPT='L? /*LAGUERRE POLYNOMIALS L(X) */POSV 390

THEN H sH1+LX*H#Hly./%H = 2%V(I+1)+(1-X)*U(I+1) */POSV 400

ELSE H =LX*(H1+HC)y./*LEGENDRE POLYNOMIALS L(X) */POSV 410

H =H=H2y s /%H = X&(V(I+1)+U(I+1)) */POSV 420

ENDye /%*FOR BOTH H = H=V(I+2) */POSV 430

FN =FN-1y. /*DECREASE INTEGER FACTOR */POSY 440

ENDy « POSV 450

H2 =Hly .« /*SAVE U(I+1) RESP. V(I+1) */POSV 460

H1 =HeC(I )y /7%*COMP. ULI) = H+C(I) */POSV 470

1 =[~=ly. : /*DECREASE COUNTER 1 */POSV 480

IF 1 GT 0 POSV 490

THEN GO TO ITERy. /*END OF LOOP OVER I */POSV 500

IF OPT=1'T? N POSV 510

THEN H1 =H1=HO0y o /*MODIFY U(1) IN CHEBYSHEV CASE*/POSV 520

SUM  =Hl, /*RETURN VALUE OF SERIES */POSV 530

ENDy o POSV 540

ENDy o /*END OF PROCEDURE POSV */POSV 550
Purpose :

POSV computes the value of the sum

N

Z ckfk_l(x) for a given vector C = (cl, Cose o ,cN),

k=1

and a specified set of orthogonal polynomials (fk).

The user has the choice of

Chebyshev polynomials (Tg> Tys - e Ty-1)
with OPT ="T"'

Legendre polynomials (PO,Pl,\ N PN—l)
with OPT ="'P!

Laguerre polynomials (LO’Ll’ ey LN—l)
with OPT ='L!

Hermite polynomials (Ho, Hl,’ . ooy HN_i}
with OPT ="H'




Usage:
CALL POSV (X, C, N, OPT, SUM) ;

X- BINARY FLOAT [(53)]
Given argument of orthogonal polynomials.

C(N) - BINARY FLOAT [ (53) ]
Given coefficient vector of series expansion.
N - BINARY FIXED
Given dimension of coefficient vector.
OPT - CHARACTER (1)
Given parameter of choice (see ' Purpose'),
SUM - BINARY FLOAT [(53)]
Resultant value of series expansion for
argument X,
Remarks:

Operation is bypassed if N ig not positive. Any in-
put value of OPT other than 'T', 'L, or 'H' is
treated as if it were 'P'.

The sum of an expansion in shifted Chebyshev or
Legendre polynomials for argument x is obtained
as the value of the expansion in non-ghifted poly-
nomials for argument (2 *« x - 1).

Method:

Evaluation is based on the three-term recurrence
relation for orthogonal polynomials, using a back-
ward iteration scheme,

For reference see:

M, Abramowitz and I, A, Stegun, Handbook of

Mathematical Functions, Applied Mathematics
Series 55, National Bureau of Standards, 1964,
pp. 771-803.

Mathematical Background:

Evaluation is based on the following iteration
schemes:

Chebyshev expansion

SetU_,,=TU =0 and use the recurrence
n+l

n+2

relations:

=2xT_ U =c

B T D T

k k+l k+2

successively fork =n, n-1, ..., 2.

n n
z_:l ;T = El T ¥ V™o ™ Unez " o1
n-1
= 1§1 c T._1 +(c_+ 2XUn+1 Un+2) Tn—l
n+l "n-2
n-1
= Z ciTi—l * UnTn—l - n+l Tn—2
i=1
= + T - = + -
clT0 U2 1 U3'1‘0 c1 xU2 U3
Legendre expansion
Set Un 1 =Un +9 =0 and use the recurrence relations
kP =x@k-1) P, - k-1P,_,
- = + — -
kDU =c, +x@k-1)T_ - kU,
successively for k =n, n-1,. .., 2. Then:
n n
P = . - .
? oPig = 2P+ - nP 00 - Py
i=1 i=1
n-1
= lz_:_l ciPi— 1t (cn+x(21.3-1)U1r1 +1 -nUp40) Py

- Un+ 1 (n-1) Pn-— 5

n-1 :
= % eP 4t Un(n—l)Pn_. L~@-1)

= + R - = -
clP0 U2 P1 U3P0 cl+xU2 U3

Laguerre expansion

Set U =U =0 and use the recurrence
n+ n

1 +2
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relations kLk = (2k—1—x)Lk_1 —(k—l)Lk_2

(k—l)Uk =c, + (2k—1—x)Uk 41 kUk 9
sucessively fork =n, n-1, ..., 2. Then:

n n

12—:1 Ol = 1Z=1 R

n-1
= Z_jl oLy ; + (e, + (@n-1-x)U,

U o) Ly g~ @ DY e
n-1
) El ciLi"l U (n_l)Ln—l
-@1)U_ L

n+1 "n-2

=c L0+U2L -U, L

1 1 370

=c; + Uy(l-x) - U,

1

Hermite. Expansion

Set U =U = 0 and use the recurrence re-
n+ n+2

1

lations Hk = 2xI-Ik_1 - 2(k—1)I-I.k__2

Uk = ck + 2XUk+1 - 2kUk+2

successively for k =n, n-1, ..., 2. Then:

n n
,E ¢ g = Z ¢l g ¥ Upgy By 200 " oy
i=1 i=1
n-1
= El ciHi—l +(Cn * 2XUn+1 - 2nUn+2)H

-2@-1U_, * H

n-2
n-1
=2 oH  tU H
i=1
-2(n-1)U_, . H

n+l n-2

80 Mathematics--Polynomial Operations

n-1

= clHO + U2 . Hl - 2U3H0

= 4 -
c, 2XU2 2U3

Programming Considerations:
For reasons of programming efficiency the follow-
ing modifications of the backward iteration scheme

are used for evaluations:

Chebyshev expansion

Set:

n+l = Un+2 =0

U1=in+1— i+2+XU 1+c,for1=n, » 1
Then:

n

2 oT, () =U -xU,

i=1 ‘
Legendre expansion
Set:

Un+1 = Vn+2 =0

Vier = Vi1~ Yieasi 2

El °;Pi1® =0;

Laguerre expansion

Set:
Virr V1~ Y ?
U=V P OB U+ Vi ~ Vi v Y S

fori=n, ... , 1



Then:
i
cL. (%)=
o iTi-1

Hermite expansion

Set:
Un+1 - Un+2 =0
Up = &U, 1 Uy o) + &0~ 10, 0)

Then:

e Subroutine PEC/PTC

PEC.. PEC 10
/ /PEC 20
1% */PEC 30
/% POLYNOMTAL ECONOMIZATION OVER THE RANGE (0,A) IF QPT ='S?* */PEC 40
1% AND OVER THE RANGE (-A,A) IF OPT =0 */PEC 50
r* */PEC 60
/ & /PEC 70
PROCEDURE(CyNyMy TOL4EPSyAsOPT) . PEC 80
DECLARE PEC 90
(CL%)9A4FVFX FMoUy Vo W) PEC 100
BINARY FLOAT, /*SINGLE PRECISION VERSION /#Sx/PEC 110
G BINARY FLOAT(53), /%*DOUBLE PRECISION VERSION /*D*/PEC 120
(TOL,EPS)BINARY FLDAT, PEC 130
(NyMyNHyNToJE 414 ICyNODy JSTo 15T, J) PEC 140
BINARY FIXED, PEC 150
LN BINARY FIXED(31) PEC 16C
(OPTySHWyERROR EXTEﬂNAL) CHARACTER(1), PEC 170
SW ='E'y. /*MARK ENTRV ECDNUHIZATION */PEC 180
EPSsM = Oy, PEC 190
GO TO COM,y. PEC 200
PTC.. PEC 210
7 /PEC 220
/% */PEC 230
/% TRANSFORMATION OF POLYNOMIAL TO AN EXPANSION IN TERMS OF */PEC 240
/% CHEBYSHEV POLYNOMIALS OVER THE RANGE (-AyA) IF OPT='Q*' AND */PEC 250
/% SHIFTED CHEBYSHEV POLYNOMIALS OVER THE RANGE (0sA) IF OPT='S*#/PEC 260
/1% */PEC 270
* /PEC 280
ENTRY(CoNsA4OPT) o, PEC 290
S =T, - /*MARK ENTRY TRANSFORMATION */PEC  3C0
COM.. PEC 310
LN =Ny PEC 320
IF LN LE © PEC 330
THEN GO TO EXITy. /*GIVEN N IS NOT POSITIVE */PEC 340
IF OPT NE 'S? PEC 350
THEN DO'. PEC 360
=1l,. PEC 370
NH =LN/1CB,y. PEC 380
JST =2, PEC 390
NOD  =LN-NH-NH,. PEC 400
ENDy . PEC 410
ELSE D0y« PEC 420
FV  =0.5y. PEC 430
NH =LN-1,. PEC 440
JSTyNOD=1,. PEC 450
END,y . PEC 460
FMyFX=FV*ABS(A),y. PEC 470
IF FX=0 PEC 480
.THEN GO TO EXIT,. /*GIVEN A EQUALS ZERD,ERROR='P'*/PEC 490
FV =0.5%FXy. PEC 500
NT =NH*NH, , /*%DIMENSION OF ARRAY T */PEC 510
BEGINy . PEC 520
DECLARE PEC 530
TINT) PEC 54C
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/PEC 550
r* BINARY FLOAT(53),. /*DOUBLE PRECISION VERSION /*D*/PEC 560
ERRDR-'O' ve PEC ST0
=04y, /*INIT. CALCULATION OF T—-ARRAY */PEC 580
H =29 PEC 590
DO I =1 TO NT BY NHy. PEC 6C0O
Us Vo T(I)=14. /*INSERT ONE IN DIAGONAL */PEC 610
1 =Ise PEC 620
JE =JE+NHy o PEC 630
1 =I+1ly. PEC 64C
DO J =1 TO JE,. /*INSERT REMAINING ELEMENTS OF */PEC 650
IF I 6T 2 /*SUBROW AND SUBCOLUMN */PEC 660
THEN W =TUIC=1),. PEC 67C
VeT{J)=VNH,y . PEC 680
IC =IC+NHy . PEC 690
Uy T(IC)=U+V,y. PEC 700
ENDy. PEC 710
END,y » PEC 720
00 1 =2 TO LN'. /*SUBSTITUTION OF VARIABLE */PEC 730
CLI) =CUI)*FXy. PEC 740
FX =FX*FVy o PEC 750
END, . PEC 760
IC =NTy. /*INIT. FIRST TELESCOPING STEP */PEC 770
TELE.. PEC 780
!ST =1y PEC 790
=IC,y PEC 800
lF NOO NE 1 PEC 81C
THEN IST =NH,. PEC 820
J =LNy o PEC 830
IF J = PEC 840
THEN GO TO ENDy. PEC 850
u =C(LN}yo PEC 860
IF SW='E"* PEC 870
THEN DOy . PEC 880
W =EPS+ABS(U)y. PEC 890
IF W GT ABS(TOL) PEC 90C
THEN D0,y PEC 910
. M =LNy. /*DIMENSION ECONGMIZED POLYNOM. */PEC 920
D0 I =2 TO LN, 93C
ctn =C(I)/FH'./*BACKSUBSTITUTIDN OF VARIABLE */PEC 940
FM =FVXFM,. PEC 950
ENDy . PEC 960
GO TO ENDy. PEC 97C
ENDy. PEC 98C
EPS =Wy, PEC 990
END,y o PEC 1000
SUBT.. © /%*SUBTRACT MULTIPLE OF CHEBY- */PEC 1010
1 =I-1STy. /*SHEV POLYNOMIAL */PEC 1020
J =J=JSTs. PEC 1030
IF J GT 1 PEC 1040
THEN DO, PEC 1050
Cl.ﬂ -C(J)*U‘l’(ll'. PEC 1060
==Uyo /*ALTERNATE SIGNS IN T */PEC 1070,
GD 10 SUBT,. PEC 1080
ENDy » PEC 1090
IFJ=1 PEC 1100
THEN C(1) =C(1)+U,. /%ADJUST CONSTANT TERM */PEC 1110
IF OPT NE 'S? PEC 1120
THEN NOD =1-NOD,. /*INIT. NEXT TELESCOPING STEP */PEC 113C
IF NOD=1 PEC 1140
THEN IC =IC-NH=1y.« PEC 1150
LN =LN-1,. PEC 1160
GO TO TELE,. PEC 1170
© END». PEC 1180
EXITes PEC 1190
ERROR=1P',, PEC 12c0
END.. PEC 1210
ENDy . /*END OF PROCEDURE PEC */PEC 1220
. . .
Mathematics-~-Polynomial Operations 81




Purpose:

PEC approximates a given polynomial by a poly-

nomial of lower degree, using a telescoping tech-

hique, so that the error does not exceed a user-

specified tolerance TOL. Range of approximation
. is (-a,a) if OPT='0' and (0, a) if OPT='S'.

Usage:
CALL PEC (C,N, M, TOL, EPS, A, OPT);

C(N) - BINARY FLOAT [(53)]
Given coefficient vector of the polynomial
P(x) =cp+CoX + ceae +cnxn"1
Resultant coefficient vector of the econo-
mized polynomial Py, ;1 (X) =cj + cox
+ese +Cp -1 :

N - BINARY FIXED
Given dimension of given coefficient vector.

M-  BINARY FIXED
Resultant dimension of economized coef-
ficient vector.

TOL - BINARY FLOAT
Given tolerance specified by the user.

EPS - BINARY FLOAT
Resultant bound for the absolute difference
between the given and economized poly-
nomial over the specified range.

A -  BINARY FLOAT [(53)]
Given value defining the range of approxima-
tion,

OPT - CHARACTER(1)
Given option for selection of operation

Purpose:

PTC transforms a given polynomial into an expansion
of Chebyshev polynomials if OPT = '0' and of shifted
Chebyshev polynomials if OPT ="'S'.

Usage:

CALL PTC (C, N, A, OPT);

- C(N) - BINARY FLOAT [(53)]

Given coefficient vector of the polynomial

P(x) =cy+CoX+ o0 * cnxn‘l
Resultant coefficient vector of Chebyshev

expansion

P(x) =cq+c t () +.eo +c t .

witht =x/A 2 * nn-1
Tk (t) if OPT=0'

N - BINARY FIXED
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Given dimension of the coefficient vector,
A - BINARY FLOAT [(53)]

Given value defining the range of expansion.
OPT - CHARACTER (1)

Given option for selection of operation.

Remarks:
If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions
that may be detected:

ERROR ='P' means invalid parameters:
either N<0Q0Qor A=0

A value of OPT different from 'S' is interpreted as
if it were '0'.

On return from PEC the locations Cm+p2°°*2Cn
contain the coefficients of the Chebyshev expansion
of the difference between the given polynomial P(x)
and the economized polynomial Pm__l(x):

P(x) = Pm-l (x) + c. +1tm(t) +..0 cntn_l(t)

Therefore, using PEC with a very large tolerance
TOL (say, 1075)has the same effect as the applica-
tion of PTC.

Method:

In the first telescoping step a multiple of the
Chebyshev polynomial

tn_l(x/a) = T, _,(/a) if OPT ="0'

T*_;(x/a) if OPT ='§'

is subtracted from given P(x), so that the difference
is a polynomial of degree n-2.,
Set:
Pn— 1(x) = P(x)
then:

P (=P _(x)-bt . (x/a) (1)

Telescoping P -Z(X) again results in a polynomial
Pn__3(x) of degree n-3, and by iteration

P(x) =1<:.1 + bztl(x/ a) +b3t2 x/a)+ ... +bntn_ 1

(x/2) | (2)



This means that calculated b's form the coefficient
vector of the expansion in terms of Chebyshev
polynomials. If telescoping steps are performed
only as long as

|bn| +|bn—1| Foae + lbm+1|s|T0L

then P, _1(x) is the economized polynomial, For the
Chebyshev polynomials

tk(X/a)‘ < 1 for l xl <a

and for all values of k; therefore,

P(x) - P__(x) l = l bt &/at...
+ bntn_l(x/ a) l
S_l bm+1| * | bm+2|

+...+|b |5|TOLi
n

3)
» Mathematical Background
Calculation of the coefficients of Ty(t)
Set C, (z) = 2T, (2/2) or T, (8 =—;-,Ck(2t), with t=§—.
(4)
Then Ck (z) = Sk(z) - Sk_z(z) 5)

with Sk(z) =<l;) zk —(k:_ll)zk_l +-oo0e E <12> . (6)

The binomial coefficients(k;v> are eagily generated
using Pascal's triangle. :

An analogous calculation scheme exists for the
coefficients of Cy (z):

_k/k\ kK k (k1) keg
Ck(z)"k<o>z k—l( 1 >Z
k (k-2 k-4
+E(2 >Z P (7)

The coefficients of successive Ci (z) are easily found
by the calculation scheme

2 ' C,2)=2
1 C,(z)=z
21 Cz(z)=zz—2

' 2
31 C3(z)=z -3z
24 1 C 4(z)=z4—4z2+2

5 (5) 1

2(9) 6 1 Cylz)=z-6z"+9z-2

T4 71 . .

216 20 8 1

c (@) =7°-575457

(®)

The above calculation scheme means that the first
column is all two's and the diagonal elements are all
ones. The remaining elements are obtained by ad-
ding the two elements above in the same column and
in the adjacent left-hand column., For example,
circled element 14 is obtained by adding the two
circled elements 9 and 5.

The shifted Chebyshev polynomials are reduced to
ordinary ones using the identity

2T (w/4) = 2T, (Vw/2)=C, (Vu) ()

or
1
% = e— i =
Tk () 5Cox @Vt witht=u/4

Programming Considerations:

The triangle (8) may be stored more compactly in the
rectangular scheme:

2 1 3 &6 T .

2 4 1 5 14 . (10)
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The coefficients of Cop_q form subcolumns and those
of Cg; corresponding subrows. In order to be able
to use the coefficients of the auxiliary array (10), the
given polynomial

n-1

= + + eo0e +
P(x) c X * c X (11)

1
must first be transformed substituting x = | al t,
which gives '

2 n-1
= + + +aes F
P(x) b1 b2t b3t bnt (12)

By this the argument range gets reduced to the
standard interval (-1, +1) if OPT ='0" and (0, 1) if
OPT = 'S',

The next step is to introduce z=2t if OPT ='0' and
u=4t if OPT ="'S' and to divide all coefficients so
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obtained by two, except the first one. Naturally the
two substitutions may be applied simultaneously:

X =I|a| .t =lg—lz =I%'-u (13)
The sequence of calculations performed is as
follows:

1. The auxiliary array (10) is set up calculating
row and column simultaneously.

2. The given coefficient vector gets replaced by
the coefficient vector with variable z or u.

3. In case PTC, performing n-1 successive teles—
coping steps gives the expansion interms of Chebyshev
polynomials. In case PEC, the iterative telescoping
is stopped as soon as the tolerance TOL is exceeded.

4, The economized polynomial must be back-
transformed to the original variable x.



PRUCEDURE PFC ECONUMIZES A PNLYNOMIAL USING TRUNCAT ION [N CORRESPNNNING CHFBYSHEV E XPANSION

ENTRY PTC TRPANSFGRMS A POLYNCMIAL TC AN EXPANSION IN TERMS OF CHEBYSHEV POLYNOMIALS

FREEALFEC RSN

*
¥ PRULEDURE PEC :
HESEHREEERREEEE

e e v eeee

FERERD [HEXRBBRK K
*dang ENTRY PEC,*
* INITIAL IZE *
*  ERROR=GOUND *
* EPS=C *

AEDAA2SHHARHRN

*

* ENTRY PTC *
* *
BRI IERABINR

Xt s eaene

FEHHOB2 A IS IKBFBKE
® &
* *
:MARK ENTRY PTC :

* *
FEOEDRANIBERIADEE

SEEE RS AR FERR R
SKeeseosasassasaceonaasanen
X
com o,
<1t Tx, FERIIC2EANEEERBRE
o *. INITIALIZE *
o Is *, YES % NORMALIZATION %
%o DIMENSION N o¥e0ceecesX®* OF RANGE AND #.icaeeaeX
*oﬁUS[IlVE*c :ALLUCAT[UN OF T:
“k. o FRHEIISRFRBERIRAS
* NO
: FEAEAG2AIER ORI RS
. * RE TURN *
- *DIMENSION M OF * NO
. * ECCNOMI ZED 2 eosenane
. : PCLYNCMIAL :
. EOBHIFADSEII LRI NR
Exil X %
FEERH] R RRERE SR FEEBAH2 B ISR IREHE
* . = * SUBSTITUTE *
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e Subroutine POST

PCST.. POST 10
/ /POST 20
/* */POST 30
/* TRANSFORM N-TERM SERIES EXPANSION IN CRTHOGONAL POLYNGCMIALS */POST 40
/* */POST 50
adididd /PCST 60
PROCEDURE(XO0+X15CoNsOPT,POL) 5. POST 70
CECLARE . POST 80
(XOyXLeCU%) 4 PCLU%) 4FyFI4A1,BI,CI4UsUL,U2,U3,HIN#N)) POST 90

BINARY FLCAT, /*SINGLE PRECISION VERSION /#S*/POST 100

1% BINARY FLCAT(53), /*DOUBLE PRECISION VERSION /#D*/POST 110
(NyIsJyKeKPL)  BINARY FIXED, POST 120

CPT CHARACTER(1),. POST 130

IF N GE 1 /*BYPASS CPERATION IF N LE O */POST 140
THEN 0Cy .« /*INITIALIZATION */POST 150
Al =X0+X0y o /*INIT. CONSTANT MULTIPLIERS */POST 160

€I =X14Xl,. POST 170

IF OPT='T* /*CHEBYSHEV POLYNOMIALS T(X) */POST 180

THEN BI =051, /*MODIFY FIRST CHEB. POLYNOMIAL*/POST 190

ELSE D0y« POST 200
=lye /*INIT. FIRST ORTH. POLYNCMIAL */POST 210

FI =0y /*INIT. INTEGER FACTOR */POST 220

ENDy . . POST 230

k(2) =Bls. /*STORE FIRST ORTH. POLYNOMIAL */POST 240

H(1) =0, /*INIT. PSEUDO POLYNOMIAL{-1) */POST 250

/*INIT. RESULTING POLYNOMIAL */POST 260
/*CALCULATE COEFFICIENT VECTOR */POST 270

POLI1)=C(1),.
D0 1 = 2 TQ N,.

F =C(I),. /#0F I-TH CRTHOGONAL POLYNGM. /POST 280
IF OPT NE 'T¢ POST 290
THEN DO, . /#MODIFY MULTIPLIERS AI,BI,CI **/POST 300
Bl  =Fl,. POST 310

F1  =Fl+ly. *FOR */POST 320

IF OPT NE 'HY /*HERMITE POLYNOMIALS H(X) */POST 330
THEN DO, . POST 340

BI  =BI/Fl,. /%FOR */POST 350

IF OPT='L" /#LAGUERRE POLYNOMIALS L(X) */POST 360

THEN 0O,. POST 370

Al =1-XO/FI+BI,. POST 380

Cl  ==X1/FI,. POST 390

END,. /#FOR */POST 4C0

ELSE DCy. /*LEGENDRE POLYNGMIALS PIX) */PDST 410

Al =X0+BI*XO0,. POST 420

€I =X1+4BI%Xl,. POST 430

END,. POST 440

END,. POST 450

ELSE BI  =BI+BI,. POST 460
ENDye POST 470

ELSE IF I = 3 /*READJUST CHEBYSHEV POLYNGMIAL®/POST 48C
THEN H(1) =1,. T 490
U =0,. . /*#INIT. PSEUDC TERM FOR RECURR.*/POST 500
K =l ) POST 510
KPL =2,. POST 520
DO J = 1 TO I-1,. /*APPLY RECURRENCE RELATION  */POST 530

UL =HIK),. POST 540
HIK) gU2=H(KPL) 4o POST S50

IF CPT NE 'T? /%IN CHEBYSHEV CASE */POST 560
THEN UL =BI*Ul,. /¢BYPASS MULTIPLICATION WITH L */POST 570
HUKP1) yU3=AT#U2-UL+CI*U,y . POST 580

U =U2,. POST 550

POL (J)=PCL(J) +F#U3,./*UPDATE PCLYNCMIAL VECTOR */POST 600

K =KPl+l,. POST 610

KP1 =K+lge . POST 620
ENDy. POST 630

H{K) =04, /*INIT. PSEUDO TERM FOR RECURR.*/POST 640

U3,H(KP1)=U2%*CI,. /*COMPLETE I-TH ORTH.POLYNOMIAL®/POST 650

POL(I)=F*u3,. /%#INIT. I-TH TERM OF POLYNOMIAL#*/POST 660

ENDy « /*COEFFICIENT VECTOR */POST 670

ENDy . POST 680

ENCy. /*END CF PROCEDURE POST */POST 690
Purpose:

POST transforms a given series expansion in
orthogonal polynomials to a polynomial, The
independent variable of the given expansion is as-
sumed to be x4 + X1 x; that is, a linear transforma-
tion of the range is built in. The coefficient vector
C=(cq, ..., Cp) is given. Procedure POST cal-
culates POL = (poly, ««-, poln) satisfying

n n i-1
E ¢, fi-l (x0 txg X) = Z pol;c x
i=1 i=1

For the specified set of orthogonal polynomials (fi)
the user has the choice of:

Chebyshev polynomials (T, Ty, ..., Tn—l)
with OPT ='T"

Legendre polynomials (Po, Pl’ veos Pn—l)
with OPT ='P!
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Laguerre polynomials (Lg, Ly, eee, Ly q)
with OPT ="L!

Hermite polynomials (Hy, Hys oo, Hy_1)
with OPT ="'H'

Usage:

CALL POST (X0, X1, C, N, OPT, POL);

X0 - BINARY FLOAT [(53)]
Given constant term of argument
transformation,

X1 - BINARY FLOAT [(53)]

Given linear term of argument trans-
formation.
BINARY FLOAT [(53)]
Given coefficient vector of expansion,
with coefficients ordered from low to
high.
N - BINARY FIXED
Given dimension of coefficient vector.
CHARACTER (1)
Given parameter of choice (see ""purpose'),
POL(N) - BINARY FLOAT [ (53)]
Resultant coefficient vector of resultant
ordinary polynomial, with coefficients
ordered from low to high,

cm) -

OPT -

Remarks:

N must be positive, or operation is bypassed.

Any input value of OPT other than 'T', 'L', or
'H' is treated as if it were 'P'.

Transformation of an expansion in shifted
Chebyshev or Legendre polynomials is obtained
using the linear transformation (2x; - 1) + (2%4) x.

The resultant vector POL may occupy the same
storage locations as the given vector C.

Method:

The coefficient vector POL is calculated from the
coefficient vectors of the orthogonal polynomials,
which are generated successively using the re-
currence relation.

£k+1 = (ak+ckx) £k - bkik—l fork=0
with £ =0, £o=1.

For reference see:

M. Abramowitz/I. A, Stegun, Handbook of Math-
ematical Functions, Applied Mathematics Series 55,
National Bureau of Standards, 1964, pp. 771-803.




Mathematical Background:

The coefficient vectors of the orthogonal polynomials
for argument z = x +x1 x are generated using the
three-term recurrence relation:

Chebyshev polynomials
T_1 = 0, T0 =1, Tl(z) = x0+x1x

k+ 1 (z) = 2x T, (z) 1(z) + 2x1 . ka(z),
fork=1

Legendre polynomials

Prer1® = ( kl-l{-1> P @ <k+1> P1@

k
+(1 +k+1>x x P, (z), fork = 0

Laguerre polynomials

L_ =0,L =1

L () = <1+E1Ei - %) L, () "(1%) L,
X

T XLk(z), fork =0

Hermite polynomials

Hk 1 —2x H (z) 2ka 1(z) +2x xH (z),

fork >0
Programming Considerations:

Using T(/2 instead of T, the above recurrence
relation for Chebyshev polynomials is also valid for
calculation of the coefficient vector of Tq(z) with
k = 0. The coefficient vectors of two successive
orthogonal polynomials are combined in an auxiliary
linear array H with coefficients of the lower poly-
nomial in H(1), H(3), ..., and those of the higher
polynomial in H(2), H(4), ... .

Both coefficient vectors are ordered from low
to high.

¢ Subroutine PRTC

(NOUNDERFLOW) « « PRTC . & PRTC 10
/ /PRTC 20
A */PRTC 30
VAl CALCULATE ALL RCCTS GF A COMPLEX PCLYMNCMIAL */PRTC 40
lad */PRTC 50
T /PRTC 60

PROCEDURE(CyN) ¢e PRTC 70
CECLARE PRTC 80
C(*) COMPLEX PRTC S0

BINARY FLCAT, /*SINGLE PRECISION VERSION /*S*/PRTC 100
Al BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/PRTC 110
(DIN)}+B(N)+Z4DZyVsH,Us2C) COMPLEX PRTC 120
BINARY FLOAT, /*SINGLE PRECISICN VERSION /#S*/PRTC 130

% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /%*D#*/PRTC 140
INJLN»I+KeKDyJsJE) PRTC 150
BINARY FIXED, PRTC 160
{11, IN DEFINED RyID DEFINED AW,IR,IR1,IR2) PRTC 170
BINARY FIXED(31 PRTC 180
lAV'AVU.TCLyAZ,Ah.R.RD'RKH.ARG ARGY) PRTC 1SC

BINARY FLOAT,
VAd BINARY FLOAT(53)

/*SINGLE PRECISION VERSION /#S*/PRTC 200
/*D0UBLE PRECISION VERSION /#*D*/PRTC 210

]
ERROR EXTERNAL CHARACTER(1)y. PRTC 220

Il =1091567616y. PRIC 230
LN =Ny. /*NUMBER CF MISSING ROOTS */PRTC 240
z =Cre PRTC 25C
ERRCR="0"y . PRTC 2¢0
.e PRYC 270
AvVO =lE15.. /*FORCE SHIFT CF ORIGIN */PRTC 280
IF L PRTC 250
THEN GO ‘I’G EXITye /*ALL RCCTS CALCULATED */PRTC 300
IF C(LN)=0 PRTC 310
THEN DOy« /*EXTRACT ZERC ROOT */PRTC 220
LN =LN=lse PRTC 330

GO TO ZERCy. PRTC 340

ENDy o PRTC 350

CZ+Z =CONJG(Z),a PRTC 3¢€0
DO I =1 TO LN,. PRTC 370
DUI),B(I)=C(I)yo /#MOVE CCEFFICIEN: VECTOR */PRTC 380

ENDy . PRTC 390
VALUE.. PRTC 4G0.
TOL =0.24. /*INIT. RCUND CFF BOUND */PRTC 410
AZ  =ABS(Z)j. PRTC 420
v =lye PRTC 430
00 I =1 TG LNy« /*CCMP. RCUND-CFF BOUNC */PRTC 440

W =D(I)s. /#AND PCLYNCMIAL VALUE #/PRTC 450
VaClI)=N+V*Z,. PRTC 460

TOL =ABS{W)+AZ#TCLy. PRTC 47C

END PRTC 480

TOL =(10L043(10L—AES(k”) PRTC 4S0
*1,0E-6rare /*SINGLE PRECISION VERSION /#S#/PRTC 500

/* *0.25€-154. /*DOUBLE PRECISION VERSION /#*D*/PRTC 510
AV =ABS(V),y. PRTC 520
1F Av= 0 THEN GO TC RCOT,. PRTC 530
IF AV LE TOL PRTC 540
THEN IF AV GT AVO PRTC 3850
THEN DOy« /*STORE CALCULATED ROOT */PRTC 560
ROOT.. PRTC 570
CILN)=Z,y. PRYC 580

LN =LN-1l,. PRTC 550

GO TG ZERC,. - PRTC 600

END PRTC 610
ARGY -ATAN( [MAG(V):-REAL(VH'- PRTC 620
IF AV LT A /*#HAS VALUE DECREASED */PRTC 630
THEN BO'. PRTC 640
'AV'. PRTC 650

RD'U PRTC 660
-(IN—IUILN" PRTC 670
KD,JE-LN,- PRTC 680
SHIFT.. . PRTC 690
L] =lye PRTC 7C0

DO J=1 TO JE,. /#SHIFT CF ORIGIN */PRTC 710

BLJ) yW=B{J)+h*0Z,. PRTC 720

ENDy . PRTC 730

IF LN NE JE PRTC 740

THEN DOy. PRTC 750

AH =ABS(W)y. PRTC 760

N-JEy PRTC 770

1 1 = IN—ID)/K.. PRTC 780

IF IR1 LT IR PRTC 7S50

THEN DO,. PRTC .800

IR =IRl,. PRTC 810

RD =AMy . PRIC 820

u =hse . PRTC 830

KD =Kyo PRTC 840

ENDy . PRTC 850

ENDy. PRTC 860

JE  =JE-1ly. PRTC 870

IF JE GE 1 PRTC 880

THEN GO TC SHIFT,. PRTC 890

RKM  =1/FLOATIKD)y. . PRTC 9CO

R =(AV/RD)**RKM, . PRTC 910

ARG =(ARGV-ATAN(IMAG(U)REAL{U)))*RKM,. PRTIC 920

20 =2y. PRTC 930

AVD =AVs. PRTC 940
INCR.. PRTC 950
REAL{DZ)=R*CCS(ARG) y. PRTC S60
IMAG(DZ)=R*SIN{ARG) y« PRTC 970

z =20+DZ,. PRTC 980

IF 20 NE Z PRTC 990

THEN GO TO VALUEs. PRTC1000

IF AV GT TOL PRTC1010

THEN ERROR='C*,. PRTC1020

GO TO ROOT,. PRTC1030

ENDy . PRTC1040

ELSE COy. /%MODIFY STEPSIZE TO DECREASE */PRTC1050
R =R/24. /*PCLYNCMIAL VALUE */PRTC1060

IR2 =(IN-I1)/1C000C00608y. PRTC1070

KD =LNy. PRTC1080

u =1ly. . PRTC1090

IR =I1/10CCCOCCOCE,. PRTC1100

K =09 PRTC1110

DO J = LA-1 TO 1 BY =1y« PRTC1120

K =K+1y.* PRTC1130

W =BlJdy. PRTC114C

AW =ABS(W), PRTC1150

IR1 -lD/lOOCOCOOOOB-(LN—K)*lRZ.. PRTC1160

IF IR LT IRL PRTC1170

THEN DC,y. . PRTC1180

KD =Kyeo PRTC1190

v =Wee PRTC1200

IR =IRlye . PRTC1210

ENDy. PRTC1220

ENDy .« PRTC1230
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PRIC1240
PRTC1250

ARG =(ARGV-ATAN(IMAG(U)4REAL(U)))/FLOAT(KD),.
GC TO INCR,.
ENDy. - PRTC1260
EXITew PRTC1270
ENCy. /#END CF PROCEDURE PRTC */PRTC1280

Purpose:

PRTC calculates all roots of a given complex
polynomial,

- Usage:
CALL PRTC (C, N),

C(N) - COMPLEX BINARY FLOAT [ (53)]
Given coefficient vector of normalized
polynomial

N N-1
P(Z)=Z +Clz +... F CN
Resultant N complex roots of given poly-
nomial.

N - BINARY FIXED
Given dimension of coefficient vector,

N is also the degree of the polynomial and
the number of roots to be calculated.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions

that may be detected.

ERROR='C' means that calculated roots are possibly
inaccurate, The polynomial must be given in
normalized form -- that is, the coefficient of zN
should be one (and is not stored). The coefficient
vector is replaced by the calculated roots, begin-
ning with C(N). The coefficient vector must be
complex., In the real polynomial case, the imag-
inary part of the coefficients must be set to zero
before using PRTC. PRTC will compile with error
message IEM 11051, However, the generated
object code executes correctly.

- Method:

The method used was proposed by K. Nickel. It is
a generalization of Newton's method and is not
sensitive to multiple roots.

For reference see:

K. Nickel, "Die numerische Berechnung der

Wurzeln eines Polynoms'', Numerische Mathematik,
vol. 9 (1966), pp. 80-98,
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K. Nickel, "Die Nullstellen eines Polynoms",
Algorithmus 5, Computing, Vol. 2 (1967), iss.
3, pp. 284-290,

Mathematical Background:

Generalized Newton step

Let z; be an approximation to a root of

n-1 ,
P(z) =zn+clz +..,+cﬁ 1)

The next approximation is calculated from the co-
efficients of the shifted polynomial:

P(z) = b, (z - zi)’1 + b, (z- zi)n"1

+eee +bnw11:hb0 =1 2)

-b
z =g + @R/ 2

i+1 i b, (3)

where k is chosen so that

MIN (@)
' T j=0,1, +.. 0L

 For k =n-1, (3) is the Newton iteration method,

which requires b,_y #0. The above iteration
method works in case of multiple roots.

Bisection step

The iteration method (3) does not guarantee
monotonic convergence, If the condition

l Py, p)| < | P(z,) | )

fails for some i, then a new approximation 2 is
found such that m
(6)

P(é ) P(z,)

The existence of a zm satisfying (6) follows from
lP(zl) I > 0 and the maximum modulus principle.
In fact, a sultable 2y, can be found in the sequence

N>
I
N
+
[\
Iz}

3]

1,

9 o0

)



where 1, is ch0sén so that

-m ol _ -m __ n-j
blm |(2 rk) = max “ bj | (2 rk) :I

L ysisnl (9

The proof of this is given in the first reference
above.

Stopping criterion

The iteration method (3) is terminated if, at some
step, the polynomial value does not decrease and
the value itself is already less than an estimate of
the roundoff error., If the estimated roundoff bound
cannot be met by the polynomial value because of
failure of the bisection method, the iteration is
stopped with error indication ERROR='C',

Estimate for roundoff error

The polynomial value
n n-r
P(Z) = Z a Z 9)

r=0

is evaluated using nested multiplication:

b, =0, bk

ceo,ll (10)

= zbk_1=a.k for k =0, 1, 2,

with P(z) = bn‘

Since all arithmetic operations are performed with
floating point arithmetic, instead of the numbers b, ,
internal approximations ﬁk will be generated that

do not satisfy P(z) = bn'

The following calculation will give an estimate of

»(z) - b_

The approximate values
by = by ik,

where g/_l‘o and c_?o are the real and imaginary parts
of by, satisfy the equations,

A A A
b = I:E RN G PR R Ko W G "z,k)]

[(1 oy ) +;_akJ /@ty )

A A A
cby = [g Chyy Q¥ M J+me xRy (A "4,1{)]

[‘“"3,1{) +c_ak)] / (L+o, ) (11)

where z = £ + in, =ra + -ic_:_ak, and O k> M,k
are relative errors of addition and multiplication
respectively.

Solving (10) for aj and inserting into

n n-r
P(z) = Z az
r
=0
gives
n D ak A . ’]5
Plz)=b, = 3, 2 (o, *+ig, 4ob
£=0
X +
S By g (Mg Ty e Tk 011
A X
ek 3 Mo e Tkt Mok 91,k

N
1gchy 4 (Mg |+ 05 | * T3 1 O3 1)

1

A
el g My 1 %k Ty, i %3,1))

(12)

With |°i,k| <0, | "i,k‘ sw,l ﬁi’k(1+ci,k)ls'n‘,

and b-l =0
n-1
- A
‘P(z)—% SZ Z nkc‘b |+|z l% l
n k k-1
k=1
(o+3w)+o‘b0 Iz n
| (13)

or

A n-1 n-kia
|P(z)—bn|s D z| |bk|(20'+317)
k=1

oo

n
+

)

b

b b

n

Z

= E
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E may be generated using the iteration scheme
=9 b =% |+
%0 _20'+317| 0, ’ ek_lbkl Izlek—lfor
k,=1’ 2, ee0 n
giving
E = (0+3me_ - (o+3w)|bn|

In single precision, o= = 1076,

In double precision, o =17 =0,25.* 10715,
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(14)

Programming Considerations:

The polynomial must be given in normalized form;
that is, the coefficient of z®* must be unity, Co-
efficients are ordered in decreasing order,
Calculated zeros replace the coefficient vector;
that is, the root stored in C(n) is calculated first
and the root stored in C(1) is calculated last.

The iteration scheme starts with z = 0 initially,

As soon as the root z; has been calculated, P(z) -
is divided by z - z1, giving P1(z). The complex
conjugate Zj is used as the initial guess for a root
of Py(z). Finally z, is obtained as the root of
Pj_1(2), alinear polynomial. :

No attempt is made to refine the approximated
zeros with the original coefficient vector,
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Numerical Quadrature

Quadrature of Tabulated Functions

e Subroutine QTFG/QTFE

/QTFG 20

,* */QTFG 30
/% INTEGRATION CF A MONOTONICALLY TABULATED FUNCTION BY */QTFG 40
/* TRAPEZOIDAL RULE */QTFG SO
/% */QTFG 60
/QTFG 70

PROCEDURE(X9Y9yZyDIM}yo QTFG 80
CECLARE QTFG 90

(X(*) oY (%) Z(#)ySUMyXCyXNyYOyYNsHeHH) QTFG 100
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/QTFG 110
1% BINARY FLCAT(S53), /*DOUBLE PRECISION VERSION /*D#/QTFG 120

(DIM,I) BINARY FIXED QTFG 130

(ERROR EXIERNAL.SHCHARAC'I’ER(U. QTFG 140

SH =t1v,. QTFG 150
=X(1)y. QTFG 160

601‘0 COMy. QTFG 170
QTFE.. . QTFG 180
"""" /QTFG 190
/* */QTFG 200
VAd INTEGRATICN CF AN EQUIDISTANTLY TABULATED FUNCTION BY */QTFG 21C
1% TRAPEZOIDAL RULE */QTFG 220
/% */QTFG 230
/ /QTFG 240
ENIRYIH.‘I:Z'DIMM' QTFG 250

Sk ='0' QTFG 260
HH  =0. S'H, QTFG 270
CCM.. QTFG 280
ERROR="1",. /*PRESET ERROR PARAMETER */QTFG 290

IF OIM GT O /%NO ACTION IN CASE DIM LT 1 */QTFG 300

THEN COy. QTFG 310

ERRCR='0", QTFG 320

SUM =04, QTFG 330

Yo ==Y{1), QTFG 340

Do I=1 'll: CIN,. QTFG 350

IF Sh='1" QTFG 360

THEN DOy, /*CALCULATE LENGTH OF INTERVAL */QTFG 370

XN =X{I)ra QTFG 380

HH =CeS*{XN-X0)yo . QTFG 390

X0 =XNyo QTFG 400

ENGy. QTFG 410

YN =Y(1)y QTFG 420

SUM -SUFN“H’(VN‘YO). /#ACCUMULATE INTEGRAL VALUE */QTFG 430

Z(1) =SU¥,. QTFG 440

Yo =YNyo QTFG 450

ENDy « QTFG 460

ENDy o QTFG 470

ENDy o /*END CF PROCEDURE QTFG */QTFG 480
Purpose:

QTFG computes a vector Z of integral values for a
given vector X of argument values and a given vector
Y of function values.

Usage:
CALL QTFG (X, Y, Z, DIM);

X(DIM) - BINARY FLOAT [(53)]

Given vector of argument values.
Y(DIM) - BINARY FLOAT [(53)]

Given vector of function values,
Z(DIM) - BINARY FLOAT [ (53)]

Resultant vector of integral values.

DIM - BINARY FIXED
Given dimension of vectors X, Y, Z.
Purpose:

QTFE computes a vector Z of integral values for a
given vector X of equidistantly tabulated argument
values and a given vector Y of function values.

Usage:

CALL QTFE (H, Y, Z, DIM);

H- BINARY FLOAT [(53)]
Given difference of two successive
arguments:
H=x-x_

Y(DIM) - BINARY FL]bAT [(53)]

Given vector of function values,
Z(DIM) - BINARY FLOAT [(53)]
Resultant vector of integral values,
BINARY FIXED
Given dimension of vectors Y, Z,

DIM -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='1' - means DIM is less than 1.
The vectors Z and Y may be identically allocated,
which means that the given function values are re-
placed by the resultant integral values.

Method:

The integral values aré obtained by means of the
trapezoidal rule,

For reference see:
F. B. Hildebrand, Introduction to Numerical

Analysis, McGraw-Hill, New York-Toronto-London,
1956, pp. 75.

Mathematical Background:

Let x;, y;j be the given table of arguments and func-
tion values.
The vector of integral values

%
z; = f y(x) dx
%1
is calculated using the trapezoidal rule

. )
z, =z, +———-——-(Y )

fori=2,..., DIM
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with Zl = 0,
In case of equidistant arguments: xj -x; 1 =h.

The local truncation error at each step is

1 3 or
R- &% ¥ (Ei)’(gi €[%p Xi—l])

assuming that y(x) has continuous derivatives up to
the second order,

The total truncation error is the accumulation of
the local errors at the previous step.

¢ Subroutine QSF

QSFe. QSF 10
/ Lkt /QSF 20
/* */QSF 30
/, INTEGRATION CF AN ECUIDISTANTLY TABULATED FUNCTION BY */QSF 40
" SIMPSON'S RULE */QSF 50
/% */QSF 60
/ /QSF 10
PROCEDURE (HyY9Z4DIM)y o QSF 80
DECLARE QSF S0
UheY(%)4Z(%)AUX, SUNL,SUM24HH,F14F2) QSF 100

BINARY FLOAT, /#SINGLE PRECISION VERSION /#S%/QSF 110

/* BINARY FLOAT(53), /*DOUBLE PRECISION VERSICN /#*D#/QSF 120

ERROR EXTERNAL CHARACTERI(L), QSF 130
(I1,DIM) BINARY FIXEDy. QSF 140
ERROR='1",. /#PRESET ERROR PARAMETER */QSF 150
1F CIM GE 4 /#NO ACTION IN CASE DIM LY 4 */QSF 160
THEN 0Qy. QSF 170
ERROR=10",. QSF 180
HH  =H/3,. QSF 150
F1  =Y(1l)y. . QSF 200
F2  =Y(2)y. QsF 210
SUML,Z(1)=0,y. QSF 220

/*COMPUTE Z(2) BY COMBINATION */QSF 230
/*0F SIMPSCN'S WITH 3/8-RULE */QSF 240

SUM2,Z{2)=HH*0.125%(G+F 1+
19*F2-5%Y(3)#Y(4)),.

D0 I=3 TC DIM,. QSF 250

AUX  =F24F2,. QSF 260

AUX  =AULX+AUX+Fly. QSF 270

Fl  =F2y. . QSF  28¢C

F2  =Y(l)ye QSF 290

AUX  =HH®(AUX+F2),. QSF 300

SUM1 =SUM1+AUX,. /*ACCUMULATE INTEGRAL VALUE */QSF 310

AUXy ZLI)=SUML,y. QSF 320

SUML =SUNM2,. QSF 330

SUM2 =AUXs. QSF 340

ENDy . . QSF 350

ENDy o QSF 360
END,y. /*END CF PROCEDURE QSF */QSF 370

Purpose: ’ -

QSF computes a vector Z of integral values, given
a vector Y of function values corresponding to a
vector X of equidistantly tabulated arguments.

Usage:
CALL QSF (H, Y, Z, DIM);
H - BINARY FLOAT [(53)]

Given difference of two successive
arguments:

H=x-%_4

Y(DIM) - BINARY FLOAT [(53)]

Given vector of function values,
Z(DIM) - BINARY FLOAT [(53)]

Resultant vector of integral values.
DIM - BINARY FIXED

Given dimension of vectors Y and Z.
REMARKS:

If no errors are detected in the processing of data, the
error indicator, ERROR, is set to zero, The follow-
ing constitutes the possible error condition that may
be detected:

ERROR='1' - means DIM is less than four.
Vectors Y and Z may be identically
allocated, which means that the given
function values are replaced by the
resultant integral values.

Method:

The integral values z; are obtained by Simpson's rule
together with Newton's 3/8 rule.
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For reference see:

F. B. Hildebrand, Introduction to Numerical Anal-
ysis, McGraw-Hill, New York-Toronto-London,
:LS)E;(S, I)I)o 7T1"'7‘3a

R. Zurmuhl, Praktische Mathematik fur Ingenieure
und Physiker. Springer, Berlin/Gottingen/
Heidelberg, 1963, pp. 214-221.

Mathematical Background:

Let Y =(y1, Y95 +++» Yprv) Pe the given vector of
function values corresponding to equidistant
arguments X;.

The vector of integral values

X,
1

y(x) dx
X
is calculated from Simpson's rule

h
5 0ip

Z., = Z,
i-2

i +4yi_1+yi)fori=3,...,DIM

@)

where the value of zy is obtained using a combmatmn
of Simpson's rule and Newton's 3/8 rule

Z

;= 2 3/8h 0,

+3y, ot 3Y,_4 tY,) (@)

resulting in

h
z, —z1+24 (9y1+19y2-5y3+y4) 3)

with zy = 0.

The local truncation errors of the above formulas

are:
R = %}’ vyt (gi)’ & < [x 5 %))
Ry, 50 vy €, (& < x_g x 1)

However, these truncation errors may accumulate.
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o Subroutine QHFG/QHSG/QHFE/QHSE

QHFG

/ QHFG
*/QHFG
®/QKFG
*/QHFG
*/QKFG

INTEGRATION CF A MCNOTONICALLY TABULATEC FUNCTICN WITH
FIRST DERIVATIVE BY A HERMITIAN FORMULA OF FIRST CRDER

PP

PROCEDURE (Xs Yy FDYZ4D1IM),

/ QHFG
QHFG

DECLARE

OHFG
(X(%*)3¥(#),Z(#)yFOY (%) 5 SOY (%) 4XC, XNy YCs YN, FDYO,FDYN, SDYO, SDYN, QHFG
SUM1,SUMZ 4 FACT +H o HHoHHH) QHFG
BINARY FLGAT, /#SINGLE PRECISION VERSION /%S*/QHFG
BINARY FLOAT(53), /+DOUBLE PRECISION VERSION /#D#/QHFG
(1,DIF) BINARY FIXED, QHEG
(ERROR EXTERNAL, Sh) CHARACTER(1) 5.
=11,

FCNO,.

QHFG
QRFG
QRFG
QHFG

/QHFG
*/QHFG
*/QHFG
*/QHFG
*/QHFG
*/QHFG

INTEGRATION COF A FCACTONICALLY TABULATEC FUNCTION WITH
FIRST AND SECCND DERIVATIVES BY A HERMITIAN FORMULA OF
SECOND ORDER

MCN

QHF

ENTRY(XyYFDYSDYZsDIM) ye
SKH  =12%,.

0.0
xe
GOTC
Eee

/QKFG
QHFG

=X(1)yo
MONEQy .

INTEGRATION CF AN ECLIDISTANTLY TABULATED FUNCTION WITH
FIRST DERIVATIVE BY A HERMITIAN FORMULA OF FIRST CRDER

QHS
/

ENTRY
SW
GOTC
Eeo

SEERASARIR RN
(HyYoFDYyZoDIN)ye
=130,

EQUIy.

/%
Al
/*
7%
/%
74%

PP

INTEGRATICN CF AN ECUIDISTANTLY TABULATEC FUNCTION WITH
FIRST AND SECCND DERIVATIVES BY A HERMITIAN FORMULA OF
SECOND CRDER

EQU
HH

ENTRY(H,YoFDY,SDY,Z,01M) 4o
Sk =t4t,.

I..

MONEQ. .

ERROR

FACT =3,333333333233333E-01,.

IF CI

THEN CGy .

ENDy o

=Ce5%Hy .

='1'%. /*PRESET ERROR PARAMETER

M GT O /#NO ACTION IN CASE DIM LT 1
ERROR="0"y.
IF SW NE '1°
THEN DOy»
IF SW NE
THEN DOy,
FACT =0.4v.
SDYC =-SDY{1l),.
ENDye
ENDy «
YO o =-Y{1),.
FOYO =FDY(1),.
SUM1,SUM2=0y.
DO I=1 TG DIMy.
YN =Y(D)se
FOYN =FDY{I),.
IF SW NE *3°¢
THEN DOy«
IF SW NE '4°*
THEN CC»ye
XN
HH

3

/%SW ='1' OR SW ='2'

/#FOR NONECUIDISTANT ARGUMENTS
=X(I)se /#COMPUTE LENGTH OF INTERVAL
=0.5%(XN=X0) s«

X0  =XNse

NDye
IF SW NE *1°
THEN DOye

/%SW =%2' CR SW ='4"

<
=

=SDY(I)se
=FH#HH#*
(SDYC+
SDYN)/154.
=SDYNs .

suv2 /*MODIFY TO SECOND ORDER

/*FORMULA

soye

ENCy.
ENCy.
=HH*FACT,.
=SUML4HH*(YC+YN+ /*ACCUMULATE INTEGRAL VALUE
HHH® (FOYC-FDYN)¢SUM2) 5.
=SLMly.
=YNyo

FDVO =FDYNy.

ENDy .«
ENDy .

HHH
Su¥L

Z(ll

/*END OF PROCEDURE QHFG */QHFG

Purpose:

QHFG computes a vector Z of integral values for

given vectors X, Y, and FDY of argument, function,
and first derivative values respectively.

U‘sage:

CALL QHFG (X, Y, FDY, Z, DIM);
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X(bm) - BINARY FLOAT [(53)]
Given vector of argument values.
Y(DIM) - BINARY FLOAT [(53)]

Given vet_:tor of function values.
FDY(DIM) - BINARY FLOAT [(53)]
Given vector of first derivative values.

Z(Dm) - BINARY FLOAT [(53)]
Resultant vector of integral values.
DIM - Given dimension of vectors X, Y,
FDY, Z.
Purpose:

QHSG computes a vector Z of integral values for
given vectors X, Y, FDY, and SDY of argument,
function, first derivative, and second derivative
values respectively.

Usage: '

CALL QHSG (X, Y, FDY, SDY, Z, DIM);

X(bm) - BINARY FLOAT [(53)]
Given vector of arguments.
Y(DIM) - BINARY FLOAT [(53)]

Given vector of function values.
FDY(DIM) - BINARY FLOAT [(53)]
Given vector of first derivative values.
SDY(DIM) - BINARY FLOAT [(53)]
Givenvector of second derivative
. values.
Z(DIM) -

BINARY FLOAT [(53)]
Resultant vector of integral values.
DM - BINARY FIXED )
Given dimension of vectors X, Y, FDY,
SDY, Z.
Purpose:

QHFE computes a vector Z of integral values for
given vectors Y and FDY of function and first
derivative values respectively, corresponding to a
vector X of equidistantly tabulated argument values.

Usage:
CALL QHFE (H, Y, FDY, Z, DIM);

H- BINARY FLOAT [(53)]

: Given difference of two arguments:
H= %=X
BINARY FLOAT [(53)]
Given vector of function values.
FDY(DIM) - BINARY FLOAT [(53)]
Given vector of first derivative values.
BINARY FLOAT [(53)]
Resultant vector of integral values.

Y(DIM) -

Z(DIM) -

DIM - BINARY FIXED

Given dimensions of vectors Y, FDY, Z.
Purpose:

QHSE computes a vector Z of integral values for
given vectors Y, FDY, SDY of function values,
first derivative values, and second derivative
values respectively, corresponding to a vector
X of equidistantly tabulated arguments.

Usage:
CALL QHSE (H, Y, FDY, SDY, Z, DIM);

H - BINARY FLOAT [(53)]
Given difference of two argument
values: H = Xj = ¥j-1
BINARY FLOAT [(53)]
Given vector of function values.
FDY(DIM) - BINARY FLOAT [(53)]
Given vector of first derivative values.
SDY(DIM) - BINARY FLOAT [(53)]
Given vector of second derivative
values.

Y(DIM) -

Z(DIM) - BINARY FLOAT [(53)]
Resultant vector of integral values.
DIM - BINARY FIXED
Given dimensions of vectors Y, FDY,
sDy, Z.
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR ='1' means DIM is less than 1.

. The storage allocation of vector Z may be identical

to one of the given vectors, which means that the
given values are replaced by the resultant integral -
values.

Method:
The calculation of integral values is done using
Hermitian formulas of the first and second order.

For reference see:

F.B. Hildebrand, Introduction to Numerical
Analysis, McGraw-Hill, New York-Toronto-
London, 1956, pp. 314-319, )

R, Zurmuhl, Praktische Mathematik fir
Ingenieure und Physiker. Springer, Berlin/

Gottingen/Heidelberg, 1963, pp. 227-230.
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Mathematical Background:

Let X, Y, FDY, SDY denote the vectors of argu-
ments x;, function values y;, first derivative values
yi' and second derivative values y;i'" respectively.

The vector of integral values

%
Zi =/ y(x) dx

%

is calculated from one of the following:

Hermitian formula of first order:

X "%
— 1 -
Zp= Bt [yi—l+ i
2
X =X, 1 !
f L6 -]
6
with z, =0, (i=2,3, ..., DIM)

Hermitian formula of second order:

"7 %
=z ., + +
T | 5 { Vie1 ™ Y5
X, - X
i~ %1 -
* 5 [yi-l yl
X.~X
+ 5751 .
12 51"+ ¥
(i=2,3, ..., DIM)
with z, = 0.

1

Corresponding formulas for equidistant argu-

t ani -x, . =h):
ments (meaning T )

h
Z =%ty [Vt

+

o

G- yi')]

(i=2,3, ..., DIM)

with z, =0, and

. .
o ' - ! L
5 [y -1 Vit g 0
A } (i=2,3, ..., DIM)
- withz. =0,

1

’ Assuming that y(x) has continuous derivatives up
to the sixth order, the local truncation error at
each step is

1) . - x )5
R, = 1 U@
L.i 120 !
(€i € [Xi-l’ xi] )
and ‘
7
. (Xi X, _q) y(G) €,
@) 2,1 100800 1

€ « [xi—l’ Xi] )

The total truncation error is the accumulation of

the local errors at the previous step.
For equidistant arguments, this leads to:

1 4 (4
Rin = 120 B v,
€ ¢ [Xl’ xn] )
and
1 6 (6)
Ron = ~Toosoo » Y ©),
(1a) € ¢ [Xl’ Xn] )

where 1 is the length of the integration interval.
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Quadrature of Nontabulated Functions

e Subroutine QATR

QATR. .« QATR 10

/3% /QATR 20

VAl */QATR 30

/% INTEGRATICN CF A GIVEN FUNCTION BY THE TRAPEZOIDAL RULE */QATR 40

/% TOGETHER WITH RCMBERG'S EXTRAPOLATION METHOD */QATR 50

/= */QATR 60

/ /QATR 70

PROCEDURE (XL, XUyEPS+sDIM4FCT4Y) s QATR 80

DECLARE QATR 90

{XLyXUrEPS, Y, AUXIDIM) yHyHHs E,YY, QATR 100

DELT14DELT2,P,HD+XySHM4Q,AN,AO) QATR 110

BINARY FLDAT, /*SINGLE PRECISION VERSION /#S%/QATR 120

/% BINARY FLOAT(53), /#*DOUBLE PRECISION VERSION /#D#*/QATR 130

ERROR EXTERNAL CHARACTER(1), QATR 140

(DIM,JJ,I,J) BINARY FIXED, QATR 150

FCT ENTRY QATR 160

(BINARY FLCAT) /*SINGLE PRECISION VERSION /*S%*/QATR 170

/% {BINARY FLOAT(53)) /*DOUBLE PRECISION VERSION /#D%*/QATR 180

RETURNS(BINARY FLCAT),. /*SINGLE PRECISION VERSION /#S%/QATR 190

% RETURNS(BINARY FLCAT(53)),y. /%DOUBLE PRECISION VERSION /#*D*/QATR 200

AN, YY AUX(1)=0.5% (FCT(XL)+FCT(XU)),. QATR 210

H =XU=XLy. QATR 220

ERROR=10",. /*PRESET ERROR PARAMETER */QATR 230

IF CIM GT 1 QATR 240

THEN COy .« QATR 250

IF H =0 QATR 260

THEN GOTO YEND,. QATR 270

hH =Hy. /*NORMAL CASE,DIM GREAVER THAN */QATR 280

E - =ABS(EPS/H)y. /%1 AND XL NOT EQUAL TO XU */QATR 290

DELT2=0,. QATR 300

P =1ye QATR 310

JJd =1y QATR 320

DO I=2 TC OlIWM,. QATR 330

DELT1=DELT2,. QATR 340

HD =HHyo QATR 350

HH =0.5%HH,yo QATR 360

P =0.5%Py. QATR 370

X =XL+HH,o QATR 380

SM =0y QATR 390

DO J=1 TO JJ,. /*REFINE STEPSIZE IN */QATR 400

SM =SM+FCT(X) ye /*TRAPEZDIDAL RULE #/QATR 410

X =X4HDy o QATR 420

END,. QATR 430

AN, AC AUX{I)=0.5%AN+P#SM, . QATR 440

Q =lye /*APPLY RCMBERG'S EXTRAPOLATION#*/QATR 450

DO J=1 TQ I-1,. /*METHCD */QATR 460

Q =4%Qq. QATR 470

AQ, AUX{I-J)=AC+{AC-AUX(I~J))/(Q-1)y. QATR 480

ENDy. QATR 490

DELT2=ABS(YY-AC),. /*TEST ACCURACY */QATR 500

IF I GE § QATR 510

THEN DO, QATR 520

IF DELT2 GE DELTL QATR 530

THEN DO,. /*TERMINATE SINCE LAST STEP */QATR 540

I1F DELT1 GT E /#*DID NOT IMPROVE */QATR 550

THEN ERRCR='17,. QATR 560

GOTO YEND,. QATR S70

ENDy. QATR 580

Yy =ACy. QATR 590

IF CELT2 LE E QATR 600

THEN GCTO YEND,. QATR 610

ENDy. QATR 620

ELSE YY =A0y .« QATR 630

JJd =JI+ddy e QATR 640

END,y « QATR 650

QATR 660

ERROR=%2", QATR 67C

YEND. .« QATR 68C

Y =H®YY,y . QATR 690

ENDye /*END CF PROCEDURE QATR */QATR 700
Purpose:

QATR computes the integral value

XU
FCT(X) dX

[
I

XL

for a given function FCT(X), defined in the closed
interval [XL, XU], by the trapezoidal rule
together with Romberg's extrapolation method.

Usage:
CALL QATR (XL, XU, EPS, DIM, FCT, Y);

XL - BINARY FLOAT [(53)]

Given lower bound of the interval .
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BINARY FLOAT [(53)]

Given upper bound of the interval.
BINARY FLOAT [(53)]

Given upper bound of the absolute
error.

BINARY FIXED

Given maximum number of extrapola-
tion steps +1 (for details see
"Programming Considerations').
ENTRY

Given procedure for calculation of the
function values, which must be sup-
plied by the user.

EPS -

DIM -

FCT -

Usage:
FCT(T) :
T - BINARY FLOAT [(53)]
Given argument,
BINARY FLOAT [(53)]
Resultant function value.
BINARY FLOAT [(53)]

Resultant approximation for the

integral value.

FCT(T) -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The-
following constitutes the possible error conditions.
that may be detected:

ERROR ='1' means that it is impossible to reach
the required accuracy because of
rounding errors.

ERROR ="'2' means that it was impossible to check

: accuracy because DIM is less than 5,
or the required accuracy could not be
reached within DIM-1 steps.

Method:

Evaluation of the approximation Y to the integral
value is done by means of the trapezoidal rule
combined with Romberg's extrapolation method.

For reference see:

S. Filippi, "Das Verfahren von Romberg-Stiefel-
Bauer als Spezialfall des allgemeinen Prinzips
von Richardson'', Mathematik-Technik-
Wirtschaft, vol. 11, iss. 2(1964), pp: 49-54.

Bauer, Algorithm 60, CACM, vol. 4, 155.6
(1961), pp. 255. )
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Mathematical Background:
" The problem is to compute an approximation for

b-

y=[ £ () dx M

a

Suqcessively dividing the interval [a,b]
into 21 equidistant subintervals (i=10,1,2,...)
and using the following notations:

. x. . =a+k-h,

h, = i,k i

b-a
i 2i

£ = 05 ) k=0,1,2, o2l

the trapezoidal rule gives approximations TO i
to the integral value y: ’

21
1 .
Ty = b)) & st@e1m)l @
k=0

Then the following can be written:

with unknown coefficients CO, or that do not
depend on i. Thus there is a truncation error
of the order h;2. :

Knowing two successive approximations, To,i

and T 0 141’ we can generate an extrapolated value:
T -T
0,i+1 0,1
T1,1= To, 141 22 1 @)

This is a better approximation to y because:

(o]
2
r=1‘0

. 24, 2 2 - ino
Noting that 2 hi +1 hi = 0 and setting:

1 2 2r
Tl,i= .y+22_ ,2r(2’ hi+1 b )

1

2
@ - 22 . ¢

Cl,Zr = 2

9% _1 0,2r

T, . becomes:
1,i

t]
(o]
— 2
. y+Z‘C hr
=2

T1,1 1,2r i+l

1

A, . : 4
This gives a truncation error of the order hi+

Knowing Tq, j+2 also, T1, j+1 can be generated
(equation 3), and:

| T -T
1,i+1 1,i
T, .= T, . 2 2 4
2,i 1, i+l ] (;)
Thus:
(o]
2r
To i = v 2_3 Co,2r * Pz
. 1 4 2r
with Cy or= 7 @ =2C o

2" -1

with ‘a truncation error of the order hi6 Observe
that the order of truncation error increases by 2 at
each new extrapolation step.

Programming Considerations:
The subroutine uses the scheme shown in Figure 1
for computation of T values and generates the

upward diagonal in the one-dimensional storage
array AUX, using the general formula:

Te-1,541 "Tk-l,j

T Ten, gt %K, ®)
k+j=1i, j=i-1, i-2, ..., 2,1,0)
and storing:
.TO,i into AUX (i+1)
Tl’i_i into AUX (i)

Tk, 0 into AUX (1)
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Truncation error

step length

o
B
Q

T
0

Figure 1.

The procedure stops if the difference between two
successive values of AUX (1) is less than a given
tolerance, or if the values of AUX (1) start oscillat-
ing, thus showing the influence of rounding errors.

Computation of T-values (QATR)

e Subroutine QGn (n= 2, 4, 8, 16, 24, 32, 48)
QG2.. QG2 10
p so0s 29
/% */QG2 30
/% INTEGRATICN CF GIVEN FUNCTICN BY 2-POINT GAUSSIAN */QG2 40
/% QUADRATURE FORMULA */QG2 50
7% */QG2 6C
73%% IXERTE /QG2 70
PROCEDURE(XL 4 XUsFCTyY¥) e QG2 80
CECLARE QG2 90
(XLyXU,Y,A,B) 100
BINARY FLCAT, /#SINGLE PRECISION VERSION /%S%/QG2 110
/* BINARY FLOAT (53), /*DOUBLE PRECISION VERSION /*D*/QG2 120
FCT ENTRY RETURNS QG2 130
(BINARY FLOAT),. /*SINGLE PRECISION VERSION /#%S5%/QG2 140
/= (BINARY FLOAT (53))4. /*DOUBLE PRECISION VERSION /#D%/QG2 150
A =0.5%(XU+XL) yo QG2 160
B8 =XU=XL¢ . QG2 17C
Y =2.886751345948128E~-01%*By. QG2 180
Y =045%B* (FCT(A+4Y)+FCT(A=Y)),. QG2 190
ENDy. /#END CF PROCEDURE QG2 */QG2 200
CC4.. QG4 10
/258 /QG4 20
7* */QG4 3
/* INTEGRATICN GF A GIVEN FUNCTION B8Y 4-POINT GAUSSIAN */QG4 40
/% CUADRATURE FCRMULA */QG4 50
/% */QG4 60
VAT1ZT) 15 /QG4 70
PROCEDURE (XL¢XUsFCTeY)ye QG4 80
CECLARE QG4 90
(XLsXUyY4A4B4C) QG4 100
BINARY FLCAT, /*SINGLE PRECISION VERSION /*S*/QG4 110
Vad BINARY FLCAT (53), /*DOUBLE PRECISION VERSION /#*D*/QG4 120
FCT ENTRY RETURNS QG4 130
(BINARY FLODAT),. /*SINGLE PRECISION VERSION /*S*/QG4 140
/% (BINARY FLOAT (53)),. /*DOUBLE PRECISION VERSION /*D*/QG4 150
A =0.5%(XU+XL) e QG4 160
8 =XU=XLy . QG4 170
4 «3C5681557ST7C263E-01%8By. QG4 180
Y «T32927422568726SE-01*(FCT(A+C)+FCT(A-C) ), . QG4 190
C «699905217924281E-01*B,. QG4 200
Y #({Y+3.260725774312731E-0L*(FCT(A+C)+FCT(A-C))),. QG4 210
E /*END CF PROCEDURE QG4 */QG4 220
QG8.. QG8 10
Vi IEBERE % /QG8 20
’* */QG8 30
/% INTEGRATICN GF A GIVEN FUNCTIGON BY 8-PCINT GAUSSIAN */QG8 40
/% CUADRATURE FCRMULA */QG8 50
/% */QGe 60
VATIZIEEYY FEIXTEE /QG8 70
PRGCECURELXL 4 XU,FCToY) e QGE 80
CECLARE QGe 90
{XLsXUsYysA,B,C) QG8 100
BINARY FLCAT, /*SINGLE PRECISION VERSION /%S*/QG8 110
1% BINARY FLCAT (53), /*DOUBLE PRECISION VERSION /*D*/QGE€ 120
FCT ENTRY RETURNS QG8 130
(BINARY FLOAT), /*SINGLE PRECISION VERSION /#%S#/QGE& 140
1% (BINARY FLOAT (53)), /#*DOUBLE PRECISION VERSION /#*D*/QG8 150
LY BINARY FLGAT (£3), . QGe 160
X( 8) BINARY FLOAT (53) STATIC INITIAL QG8 170
(4.8014492824€7681E-Cl, 5.061426814518813E-02, QG8 180
3.983332387068134E-Cl, 1.111905172266872E-01, QGe 190
2.€621662C495E1€45E-Cl, 1.568533229389436E-01, QGs 200
$.1717321247824SCE-02, 1.813418516891810E-01),. QG8 210
A =0.5%(XU+XL) 4. QG8 220
B =XU=XLy . QG8 230
LY =0y QGe 240
CO I=1 TO 7 BY 2,. QG8 250
[+ =X(I)%By. QG8 260
LY =LY+X(I+1)#(FCT(A+C)+FCT(A-C) ),y QoG8 270
ENDy . QGe 280
Y =LY*Bya QGE 290
ENDy . /*END CF PROCEDURE QG8 */QG8 300
QGlé.. QGlé 10
/322 *xEERIRS /QG16 - 20
/* */QG16 30
/* INTEGRATICN CF A GIVEN FUNCTICN BY 16-PCINT CAUSSIAN */QG16 - 40
/* CUADRATURE FORMULA */QGl6 SO
/* */QG16 €0
PAEEE R 2R L e e e e e L] THESF * * /7QG16 70
PROCEDURE (XL ¢XUsFCT4Y) e QGl16 80
CECLARE QG116 90
(XLyXUsYsA,B,C) QG116 100
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/QGlé 110
/% BINARY FLOAT (53), /*DOUBLE PRECISION VERSION /#*D%*/QGl6 120
FCYT ENTRY RETURNS QGlé 130
(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S%*/QG16 140
/* (BINARY FLCAT (53)), /#*DOUBLE PRECISION VERSICN /*C*/QGl6 150
LY BINARY FLCAT (£3), QG116 169
X{16) BINARY FLOAT (53) STATIC INITIAL QGlé6 170
14.947004674S5825CE-01, 1.357622S70587705E-02, QG1l6 180
4.72287511536€163E-01, 3.112676196$32395€E-02, QGlé 190
4.32815601193515SE-01, 4.757925584124639E-02, QGl6 200
3.777022041175G15E-Cl, 6.2314485€62776654E-02, QG16 210
3.08938122201321SE~CL, 7.479799440828837E-02, QGlé 220
2.290C8388828€6127E~Cl, B8.457825969750127E-02, QGl6 230
1.408017753856255€E-C1, $.130170752246179E-02, QG116 240
4.750625451881872E~C2, 9.472530522753425€E-02) . QG16 250
A =0.5*(XU+XL) s QGl6 2¢0
B =XU=XLyo QGl6 270
LY =0y QG16 280
DO I=1 TO 15 BY 2,. QGl6 290
C =X(I)%B,. . QGl6 300
LY =LY+X(I+1)* (FCT(A+C)+FCT{A-C)),. QG16 310
ENDy. QG1l6 320
Y =LY#By. QGlé 330
ENDy. /*END CF PROCEDURE QGlé6 %#/QG16 340
Mathematics--Numerical Quadrature--Nontabulated Functions 99




QG24.. Q624 10
Rihid /QG24 20
A N */Q624 30
/* INTEGRATICN CF A GIVEN FUNCTICN BY 24-PCINT GAUSSIAN */QGz4 40
/* CUADRATURE FCRMULA */Q624 50
/% */QG24 60
JAussd /0G24 70
PROCECURE{XLyXUsFCT4Y)ye Q0G24 80
CECLARE €G24 SO
{XLyXUyYsAyBoC) QG24 1cC

BINARY FLCAT, /#SINGLE PRECISICN VERSICN /#5%/QG24 110

/% BINARY FLCAT (53}, /%DOUBLE PRECISION VERSION /¥D¥/QG24 120
FCT ENTRY RETURNS Q624 130

(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S%/QG24 140

,* (BINARY FLCAT {53)), /*DOUBLE PRECISICN VERSIGN /%D*/QG24 15C
LY BINARY FLCAT (£3), QG24 160

X(24) BINARY FLCAT (53) STATIC INITIAL QG24 170
14.975536C59585107E-01, 6.170614859993600E~03, QG24 180
4.873642775856547E-C1, 1.426569431446683E~02, QG24 190
4.6913727600136€4E-C1 2.213871940870990E-02, QG24 200
4.432077635C220C5E-C1, 2.964929245771839E~02, QGz4 210
4.100009929865515E—01 4 3.667324070554C15E-02, QG24 220
2.700620957852772E-C1, 4.309508076597664E-02, QG24 230
3.2404682596€4878E-Cl, 4.880932605205654E-02, QG24 240
2.727107356544158E-C1, 5.372213505798282E-02, QG24 250
2.16896753812C22€6E-C1, 5.775283402686280E-02 QG24 260
1.57521335848C€E17E~-01, €.083523€46350170E-02, 0G24 270
5.55554337368C815E-02, 6.291872817341415€-02, QG24 280
3.20284464313C281E-C2, 6+396909767337608E-02) 4. QG24 290

A S&(XU+XL) e QG24 300

B =XU=XL¢ . QGz4 310

LY =0s. QG24 320
CC I=1 TO 23 BY 2. QG24 330

4 =X{I1)%B,y. QG24 340

LY  =LY+X(I+1)*(FCT(A+C)+FCT(A-C)),. QGz24 250

ENDy . QG24 360

Y =LY#By. QG24 27C
ENDy . /*END CF PROCEDURE QG24 */QG24 380
QG32.. QG632 10
Lhhid bl /QG32 20
Al */QG22 30
Ad INTEGRATION CF A GIVEN FUNCTICN BY 32-PCINT GAUSSIAN */QG22 40
/% CUADRATURE FORMULA */QG32 50
Ad */QG22 60
/ /Q632 70
PROCEDURE (XL XUsFCToY)y. ’ QG32 80
CECLARE QG632 90
(XLyXUsY3A,B,C) QG232 100

BINARY FLOAT, /#*SINGLE PRECISION VERSION /#S5%/QG22 110

A BINARY FLOAT (53), /*DOUBLE PRECISION VERSION /%D*/QG32 120
FCT ENTRY RETURNS QG22 130

(BINARY FLOAT), /%SINGLE PRECISION VERSION /*S%/QG32 140

IAd (BINARY FLOAT (53)), /#DOUBLE PRECISION VERSION /#D#*/QG32 150
LY BINARY FLOAT (53], QG232 160

X(32) BINARY FLCAT (53) STATIC INITIAL QG32 170
(4.9863193092474C8E-01, 3.509305004735048E-03, QG32 180
4.52805755772€342E-Cl, 8.1371973¢5452835E~03, QG32 190
4.823811277937532E-01, 1.269603265463103E-02, QG32 200
4.6745303796EE658E-CL, 1.713693145651072€-02, QG32 210
4.48160577883C261E~01, 2.141794901111334E-02, QG632 220
4.246838068662850E-Cl, 2.549902963118809€-02, QG32 230
3.97241€57983S712€-01, 2.93420467392677TTE-02y QG32 240
3.66C9105937CL448E-Cly 3.291111138818092E-02, Q632 250
3.315221334651C76E-01, 3.617289705442425E-02 QG32 260
2.53€5787862C3812E-Cl, 3.909694789353515€~02, QG32 270
2.53449954466114TE-01, 4.165596211347338E-02, QG32 280
2.106756380653177E~C1, 4.382604650220191E-02, QG32 290
1.65534301141C638E-01, 4.5586939347881G4E-02, QG32 300
1.16643681126C6€5E-C1, 4.692219954040228E-02,y Q632 310
7.223598079126825E~C2, 4.781936003963743E-02, QG32 320
2.4153832843E€6516E-C2, 4.827004425736390E-02)y .« Q632 330

A =Ce5*(XUtXL)g. QG32 340

8 =XU=XLye Q632 350
LY =0 Q622 3¢0
D0 I=1 TO 31 BY 2y. QG232 370

[ =X(1)%B,. QG32 380

LY  =LY+X{I+1)#(FCT(A+C)+FCT(A-C)),. QG32 390

ENDy . QG32 400

Y =LY*By. QG22 410
ENDy. ! /*END CF PROCEDURE QG32 */Q622 420
CG48.. QG48 10
/8% BEEEAE /Q648 20
/% */QG48 30
/* INTEGRATION CF A GIVEN FUNCTICN BY 48-PCINT GAUSSIAN */QG48 40
/% CUADRATURE FCRMULA “*/QG48 50
/% */QG48 6C
/ /QG48 70
PRCCEDURE{XL s XUsFCT4Y) s Q648 80
CECLARE . QG48 90
(XLyXUyYyAyB,C) QG48 100

BINARY FLCAT, /*#SINGLE PRECISION VERSION /*S*/QG48 110

/% BINARY FLGAT (53), /*DOUBLE PRECISION VERSION /#*D%/QG48 120
FCT ENTRY RETURNS QG48 130

(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S5%/QG48 140

/% (BINARY FLOAT (53)), /%*DOUBLE PRECISION VERSION /#*D%*/QG48 150
LY BINARY FLCAT (£3),. QG48 1€0

CECLARE . QG48 17C
X(24) BINARY FLCAT(S3) STATIC INITIAL ( QG48 180
4.993855036262131E-Cl, 4.967650861331754E~01, Q648 190
4.920622518614134E-Cl, 4.85295796273123€E-01, QG48 200
4.764938515802154E-Cl, 4.656533453532772E-01, QG48 210.
4.5253956€3577848E-C1, 4.38286C10137123GE-01, QG48 220
4.2175413081215€EE-CL, 4.035331020147213E-01, QG48 230
3.8357951€25787C2E-Cl, 3.620170654619073E-01, QG48 240
3.3893€189816332CE-Cl, 3.144336983882568E-01, QG48 250
2.886123€30415864E-01, 2.615804873611165E-01, QG48 260
2.334514523754752€E-01, 2.043432405553584E-01, QG48 27C
1.74377943146C8C4E-Cl, 1.43681243¢€177278E~01, QG48 280
1.1238186515734456~01, 8.061117803444586E-02, QG48 290
4.85C234960473135E-C2, 1.619008548143468E-02) ¢« QG48 300

CECLARE QG48 310
w(24) BINARY FLCAT(53) STATIC INITIAL ( QG48 320
1.576673026152519€-03, 3.663776950638131E-03, QG48 330
£.7386172€961727CE-C3, T.789657861471924€E-03, QG48 340
$.808080228677764E-C3, 1.178538041566219E-02y QG48 350
1.3713254€5417847E-C2, 1.55836139163$904E-02, QG48 360
1.73886112823E522E-C2, 1.912067553291535€-02, QG48 370

100

2.077254147173237E-C2, 2.233728042834714E-02, QG48 380
2.380832924624524E-C2, 2.517951777652724E-02, QG48 390
2.644505474255683E~C2, 2.759975184999208E-02, QG48 4CO
2.8638646C502C161E-02, 2.95574198491S782E-02, QG48 410
3.035221958254654€E-C2, 3.1C1971157594633€E~-02, QG48 420
3.1557096143127C1E~C2, 3.1962119292324C9E-02, QG48 430
3.22330€22179175C4E-02,y 3.236884840634196E~02)y .« QG48 440
A =0.5%(XU+XL) ,. QG48 45C
B QG48 46C
Ly QG48 47C
CC I=1 TO 24,. QG48 480
c =X(I)#%8,. QG48 490
Ly =LY4W(L)*(FCT(A+CI+FCT(A-C)),. QG48 S00
ENDy « QG48 510
Y =LY*By. QG48 520
ENDs. /*END CF PRCCECURE CG48 */QG48 530
Purpose:

XU

QGn computes the integral value Y f FCT(X) dX
XL,
for a given function FCT (X) defined in the

closed interval [ XL,

XU], using Gaussian

quadrature formulas,

Usage:

CALL QGn (XL, XU,

XL -

FCT, Y);

BINARY FLOAT [(53)]

Given lower bound of the integral.

XU -

BINARY FLOAT [(53)]

Given upper bound of the integral.

FCT - ENTRY

Given procedure for the computation of
the function values, which must be supplied
by the user.

Usage:

FCT(X)
FCT(X) -

X -

Y -

BINARY FLOAT [(53)]
Resultant function value.
BINARY FLOAT [ (53)]
Given argument value.

BINARY FLOAT [(53)]

Resultant integral value,

Remarks:

The number n within the procedure name QGn
indicates the number of nodes used for calculation

of Y,

Method:

Gaussian quadrature formulas are used for the
evaluation of the integral values.

For reference see:

V. I. Krylow, Approximate Calculation of Integrals,

Macmillan, New York-London, 1962, pp. 100-111

and 337-340,

Mathematics-~Numerical Quadrature--Nontabulated Functions



Mathematical Background:

Set:
x1 lower bound of integral
Xy = upper bound of integral
n = number of nodes used for the evaluation

of the integral value.
By means of the linear transformation
+
tO tl t
X +Xx X
1

with tO = 5 and tl = 5

(1)

the argument range x1 sx< X, is mapped onto
-l<ts+1

and the integral
X

y= f*"

X
1

f(x) dx (2)

is reduced to standard form
+1

)

-1

y = o (t) dt (3)

with @ (t) = t; £ (¢, + tt).

Gaussian quadrature formulas are used to compute
3).

The integral value y is approximated by a weighted
sum of function values:

(n)
n \A
™ = 2ty Z1 —lzi— Moo+ ty tl({n))
k=

The value y(n) is exact whenever £(x) is a poly-
nomial of degree less than or equal to 2n-1,

The weights Al({n) and nodes tl({n) are éymmetric
with respect to the origin t = 0:

() (@)
A i

(n)
An—k+1 ’

_m)
n—k+1

® Subroutine QLn (n =2, 4, 8, 12, 16, 24)

QL2.. QL2 10
/!##titltt&‘t““ttkx!l“t*lt*ttt*ﬁt‘ttﬂtt't##“'.ttlt“'ttttl*il‘tt’tl/QL, 20
1% 3C
/% INTEGRATION OF A GIVEN FUNCTION BY 2-POINT GAUSSIAN-I ~L AGUERRE ‘/QLZ 40
/% QUADRATURE FORMULA 5C
/% ‘/DLZ 60
/'ll#tlit!#sﬁttt*'t*#’iatlﬁt*!t"ttt#tl#**t‘ttttltll‘#tl‘*‘B!‘l'tlttl!/QL2 70
PROCEDURE (FCT3Y) e QL2 80
DECLARE QL2 90
FCT ENTRY RETURNS QL2 100

(BINARY FLDAT), /%SINGLE PRECISION VERSION /*S*/QL2 110

1% (BINARY FLOAT (53)), /%0D0UBLE PRECISION VERSION /*D%/QL2 120
(XyY) QL2 130

BINARY FLOAT,. /%*SINGLE PRECISION VERSION /#S5*/QL2 140

/% BINARY FLOAT (53)4. /%DOUBLE PRECISION VERSION /#D*/QL2 15C
X =3 414213562373095E+00, . QL2 160

Y 464466C9406T7262E~01#FCT(X) . QLz 170

X +857864376265050E-01 QL2 180

Y 4'8‘535533905V327385—01‘FCT(X) 1. QL2 19¢C

E| /*END OF PROCEDURE QL2 %#/QL2 200
Ql4.. QL4 10
/ /QL 4 20
/= */QL4 30
/= INTEGRATION OF A GIVEN FUNCTION BY 4-POINT GAUSSIAN-LAGUERRE */QL4 40
/1% QUADRATURE FORMULA */QL4 50
/% */QL4 60
/ /QL & 70
PROCEODURE (FCTeY) e QL4 80
DECLARE QL4 90
FCT ENTRY RETURNS QL4 100

(BINARY FLOAT), /*SINGLE PRECISION VERSION /#S*/QL4 110

IAd (BINARY FLOAT (53)), /*DOUBLE PRECISION VERSION /#D*/QL4 120
Xy Y) QL4 130

BINARY FLOAT,. /*SINGLE PRECISION VERSION /#*S#/QL4 140

IAd BINARY FLOAT (53) 4. /*DOUBLE PRECISION VERSION /¢D*/QL4 150
X =9,395070912301133E+00y. QL4 160

Y =5,392947055613275E~04%FCT(X)yo QL4 170

X =4,536620296921128E+004 . QL4 180

Y =Y+3,888790851500538E~02*FCT(X) s« QL4 190

X =1.T4576110115834TE+00,. QL4 200

Y =Y43,5741869243T7T99TE-O0L*FCT(X) 9. QL4 210

X =3,225476896193923E-01,« QL4 220

Y =Y46,031541043416336E-01*%FCT(X)y. QL4 230
ENDy « ./*END OF PROCEDURE QL4 */QL4 240
QL8.. QLs 10
/ *Ex /QL8 20
VA */QL8 30
/% INTEGRATION OF A GIVEN FUNCTION BY ‘8~POINT GAUSSIAN-LAGUERRE */QL8 40
/* QUADRATURE FORMULA */QL8 50
1% */QL8B 60
/%% ek 7QL8 10
PROCEDURE (FCTeY)ye QL8 80
DECLARE QL8 90
FCT ENTRY RETURNS QL8 100

(BINARY FLOAT), /*SINGLE PRECISION VERSION /#S*/QL8 110

/* (BINARY FLOAT (53)), /*DOUBLE PRECISION VERSION /#D#*/QL8 120
(XXyY) : 8 130

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S*/QL8 140

/% BINARY FLOAT (53), /*DOUBLE PRECISION VERSTON /#D*/QL8 150
1 BINARY FIXED, QL8 160

LY BINARY FLOAT (53), QL8 170

X(16) BINARY FLOAT (53) STATIC INITIAL QL8 180
(2.286313173688926E+0Ly 1.0480011748715106-09 QL8 190
1.574067864127800E+01y 8.485746716272532E~07, QL8 200
1.075851601018100E+01, 9.076508773358213E~-05, QL8 210
7.045905402393466E+00y 2.7945362352256T3€E-03y QL8 220
4,266700170287659E+00y 34334349226121565€E-02, QL8 230
2.251086629866131E+00+ 1.757949866371718E-01, QL8 240
9.037017767993799E-01, 4.187867808143430E-01, QLs 250
1.7€2796323C51010E-01, 3.691885893416375€6-01) 4. QL8 260

LY =0y QL8 270
DD I=1 TO 15 BY 2y. QL8 280

XX =X(11}, QL8 290

LY =LY0XH'I)‘FCHXX)'. QL8 30C

ENDy e QL8 310

Y =LYy. QL8 320
END,y .« /*END OF PROCEDURE QL8 */QL8 330
QLl2.. QL2 10
/ “*/OLIZ 2¢
/1% L12 30
/% INTEGRATION OF A GIVEN FUNCTION BY 12-POINT GAUSSIAN-LAGUERRE‘/QLlZ 40
1% QUADRATURE FORMULA QL1l2 5C
/% '/OLIZ 60
/ kK /oL12 7O
PROCEDURE (FCTY)ye QL12 80
DECLARE QL12 90
(XXyY) QL12 100

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S#/QL12 110

/* BINARY FLOAT (53), /*D0UBLE PRECISION VERSION /#D%/QL12 120
FCT ENTRY RETURNS oLl2 130

(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S*/QL12 140

1% (BINARY FLOAT (53)), /*DOUBLE PRECISION VERSION /*D*/QL12 1S5C
1 BINARY FIXED, oL12 160

LY BINARY FLOAT (53), QL12 170

X(24) BINARY FLOAT (53) STATIC INITIAL QL12 180
13.709912104446692E+01, 8.148077467426242E~16, QL12 190
2.848796725098400€401, 3.061601635035021€E-12, QL12 200
24215109037939701E+01 1.342391030515004E-09, QL12 210
1.711685518746226E+01 1.6684935376540910€E-07, QL2 220
1.300605499330635E+01 8.365055856819799E-06, QL12 230
9.62131684245686TE+00, 2.C32315926629994E~04, oL12 240
6.84452545311517T7E+00, 2.663973541865316E-03, QL12 250
4.599227639418348E+00, 2.C1C238115463410E-02, QL12 260
2.8337513377435CT7E+00, 9.044922221168093E-02, QL12 270
1.51261C269776419E+00,y 2.440820113198776E~01, QL12 280
6.117574845151307€-01, 3.777592758731380€-01, QL12 290
1,1572211735802C7E~01, 2.647313710554432E-01), « QL12 300

LY =0y QL12 310
DO I=1 TO 23 BY 2y. QL12 32¢

XX =X(1) QL12 330

LY =LV*X(IO[)‘FCT(XX) 1. 0L12 340

ENDy QL12 350

Y =LYy QLl2 360
ENDy o /*END OF PROCEDURE QL12 */0L12 370
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QL16.. oLle 10
/ *; /0L16 20
/7% . */QL16 30
/% INTEGRATION UF A GIVEN FUNCTION BY 16-POINT GAUSSTAN-LAGUERRE*/QL16 40,
* QUADRATURE FORMULA */QL16 . 5C
/* . ) */QL16 60
/QL16 70
PROCEDURE (FCT,Y)s. QL16 80
DECLARE QLle 90
FCT ENTRY RETURNS CcL16 100
(BINARY FLOAT), /*STNGLE PRECISION VERSTON /%S%/QL16 110
/% (BINARY FLOAT (53)), /%*DOUBLE PRECISION VERSION /*D*/QL16 12C
(XXyY) oL1e 130
BINARY FLOAT, /*SINGLE PRECISION VERSION /%S%*/QL16 140
/% BINARY FLOAT (53), /*DOUBLE PRECISION VERSION /%D*/QL16 150
1 BINARY FIXED, QL16 160
LY BINARY FLOAT (53), QL1ée 170
X(32) BINARY FLOAT {53) STATIC INITVIAL QL16 180
(5.170116033954332E+Cl 4.161462370372855€E-22, oL16 190
4.194045264T68833E+01, 5.050473700035513E-18, QL16 200
3.458339870228663E+01 6.297967002517868E-15, QLlée 210
2.857872974288214E+01, 2.127079033224103E~12, QL6 220
2.35159C569399191E+01, 2.862350242973882E-10, QL16 230
1.918015685675313€E+01, 1.881024841079673E-08, QL16 240
1.544152736878162E4C1, 6.828319330871200E-07, ‘QL16 25C
1.221422336886616E+01, 1.484458687398130E~05, oL16 260
9.438314336391939E+00, 2.042719153082785€E~04, QL16 270
7.070338535048234E+00, 1.849070943526311E-03, QL16 280
5.078C1861454ST68E+00, 1.129990008033945€E-02, QL6 290
3.4370866338932CTE+0C, 4,732892869412522E-02, QL1e 300
2.129283645098381E+00, 1.362969342963775E-01, QL16 310
1.141057774831227E+00, 2.657957776442142E-01, oL16 320
4.626963289150808E-01, 3.310578549508842E-01, QL16 330
8.764941047892784E~02, 2.061517149578010E-01),. QL16 340
LY =0y oL1l6 350
DO I=1 TO 31 BY 2,. QL16 360
XX =X(1), QL16 37C
LY —LV*X(IGl)*FCT(XX) 1. QL1l6 380
END, . QL1l6 390
Y =LYy QL16 400
ENDy o /*END OF PROCEDURE QL16 */QL16 410
QL24.. QL24 10
/ /QL24 20
1% R */QL24 30
/% INTEGRATION OF A GIVEN FUNCTION BY 24—POINT GAUSSIAN-LAGUERRE*/QL24 40
/% QUADRATURE FORMULA */QL24 50
/% */QL24 60
/QL24 70
PROCEDURE (FCTsY),. QL24 80
DECLARE QL24 90
(XXyY) QL24 100
BINARY FLOAT, /*SINGLE PRECISION VERSION /%S*/QL24 110
/% BINARY FLOAY (53), /%DOUBLE PRECISIDN VERSION /%D*/QL24 120
FCT ENTRY RETURNS QL24 130
(BINARY FLOAT), /%SINGLE PRECISION VERSION /*S%/QL24 140
1% (BINARY FLOAT (53)), /%#DOUBLE PRECISION VERSION /#D*/QL24 150
I BINARY FIXED, . QL24 160
LY BINARY FLOAT (53).- QL24 170
DECLARE QL24 180
X(24) BINARY FLOAT(53) STATIC INITIAL ( QL24 190
8.149827923394889E+01, 6.996224003510503E+01, QL24 200
6.105853144721876E+01L 4 5.360857454469507E+01 QL24 210
4.T15310644515632E+01, 4414517204848707TE+OL, QL24 220
.3.635840580165162E+01, 3.1776041352374T2E+01, QL24 230
2.763593717433272E+01, 2.388732984816973E+01, QL24 240
2.049146008261642E+01, 1.741799264650898E+01, QL24 250
1.46427322895966TE+0L, 1.214610271172977E+01, QL24 260
9.9120980150777C6E+00, T.927539247172152E+00, QL24 270
6.181535118736765E+00, 4.6650837034671T1E+00, QL24 280
3.370774264208998E+00, 2.292562058632190E+00, QL24 290
1.425597590803613E+00, T.66C969055459366E~01y QL24 300
3.112391461984837E-01, 5.9C1985218150798E-02) . QL24 310
DECLARE QL24 320
W(24) BINARY FLOAT(53) STATIC INITIAL ( QL 24 330
5.575345788328357E-35, 4.088301593680658E-30, QL 24 340
2.451818845878403E~-26, 3.605765864552959€E~23, oL24 350
2.010517464555503E~20, 5.350188813010038E-18, QL24 360
7.819800382459448E-164 6.894181052958086E~14, QL24 370
3.917736515058451€E-12, 1.507008226292585E~10, QL24 380
4.072858987550000E-09, 7.960812959133630E-08, QL24 390
1.151315812737280E~06, 1.254472197799333E-05, QL24 400
1.064612146552752E~04, 6.721625640935479E-04, oL24 410
3.369349058478304E-03, 1.322601940512016E-02, QL24 420
4.073247815140865E-02, 9.816627262991889€E-02, QL24 430
1.833226889777780E-01, 2.588067072728698E-01, QL24 440
2.587741075174239€E~01, 1.428119733347819E-01)y . QL24 450
LY =0y QL24 460
DD I=1 TO 24,y. QL24 470
XX =X(1)y. QL24 480
LY =LY+W(II*FCTIXX) . QL24 490
ENDy « QL 24500
Y =LYy QL24 510
ENDy o /*END OF PROCEDURE QL2% */QL24 520
Purpose:

QLn computes the integral value Y = f X FC T(X)dX

for a given function FCT(X), by Gaussmn—Laguerre

quadrature formulas.
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Usage:

CALL QLn (FCT, Y);

FCT - ENTRY ,

- Given procedure for the computation of
the function values.

This procedure must be supplied by the
user.

Usage:

FCT(X)

FCT(X) - BINARY FLOAT [(53)]
Regultant function value.
BINARY FLOAT [(53)]
Given argument value,
BINARY FLOAT [(53)]

Resultant integral value.

_—

Remarks:

The n in the name QLn indicates the number of nodes
used for the calculation of Y.

Method:

Quadrature formulas of Gauss-Laguerre are used
for the evaluation of the integral values.

For reference see:

H, E. Salzer, R. Zucker, "Table of Zeros and
Weight Factors of the First Fifteen Laguerre
Polynomials", Bul. Amer, Math, Soc., vol. 55
(1949), pp. 1004-1012,

V. I. Krylow, Approximate Calculation of Integrals,
Macmillan, New York-London, 1962, pp 130-132 and
347-352,

Shao, Chen, Frank, "Tables of Zeros and Gaussian
Weights of Certain Associated Laguerre Polynomials
and the Related Generalized Hermite Polynomials",
IBM Technical Report TR 00.1100, March 1964,

pp. 24-25.

Mathematical Background:

Formulas of Gauss- Laguerre are used to compute
©

v=[

0

* f(x) dx
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Let n denote the number of nodes used for the
calculation of the integral value yo The value y
is approximated by a weighted sum of function
values:

n
y™ - kZ [Ak(n)' f (xk(n)) ]
=1

The value y(n) is exact whenever f(x) is a poly-
nomial of degree less than or equal to 2n-1, The
nodes xk(n) are the roots of the Laguerre poly-
nomials Ly (x) of degree n.

e Subroutine QHn (n =2, 4, 8, 16, 24, 32, 48)

QH2.. QH2 10
/%% /QH2 20
1% *#/QH2 3¢
% INTEGRATICN OF A GIVEN FUNCTION BY-2—POINT GAUSSIAN-HERMITE */QH2 40
1% QUADFATURE FORMULA */QH2 50
1% */QH2 60
I /QH2 70
PFOCEDUPE (FCT,Y),. QH2 80
DECLARE QH2 90
FCT ENTRY RETURNS -« QH2 100
. (BINARY FLOAT), /*SINGLE PRECISION VERSION /%S*/QH2 110
/% (BINARY FLOAT (53)), /%*DOUBLE PRECISION VERSION /*D*/QH2 120
(X4Yy2) QH2 130
BINARY FLOAT,. /*SINGLE PRECISION VERSION /#S*/QH2 140
I* BINARY FLOAT(53),. /*DOUBLE PRECISION VERSION /*D*/QH2 150
X =7.071C67811865475E-01,. QH2 160
z ==Xy QH2 170
Y =B.862269254527580E-01*(FCT(X)+FCT(Z)),y. QH2 180
ENDy . /%END OF PROCEDURE QH2 */QH2 190
QH4.. QH4 10
/7 *: /0HG 2¢C
% */QH4 30
1% INTEGRATION OF A GIVEN FUNCTION BY 4-POINT GAUSSIAN-HERMITE */QH4 40
/% QUADRATURE FORMULA */QH4 50
1% */0H4 60
/ /QH4 70
PROCEDURE (FCT,Y),. QH4 8cC
DECLARE OH4 90
FCT ENTRY RETUFNS 100
(BINARY FLOAT), /*SINGLE PRECISION VERSION /%*S%/QH4 110
1% (BINARY FLDAT (53)), /*DOUBLE PRECISION VERSION /%D*/QH4 120
W BINARY FLOAT(S3), Q0H4 130
(Xe¥,2) QH4 140
BINARY FLOAT,. /*SINGLE PRECISION VERSION /%S%/QH4 150
/% BINARY FLOAT(53),. /*DOUBLE PRECISION VERSION /#D*/0QH4 160
X =1.650680123885785E+00, . QH4 170
4 ==Xy QH4 180
L] =8.131283544724518E-02% (FCTIX)+FCT(Z)),y. QH4 190
X =5.246476232752903E-01, . QH4 200
4 ==Xy QH& 210
Y =W+8.049140900055128E-01%{FCTI(X)+FCT{Z)),. QH4 220
END, . /*END OF PROCEDURE QH&4 */QH4 230 |
QHB.. QHB8 10
/ /QH8 20
/% */QH8 30
/% INTEGRATION OF A GIVEN FUNCTION BY 8-POINT GAUSSIAN-HERMITE */QH8 40
/% QUADRATURE FORMULA */QHB 50
1% */CH8 60
7/ /QHB T0
PROCEDURE (FCT,Y),. QHB8 8c
DECLARE QHB 90
FCT ENTRY RETURNS QH8 100
(BINARY FLOAT), /%SINGLE PRECISION VERSION /*S%/QH8 110
1% (BINARY FLOAT (53)), /%DOUBLE PRECISION VERSION /*D%/QH8 12C
(XXsY) 13¢
BINARY FLOAT, /*SINGLE PRECISION VERSION /%S*/QH8 140
I4d BINARY FLODAT (53), /*00UBLE PRECISION VERSION /*D*/QH8 150
I BINARY FIXED, QH8 160
LY BINARY FLOAT (53), QH8 170
XU 8) BINARY FLOAT (53) STATIC INITIAL( QH8 180
2.930637420257244E+0C, 1.996040722113676E-04, QH8 190
1.981656756695843E+00, 1.707798300741348E-02, QH8 200
1.157193712446780E+00, 2.078023258148919E-01, QH8 210
3.811869902073221E-01, 6.611470125582413E-01),. QH8 220
LY =0y QH8 230
DO I=1 TO 7 BY 2,. QH8 240
XX =X{I)y. QH8 250
LY =LY+X(F+1) 2 (FCTIXX)+FCT(=XX)) 4. QH8 260
ENDy o QH8 270
Y =LYy, QH8 280
END, . /*END OF PROCEDURE QH8 */QH8 290
QHl6.. QH16 10
7/ /QH16 20
/* */QH16 30
/% INTEGRATION OF A GIVEN FUNCTION BY 16—POINT GAUSSIAN-HERMITE */QH16 40
1% QUADRATURE FORMULA */QH16 50
1% */QH16 60
/ *% QHl6 7O
PROCEDURE (FCT,Y),. QHl6 80
DECLARE QH16 90
FCT ENTRY RETURNS QH16 100
(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S%/QH16 110
Vi (BINARY FLDAT (53)), /*DOUBLE PRECISION VERSION /*D%/QHl6 120
(XXyY) QH16 130
BINARY FLOAT, /*SINGLE PRECISION VERSION /#S*/QH16 140
I* BINARY FLOAT (53), /*DOUBLE PRECISION VERSION /*D*/QH16 150
1 BINARY FIXED, QH16 160
LY BINARY FLOAT (53), QH16 170
X({16) BINARY FLOAT (53) STATIC INITIAL( QHl6 180
4.688738939305818E+00, 2.654807474011182E-10, QH16 190
3.869447904860123E+00, 2.320980844865211E~07y QH16 200
3.176999161979956E+00, 2.711860092537882E-05, QH16 210
2.54620215784T481E+00, 9.322840086241805E-04 QH1l6 220
1.951787990916254E+00, 1.,288031153550997E-02, QH16 230
1.38C258539198881E+00, 8.381004139898583E-02, QH16 240
8.229514491446559€E-01, 2.806474585285337E~01y QH16 250
2.734810461381525€E-01, 5.079294790166137E-01),. QH16 260
LY =0y QH1l6 270
DO I=1 TO 15 BY 2y. QH16 280
XX =X(I)y.e QH16 290
LY =LY+X(I+1) *(FCT(XX)+FCT(=XX)) s QH16 300
ENDy o QH16 310
Y =LYy QH16 320
ENDy . /%END OF PROCEDURE QH16 */QH16 330
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QH24. . QH24 10 7.930467495165382E-10,  1.622514135895770€-08, QH48 390
’ /QH24 20 2.468658993669750E-0Ty  2.847258691734848E-06, QH48 400
/% #/QH24 30 2.528599027748489E~05,  1.751504318011728E-04, QH48 410
/% INTEGRATION OF A GIVEN FUNCTION BY. 24-POINT GAUSSIAN-HERMITE */QH24 40 9.563923198194153E-04, 4,1530C4911977552E6-03, QH48 420
7% QUADRATURE FORMULA */QH24 50 1.444496157498110E-025  4.047967698460385E-02, QH48 430
/7% */0H24 60 9.1822297C7928518E-02,  1.692044719456411E-01, QH48 440
/ /QH24  T0 2.539615426647591E-01y  3.110010303779631E-01),. QH48 450
PROCEDURE (FCT,¥) . QH24 80 Ly =0,. OH4B 460
DECLARE QH24 90 DO I=1 TO 24,. QH48 470
FCT ENTRY RETURNS. . QH24 100 XX =X(1)y. QH48 480
(BINARY FLOAT), 7*SINGLE PRECISION VERSION /%S%/QH24 110 LY =LY+WCIDREFCTIXXIHFCTI=XX) ) 4e QH48 490
% (BINAFY FLOAT (5311, /*DOUBLE PRECISION VERSION /%D*/QH24 120 END, QH48 500
(XXy¥) QH24 130 Y =LY QH48 510
. BINARY FLOAT, 7*SINGLE PRECISION VERSION /%S*/QH24 140 END, . /%END OF PROCEDURE QH48 */QH48 520
7% BINARY FLOAT (53), /%DOUBLE PRECISION VERSION /%D*/QH24 150
I BINARY FIXED, 0H24 160
LY BINARY FLOAT (531, QH24 170
X(24) BINARY FLOAT (53) STATIC INITIAL( QH24 180
6.015925561425740E+00, 1.664368496489109E-16, QH24 190 Purpose:
5.259382927668044E400s  6.5846202430781T0E-13, QH24 200 X
4.625662756423T8TE+00,  3.046254269987564E-10, OH24 210
4.053664402448150E+00,  4.C18971174941430€-08, QH24 220 f
3.520006813034525E400, - 2.158245704902334E~06, QH24 230 s _
3.012546137565565E400y  5.6886916364C4380E-05, - QH24 240 QHn computes the integral value Y= FCT(X) dax
2.52388101701142TE+00,  B.236924826884175E-04, QH24 250
2.049003573661699E+00;  7.C48355810072671€-03, QH24 260 for a given function FCT(X), uSlng‘ Gaus51an-Herm1te
1.584250010961694E400,  3.744547050323075E~02, QH24 270
1.12676C817611245E400, 1.277396217845592€-01, QH24 280 quadrature formulas.
6.741711070372122E-015,  2.861795353464430E-01, QH24 290
2.244145674725156E-01,  4.269311638686992E-01),. QH24 300
LY  =C,. QH24 310 °
00 I=1 TO 23 BY 2. QH24 320 Usage:
QH24 330
SLYAXUT+ 1 £ (FCTOXX) $FCTU=XKD D s QH24 340
QH24 350
QH24 360 .
/*END OF PROCEDURE QH24 */QH24 370 CALL QHn (FCT, Y);
FCT - ENTRY
QH32.. 32 10 Given procedure for the computation of the
/ Rk H . . .
/% */QH32 30 uncti wh
7% INTEGRATION OF A GIVEN FUNCTION BY 32-POINT GAUSSTAN-HERMITE %/QH32 4C function values, ich must be supplied
7% QUADRATURE FORMULA £/QH32 50
,, MANECII by the user.
’ 7QH32 70
PROCEDURE (FCT,Y) 4. oH32 80
DECLARE QH32 90
FCT ENMTRY RETURNS QH32 100 Usage
(BINARY FLOAT), /#SINGLE PRECISION VERSION /#S%/QH32 110
7% (BINARY FLOAT (5311, /%DOUBLE PRECISION VERSION /#D%/QH32 120 .
(XX, Y) QH32 130 FCT(X),
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S#/0H32 140
7% BINARY FLOAT (53), 7+DOUBLE PRECISION VERSION /*D#/QH32 150 FCT(X) - BINARY FLOAT [(53)]
1 BINARY FIXED, QH32 160
LY BINARY FLOAT (53)y QH32 170 3
X132) BINARY FLOAT (53) STATIC INITIAL( 0H32 180 Resultant function value.
7.125813909830728E+00,  7.31C6764273841626-23, 0H32 190
6.409498149269660E+0C,  9.231736536518292E-19, QH32 200 X - BINARY FLOAT [(53)]
5.812225949515914E400,  1.197344017092849E-15, oH32 210 .
5.27555C9 865158806400, 4.215C10211326448E-13, QH32 220 Given argument value.
4.777164503502596E400,  5.933291463396639E-11, CH32 230
4.3055479533511986+00,  4.C9883216477089TE-09s QH32 240
3.853755485471445E400,  1.574167792545594E-07, QH32 25C _
3.417167492818571E+00,  3.650585129562376E-06, CH32 260 Y BINARY FLOAT [(53)]
2.99249C8250C23T4E+00,  5.416584061819983E-05, Q32 270 .
2.577249537732317E400s  5.362683655279720E~04, QH32 280 Resultant 1ntegra]_ value.
2.16949918360611264005  3.654890326654428E-03, oH32 29C
1.767654109463202E400,  1.755342883157343E-02, QH32 300
1.370376410952872E+00,  6.045813095591261E-02, QH32 310
9.765004635896828E-0Ly  1.512697340766425E-01, 0H32 320 R
5.849787654359324E-01,  2.774581423025299E-01, oH32 330 Remarks:
1.948407415693993E~01,  3.752383525928024E-01) 4. QH32 340
LY =o,. QH32 350
00 I=1 TO 31 BY 2,. QH32 360 . ..
XX =X, QH32 370 The number n in the name QHn indicates the number
LY  =LY#XUI+1)#LFCTIXXI4FCT(=XX)) ,0 QH32 380 ¢
END, . QH32 390 :
¢ oo gH3z 350 of nodes used for the calculation of Y.
END, . /%END OF PROCEDURE OH32 £/QH32 410 In case of an even function f(X) (,D(XZ) f(X) may
H)
be changed by means of the transformation t = x2 into:
QH48.. QH48 10
/ xx 7QH48 20 ol
7% */QH48 30 e (p (t)
7% INTEGRATION OF A GIVEN FUNCTICN BY 48-POINT GAUSSIAN-HERMITE */QH48 = 40 y dt
/% QUADRATURE FORMULA #/QH48 50
IAd */0H48  6C 0 t
’ 7QH48 7O
PROCEDURE (FCT,Y),. Q48 80
DECLARE QH4B8 90
FCT ENTRY RETURNS QH48 100 A s .
(BINARY FLOAT), /*SINGLE PRECISION VERSION /#S#/0H48 110 This is a form suitable to subroutines QAD., the use
/% (BINARY FLOAT (5311, /%DOUBLE PRECISION VERSION /%D*/QH48 120 . . .
(XX, ¥ QH48 130 of which saves approximately half of the computation
BINARY FLOAT, /*SINGLE PRECISION VERSION /%S*/QH48 140 .
7% BINARY FLOAT (53), /%DOUBLE PRECISION VERSION /#D*/QH48 150 time.
I BINARY FIXED, QH48 160
LY BINARY FLOAT (53),. QH48 17C
DECLARE QH48 180
X(24) BINARY FLOAT(53) STATIC INITIAL ( QH48 190 R
8.97531508193168TE+00, 8.310752190704T84E+00, QH4B 200 MethOd'
7.759295519765T75E+00,  7.266046554164350E+00, QH48 210
6.810064578CT4141E+C0,  6.380564096186411E400, QH48 220
5.971072225013545E400,  5.577316981223729E+00, QH48 230 drature £ ul £ G H it df
5.1962877187923656400,  4.825757228133209E+00, OH4B 240 0. -Hermi
4.464014546934459E+00,  4.109704603560590E+00, QH48 250 Quadrature formulas auss € are used 10r
3.761726490228358E+0C,  3.419165969363885E+00, OH48 260 s :
3.081248988645106E+00,  2.747308624822383E+00, QH48 270 the computation of the integral values.
2.416766904873216E400,  2.C89C86660944276E+00, QH48 280
1.7638175798953006400,  1.440525220137565E400, QH48 290
1.118812152402157E400,  7.983046277785622E~01, QH48 3C0 -
4.786463375944961E-01,  1.554929358488625E-01)4 . QH48 310 .
- gues 319 For reference see:
W{24) BINARY FLOAT(53) STATIC INITIAL ( 0H48 330
7.935551460773997E-36,  5.984612693313878E~31, QH48 340
3.6850360801506TCE-27y  5.564577468902285E-24s QH48 350
3.188387323505138E-21,  8.730159601186677E—19, QH48 360 H, E. Salzer, R. Zucker, R. Capuano, Table of
1.315159622658409€~16,  1.197589865479179E-14y QH48 370 —_—
7.046932581545889E-13,  2.815296537838169E-11, QH48 380 Zeros and Weight Factors of the First Twenty
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Hermite Polynomials, F. Res. Nat. Bur. Standards,
vol. 48 (1952), pp. 111-116,

V. I. Krylow, Approximate Calculation of Integrals,
Maemillan, New York-London, 1962, pp. 129-130
and 343-346,

Mathematical Background:

Quadrature formulas of Gauss-Hermite are used to
compute

+

=X
I e
©

Let n denote the number of nodes used for the
calculation of the integral value y. The value'y is
approximated by a weighted sum of function values:

n

The value y(n)
of degree less than or equal to 2n-1,

The nodes xk(n) are the roots of the Hermite
polynomials H(x) of degree n.

The weights Ay 1) and the nodes xk(n) are
symmetric with respect to the origin x=0:

(n) () _ __ (@
An—k+1 I v ]

2

y = £(x) dx

is exact whenever f(x) is a polynomial

(n]

Ak =

o Subroutine QAn (n =2, 4, 8, 12, 16, 24)

QA2.. QA2 10
/ /QA2 20
A */QA2 30
/% INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED 2-POINT */QA2 40
/% GAUSSIAN-LAGUERRE QUADRATURE FORMULA */QA2 50
/% */QA2 60
/ /QA2 70
PROCEDURE (FCTyY)y. QA2 80
DECLARE QA2 90
FCT ENTRY RETURNS QA2 100

(BINARY FLOAT), /%SINGLE PRECISION VERSION /*S*/QA2 110

’% (BINARY FLOAT (53)), /*DOURLE PRECISION VERSION /*D%/QA2 120
(X Y) QA2 130

BINARY FLOAT,. /7%SINGLE PRECISION VERSION /#S*/QA2 140

r%* BINARY FLOAT (53),. /*DOUBLE PRECISION VERSION  /#D#/QA2 150
X =2.724744871391589E+00y QA2 160

Y =1.626256708944903E-01*FCT(X) 5. QA2 170

X =2,752551286084109E~01,. QA2 180

Y =Y+1.609828180011026E+00#FCT(X) 50 QA2 190
END,. /*END OF PROCEDURE QA2 */QA2 200
QA4.. QA4 10
VEI I 22 /QA4 20
1% */QA4 30
1% INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED 4—-POINT */QA4 40
VA GAUSSIAN-LAGUERRE QUADRATURE FORMULA */Q0A4 50
/* */QA% 60
JREEEEEE /QA4 70
PROCEDURE (FCT,Y),. QA4 80
DECLARE QA4 90
FCT ENTRY FETUPNS. QA4 100

(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S%/QA4 110

/% (BINARY FLOAT (53)), /*DOUBLE .PRECISION VERSION /*D*/0A4 120
(XyY) QA4 130

BINARY FLOAT,. /*SINGLE PRECISION VERSION /*%S*/QA4 140

/= BINARY FLOAT (53),. /*DOUBLE PRECISION VERSION /*D*/QA4 150
X =8.,588635689012034E+400, . QA4 160

Y =3,992081444227352E-04*FCT(X) 4. QA4 170

X =3,9269635C1358287E+00s . QA4 180

Y =Y+3.,415596601482695E~02%FCT(X) 4o QA4 190

X =1.339097288126361E+00,. QA4 200

Y =Y¥+4,156046516297838E~-0L*FCT(X) . QA4 210

X =1.453035215033171E-01y. QA4 220

Y =Y+1.322294C25116483E+00*FCT(X) o QA4 230
ENDy . /*END OF PROCEDURE QA4 */QA4 240
QAB.. QA8 10
/ /QAB 20
1% */0A8 3¢
/* INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED 8-PODINT */QA8 40
1% GAUSSIAN-LAGUERRE QUADRATURE FORMULA */QA8 50
/* */QA8 60
/ /QA8 T0
PROCEDURE (FCT,Y),. Qas 80
DECLARE QA8 90
FCT ENTRY RETURNS QA8 100

(BINARY FLDAT), /*SINGLE PRECISION VERSION /*S%/0A8 110

1% (BINARY FLDAT (53)), /*DOUBLE PRECISION VERSION /*D%x/QA8 120
(XXyY) QA8 130

BINARY FLOAT, /%*SINGLE PRECISION VERSION /%S%/QA8 1140

1% BINARY FLODAT (53), /*DOUBLE PRECISION VERSION /%*D*/QA8 150
LY BINARY FLOAT (53), QA8 160

I BINARY FIXED, QA8 170

X(16) BINARY FLOAT (53) STATIC (INITIAL 0A8 180
(2.198427284096265E+01, 5.309614948022364E-1C, QA8 190
1.497262708842639E+01 4.641961689730421€E-07, QA8 200
1.009332367522134E+01, 5.423720185075763E-05, QA8 210
6.48314542862T1TOE+0C,y 1.864568017248361E-03, QA8 220
3.809476361484907E+00, 2.576062307101995E-02, QA8 230
1.9C5113635031428E+00, 1.676200827979717E-C1, QA8 24C
6.772490876492892E-01, 5.6129491705706T4E-01, QAB 250
T.479188259681827E-02, 1.015858958033227E+00), . QA8 260

LY =0y o QA8 270

D0 I=1 TO 15 BY 24. QA8 28C

XX =X{I)ya QA8 290

LY =LY+X(I+1)%FCTIXX) 40 QA8 30C

END, . QA8 310

Y =LYy. QA8 320
END, . /#*END 'OF PROCEDURE QA8 */0A8 330
QAl2.. QAl2 10
/ /QA12 20
/% *#/QA12 30
/% INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED 12-POINT *#/QA12 40
/% GAUSSTAN-LAGUERRE QUADRATURE FORMULA */QA12 SO
/% */Q0A12 6C
7 - 70812 70
PROCEDURE (FCT,Y)y. QA12 80
DECLARE QAl12 9¢C
FCT ENTRY RETURNS CAl2 10C

(BINARY FLOAT), /%*SINGLE PRECISION VERSION /%S%/QAl12 110

/% (BINARY FLOAT (53)), /*DOUBLE PRECISION VERSION /%D%/QA12 12C
(XXyY) QAl2 130

BINARY FLOAT, /*SINGLE PRECISION VERSION /#%S¥/QA12 140

/% .BINARY FLOAT (53), /*DOUBLE PRECISION VERSION /#*D%*/QA12 150
LY BINARY FLOAT (53), QAl2 16C

1 BINARY FIXED, 0412 170

X(24) BINARY FLOAT (53) STATIC INITIAL QA12 18C
(3.619136C3606156CE+01, 3.328736992978218E-16, QA12 190
2.7661108779846C9E+01, 1.316924048615634E-12, QA12 200
2.139675593616611E+C1, 6.092508539975128E-10, 0A12 21C
1.643219508767531E+01, 8.037942349882859€~-08, QA12 220
1.23904479638094TE+0L, 4.3164914098C4667E-06, QA12 23C
9.075434230961203E+00, 1.137738327280876E-04, QA12 240
6.369975388030635E+00, 1.647384965376835E-03, QAl12 250
4.198415644878413E+00, 1.409671162014534E-02, QA12 260
2.509848097232128E+00, 7.489094100646149E-02, QAl12 27C
1.2695899401C3961E+0C, 2.554792435691183E-01, QA12 280
4.545066815637603E-01, 5.723590706928860E-C 1, 0A12 29C
5.036188911729395€-02, B8.538623277373985E-01),. 0A12 300

LY =0y 0A12 310

DO I=1 TO 23 BY 2,. QA12 320

XX =X(I)y. 0A12 330

LY =LY+X(I+L1)%FCTIXX) 5. QA12 340

END, . 0A12 350

Y =LYy. QA12 360
ENDy o /*END OF PROCEDURE QA1l2 *#/0A12 370
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QAl6.. QAl6 10
/ /QA16 20
A . */QA16 30
IAd INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED ‘16-POINT */QA16 40
VA GAUSSIAN-LAGUERRE QUADRATURE FCRMULA */QA16 50
/% */QA16 60
/ /QAL6  T0
PROCEDURE (FCTyY),. QAl6 80
DECLARE QAl6 90
FCT ENTRY RETURNS QAl6 100
(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S*/QA16 110
1% (BINARY FLOAT (53)), /%*DOUBLE PRECISION VERSION /#D%/QA16 120
(XXyY) - QAl6 130
BINARY FLOAT, /*SINGLE PRECISION VERSION /#%S*/QA16 140
% BINARY FLOAT (53), /*DOUBLE PRECISION VERSION . /#D*/QA16 150
LY BINARY FLOAT (53), QAl6 160
I BINARY FIXED, QAl6 170
X(32) BINARY FLOAT (53) STATIC INITIAL QAl6 180
(5.C777223877537C8E+0L, 1.4621352854T6832E-22y QAl6 190
4.10816665254912 CE+01, 1.846347307303658E-18¢ QAl6 200
3.378197048822617E+01 2.394688034185697E-15, QAl6 210
2.783143821132868E+01y 8.430020422652895E-13y QAl6 220
2.282130069352521E+01 4 1.186658292679328E-10, QAl6 230
1.85377431786C669E+01 84197664329541793E-09, QAl6 240
1.485143134180125E+01, 3.148335585091188E-07, QAl6 250
1.167703367397596E+01y 7.301170259124752E-06 QA16 260
8.955001337723390E+00 1.083316812363997E-04y QAl6 270
6.642215179741444E+00, 1.072536731055944E-03, QAl6 280
4.706726707667587E+00, T7.309780653308856E~03, QAl6 290
3.124601050702144E+00, 3.510685766314686E~-02, QAl6 300
1.8779315CT6960T4E+00y 1.209162619118252E-01y QAls 310
9.535531553908655€6-01 3.025394681532850E-01, QAl6 320
3.422001560109477E-0L, 5.549162846050598E-01 QA16 330
3.796291457531345E-02 7.504767051856048E-01) 4. QAl6 340
LY =0y . QAl6 350
DO I=1 ¥OU 31 BY 294. QAl6 360
XX =X{I)y. QAl6 370
LY SLYHX(I+1)*FCT(XX) 90 QAl6 380
ENDy o QAl6 390
Y =LYy, QAl6 400
ENDy . /*END OF PROCEDURE QAl6 */QA16 410
QA24.. QA24 10
/ /QA24 20
1% */QA24 30
/% INTEGRATION OF A GIVEN FUNCTION BY. ASSOCIATED 24-POINT */QA24 40
1% GAUSSIAN-LAGUERRE QUADRATURE FORMULA */QA24 50
1% */QA24 60
/QA24 70
PROCEDUPE (FCT9Y)y. QA24 80
DECLARE QA24 90
FCT ENTRY RETUPNS. QA24 100
{BINARY FLOAT), /*SINGLE PRECISION VERSION /#5%/QA24 110
T4 (BINARY FLOAT (53)), /*DOUBLE PRECISION VERSION /#D%/QA24 120
(XX, Y) QA24 130
BINARY FLDAT, /%SINGLE PRECISION VERSION /#5%/QA24 140
/% BINARY FLOAT (53), /*DOUBLE PRECISION VERSION /#D%/QA24 150
LY BINARY FLOAT (53), QA24 160
1 BINARY FIXEDso QA24 170
DECLARE QA24 180
X(24) BINARY FLOAT(53) STATIC INITIAL ( QA24 190
8.055628081995C041E+01, 6490686019753043TE+01, QA24 200
6.020666696305722E+01 5.279543252728363E+01, QA24 210
4.637697955T754013E+01 4 4,071159818554311E+01, QA24 220
3.565370351632821E+01, 3.110646470904657E+01, QA24 230
2.7C0140605647236E+01y 2.328793282487992E+01, QA24 240
. 1.992742587524246E+01, 1.688967192852711E401, QA24 250
1.415058618728576E+01y 1.169069592605607TE+01y QA24 260
9.494095330026488E+00y 7.547704680023454E+00, QA24 270
5.840733271323608E+00, 4.364283076935306E+00, QA24 280
3.111C052455147713E+00, 2.075112909852381E+00, QA24 290
1.251740632362746E+0C 6.372902787326688E~01y QA24 300
2.291023164926243E-01 2.543799658568936E-02) 4« QA24 310
DECLAPE . QA24 320
W(24) BINARY FLOAT(53) STATIC INITIAL ( QA24 330
1.587110292154799E-35, 1.196922538662776E-30, QA24 340
7.370072160G301340E-27+ 1.112915493780457E-23, QA24 350
6437677464 TC1027TE-21 1.746031920237335€-18, QA24 360
2.63031924531681TE=16y 2.395179730958359E-14, QA24 370
1.409386516309178E~12, 5.630593075676338E~11, QA24 380
1.586093499C33076E-09, 3.245028271791540E-08, QA24 390
449373179873395C1E~0T7y 5.694517383469696E-06, QA24 400
5.057198C55496978E-05, 3.503C08636023457E-04¢ QA24 410
1.912784639638831E-03y . 8.3(6009823955105€~03, QA24 420
2.88899231499622CE-02+ 8.095935396920770E-02, QA24 430
1.836445941585704E-014 3.384089438912822E-Cl, QA24 440
5.079230853295182E~01+ 6.220020607559262E-C1)y .« QA24 450
LY =Cye QA24 460
DO I=1 TO 24,. QA24 470
XX =X(1)ye QA24 480
Ly =LY+H(T) *FCTIXX) 50 QA24 490
ENDy o QA24 500
Y =LYy QA24 510
ENDy . /*END OF PROCEDURE QA24 *#/QA24 520
Purpose:
o -X - -
. J e FCT(X)
QAn computes the integral value Y=y ~ ¢ dX

for a given function FCT(X), using associated

Gaussian-Laguerre quadrature formulas.

Usage

'CALL QAn (FCT, Y);

FCT -

106

.
.

ENTRY

Given procedure for the computation of the

function values. This procedure must be
supplied by the user.

Usage

FCT(X);

FCT(X) - BINARY FLOAT [(53)]
Resultant function value,

X - BINARY FLOAT [(53)]

Given argument value.

BINARY FLOAT ((53)]
Resultant integral value.

Remarks:

The n in the name QAn indicates the number of nodes
used for the calculation of Y.

Method:

Quadrature formulas of Gauss~.Laguerre are used
for the evaluation of the integral value.

For reference see:
Concus, Cassatt, Jaehnig, Melby, ""Tables for the
- ,

Evaluation of xﬁ e ™ £(x) dx by Gauss-Laguerre
Quadrature, MTAC, vol. 17, No. 83 (1963), pp 245~
256,

Shao, Chen, Frank, "Tables of Zeros and Gaussian
Weights of Certain Associated Laguerre Poly-
nomials and the Related Generalized Hermite
Polynomials', IBM Technical Report TR 00,1100,
March 1964, pp. 15-16,

.Mathematical Background:

Formulas of Gauss-Laguerre are used to compute

y = f : ———-—-e-x f(X) dx
0 ~x

Let n denote the number of nodes used for the
calculation of the integral value y.

The value y is approximated by a weighted sum of
function values:

n
- 2 te) 1

The value y(n) is exact whenever f(x) is a poly-
nomial of degree less than or equal to 2n-1.
The nodes xk(n) are the roots of the associated

- Laguerre polynomials Lé'l/ 2)(x) of degree n.
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Numerical Differentiation

Differentiation of Tabulated Functions

® Subroutine DGT3

DGT3.. DGT3 10
/ /DGT3 20
I* . */DGT3 30
1% DIFFERENTIATE A TABLED FUNCTION USING LAGRANGIAN */0GT3 40
1% INTERPOLATION FORMULA, DEGREE 2 */DGT3  5C
/% */DGT3 60
/DGT3 70

PROCEDURE( Xy Yy ZsDIM} 4o DGT3 80
DECLARE DGT3 90
UXOR) g YUX) o Z1%) 9 XAy XBoXCy 0GT3 10C
XBA4XCB,yYA,YB,YC,»QBA,QCH) DGT3 11C

BINARY FLOAT, /*SINGLE PRECISION VERSION /%*S%/DGT3 120

,% BINARY FLDAT(53), /*DOUBLE PRECISION VERSION /%D#/DGT3 130
(DIMy T)BINARY FIXED, CGT3 l4C
LERR CHARACTER(1), DGT3 150
ERROR EXTERNAL CHARACTER(1),. DGT3 16C

IF DIM GE 3 /*TEST SPECIFIED DIMENSION */DGT3 170
THEN DOy . DGT3 180
LERR ='GC'y. /*INIT. LOCAL ERFOR INDICATOR */DGT3 190
XB =X(3)y. DGT3 200
Y8  =Y(3),. 0GT3 210
XC =X(1)s. DGT3 220
YC  =Y(1)y. . 0GT3 230
XCB  =XB=XC, DGT3 240
IF XC8=0 /*TEST MONOTONY OF ARGUMENTS  */DGT3 25C
THEN 00y« BGT3 260
LERR ='1",. /*NON-MONOTONIC ARGUMENTS */DGT3 270

XCB  =1E-304. /*CHANGE XCB TO 10%*[-3C) */DGT3 280

END,y « DGT3 290

QCB  ={YB-YC)/XCBy. /*COMPUTE DIVIDED DIFFERENCE  #/DGT3 3CC
DO I =2 TO DIMy. 0GT3 310

0BA =QCB,y. /*SAVE DIVIDED DIFFERENCE */DGT3 320

XBA =XCBy. /#REPLACE XBA BY X(I-1)-X(I-2) */DGT3 330

XA =XBy. /*REPLACE XA BY X(I-2) */DGT3 340

X8 =XCso /*REPLACE XB BY X(I-1) */DGT3 35C

XC =X{I)ye /#SET XC TO X(I) */DGT3 360

YA =YB,. /*REPLACE YA BY Y{I-2) */DGT3 37C

Y8  =YC,. /*REPLACE YB BY Y(I-1) */DGT3 380

YC =Y¥(I)se /*SET YC 8Y Y(I) */DGT3 390

XCB  =XC~XBy. /*REPLACE XCB BY X(I)-X(I-1) */0GT3 4CC

IF XCB*XBA LE O DGT3 410

THEN LERR ='11,, /*MARK NON-MONOTONIC ARGUMENTS #/0GT3 420

IF XxCB=0 0GT3 430

THEN XCB '=1E-3C,y. /*CHANGE XCB TO 10%%(-30) */DGT3 440

QCB  =(YC-YB)/XCBy. /*COMPUTE DIVIDED DIFFERENCE  */DGT3 450

/*REPLACE XA BY X{I)-X{I-1) */DGT3 460

=1E-30y.
YA =(YC-YA)/XAy.
Z(1-1)=QBA-YA+QCB,.

/¥CHANGE XA TO 1C*#%(-3C) *#/DGT3 480
/#COMPUTE DIVIDED DIFFERENCE  */0GT3 490
/*STORE DERIVATIVE VALUE Z(1-1)*/DGT3 500

ENDs . 0GT3 510
Z(DIM)=QCB-QBA+YA,. /*STORE DERIVATIVE VALUE Z(DIM)*/DGT3 520

ENDy o 0GT3 530

ELSE LERR ='21,. /*ERROR IN SPECIFIED DIMENSION #/0GT3 540
ERROR=LERRy.« 0GT3 550
ENDy . /*END OF PROCEDURE 0GT3 */DGT3 560

Purpose:

DGT3 computes a vector Z = (z3, «..,zppy) Of
derivative values, when vectors X = (1, +««» Xpmp)
of argument values and Y = (y1, ¥, «++»¥Ypmp) of
corresponding function values are given.

Usage:
CALL DGTS3 (X, Y, Z, DIM);

X(DIM) - BINARY FLOAT [(53)] -
Given vector of argument values,
Y(DIM) - BINARY FLOAT [(53)]
Given vector of function values.
Z(DIM) - BINARY FLOAT [(53)]
Resultant vector of derivative values.
DIM - BINARY FIXED '
Given dimension of vectors X, Y and Z.

Remarks:

If no errors are detected in the processing of data,
the data indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:

ERROR~='1l' means non-monotonic argument values;
that is, for some i, (xj-Xj_1)°* (Xj1~Xy 18
less than or equal to zero.

ERROR~='2' means DIM is less than three.

Vectors Z and Y may be identically allocated,
which means that the given function values are re-
placed by the resultant derivative values.

Method:

The resultant value z4 is calculated as the derivative
of the Lagrangian interpolation polynomial passing
through points i-1, i, it+1, at argument X;.

YTV Y Y Yier "V
7. = + -

i x -x, X, . =X, X .-X,
i i-1 i+1 i i+l i-1

fori=2,3, ..., DIM-1, and corresponding formu-
las for Zys ZD]M' '

For reference see:
F. B. Hildebrand, Introduction to Numerical

Analysis. McGraw-Hill, New York-Toronto-
London, 1956, pp. 64-68,

Mathematical background:

Fori=1,..., n-2 we must find a;, b;, and ¢;
such that

2
V.(x) = +
A (x) ax + biX c,

passes through (xi, yi), (x,

i+1? yi+1)’ and (Xi

+2°
Vi)

The desired derivative values z are given by:

y'l(xl) = Zalxl + b1 ifi=1
- 1 = ifi= -
zi yi-l(xi) 2&11_1;&i + bi-l ifi=2,...,n-1
1 = if i =
yn_z(xn) Zan—ZXn + bn_2 ifi=n
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An easy computation yields:

(Y9

X TR FgTR

Y37Vy Y5y
.I. -

_) Vi i
z,= + -

Yi+17¥i-1

R T e T R Y e T R |
y -y y_-¥ y -y
- -2 -1 7n-2
Xn_xn 1 + Xn-_Xn _ xn _Xn if i=n (1)
. n n-1 "n n-2 "n-1 n-2

Assuming that the vectors X and Y represent a por-
tion of a three-times-differentiable function, z in-
volves a truncation error T where:

S 6oy Ry " () i i=1

=( = (x - _ e g . _
By (xi X ) (&% )Y (‘51) ifi=2,...,n-1

s x e x )y (6) ii-n

and £, is in the closed interval determined by the
three argument values used in computing Z;s i=
1,...,0,

Programming Considerations:

The given table should represent a single-valued
function. Non-monotonic arguments may cause du-
bious derivative values. If any difference (xj-xj-1),
(%3417%1)» (X3+1-%j-1) is zero, it is replaced by 10-30,

o Subroutine DET3

DET3..« DET3 10
/ /DET3 20
A */DET3 30
il DIFFERENTIATE AN EQUIDISTANTLY TABLED FUNCTION USING */DET3 40
/* LAGRANGIAN INTERPOLATION FORMULA, DEGREE 2 #/DET3 50
/% */DET3 60
/ JDET3 70
PROCEDURE(HsYsZyDIM)y. DET3 80
DECLARE DET3 90
(Hy Y (%) yZU*) 3YA4YBy YCoHH) DET3 100

BINARY FLOAT,
4l BINARY FLOAT(53),

/*SINGLE PRECISION VERSION /*S*/DET3 110
/%DOUBLE PRECISION VERSION /#D*/DET3 120

(DIM, I)BINARY FIXED, DET3 130
ERFOR EXTERNAL CHARACTER(1),. DET3 140

IF DIM GE 3 /*TEST SPECIFIED DIMENSION */DET3 150
THEN DOy . DET3 160
IF H NE O /*TEST SPECIFIED INCREMENT */DET3 170

THEN DOy . DET3 180

HH  =H+H,. DEY3 190

YC =Y(1)y. DET3 200

YA =YC-Y(2),. . DET3 210

Y8 =Y (3)+YA+YA+YA,. /*MODIFICATION YB = Y(0) */DET3 220

0 I =2 TO DIM,. DET3 230

Ya =YBy. /*REPLACE YA BY Y(I-2) */DET3 240

YB  =YCy. /*REPLACE YB 8Y Y(I-1) */DET3 250

Yc =Y(I)ye /%SET YC TO Y(I) */DET3 260
Z(I-1)=(YC-YA)/HH,. /#SET Z(I-1) TO (Y(I)-Y(I- 2)/2"*/051’3 270

END;. T3 280

=YC-Y DET3 290

Z(DIM) IVA-YEOVC I7*T(DIM)=(Y(DIM-2)-4*Y(DIM-1) */DET3 300

+YC+YC) /HHy o 7%+3%Y (DIM) ) 2%H */DET3 310

ERROR=10",., /*SUCCESSFUL OPERATION */DET3 320

ENDy o DET3 330

ELSE ERROR='1',. 7%ERROR IN SPECIFIED INCREMENT #*/DET3 340

END,y « DET3 350

ELSE ERROR=12%,, /*ERROR IN SPECIFIED DIMENSION */DET3 360
END,y . /%*END OF PROCEDURE DET3 */DET3 370

Purpose:

DET3 computes a vector Z = (2., Z,s eoes Z ) of
DIM
derivative values, given a vector Y = (y s Ygs eees
YD) of function values whose components yj cor-
respond to DIM equidistantly spaced argument
values X, with XX, T hfori=2, ..., DIM.

Usage: -
CALL DET3 (H, Y, Z, DIM);

H - BINARY FLOAT [(53)]

Given increment of argument values,
Y(DIM) - BINARY FLOAT [(53)]

Given vector of function values.
Z(DIM) - BINARY FLOAT [(53)]

Resultant vector of derivative values.
DIM - BINARY FIXED

Given dimension of vector Y and Z.

Remarks:

If no errors are detected in the processing of data,
the data indicator, ERROR, is set to zero. The
following constitutes the possible error cond1t1ons
that may be detected:

ERROR='1'
ERROR='2!

means DIM is less than three.
means H is equal to zero.

Storage allocation for the vectors Z and Y may be
identical, which means that the given function values
are replaced by the resultant derivative values.
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Method:

The resultant value z; is calculated as the derivative
of the Lagrangian interpolation polynomial passing
through the points i-1, i, i+l at argument x;.

1 o
2, =55 U1 ~ Y520 fori=2, 3, ..., DIM-1

and corresponding formulas for Zs Zpmt

For reference see:
F. B. Hildebrand, Introduction to Numerical

Analysis, McGraw-Hill, New York-Toronto-London,
1956, pp. 82-84.

Mathematical Background:

The procedure is described under subroutine DGT3,

but here we have the additional relation X -xi_1=h,
a constant, for i=2, ..., n. This leads to the

following expression for z

(1 3 o
oh ( y3 + 4y2 3y1) ifi=1

1 e s
i °h (yi'l'l - Yi_l) if 1—2,o-c ,n"l (1)

1
\.2h (3yn - 4:yn-l " yn-2)

ifi=n

Assuming that the vector Y represents the
function values of a portion of a three-times-
differentiable function, z; involves a truncation
error T; where:

/h2
h £ i
2

_{ h o A _
Ti_< yUE) & e lx g x 1 ifi=2,000 000

6
h2 '
i me e s
37 (), & elx oox 1 ifi=n
In addition to these truncation errors, roundoff

errors may be of considerable magnitude. Supposing
that each of the ordinates y; can be in error by % ¢,

€>0, the magnitude | R; | of the corresponding error
Ri in the calculation of z; can be as large as:

m ifi=1, n
R.| =
1
vlﬁl ifi=2,...,n-1

Since small truncation errors generally require
smalll h | » While small roundoff errors generally
require large | h I , it is reasonable to choose h so

If M =sup y"' (£, where £ € [xq, x,], and if .
we regard only the inner points Xg,...,Xp_-1, We
find that

3
hoptimum ~+1.8 “a/e¢/M

and the magnitude I E; | of the total possible error
Ei in z; is given by: '

3.3 8 \ €2M

1.1 3 ezM

‘ ifi=1, n
=4
i

ifi=2,...,n-1
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e Subroutine DET5 ERROR='1' means H is equal to zero.
‘ o ’ ERROR='2'" means DIM is less than five.

DETS DETS 10
re : $/0ETs 20 Storage allocation for vectors Z and Y may be
1% DIFFERENTIATE AN EQUIDISTANTLY TABLED FUNCTION USING */DETS 40 s 2 : s .
1% LAGRANGIAN INTERPOLATION FORMULA, DEGREE 4 */DETS S0 ldentlca‘l’ WhICh means tha‘t the glven funCtlon
1% */DETS 60 - ..
##/DET5 70 values are replaced by the resultant derivative
PROCEDURE(H,Y,Z,DIM},y. DETS5 80 1 .
DECLARE DET5 90 alu
(HyYU*) ,Z0%) 3 YA, YRy YC YD, YE,HH) DET5 100 V es'
BINARY FLUAT, /*SINGLE PRECISION VERSION /*S*/DETS 110
1% BINARY FLOAT(53), /*0D0UBLE PRECISION VERSION /*D*/DET5 120
(DIM, I)BINARY FIXED DETS5 130
EREQP EXTERNAL CHARACTER(L),. DET5 140 Method:
IF DIM GE.5 /*TEST SPECIFIED DIMENSION */DETS 150
THEN DO, . DET5 160
IF H NE © /*TEST SPECIFIED INCREMENT */DETS 170 .
THEN DO, . DETS5 180 i -
00 e DeTS 180 The resultant value z; is calculated as the deriva
YD =Y({1)ye DETS 200 ] - 3 5 3 3
v v bETS 210 tive of the Lagrangian interpolation polynomial
YA =Y(3)=YE,y. DETS5 220 . . . . . . .
Y8 =v(4),. 0ETS 230 passing through the points i-2, i-1, i, i+1, i+2 at
Yc =Y(5) /*MODIFICATION YC = Y(O) */DETS 24C t .
+5%(YD-YB+YA+YA),. DETS 250 a .
Y8 =5*(VC-YD+YE-YD-‘;A) /#MODIFICATION YB = Y(-1) */DETS 260 rgumen Xl.
+YBy. DET5 270
DC I =3 TO DIM,. DETS 280
YA =YBy. /*REPLACE YA BY Y(I-4) */DET5 290 1
YB =YCyo /*REPLACE YB BY Y(I-3) */DETS 300 — o
YC =vD,. /#REPLACE YC BY Y(I-2) */DETS 310 Z, = (y. -y. .) fori=3, 4, ..., DIM-2
YU =VEy. /*REPLACE YD BY Y(I-1) */DETS 320 1 2h i+1 i-1 )
YE =Y{I)y. /%SET YE TO Y(I) */DETS 330
Z(I-2)=(YA-YE+ JELITI=2)=(Y(I~4)=Y(1) + */DETS 340
(YD-YB)*8)/HH, ./ %+8% (Y ([=1)=Y(I-3))/12H */DETS 350 .
END, . DETS5 360 3
o v atveve DETe 350 and corresponding formulas for Zqs z2, ZD 1
4+YD-YC+YD=YC) 44 DET5 380 VA IN-[_
Z(DIM-1)=(YE-YD+YE~YD /*COMPUTE LAST TWO DERIVATIVE */DET5 390 DM
+YE=YA)/HH,. /*VALUES */DETS 400 :
ZIDIM)=(YA+YA+YA+YB+YB DETS 410
+YE-6%YC+12*(YE DETS 420
=YD+YE~YC) ) /HH,y. DETS5 430
ERPOR='01,, /%SUCCESSFUL OPERATION */DETS 440 For reference see:
ENDy o DETS 450
ELSE ERPOR='1",. /*ERROR IN SPECIFIED INCREMENT */DETS 460
ENDy . . DETS 470
ELSE ERROR='2",., /*ERROR IN SPECIFIED DIMENSION */DETS 480 3 3 3
o AR SA- o R A F. B. Hildebrand, Introduction to Numerical
Analysis, McGraw-Hill, New York-Toronto-
London, 1956, pp. 82-84.
Purpose:

Mathematical Background: A
DET5 computes a vector Z = (zl, Zoseoss zpo) ©of

derivative values, given Y = (yl’ Voreoes ypmv) ©f Fori=1,..., n-4 we must finda_, b,, c., d,, and
function values whose components ¢orrespond to e. such that rr 11
i

DIM equidistantly spaced argument values X with

X.-X, , =h. _
i Ti-1 y.(x) = a.x4 + b.x3 + c.x2 +dx+e,
1 1 1 1 1 1

Usage:
passes through (Xi+k’ Vi) fork=0,...,4.
CALL DET5 (H, Y, Z, DIM);" The desired derivative values z; are given by:
H - BINARY FLOAT [(53)] f_, 3 2
= + +d
Given increment for argument values. yl(xi) 4a1xi " 3b1Xi zclxi 1

Y(DIM) - BINARY FLOAT [(53)]

Given vector of function values.
Z(DIM) - BINARY FLOAT [(53)]

Resultant vector of derivative values.

ifi=1, 2

- 3 2
! = + +
Vioo (Xi) 4ai__2xi + 3bi-—2Xi Zci_ x, +d

DIM - BINARY FIXED zi = 271 i-2
Given dimension of vectors Y and Z. i#i=3,...,n-2

Remarks:

If no errors are detected in the processing of data, T (x) =4 3 C2 ’

J)=4a x +3b_ X, +2c_ x +d

the error indicator, ERROR, is set to zero. The | Yn-4 (Xl) n-4'1 n-41 n-4i "n-4

following constitutes the possible error conditions '

that may be detected: . ifi=n-1, n
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Using the fact that x_ - X,
i=2,...,n, we get:

~

1= h, a constant, for

1
1oh (-25y1+48y2—36y3+16y4-3y5)
if i=1
L sy, - 10y + 18y, -6y, +y.)
12h VOV T g TSV TRV, T Yy
if i=2
Ly -8y . +8y.. -y..)
12h Vi-2 T Yi-1 T Vi1 T Vi
Z.= 1)
ifi=3,uoo,n—2
Ly +6y .-18y _+10 _ +3y)
12h " n-ga " "Vp-3 T tVpog T Va1 T Yy

if i=n-1

1 .
12h (3yn-4 _16yn—3 " 36yn—2 B 48yn—l * 25yn)

g ifi=n

Assuming that the vector Y represents the func-

tion values of a portion of a five-times-differentiable

function, z involves a truncation error Ti where:

~

h4 v e
Ty (€, g elxx ] ifi=l
h4 vV, . o
“o ¥ €),  Eyelxpix] ifi=2
h4 v L
Ti=< 307 (€)s gelx oox o1 ifi=3,...,0-2

4
h™ v ses
207 (_gn—l)’gn—ldxn—él’xn] if i=n-1

—lf— v L 1 ifi=n
5 y (gn)’ gne Xn_4’xn 1=

<

In addition to the truncation errors, roundoff

errors may be of considerable magnitude. Supposing

that the ordinates y. can be in error by +¢, € >0,
the magnitude | Ril of the corresponding error Ri in
the computation of z, can be as large as:

(32¢
—
3(0] ﬁl’ o B
) 19¢ o

IRi| =6l ifi=2,n-1

3¢ o s

=3, ...,n-2
\2|h| '1:E1 3, ,

Since small truncation errors generally require
small |h | » while small roundoff errors generally
require large | h |, it is reasonable to choose h so
that | T;| ~ | R; |-

EM=supy (£
£ ¢ [xl, xn]

and if we regard only the inner points Xg,..., X,_2,
we find that

h . ~2.1 °\fe/M
optimum

and the magnitude | Eil of the total possible error Ej
in z; is given by:

9 5\/64M
IEilz 2.5 5\/e41v1

1.4 5 e4M

ifi=1, n

ifi=2, n-1

ifi=3, ..., n-2
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Differentiation of Nontabulated Functions

e Subroutine DFEC

DFEC. . OFEC 1IC

/ /DFEC 20
/% */DFEC 30
/% COMPUTE DERIVATIVE VALUE OF A FUNCTION USING EXTRAPOLATION */DFEC 40
A METHOD ON CENTRAL DIVIDED OIFFERENCES */DFEC 50
A */DFEC 60
o b /DFEC  7C

PROCEDURE[X¢HyOPT4FCTyZ), . DFEC  8C
DECLARE OFEC 90
(XyZyHeHHyHKyVoLZ4H1y OFEC 100
DA,DB4sDZ,AUX(5)) DFEC 11C

BINARY FLOAT, /*SINGLE PRECISION VERSION /%S*/DFEC 12C

/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/DFEC 130
(KyMIBINARY FIXED, DFEC 14C
FCT ENTRY DFEC 150

(BINARY FLOAT) /*SINGLE PRECISION VERSION /#S%/DFEC 160

1% (BINARY FLOAT(53)) /*DOUBLE PRECISION VERSION /*D*/DFEC 170
RETURNS(BINARY FLOAT), /*SINGLE PRECISION VERSION /*S*/DFEC 18C

1% RETURNS{BINARY FLOAT(53)), /*DOUBLE PRECISION VERSION /*D*/DFEC 190
(ERROR EXTERNAL,OPT)CHARACTER(1)y. DFEC 20C

IF H NE O /*TEST SPECIFIED INTERVAL */DFEC 21C
THEN DOy . DFEC 220
HKyH1=ABS(H),. /%SET H1 TO ABS(H) */0DFEC 230

IF OPT NE 'G' /*SHOULD OPTIMUM STEPSIZE H1 */DFEC 24C

THEN 00y. /*BE GENERATED */DFEC 250

v =5E-1ly /*SINGLE PRECISION VERSION /#S*/DFEC 260

1% =5E-3, /*DOUBLE PRECISION VERSION /%D*/DFEC 27C
IF HK GT V . CFEC 280

THEN HK =V, /*SET HK =MIN(V,ABS(H)} */DFEC 290

08B =ly. DFEC 300

0A  =ABS(FCT(X+HK) DFEC 310
=FCT(X-HK)) /2. DFEC 320

IF DA HK OFEC 330

THEN DB =DA/HK,y. /*SET DB TO MAX(1,ABS(T)) */OFEC 340

IF DA LT 1 DFEC 350

THEN DA =l,. /*SET DA TO MAX(1,ABS(Y) */DFEC 260

HK =V*DA/DBy. DFEC 370

IF HK LT H1 DFEC 380

THEN H1 =HKy . /*SET HL TO MIN(V*DA/DB,ABS(H) )*/DFEC 390

ENDy .« DFEC 40C

v =5y, DFEC 410

D0 K =1 TO 5,. DFEC 420

HK =(V/5) #H1l4. /*SET HK TO H1*(6-K}/5 */DFEC 430
LZ,AUX(K)=(FCT(X+HK) =~ /*SET AUX(K) TO T(0,K) */DFEC 440

FCT(X=HK) )}/ (HK+HK) 4. . DFEC 45C

HH  =1/Vy. DFEC 460

HK =Cs. DFEC 470

DA =1E30y. DFEC 48C

DO M =K-1 TO 1 BY -1,. DFEC 49C

DB =DA,. DFEC 500

HK  =HK+HH, . DFEC 510

0z =(LZ-AUX(M))/ /*SET DZ TO' INCREMENT */DFEC 52C

(HK*(2+HK) )y DFEC 530

DA =ABS(DZ),. DFEC 54C

IF DB LT DA /*TEST FOR DECR. INCREMENTS */DFEC 550

THEN GOTO NEWKy. DFEC 560

LZ AUX(M)=LZ+DZy. /*SET ZyAUXIM) TO TIK-M ,M) */DFEC 570

END,y. DFEC 580

NEWK. . DFEC 5990
v =V-1y. DFEC 600

END,y .« DFEC 610

z =LZy. DFEC 620
ERROR=1'0"', . /*SUCCESSFUL OPERATION */DFEC 630

ENDy « OFEC 640
ELSE ERROR='1',. /*ERROR [N SPECIFIED INTERVAL */DFEC 650
END,y. /*END OF PROCEDURE DFEC */DFEC 660

Purpose:

Given the argument X and the function FCT(X),
defined in the closed interval [X-|H| , X+ |H| ].
DFEC computes an approximation Z to the derivative
of the function FCT(X).

Usage:
CALL DFEC (X, H, OPT, FCT, Z);

X -  BINARY FLOAT [(53)]
Given argument value.
H-  BINARY FLOAT [(53)]
Given radius of closed interval about X.
OPT - CHARACTER (1)
Given option for calculation of the stepsize.
FCT - ENTRY
Given procedure for calculating of function
values, which must be supplied by the user.

Usage:
FCT(T) )
FCT(T) - BINARY FLOAT [(53)]
Resultant function value.
T - BINARY FLOAT [(53)]
‘ Given argument value.

Z - BINARY FLOAT [(53)]
Resultant approximation to 5.~ FCT(X).

Remarks:

OPT = '0' means maximum stepsize is set equal to
H; otherwise, it will be calculated within procedure
DFEC (for details see ' Mathematical Background'),

If no errors are detected in the processing of
data, the error indicator, ERROR, is set to zero.
The following constitutes the possible error condi-
tion that may be detected:

ERROR = '1' means given H is equal to zero.

Method:

The approximation Z of the derivative is obtained by
applying Richardson's and Romberg's extrapolation
method to successively computed central divided
differences, using function values in the closed
interval [X-I H| R X+| H| 1.

For reference see:

S. Fillipi and H. Engels, "Altes und Neues zur
numerischen Differentiation', Elektronische
Datenverarbeitung, iss. 2 (1966), pp. 57 - 65.

Mathematical Background:

Suppose, first, that y = y(t) is analytic at x; that is,
y has a Taylor series expansion about the point x
with radius of convergence R > 0. Let h be such
that 0 <|h| <R. For each positive integer n

a step size hy with 0 < hy <|h] is computed as de-
scribed below, and a sequence hy of increments is
generated, where

hk=wh for k=2,..., n
n 1

From the sequence (x-hy, x+hg) of point pairs
(k=1,..., n), the sequence of central divided
differences

V&R YERY) fork=1,0.0,n (@)

0,k th

is computed, which forms the first column of the
triangular Romberg scheme. The central divided

T
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differences To,k represent the slopes of the secants
sk in Figure 2.

tangent
sy /]
I
S3 I
So Lt | y=y (1
/]l//r/
S | :
t=x-h fo t=x+h
+ t—e t
¥ %M1 ... x-hg  xths ... x=h

Figure 2. A sequence of secants for a given function y=y(t) and
a given argument t=x for the case n=5,h >0

From the Taylor series expansions of y(x+hy)
and y(x-hy) it follows that

2 4
: Vv
= ! — M —_
Ty, =V @3 Y@+ 5y @+ ...

fork=1,...,n

so that, as an approximation to y'(x), TO,k involves
a truncation error of order hy .

Knowing the two divided differences TO,k and
To,k+1, we are able to generate the extrapolated
value

e . To,k+1’T0,k
1,k T0,k+1 T
1,k
where 2)
~ 1.2
1k 1+ nk

Tl,k is a better approximation to y'(x) since

1 4 v
T1,k V') "5 a hk v ®
. 1,
1 1 1 6 vii
S W Y -
"1,k 1,k

which involves a truncation error of order hﬁ .

If we also know To,k+2, We can generate
Tl,k+1 using equation (2), and further, we can com-
pute the extrapolated value

- Ty er1™ T,k
2,k "1,k+1 a-l
2,k
where
: 2 2
B,k T ey

which involves a truncation error of order hﬁ .
Generally, the order of the truncation error is

increased by 2 with each new extrapolation step;

in particular, Ti j will involve a truncation error of

order ’

i+

h2j1 2, i=0, .e.,n-1,j=1, ..., 1,

Figure 3 shows the arrangement of the T values
in the triangular Romberg scheme. The T values
are computed following the upward diagonals, using
the general formula:

Th-1,k-m+ 1" Tm-1,k-m

Tm,k—m= Tm—l,k—m+ 1

n—$+ 1) (2+ P~ (In?+ ) )
4)

form=1,..., k-1 for fixed k, k=2, ..., n

Truncation 2 4 6 8 10,
error O(y) |Ofy) | Oy) | Ofhy) | Oh k)
Stepsize | o 0 1 2 3 4
b, 1 To,1 [T,1 | P21 ;3,1 Ty1
h,=0.8h, | 2 To,2 [T1,2f| T2, 2\| T3, 2

A Lr
h,=0.6h | 3 Ty, 38‘ T) ol To 5 /

4 /

h=0.4h | 4 T0’4g T1’4 /

/
h=0.2h | 5 Ty, 5

Figure 3. The triangular Romberg scheme of T-values for the
case n=5 :
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Numerical experience shows that the accuracy
of the results depends heavily on roundoff errors in
the central divided differences TO,k' Therefore,
the choice of the absolutely smallest step size, hy,
is based on the following considerations.

Let:

1 in single-precision computation

3 in double-precision computation

h, = min (a-10"", | hl)

Set:

1
Y= 5 (xthy) + ylx-h))

and
1
T =5 (ylx+h) - ylx-h ))/h

Y and T are approximations to y(x) and y'(x),
respectively.

Assuming that the errors in the function values
y(t) for t . x-]h|, x+|h|] are bounded by

v.10°P

10D it |v] =1

if |[v|>1
€=

formula (1) shows that the roundoff error in the com~-
- putation of T j is bounded by

-D
Y10 )
T—' 1f|Y|>1
. € n
R(T. )=~-=
O By 107D if|Y|s1
h
n

where D is the number of significant digits in the
floating-point representation of numbers. Suppose,
also, that we are willing to tolerate a roundoff error

v

110077 s> 1

\ =
RU(T,

1072V it|T| =1

Then we must have R(To,n) < R'(To,n)’ which is
satisfied when '

Cmax(l, lvl) | -v
n  max(l, | T]) -10 )
Finally we set
h, = min(-h_, [nl) (6)

guaranteeing that the evaluation of the function
y = y(t) is restricted to the closed interval
[X—Ih|9 X+|h|]- !

Programming Considerations:

Numerical experience shows that, because of in-
creasing roundoff errors, it is generally fruitless -
to perform more than five extrapolations. Thus,
the subroutine uses n = 5, and it is therefore
necessary only that y = y(t) be eleven-times dif-
ferentiable, rather than analytic. It is easy to see
that in the case n =5, y = y(t) must be evaluated at
twelve points in the closed interval [x-|h|, x+ |h| ].
As previously explained, the computation of the
T values is performed along the upward diagonals
of the triangular Romberg scheme. Therefore,
only a one-dimensional internal storage vector,
named AUX, with five storage locations is necessary.
Figure 4 shows the storage administration and the
sequence of computations (numbers in parentheses).

AUX() || T, (1)

AUX@) || T, (0 | T, ,(2)

AUX@) || Ty o) | Ty 5(8) | T, 5(13)

AUX@) || Ty 5@) | Ty 5(6) | T, 50) | Ty ,(14)

AUX®) || T, @ | T 1@ Ty, 1® | Ty 100 | T, (15)

Figure 4. Storage administration and order of computation

Each extrapolation loop, the computation of the
elements on an upward diagonal, is terminated as
soon as the absolute values of the differences be-
tween adjacent diagonal elements stop decreasing,
showing the influence of roundoff errors. The com-
puted T value that differs least in absolute value
from its immediately preceding diagonal neighbor is
the desired value Z. A
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‘e Subroutine DFEO

OFED. . OFEQ 10

/%R R R R R R R O /DFEQ 20
/% */DFE0 30
A COMPUTE DERIVATIVE VALUE OF A FUNCTION USING EXTRAPOLATION  */OFE0 40
Al METHOD CN ONE-SIDED DIVIDED OIFFERENCES */DFEQ 50
VA */DFED 60
/%% /DFED 70
PROCEDURE(XsHyOPT4FCT42) . DFEOD 8C
DECLARE - DFEO 90
(X9Z yHyHKyHH 3V, Y4 HLy DFEQ 100
DA+DB,DZ,AUX(1C)) DFED 110

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S*/DFE0 120

IAd BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D%/DFED 130
(KyM)BINARY FIXED, DFEQ 140

FCT ENTRY DFEQ 150

(BINARY FLOAT) /*SINGLE PRECISION VERSION /#S*/DFE0 160

A (BINARY FLOAT(53)) /*DOUBLE PRECISION VERSION /*D*/DFEQ 170

RETURNS(BINARY FLOAT), /#SINGLE PRECISION VERSION /*S*/DFEQ 180

/% FETURNS(BINARY FLOAT(53)), /*DOUBLE PRECISION VERSION /#D*/DFED 190
(ERROR EXTERNAL yOPT)CHARACTER(1)y.s OFEQ 200

IF H NE O /*TEST SPECIFIED INTERVAL . */DFEQ 21C
THEN 0O, . DFEQ 220
H1 =Hy. DFEQ 23C

Y =FCTIX) e DFED 240

IF OPT NE 'C' /%SHOULD OPTIMUM STEPSIZE H1  */DFE0 250

THEN DOy« /%*BE GENERATED */DFEO 26C

v =5E=1s. /*SINGLE PRECISION VERSION /*S*/DFEQ 270

I% v =5E=3,. /*DOUBLE PRECISION VERSION /#D%*/DFEQ 280
IF H1 LT C DFEQ 290

THEN V ==Vy. DFEO 300

IF ABS(V) GT ABS(H1) DFEO 310

THEN HH  =Hl,. /%SET HH=SIGN(H) *MIN{V,ABS(H)) */DFEQ 320

ELSE HH =Vye DFEQ 330

bl:] =ABSU{FCT{X+HH) DFEQ 34C

=Y)/HH),. DFEQ 350

IF DB LT 1 DFEQ 360

THEN DB =lye . /*SET DB TO MAX(1,ABS(T)) */DFEQ 370

HK =(V+V) /DBy DFEQ 380

IF ABS(Y) GT 1 DFEO 390

THEN HK  =HK*ABS(Y),. /*SET HK=2%V*MAX(1,ABS(Y))/DB */DFEQ 400

IF ABS(HK) LT ABS(H1) FEQ 410

THEN HL =HKy o /*SET H1=SIGN({H)*MIN(HK,ABS(H))*/DFE0 420

ENDy . DFEQ 430

v =104 DFEQ 440

DO K =1 TO 10,. DFED 450

HK =(V/10)*HLl,. /*SET HK TO H1*(11-K)/10 */DFED 460

Zy AUX(K)={FCT(X+HK)=Y) /*SET AUX(K) TO T(0+K) */DFEQ 470

/HKy o DFEC 480

HH  =1/V,. DFEQ 490

HK =Cye , DFEQ 500

DA =1E3Cy. DFEQ 510

DO M =K-1 TO 1 BY -1,. DFEQ 520

HK  =HK+HH,. DFED 53C

DZ  =(Z-AUX(M)) DFED 540

HKy o /%SET DZ TO INCREMENT */DFEO 550

DB =DA,. DFEQ 560

DA =ABS(DZ) . DFEQ 570

IF DB LT DA /*TEST FOR DECREASING INCREMENT#/DFEC 580

THEN GOTO NEWK,. DFEQ 59C
ZyAUX(M)=2+4DZ,. /*SET Z,AUX(M) TO T(K-M,M) */DFEOQ 600

ENDyo DFEC 610

NEWK. o DFEQ 620
v =V=1ly. DFED €3C

END y o DFEC 640
EFRO3=*C",. /*SUCCESSFUL OPERATION */DFEO 650

END, « DFEC 660

ELSE ERROR='1"',., /*ERROR IN SPECIFIED INTERVAL */DFEO 67C
ENDy . /*END OF PROCEDURE DFEO */DFEQ 680

Purpose:

Given argument X and function FCT(X), defined in the
one-sided interval [X,X+H], DFEO computes an
approximation Z to the derivative.

Usage:

CALL DFEO (X, H, OPT, FCT, Z);

X -  BINARY FLOAT [(53)]
Given argument value.
H -  BINARY FLOAT [(53)]

Given length of interval.
OPT - CHARACTER (1)
Given option for calculation of the stepsize.
FCT - ENTRY
Given procedure for calculation of function
values, which must be supplied by the user.

Usage:
FCT(T)
FCT(T) - BINARY FLOAT [(53)]
Resultant function value.
T - BINARY FLOAT [(53)]
Given argument value.
Z -  BINARY FLOAT [(53)]
Resultant approximation to ax FCT(X).

Remarks:

OPT = '0' means maximum stepsize is set equal to
H; otherwise, it will be calculated within procedure
DFEO (for details see "Mathematical Background'").

If no errors are detected in the processing of
data, the error indicator, ERROR, is set to zero.
The following constitutes the possible error condition
that may be detected:

ERROR = '1' means H is equal to zero.

Method:

The approximation Z of the derivative is obtained by
applying Richardson's and Romberg's extrapolation
method to successively computed one-sided divided
differences, using function values in the closed
interval [X,X+H].

For reference see:
S. Fillipi and Engels, '"Altes und Neues zur

numerischen Differentiation'', Elektronische
Datenverarbeitung, iss. 2 (1966), pp. 57-65.

Mathematical/ Background:

Suppose, first, that y=y(t) is analytic at x; that is,
y has a Taylor series expansion about the point x
with radius of convergence R > 0. Let h be such
that 0 <|h| <R. For each positive integer n,

a stepsize hy with 0 <|hy|<|h| is computed as de-
scribed below, and a sequence hy of increments is
generated, where

n-k+1 h

hk=n 1

fork=2, .e., N

From the sequence (x,x+h;) of point pairs
(k=1,...,n), the sequence of one-sided divided
differences

ylxthy) - y6)

0,k hk

T fork=1,,..,n (1)
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is computed, which forms the first column of the
triangular Romberg scheme. These one-sided
divided differences TO k represent the slopes of the
secants sy in Figure 5’in the case h > 0.

S5

| S4
|

I

|

' 52 t=xth
* St

: , >t
! xthig... xthg... xth; \}

A sequence of secants for a given function y=y(t) and
a given argument t=x for the case n=10,h >0

Figure 5.

From the Taylor series expansion of y(x+hy) it
follows that

h h2

= ! —_ !t —_— i
TO,k Y(X)+2 y(x)+3£ y (X)""...

for k=1, ..., n
so that, as an approximation to y'(x), TO k involves
a truncation error of order hy. Knowmg the two

divided differences To,x and T, k+1, We are able
to generate the extrapolated value

T . -T

- 0,k+17 70,k

T Torer ™ I @)
. a

, 1,k

where

2k .(“n%E)

Tl,k isa bette'r approximation to y'(x) since

1 .2
TLe ™V - 5r 3 Ve
a.
i,k
1
(X) -
1
4 ""1 ko %4k

which involves a truncation error of order hf: .

If we also know T 14 9, We can generate
T1,k+1 using equatlon (2), and further, we can com-
pute the extrapolated value

T -T, .
T o7 L Lkl Lk

2,k "1,k+1 L
2,k
where
2
Bk O iy

which involves a truncation error of order hl?; .

Generally, the order of the truncation error is
increased by 1 with each new extrapolation step; in
particular, Tj j will involve a truncation error of
order

=0, eoeyn-1, j=1, ..., N.

Figure 6 shows the arrangement of the T values
in the triangular Romberg scheme. The T values
are computed following the upward diagonals, using
the general formula

Tm—l, k-m+ 1_Tm—1, k-m

T =T +
m,k-m “m-1,k-m+1 m
n~k+1
(3)
form=1, ..., k-1 for fixed k, k=2, ..., 1
Truncation 2 3 4 5 6 7 8 9 1
oms ofy) |0y | Oy | Oy | Oty) | Oy | Oy) | Oy | Oy | 0w S
s m
Stepsize |, ) 1 2 3 4 5 6 7 8 9
by P ATo,1 |To1 | To,1 | Ts,1 | Tay1 | Tsin }6,1 To1 | Te,1 | To,1
h_=0.9h
2709 |2 To 2 |Tr2 | To2 | Ts,2 | Ta,2 /Ts,z To,2| T7,2 | Ts,2 /
h,=0.8h
5=0-8h) | 3 1Ty 3 [T1,3| To,3 | T3, }4,3 Ts,3 | Te,3 | Tr,3 /
h,=0.7h, 4 1To,4 | T4 | Topa ;3,4 Ts,4 | Ts5,4 | Ts,a /
h=o.6hy | 5 Ty o 2ol T
h,=0.5h 6 |T '

1 0,6
h=0.4h | 7T |T,

h B=0' 3h1 8 T,

hg=0.2h, | 8 T, o |T, o /

hm=0. lhl 10 T,

The triangular Romberg scheme of T values for the
case n=10

Figure 6.

Numerical experience shows that the accuracy
of the results depends heavily on roundoff errors in
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the one-sided divided differences Tq k. Therefore,
the choice of the absolutely smallest step size, hy,
is based on the following considerations.

Let:

1 in single-precision computation

Vv =
3 in double-precision computation
Set:
h, = sgn(h)-min(%. 107, |n|)

T = (y(x+h)) - yx))/h,

T is an approximation to y'(x).
Assuming that the errors in the function values
y(t) for t¢ [x,x+h]are bounded by

| v 107" if | yix)| > 1
107P if |y | =1

equation (1) shows that the roundoff error in the
computation of T p is bounded by

2|y(x)] 10-'D ifly(x)' > 1

o | I
R(T, )= 7 =
0,1 |hn| LoD
2_

I if]ye| =1
| By

where D is the number of significant digits in the
floating-point representation of numbers. If we are
also willing to tolerate a roundoff error

/

S 2710~

Z 2-10"DFV

we must have R(Tg, y) =R'(Tq, p), which is
satisfied when

D+v i'flT|>1

1
R (TO, n)

if|T|s1

n = max (@ ly@l) | -v

n  max (1, |T|) “)

Finally, we set

h, - sgab): min(a- |, |, ) (5)

guaranteeing that the evaluation of the function
y = y(t) is restricted to the closed interval [x,x+h].

Programming Considerations:

Numerical experience shows that, because of in-
creasing roundoff errors, it is generally fruitless
to perform more than ten extrapolations. Thus, the
subroutine uses n = 10, and it is therefore
necessary only that y = y(t) be eleven-times differ-
entiable, rather than analytic. It is easy to see that
in the case n = 10, y = y(t) must be evaluated at
twelve points in the closed interval [x,x+h].

As previously explained, the computation of the
T values is performed along the upward diagonals
of the triangular Romberg scheme. Therefore,
only a one-dimensional internal storage vector,
named AUX, with ten storage locations is neces-
sary. Figure 7 shows the storage administration
and the sequence of computations (humbers in
parentheses).

AUX(1) TO, l0(46)

AUX(2) T0,9(37) T1'9(47)

AUX(3) TO,S(ZS) Tl, 8(38) T2, 8(48)

AUX@ || Ty 1@22) | T) ,(30) | T, ,(39)

AUX(5) TO,G(IG) Tl' G(23) T2, G(:}1)

AUX@) || Ty (01 | T, 07 [T, ((24)

AUXM || Ty @ T 02 [T, a8)

AUX@) | T @ | Ty @ [T, j03) | e [Ty (59

AUXO) || Ty 5@ | T; 6) [T, 5 e | Ty 09 | Ty 69

AUXAO || Ty (@) [T @) [T, () o | T, 00 | Tg 169) | Ty (55)

Figure 7. Storage administration and sequence of calculations

Each extrapolation loop, the computation of the
elements on an upward diagonal, is terminated as
soon as the absolute values of the differences be-
tween adjacent diagonal elements stop decreasing,
showing the influence of roundoff errors. The com-
puted T value that differs least in absolute value
from its immediately preceding diagonal neighbor
is the desired value Z.
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Intei‘pblation of Tabulated Functions -

® Subroutine ALIM/ALIE

ALTIM.. ALT
LEEKE JALT
/% . */ALI
/* AITKEN SCHEME FOR INTERPOLATION OF FUNCTION VALUE . */ALY
1% FROM GIVEN MONCTONIC TABLE */ALT
/% */ALT
/ /ALY
PROCEDURE (X,Y,DIM,ORDER,EPSyXVAL,YVAL),. ALl
DECLARE . ALT
(DIMsI4JsKyNyIT4JLyJRsJILsJIR,DIMS,0RDER) . ALL
BINARY FIXED, ALl
(XU*),¥YI{*), ARGIMINIDIM,y ORDER) ) s VAL{MIN(DIM, QRDER) ), XVAL s ALt
YVAL »XSTyDXsEPSyXSsZ1+724D+0DDyVALT,VALI1sA,DIST,DISTL, ALT
HyDELT1,DELT2,FACT,ARGI) ALY
BINARY FLOAT, /%SINGLE PRECISION VERSION /*S*/ALI
1% BINARY FLOAT (53), /%DOUBLE PRECISION VERSION /#Dx/ALI
(ERRNR EXTERNAL, SW) . ALl
CHARACTER (1),. ALl
SH =M1, ., /*MONOTONIC ARGUMENTS */ALY
J =1y ALI
=1E754.

D0 I =1 TO OI#, /*COMPUTE START(NG SUBSCRIPT J */AL|
oD —ABS(XVAL—X(I)),. . ALI
IF DD LE D ) ALI
THEN 00,4, ALT
0 =DDy. ALT
J =Ty ALT
END, ALl
END,y . ALT
AsARG(LI=X{J],. ALT
GO TO CCM,. ALL
ALIE.. ALY
/ /ALT
/% */AL1
/% AITKEN SCHEME FOR INTERPOLATION OF FUNCTION VALUE */ALT
/% FROM GIVEN EQUIDISTANT TABLE */ALL
/% #/ALT
Jwk * /ALT
ENTFY (XST,DXyY,DIM,ORDER,EPSsXVALYVAL) . ALI
Sw =1E'y. ALL
1 =XSTy. /*EQUIDISTANT ARGUMENTS */ALL
22 =DXs . ALY
J =lye ALl
AsARG{1)=Z1,. ALT
IF 22= 0 ALT
THEN GO TO COM,. ALI
J SMAX (19 (XVAL=Z1)/22¢1.5) . ./*COMPUTE STARTING SUBSCRIPT J */ALI
=MIN(DIMyJ)y. ALl
A3ARG(1)=Z1+FLOAT(J-1)%*22,. ALT
.. ALI
ERROR=*2", ., ALT
XS =XVAL,. ALT
DIMS =DIM,. ALIT
N =MIN(DIMS,0RDER) s« ALT
DELTLlyJLsJR=Cy . ALT
VALIL,VAL(1)=Y(J)y. ALY
FACT =XS-A,y. ALI
DlSTl ABS{FACT) 4. AL
=MAXINy1) o ALI
00 I =2 TO Ny. /*TABLE SELECTION */ALT
JUJR  =J+JRy. /%TEST IF SUBSCRIPT IS GREATER */ALI
IF JJR GE DIMS " /*THAN DIM OR LESS THAN ONE */ALT
THEN GO TQ LAB2,. : ALY
JIL =J=Jls. ALl
IF JJL LE 1 ALI
THEN GO TO LAB3,. ALT
IF SW= 'E? ALl
THEN A =—FACT*12,. /#A=(ARG(1-1)-XVAL)*DX */ALT
ELSE A =ABSIX(JJR+1)-XS) AL
~ABS(X(JJL-1)=XS)y. ALT
IF A LE C /*TEST IF THE NEXT STEP IS TO */ALI
THEN GO TO LAB3,. /*THE RIGHT OR TO THE LEFT */ALI
LABZ.. /%STEP TO THE LEFT */ALT
JL =JL+1y. ALT
=J=Jls. ALI
GO TO CONTy. ALI
LAB3.. /*STEP TO THE RIGHT */ALT
JR =JR+1ls. ALY
K =J+JRy. ALI
CONT.. ALI
IF Sw= 'E' ALl
THEN A =Z1+FLOAT(K-1)%*Z2,. ALl
ELSE A = =XI(K)y. ALI
FACT =XS-A,. ALl
IF SW='M"' ALl
THEN DO,y . ALI
| DIST =ABS(FACT),. ALT
IF DISY LT DISTL ALT
THEN GO TO IDENT,. /*ARGUMENTS NOT MONOTONIC */ALI
DISTL=DIST,y. ALI
END, .« ALT
ARG(T)=A, ALI
VALI'VAL(H Y(K)yo ALl
DO Il =1TO I-1y. /*COMPUTE VALI(I) */AL1
ARGI =ARG(II),. ALT
H =ARGI-Ay. ALT
IF H =0 ALT
THEN GO TO IDENT,. ALI
VALI =(VAL{IT)*FACT-VALI ALT
*(XS-ARGI) 1 /Hy. ALT
ENDy ALl
DELT2=ABS(VALI-VALI1),. ALT
VALI1,VAL(I)=VALI,. ALI
IF I 6T 2 ALL
THEN DOy . ALI
1F DELT2 LE EPS /*TEST ON ACCURACY */ALY

THEN GO TO STOP,.
IF I GE 5 /*SINGLE PRECISION VERSION /*S*/AL1
/% IF I GE 8 /*DOUBLE PRECISION VERSION /*D*/ALI
THEN IF DELT2 GE DELTL /*TEST ON OSCILLATION - */ALI
THEN GO TO OSCIL,y. ALI
END,y . ALl
DELT1=DELT2,. ALI
END, . /*END OF AITKEN-LOOP */ALT
I =Ny ALI
GO TO RETURN,. ALI
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O0SCILa. : . ALY 1170
ERROR="1"',. ALT 1180
GO TO IDENTL,. . ALT 1190

IDENT.. : ALT 1200
ERROR='3"',. ALI 1210

IDENT1.. ALT 1220
I =1-1lye ALT 1230
GO TO RETURN,. ALI 1240

OP.. ALT 1250
ERROR="'C"',. ALT 1260

KETURN.. ALI 1270
YVAL =VAL(I),. . . ALI 1280
ENDy /*END OF PROCEDURE ALI */ALTI 1290

Purpose:

ALIM interpolates the function value YVAL for a
given argument value XVAL using a given table
(X,Y) of argument and function values.

Usage:

CALL ALIM (X, Y, DIM, ORDER, EPS, XVAL,

YVAL);
X - BINARY FLOAT [(53)]

Given vector of menotonic argument values.
Y - BINARY FLOAT [(53)]

Given vector of table-function values.
DIM - BINARY FIXED

Given dimension of vector X and Y.
ORDER - BINARY FIXED

Given number of points to be selected

out of the given table (X, Y)
EPS - BINARY FLOAT [(53)]

Given constant used as upper bound for

the absolute error.
XVAL - BINARY FLOAT [(53)]

Given argument to be interpolated.
YVAL - BINARY FLOAT [(53)]

Resultant interpolated function value.

Purpose:

ALIE interpolates the function value YVAL for a
given argument value XVAL using XST, the starting
value of the arguments, DX, the increment of the
argument values, and the vector Y of function values.

Usage:

CALL ALIE (XST, DX, Y, DIM, ORDER, EPS,
XVAL, YVAL);

XST -  BINARY FLOAT [(53)]

Given starting value of arguments.
DX - BINARY FLOAT [(53)]

Given increment of argument values.

Y- BINARY FLOAT [ (53)]

Given vector of table—functlon values.
DIM - BINARY FIXED
Given dimension of vector X and Y.



ORDER - BINARY FIXED
Given number of points to be selected out
of the given table (X, Y).

EPS-  BINARY FLOAT [(53)]
Given constant used as upper bound for the
absolute error.
XVAL - BINARY FLOAT [(53)]
Given argument to be interpolated.
YVAL - BINARY FLOAT [(53)]
Resultant interpolated function value.
Remarks:

ERROR='0' - means required accuracy could be
reached.

ERROR='1' - means required accuracy could not
be reached because of rounding
errors.

ERROR='2' - means accuracy could not be checked

' because MIN (DIM; ORDER) is less
than 2, or the required accuracy
could not be reached by means of
the given table (X,Y). ORDER
should be increased.

ERROR='3' - means two arguments in the argu-
ment vector X are identical, or the
arguments are not monotonic.

In case ERROR='0' and ERROR~'2' the last inter-
polated value for YVAL is returned. In case
ERROR='1' and ERROR='3' the value prior to the
last interpolated value for YVAL is returned. If,
by a user error, ORDER is greater than DIM, the
procedure selects only a maximum table of DIM
points. In order to avoid errors, the user should
check the correspondence between the selected
table and its dimension by comparison of DIM and
ORDER.

Method:

Interpolation is done by means of Aitken's scheme of
Lagrange interpolation.

For reference see:
F.B. Hildebrand, Introduction to Numerical Analysis,

McGraw-Hill, New York-Toronto-London, 1956,
pp. 49-50.

Mathematical Background:

Before starting Lagrange interpolation, a table
(ARG, VAL) must be selected out of the given mono-
tonic or equidistant table. This selection is done in
two parts. In the first part, the subscript J of the

argument next to the search argument XVAL is
computed, using the following formulas:

In case of equidistant table -

Subscript J = integer part of (Y Ar oL

+1,
DX 1.5)

In case of monotonic table -
Subscript J is searched for such that

XVAL - X(J)|S|XVAL - X(I)l, 1 <I <DIM

At each of the N = MIN (DIM, ORDER) interpola-
tion steps, the procedure decides by comparison of
distances whether the next step has to go to the right
or to the left within the dimension of the given table.

It is assumed that | X(I) - XVAL|>|X(J) - XVAL |
for all I>J. Otherwise, ERROR='3' is returned.

y; means VAL(i); x; means ARG(i).

Using the formulas

v, (& - XVAL) -y (x, - XVAL)

i,n X
n

- %

=51,2,...,m (x_-XVAL)

~91,2,...,m-1,n (x_ -XVAL)
m
/ (xn - xm)

it is possible to generate, by row, the following
triangular Aitken scheme:

1%

%9 Y2 Y1,2

*3Y3791,391,2,3

%2 5491,451,2,451,2,3,4

*2Y091,0%1,2,0¥1,2,3,n" * * * Y1,2,3,. .. .,n
All resultant values of row I are stored in VAL():

VAL(i) = VAL(ii) * (XVAL - ARG(i))

-VAL() (XVAL - ARG(ii)) /(ARG(ii) - ARG(i))
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(ii=1,2,...,i-1)fori=2, 3, ..., MIN(DIM,
ORDER).

Programming Considerations:

The procedure stops under the following conditions:
1. I the difference | (VAL(i-1) - VAL (i))|, with
i =3, of two successive values is less then a given
tolerance EPS, ERROR='0' is returned.
2. If the absolute value of this difference stops
diminishing, thus showing the influence of rounding
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errors, ERROR='1' is returned. (Test starts at
step i = 5 for single precision, step i = 8 for double
precision.)

3. If the procedure has worked through the whole
triangular Aitken scheme, ERROR='2' is returned.

.4, If the procedure discovers that the arguments
are not monotonic or that two arguments are identi-
cal, ERROR='3' is returned.
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e Subroutine AHIM/AHIE

AHIM. . AHI 10
/ /AHT 20
A */AHI 30
/% AITKEN HERMITE SCHEME FOR INTERPOLATION OF FUNCTION VALUE */AHI 40
1% FROM GIVEN MONOTONIC TABLE */AHI 50
1% */AHI 60
/ 7 AHT 70
PROCEDURE (X,Y,0Y,DIM,0RDER,EPSyXVAL,YVAL)y. AHI 80
DECLARE AHI 90
(DIMsDIMS+I4I1,JsJJLsJJRyJL+JRyKyNyORDER) AHI 100
BINARY FIXED, AHI 110
(XU%),¥(*),DY (%) JARG(MIN(DIM,0RDER) ) ,VAL(2*MIN(DIM,ORDER) ), AHI 120
EPSyXVAL,YVAL 4 XST40XyA+D+0DD,DELT1,DELT2,0IST,DIST1,H,y AHI 13C
H1,H2,VALI,VALI1,VALJ,VALJL1,XS,¥Y1,YS,21,22) AHI 140
BINARY FLOAT, /*SINGLE PRECISION VERSION /#S%/AHI 150
1% BINARY FLOAT (53), /%*DOUBLE PRECISION VERSION /#D*/AHI 160
(ERPOF EXTERNAL,SW) AHI 170
CHARACTER(L),. AHI 180
SW MY, ., /*MONOTONIC ARGUMENTS */AHT 190
J AHI 200
o =1E75,. AHI 210
00 I =1 TO DIMy. /*COMPUTE STARTING SUBSCRIPT J */AHI 220
oD =ABS{XVAL=-X(I)),. AHI 230
IF 0D LE D AHI 240
THEN DOD,. AHI 250
D =DDy. AHI 260
J =1y AHI 270
ENDy « AHI 280
ENDy o AHI 290
ARGUL)=X(J)y . AHI 360
GO TO COM,. AHI 310
AHIE.. AHI ° 320
AT T */AHI 330
/% */AHI 340
/% AITKEN HERMITE SCHEME FOR INTERPOLATION OF FUNCTION VALUE */AHI 350
/% FROM GIVEN EQUIDISTANT TABLE */AHI 360
/% */AHI 370
/ /AHI 380
ENTRY (XST,DX,YyDY,DIM;ORDEREPSyXVALsYVAL) e AHI 390
SW =1EY, . AHI 400
1 STy /*EQUIDISTANT ARGUMENTS */AHI 410
2 Xy AHI 420
J =1y AHI 430
ARG(1)=Z1,. AHI 440
IF 22= 0 AHI 450
THEN GO TO COM,. AHI  46C
J =MAX( Ly (XVAL=21)/2241.5),. /%COMPUTE STARTING SUBSCRIPT J #*/AHI 470
J =MIN(DIMyJ)ye AHI 480
ARGI1)=Z1+FLOAT{J-1)%Z2,. AHI  49C
COM. . . AHI 500
ERROR='2", . AHI 510
VALy . AHI 520
YVALy . AHI 530
Mo AHI 540
N IN(DIMS,0RDER) y. AHI  §SC
JLyJR=0y . AHI 560
VALI,VALIL)=Y(J) . AHT 570
VALJ,VAL(2)=DY(J),. AHI 580
H2 =XS=ARG(1)+. AHI 590C
DIST1=ABS(H2),. AHI 660
IF N LE 1 AHT 610
THEN DOy« AHI 620
IFN=1 AHI 630
THEN VAL(1)=VAL{I)+VAL(J)*H2,. AHI  64C
ELSE VAL(1)=YS,. AHI 65C
GO TO RETURN,. AHI  660C
END, . AHI 670
DO I =2 TO Ny. /%TABLE SELECTION */AHI 680
JJR  =J+JR,. AT 690
IF JJR GE DIMS AHI 70C
THEN GO TO LAB2,. AHI 710
JU =u=dle.e AHI 720
IF JJL LE 1 AHI  73C
THEN GO TO LAB3,. AHI 740
IF SwW= JE! AHI  75C
THEN A =(ARG(I-1)-XS)%*22,. /*A=(ARG(I-1)—XVAL)*DX */AH1 76C
ELSE A =ABSIX(JJR+1)=-XS) AHI 770
—ABSIX{JJL=1)=XS)y.o AHI 780
IF A LE C AHI 790
THEN GO TO LAB3,. AH1 800
LAB2.. AHI  81C
JL =JL+1ly. /%STEP TO THE LEFT */AHI 820
K =J=Jly. AHI 830
GO TO CONT,. AHI 840
LAB3.. AHI 850
=JR+1,y. /*STEP TO THE RIGHT */AHI 860
‘ K =J+JRy. AHI 870
CONT.. AHI 880
IF Sw= 'E* AHI 890
THEN A =Z1+FLOAT(K-1)%22,. AHI 900
ELSE DOs. AHI <9lC
A =X{(K)yo AHT 92¢
DIST =ABS(XS—A),. AHI 930C
IF DIST LT DIST1 AHI 940
THEN GO TO IDENT,. /*ARGUMENTS NOT MONOTONIC */AHI 950
DIST1=DIST,. AHI 960
ENDy o AHI 97C
11 =l+14. AHI 98C
VALJ1=DY(K) . /EVAL(2%1)=DY(K) */AHT 990
VALIL=Y(K)y. /EVAL{2%1-1)=Y(K) */AHT 100C
ARG(I)=Ay. . AHI 1010
VALUTI=3)=VALI+VALJ*H2,. AHI 1020
H1 =H2y . AHI 103C
H2 =XS=Ay. AHI 1040C
H =H1-H2,. AHI 105C
IF H=0 AHI 1060
THEN GO TO [DENT,. /*TWO IDENTICAL ARGUMENTS */AHI 1070
VAL(IT-2)=VALI+(VALI1 AHI 1C8C
~VALI)*H1/H,. AHI 109G
VALI =VALIl,. AHTI 1100
VALJ =VALJl,. AHI 1110
ENDy o /*END OF TABLE SELECTION */AHI 1120
VAL(II=-1)=VALI+VALJ*H2,. AHI 1130
DELT2=0,. /*PREPARE AITKEN-SCHEME */AHT 1140
Y1 =VAL(1)y. AHI 1150
D3 I = 1 TO N+N-2,. /*START AITKEN-LOOP */AHI 1160
Ys =Y1ly. AHI 1170
DELT1=DELT2,. AHI 1180
H1 =ARG((I+3)/2),. AHI 1190
R .
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Yl =VAL(I+1),. AHI 120C

Do =1 TO 1 BY =1, AHI 121C

H2 RGUIK+1)/2)y. AHI 1220

H 2-Hl,. AHI 1230

IFH=0 /*COMPUTE DIAGONALS OF AITKEN- *=/AHI 1240

THEN GO TO IDENT,. /%SCHEME *=/AHI 1250

Y1, VAL(K)=(VAL(K)*(XS-H1) AHI 1260

=Y1%{XS-H2))/Hy. AHI 127C

ENDy o AHI 1280

DELT2=ABS(YS-Y1),. /*TEST ON ACCURACY *=/AHI 129C

IF DELT2 LE EPS AHI 13¢Cc0

THEN GO TO STOP,. AHI 131¢

IF 1 GE 5 /*SINGLE PRECISION VERSION /%S%x/AHI 1320

VA IF 1 GE 8 /*DOUBLE PRECISION VERSION /%D%*/AHI 1330

THEN IF DELT2 GE DELT1 AHI 1340

THEN GO TO OSCIL,. AHI 1350

END,y o /*END OF AITKEN-LOOP */AHI 1360

GD TO RETURN,. AHI 1370

0SCIL.. /*DELT2 STARTS OSCILLATING =/AHI 1380

ERROR='1",. AHI 1390

VAL{1)=YS,. AHI 14cC0

GO TO RETURN,. AHI 1410

IDENT.. AHI 1420

VAL(1)=YS,. AHI 143C

ERROR="3",. AHI 1440

GO TO RETURN,. AHI 1450

STOP.. AHI 146C

ERROR='0"y. AHI 147G

RETURN.. AHI 1480

YVAL =VAL{1),. . AHI 1490

ENDy . /*END OF PROCEDURE AHI */AHI 1500
Purpose:

AHIM interpolates the function value YVAL for a
given argument value XVAL using a given table
(X,Y,DY) of argument values, function values, and
their derivatives.

Usage:
CALL AHIM(X, Y, DY, DIM, ORDER, EPS, XVAL,
YVAL);
X -  BINARY FLOATI[(53)]

Given vector of monotonic arguments.
Y -  BINARY FLOAT[(53)]

Given vector of table-function values.
DY -  BINARY FLOAT [(53) ]

Given vector of derivative values.
DIM - BINARY FIXED

Given dimension of vector X, Y, DY.
ORDER - BINARY FIXED

Given number of points to be selected

out of the given table (X, Y, DY).
EPS -  BINARY FLOAT [(53) ]

Given constant used as upper bound

for the absolute error.
XVAL - BINARY FLOAT [(53)]

Given argument to be interpolated.
YVAL -  BINARY FLOAT [(53)]

Resultant interpolated function value.
Purpose:

AHIE interpolates the function value YVAL for a
given argument value XVAL using XST, the start-
ing value of the argument, DX, the increment of

‘the argument values, vector Y of the function

values, and vector DY of the function derivative
values,



Usage:

CALL AHIE (XST, DX, Y, DY, DIM, ORDER, EPS,
XVAL, YVAL);

XST - BINARY FLOAT [(53)]
Given starting value of the arguments.

BINARY FLOAT[(53)]

Given increment of the argument
values.

BINARY FLOAT [(53)]

Given vector of table-function values.
BINARY FLOAT [(53) ]

Given vector of function derivative
values,

BINARY FIXED

Given dimension of the vector X, Y,
DY.

BINARY FIXED

Given number of points to be selected
out of the given table (X, Y, DY).
BINARY FLOAT [(53) ]

Given constant used as the upper
bound for the absolute error.
BINARY FLOAT [(53)]

Given argument to be interpolated.
BINARY FLOAT [(53) ]

Resultant interpolated function value.

DX -

DIM -

ORDER

EPS -

XVAL -

YVAL

Remarks:
ERROR='0'" means required accuracy could be
reached, ‘

means required accuracy could not be
reached because of rounding errors.
means accuracy could not be checked
because MIN(DIM, ORDER) is less
than 2, or the required accuracy
could not be reached by means of the
given table (X,Y, DY). ORDER should
be increased, :
means two arguments in argument
vector X are identical or the arguments
are not monotonic,

In the case ERROR='0' and ERROR~'2' the last
interpolated value of YVAL is returned. The value
prior to the last interpolated value for YVAL is
returned.

If, by a user error, ORDER is greater than DIM,
the procedure selects only a maximum table of DIM
points. In order to avoid errors, the user should
check the correspondence between the selected
table and its discussion by comparison of DIM and
ORDER.

ERROR='1'

ERROR="'2!

ERROR='3'

Method:

Interpolation is done by means of Aitken's scheme
of Hermite interpolation..

For reference see:

F. B. Hildebrand, Introduction to Numerical Analy-
sis, McGraw-Hill, New York-Toronto-London,
1956, 11, 314-317. '

Gershinsky and Levine, " Aitken-Hermite Inter-
polation" JACM, vol, 11, issue 3 (1964), pp. 352~
356.

Mathematical Background:

Before starting Hermite interpolation, a table (ARG,
VAL) must be selected out of the given monotonic or
equidistant table. This selection is done in two
parts. In the first part, the subscript J of the argu-
ment next to the search argument XVAL is computed,
using the following formulas:

In case of the equidistant table -

Subscript J = the integer part of

( XVAL-XST + 1, 5)
DX

In case of the monotonic table -
Subscript J is searched for such that
XVAL - X(9) | < | XVAL -X() | , 1 <1< DIM

At each of the N= MIN(DIM, ORDER) selection
steps, the procedure decides, by comparison of
distances, whether the next step in vector X has to
go to the right or to the left within the dimension of
the given table, and replaces the components of
vector VAL (that is, function and derivative values)
by interpolation values Z;j of the first order (see
Figure 8, third column)., This is done by the
following formulas:

VAL(®) =y, + VAL (i+1) - HI (¥1,3, . . ., 2n-1)

VAL(i+1) = yy+ (VAL(i+2) - y) * Hlf-I-%Hz (i=1,3,...,
2n-3)
with

n = MIN(DIM, ORDER), y; = VAL()

Mathematics~-Interpolation 123



H1= XVAL - ARG(j~1), H2 = XVAL - ARG())

and

i+1
L
=7 1

Now it is possible to generate successively the
upward diagonals of the triangular Aitken scheme,
using the following formulas:

. 1 zy x, - XVAL
1,2 X, = X Z, X, - XVAL
. _ 1 z2 Xl - XVAL
2,3 X, = X Zg x2 - XVAL
] 1 ) zl’2 X - XVAL
1,2,3 xz—x1 zz,3 x2 - XVAL
. - 1 ' z3 x2 - XVAL '
3,4 x3—x2 z4 Xg - XVAL

with

x, = ARG (i).

All resultant values of an upward diagonal can be
stored in positions of vector VAL with decreasing
subscripts: VAL(K) =

VAL() © (XVAL - H1) - VAL(k+1) * (XVAL -ARG(l))

ARG(l) - H1
for

i=12,..., 14,

where
k=11, m=[22],
1-[4
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and H1 = ARG (m)

fOri= 1, 2, eee 9 2n"20

ARG(1) = xl VAL(1) = v VAL(1) = Zy 21’2 21'2,3 21,2'3’4..
=vy! =
| VAL(2) =y 1 VAL(2) z, 22'3 z2’3’4
ARG(2) = Xy VAL(3) = Yy VAL(@3) = Zg z3’4 23’4,5
=y =
VAL@) =¥', VAL() = z,
ARG(n) = X VAL(2n-1) = Yo VAL(2n-1)
=vy!
VAL(2n) = y' n Zon-1

Figure 8, Triangular scheme for Aitken-Hermite interpolation

Programming Considerations

The procedure stops under the following conditions:

1, If the absolute value of the difference between
two successive interpolated values VAL(1) is
less than a given tolerance EPS, ERROR-='0!
is returned,

2. If the absolute value of this difference stops
diminishing (thus showing the influence of
rounding errors), ERROR='1' is returned,
(Test starts at step 1= 5 for single precision,"
i = 8 for double precision.)

3. If the procedure has worked through the whole
triangular scheme, ERROR='2' is returned
(see "Remarks'", above).

4, If the procedure discovers two table points
with identical arguments or the arguments are
not monotonic, ERROR='3! is returned.



PROCENURE AHIM USES AI TKEN-HERMITE SCHEME FOR INTERPOLAT ION IN GIVEN MONOTONIC TABLE
ENTRY AHIE INTERPCLATES IN EQUIDISTANT TARLE

o,
R AR R Rk kKK Ae" s,
CERBA LEEREREAEE CERIA2BIERBROBE ® « . %
* . * ® RESPECTIVELY * - WAS . NO
*PRUCEDURE AHIM * * ENTRY AHIE * eeesX¥e FNTRY VIA o¥ceeceoscccacssccsce
* * * * ARGUMENT USED * o AHIM ¥ .
R AR R R HERBRREEEOREESS * * . % .
. . . AREERRR R AR SRS *. L& .
- . X * YES .
. . . . .
% X : H X
TRk LR R R Fresanoeisseaay . B4 w. SREXIBSARRARAEEER
& MARK ENTRY * * MARK ENTRY . «%IS NEW *, *STORE ARGUMENT *
* AHIM, SEARCH * aHTE AL DY ATES . " PNINT_ ‘%, NO * AND VALUES OF #
FIRST TABLE =* * FIRST TABLE . %o CLOSER TOD o¥*cecosecesX® FUNCTION AND *
® ENTRY (L INEAR * * ENTRY - *, GIVEN % * DERIVATIVE *
SCAN ) . .XVAL % * *
PETTRIRS 1) PSP BHEEDEIAIEEAOIAOK . ot SERERREERARBABEESR
. - . * YE
X X . : X
CERERC LEERRERRB SR LRREHC2ABRRROSH SR : : HEXEACS RARKRRERS
* * * * - - * CALCULATE AND
#SAVE INDEX J OF% *SAVE [NDEX_J OF* . - * STORE
¥ TABLE ENTRY * *  TABLE ENTRY * . - * INTERPOLATICN *
* * * - - #VALUFS OF FIRST*
* * * * . - * ORDER
T T FRERONRRERRAE R : : PETTTT P PP
; ; : ; ;
FERRRO LERE BRRRERS FRRRID2BARA RS AARE : BRRRRD AR RRRRRRRRY 'ns' . .
* - N
*FETCH AND STORE%* % CALCULATE AND * . ET ERROR=03¢ ‘ YES .* ARE THWO *, NO
* CLOSESY * * STCRE CLOSEST * - - ..“(ARGUMENTS NOT *X...-.-.. %, ARGUMENTS .*....
: ARGUMENT : : ARGUMENT : - - : MONOTONIC) ‘ *.[,DENTICAli.‘ .
FERRERRRRRREEREE SRERIERFERRREERRE N D ERREERERKEERARERE ‘e - * :
Xeeeesiasesessaansacscrans : : :
E ceeesaccscacseseacasenane : cesessenens 3 eesesressentitintitiitittiiniieees E
X ¥ - . ¥, .
R AR K SRR : L ERRERELERE KR ARRES 5™ :
* * : D & INITIALIZE  * R :
* PRESET * *I'ABLE ST‘LL*. NC . . *CALCULATIUN OF * YES . ENDlﬁH *,
* ERROR=12* * .....X". VALUES T e¥eeee - - DIAGONALS IN X.....-..‘.TﬂBLE POINTS .‘Xoo.
: : . . RI . - - - * ATTKEN SCHEME * *, SELECTED
FREERER RERRRRRKER L Ca o : . T RRREEREREEERERERE “w L%
. - * YES - - - . *
. . . . . . .
. . . . . . .
. N N N : . .
3 . § - - - %
FREXRFLESRRRTERRE N Fz'A' ., : . M TRRRKE AR RRBRARRRE FEREIES HARE AR RRE
- « ¥ HAS N - . . *
‘LONPUTE MAX[MAL‘ - NO o #TABLE STILL#*, - . - * CALCULATE ‘ RE PARE *
DIMENSION OF e svee* VALUES TO . - B - * CURRENT ‘X....-...*CQLCULATION OF *
*AITKEN SCHEME N* . ‘.‘ LEFT . - . - : DIAGONAL ‘ ‘ NEXT DIAGONAL *
errresrerssseees o s, . * . : T RRERERRRS KRR EREKE uuu*t;"tuna
. . YES . . - .
. . . . . . . .
. : X : : 2 . . NO
X - ¥, - - - X o ¥,
CEREEGLERERREEEER L 62" . : : D ERRESGAkRREEEREER 55" %,
* INITIALIZE JL * - ¥ . . . * CALCULATE . ¥ FULL
‘ AND-JR (LEFT * - «% SHOULD 1'. NC o - - * DIFFERENCE OF * «% AITKEN *., YES
ND RIGHT_INDEX* - *, STEP EE TO o ¥*eoXe - . * SUCCESSIVE *, SCHE ME e¥esae
*ST!:PS IN TABLE'* - *-IHE IGHI-* - . - * IVTsI&EBIéASTION * *.EOMPUTED‘." -
SR 4 . T : : T RREREARKRRERE REREE “k o8 :
- - * YES . - - - * -
- - B - B - - X -
. : . : : : X S NO :
X - X - . - ok, . ¥, -
prersilececeriens D0 seaomzeisieeesr . . Ha T H5 %, .
& INSERT FIRST * PR UPDATE * - . - o¥ WAS %, «* DOES_ %, .
* FUNCTION AND # PR " INDEX—-STEP JR ‘ - - - <*DIFFERENCE *. NO + ¥0SCILLATI CN*, .
*  DERIVATIVE * - .-.X* A up . . - *. SMALL essessseX¥ INDICATE ¥ .
*VALUE IN AITKEN¥* - INDEX OF TABLE * - . - %, ENOUGH .% *, ROUND-OFF. * .
* SCHEME * - VALUE S . . - S % *, o .
P31 12 SN, S . : . % L% :
. - B . . - * YES * YES .
. : teescetiane o secssasnanaXs : : s :
. . . . . . . .
X . : N . : X X .
et E Lt L o CpEsERJarkEsssREsE R L
UTE M % INDEX-STEP JL * . . Lo« x * PR
' DIFFERENCE OF * - AND up *X... o - * SET FRROR=10¢ * % SET ERROR='1"* * .
: ARGUMENTS H2 : - :INDEX OF TABLE #* . - : : : : -
EERERRERERCREERRE L FHERIIBFRREEREAE AR M T aEsERmkRkR ARk P T
. : eessecisccctsactcsaraanans eeteeicanaXs Xeeseessasen
. : Xeeeeencecsantecaancnanans
X - -
¥ - .t X
K1 = : k2" % SRR ER ROk KREEE SRR EK GRS ER RS
R . : .t . * « * * SRREKS ESHRREREE
«*DIMENSION N#®. YES. 18 %, YES * CALCULATE * * RETURN * * END OF *
#*oGREATER THAN <*eeue ooeX* DIMENSION N .*o-o--o.-x“ INTERPOLATED ¥ ..000eeeX¥ INTERPOLATED *oceeeoeoX¥® PROCFNURE *
. NE . . «EQUAL ONE, * VALUE * * VAL UE * AHT M/AHL E
.« . *, ) * * SRERRHEARSRBARE
. ok . P Tk R Rk L T
* NO - * NO X

esesecsncccnne

D R L LR YRR PP PR
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® Subroutine ACFM/ACFE

YVAL ¢ XSTy DX EPSyXSyZ19Z2+D9DDsVALI sARGI¢AsDISTyDIST1yHeDELTL,

ACFM. o ACFI 10
7 ’ACF] 20
7% #/ACF1 ~ 30
A CONTINUED FRACTION SCHEME FOR INTERPOLATION OF FUNCTION VALUE*/ACFI 40
VAl FROM GIVEN HONOTONIC TABLE */ACFI 50
% *IACFI 60
/ /ACFI 70
PROCEDURE (XsY+DIMsORDER4EPSyXVALyYVAL) y. ACFI 80,
DECLARE ACFI 90
(DIMsTyJyKyNg IT4IIT9JL IRy JILyJJRyDINS,ORDER) ACFI 100

BINARY FIXEDy . . ACFI 110
(X(%)3Y(*),ARG(MIN(DIMy ORDER) ) 4 VAL (MIN(DIM, ORDER) )y XVALyALy ACFI 120

ACFI 130

DELT2,ARGJyP14P2+P3,Q1,Q2+Q3+2S,YS;ARGI1,VALIL1,EPS1) ACF1 140

BINARY FLDAT,

/*SINGLE PRECISION VERSION /#S%/ACFI 150

/% BINARY' FLOAT (53), /%DOUBLE PRECISION VERSION /#*D*/ACFI 160
(ERROR EXTERNALy SH) CFI 170
CHARACTER (1)y. ACF1 180

SW MYy, /+MONOTONIC ARGUMENTS */ACFI 190
J =1y, ACFI 200
0 =1E75,. ACFI 210
DO I = 1 TO DIMy. ACFI 220
DD =ABS(XVAL-X(I))y. ACFI 230
IF DD LE D ACFI 240
THEN DOy, ACFI 250
D =DD,. ACFI 260
J =1, ACFI 270
ENDy. - ACFI 280
END,. ACFI 290
ARGIJARG(1)=X{J) ¢a ACFI 300
GO TO COM,. ACFI 310
ACFE.. ACFI 320
l /ACFI 330
,% */ACFI 340
,* CONTINUED FRACTION SCHEME FOR INTERPOLATION OF FUNCTION VALUEX/ACFI 350
,* FROM GIVEN EQUIDISTANT TABLE /ACFT 360
1% N */ACFI 370
/ /ACFI 380
ENTRY (XST,DX,Y,DIM,ORDER)EPSsXVAL,YVAL) 40 ACFI 390
SH  ='Ev,. ACFI 400
z1 ACEI 410
z2 ACFI 420
J =l ACFI 430
ARGI,ARG(1)=Z14. ACFI 440
IF 22= 0 ACFI 450
THEN GO TO COM,. - ACFI 460
=MAX( 1y (XVAL=Z1)/Z2+1.5) 5. /*COMPUTE STARTING SUBSCRIPT J */ACFI 470
=MIN(DIM,J), ACFI 480
ARG!,ARG(1)=11+FLOATIJ- 1522, ACFI 490
ACFI 500
/*SINGLE PRECISION VERSION /#S*/ACFI 510
/#DOUBLE PRECISION VERSION /*D*/ACFI' 520
ACFI 530
ACFI 540
e ACFI 550
N =MIN(DIMS,ORDER},. ACFI 560
Q2yDELT24JLy JR=0y . ACFI 570
P3,YS)VALIL)=Y(J) e ACFI 580
ACFI 590
S-ARGI,. ACFI 600
DlSTl ABS(AL),. ACFI 610
DO I = 2 TO Ny. /*START TABLE SELECTION */ACFI 620
JIR =J+JRy. ' ACFI 630
IF JJR GE DIMS /*TABLE SELECTION */ACFI 640
THEN GO TO LAB2,. ACFI 650
JIL =d-dLy. ACFI 660
IF JJL LE 1 ACFI 670
THEN GO TO LAB3,. ACFI 680
IF Sw= '€t ACFI 690
THEN A =-A1%¥72,. /%A= (ARG(I~1)=XVAL ) ¥DX */ACFI 700
ELSE A =ABSIX(JJR+1) ACFI T10
~XS)-ABS(X(JJL ACFI 720
=1)-XS)y. ACFI 730
IF A LE O ACFI 740
THEN GO TO LAB3,. ACFI 750
LAB2.. : ACFI 760
=dlely. /#STEP TO THE LEFT */ACFI T70
=d=JLy. ACFI T80
GO TO CONT,. ACFI 790
LAB3.. ACFI 800
JR =JR+ly. 7%STEP TO THE RIGHT */ACF1 810
K =J+JRy. ACFI 820
CONT.. ACFI 830
IF SW= 'E¢ ACF1 840
THEN A =Z14FLOAT(K-1)%224. ACFI 850
ELSE A =X(K),y. ACFI 860
Al =XS=A,. . ACFI 870
IF SW='Me ACFI 880
THEN DOy . ACFI 890
DIST =ABS(Al),. ACFI 900
¢ IF DIST LT DIST1 ACFI 910
THEN GO TO IDENT,. /#ARGUMENTS NOT MONOTONIC */ACF1 920
DIST1=DIST,. ACFI 930
ENDy+ ° ACFI 940
ARG(I)=Ay. ACFI 950
VALLT)=Y(K)ye ACFI 960
END, . /#%END OF TABLE SELECTION */ACFI 970
Al =XS=ARG(1)y. ACFI 980
00 I = 2 7O Nye /%START INTERPOLATION LOOP */ACFI 990
11 =0,. . ACFI1000
PL  =P2,. /%MOVE PARAMETERS P2,P3,02,Q3 */ACFI1010
Q1. =02,. ACFI1020
P2 =P3,. ACFI1030
Q2 =Q3,. ACFI1040
IS =YS,. ACFI1050
DELT1=DELT2,. ACFI1060
ARGI =ARG(1),. ACFI1070
VALI =VAL{T),. ACFI1080
INVERT. . /*COMPUTE INVERTED DIFFERENCES */ACFI1090
ARGI1=ARGI,. ACFI1100
VALIL=VALI,. ACFI1110
<00 J =1 T0 I-1,. ACFI1120
BRGJ. =ARG(J) s« ACFI1130
H  =VALI-VAL(J),, ACFI1140
IF ABS(H) LE ABS(VALI)*EPSL ACFI1150
THEN 00,. : ACFI1160
IF ARGI= ARGJ /*ERROR RETURNS, IF THO */ACFI1170
THEN GO TO IDENT,. /*IDENTICAL ARGUMENTS EXIST */ACFI1180
IF J GE I-1 ACFI1190
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THEN DOy. ACFI1200°

Il ={I+1y. /*INTERCHANGE ROW I WITH */ACFI1210

11T =I+II,. /*ROW T+1T */ACFI122C

IF 111 GV ACFI1230

JTHEN GO TO RETURN,. ACFI1260

VALL =VALUIII),. ACFI1250

VAL(ITI}=VALIl,, ACFI1260

ARGI =ARGIIII) ACFI1270

ARG(II[)=ARGIL,. ACFI1280

GO TO INVERTy. ACFI1290

ENDy . ACFI1300

VALI =1E75,. /WALLL) = VALWJ)y J LT I-1 */ACFI1310

ENDy. i ACFI1320

ELSE VALI =(ARGI /*VALLI) NE VAL(J) */ACF11330

—ARGJ) /Hy . ACFI1340

ENDy . ACFI1350

P3 =VALI#*P2+A1%Pl,y. /*COMPUTE INVERTED DIFFERENCES */ACFI1360

=VALI*Q2+A1%*Qly. /*BY WALLIS—EULER SCHEME */ACFI1370

VAL(T)=VALL,. /*GENERATE NEW VAL(I),ARG(I) */ACFI1380

ARG(I)=ARGIy. . ACFI1390

Al =XS~ARGI s, ACFI1400

IF'Q3= 0 ACFI1410

THEN ¥YS  =1E75y. /7%Q3 = 0 */ACFI1420

ELSE YS =P3/Q3,. /%*Q3 NE 0 */ACF1143C

DELT2=ABS(Z5-YS),. ACFI1440

IF DELT2 LE EPS /*TEST ON ACCURACY */ACFI1450

THEN GO TO STOP,. ACFI1460

IF 1 GE 8 /*SINGLE PRECISION VERSION /*S*/ACFI1470

/* IF 1 GE 10 /*DOUBLE PRECISION VERSION /#*D#/ACFI1480

THEN TF DELT2 GE DELTL ° ACFI1490

THEN GO TO OSCILy. ACFI150C

ENDy . /*END OF INTERPOLATION LOOP */ACFI1510

GO TO RETURN,. . ACFI1520

IDENT.. /*ARG(I) = ARG(J) FOR I NE J */ACFI1530

ERROR="31,, ACF11540

GO TO RETURNs. ACFI1550

0SCIL.. /*DELT2 STARTS OSCILLATING */ACFI1560

Ys =IS1e : ACFI1570

ERROR='1"%,, ACFI1580

GO TO RETURNy. ACFI1590

STOP.. ACFI1600

ERROR='0"%, . ACFIl610

. RETURN.. ACFI1620

YVAL =YSq. ACFI1630

ENDy « /*END OF PROCEDURE ACFI */ACFI1640
Purpose:

ACFM interpolates the function value YVAL for a
given argument value XVAL using a glven table (X,
Y) of arguments and function values,

Usage:

CALL ACFM (X, Y, DIM, ORDER, EPS,XVAL, YVAL);

BINARY FLOAT [(53)]

Given vector of monotonic arguments.

BINARY FLOAT [ (53) ]

Given vector table-function \}alues.

BINARY FIXED

Given dimension of vector X and Y.

BINARY FIXED

Given number of points to be selected
out of the given table (X, Y).

BINARY FLOAT[ (53)]

Given constant used as upper bound
for the absolute error.

BINARY FLOAT [(53) ]

Given argument to be interpolated.

BINARY FLOAT [(53)]

Resultant interpolated function value.

X -
Y -
DIM -
ORDER -
EPS -
XVAL -
YVAL -
Purpose: .

ACFE interpolates the function value YVAL for a
given argument value XVAL using XST, the starting
value of the arguments, DX, the increment of the
argument values, and vector Y of function values.




Usage:

CALL ACFE (XST, DX, Y, DIM, ORDER, EPS,XVAL,
YVAL);

XSsT - BINARY FLOAT [(53)]
Given the starting value of the argu-
ments,
DX - BINARY FLOAT [(53) ]
Given increment of the argument values,
Y - BINARY FLOAT [(53)]
_ Given vector of table-function values.
DIM - BINARY FIXED
Given dimension of vector X and Y,
ORDER - BINARY FIXED
Given number of points to be selected
out of the given table (X,Y).
EPS - BINARY FLOAT [(53)]
Given constant used as upper bound for
the absolute error.
XVAL - BINARY FLOAT [(53) ]
Given argument to be interpolated,
YVAL - BINARY FLOAT [(53) ]
Resultant interpolated function value.
Remarks:

See AHIM/AHIE, ALIM, ALIE
Method:

Interpolation is done by a continued fraction and
inverted differences scheme,

For reference see:
F. B. Hildebrand, Introduction to Numerical Analy-

sis, McGraw-Hill, New York-Toronto-London,
1956, pp. 395-406.

Mathematical Background:

Before starting continued fraction interpolation, a
table (ARG, VAL) must be selected out of the given
monotonic or equidistant table. This selection is
done before the continued fraction interpolation in
the same way as in ALIM/ALIE,

It is assumed that | x(i) - XVAL| > | x¢) -
XVAL | for all i> j ; otherwise, ERROR='3" is
returned,

Using the following formulas:

X =X
n 1

Yim7y -y,

X =X
n m

y =
1,2,...,m,n
9’ bl 9’ td y1’2

yee;m-1,n 71,2,...,m

with x, = ARG(I), y, = VAL()

the triangular scheme of inverted differences shown
in Figure 9 can be generated by row for the table
(ARG, VAL), All resultant values of row i can be
stored in VAL(i). Thus, it is possible to generate
the downward diagonal of the inverted differences
scheme in vector VAL:

ARG() - ARG() .
VAL() - VAL() 9

VAL() = =1,2,...,i-1)

fori=2,3,..., MIN(DIM, ORDER).

If for j = i-1, VAL(i) is equal to the infinity ele-
ment, table point ARG(i), VAL(i) is interchanged
with a table point ahead.

Now, after computation of each new component
VAL(i), continued fraction interpolation generates
the following parameters using Wallis-Euler
formula:

P3

VAL() - P2+ (XVAL-ARG(i-1)) + P1

Q3 = VAL() * Q2+ (XVAL-ARG(i-1)) - Q1

and YVAL = P3/Q3,
starting with P1 = 1, P2 = VAL(1), Q1 = 0, Q2

= 1, After each step,P1 = P2, P2 = P3, Q1
Q2, Q2 = Q3 are set.

1]

ARG(1) = X VALQ1) = A
ARG(2) = X, VAL(2) = Y yl’2
ARG(3) = Xy VAL(@3) = Y3 yl'3 y1,2,3

ARG(n) = X VAL() = Y yl,n Yl,z,n .....

Figure 9. Triangular scheme for fraction interpolation
Programming Considerations:
The procedure stops under the following conditions:

1, If the absolute value of the difference between
two successive values of YVAL is less than a given
tolerance EPS, ERROR='0' is returned.,

2. I the absolute value of this difference starts
oscillating, ERROR='1' is returned. (Test starts
at step i = 8 for single precision, i = 10 for double
precision,)
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3. If the number of interpolation steps has be- points have identical argument values or that the
come MIN(DIM, ORDER), ERROR='2' is returned. arguments are not monotonic, ERROR='3' is
4, If the procedure discovers that two table returned.

PROCEDURE ACFM PERFORMS CONTINUED FRACTICN INERPCLATION IN A GIVEN MONOTONIC TABLE
ENTRY ACFE INTERPCLATES IN AN EQUIDISTANT TABLF

. Tk kk Ak e kkkkkkk #&***Ah*tt#*#*#**
HEEXA]EEERREEEK ARFIA2RFARETRARK * * EP ARE
* * * * * PERFORM % 3CALCULATIO QF *
*PRUOCEDURE ACFM * . * ENTRY ACFE * «oX* INT ERPOLAT TON * EXT INVERTED *X.............. .
* * * * . % Loop * e DlFFERENCE .
L2323 SIS 212 2] EES S EEEE SRR 2 E R 22 " *x .
- - - LR 23RS 2333 ok kxR Rkl gk kA .
. . LS 2 - . .
- - * * - - .
. - * A3 X - . -
. - * * . - .
. - Aok - - .
X % % X 5.0
TR EEy | Ek kxR kkk EEFEI[2 A BEXH SRS kK ok kkk B3k T x AT R ALK Sk kR 4k ook koK BS o
* MARK ENTRY * MARK ENTRY * * INITIALIZE & * CALCULATE * * FULL %,
* ACFM, SEARCH ¥ ¥ACFEy CALCULATEX® *fALCULATlﬂN OoF * * CURRENT * * ROW *, YES
* F.lR%T TABLE * FIRST TABLE * e X ¥ INVERT ED X eeeveoe s X¥ INVER TED * .....X* CALCULATED +*..e.
& ENTRY (L INEAR * * ENTRY * . *DIFFERENCE ROW % * DIFFERENCE IF =% . *, ¥ -
SCAN) * * . * POSSIBLFE * . %, o % .
SRR AXEEEREAAEEE EER2 SRR S SLEEE S 2 - t*#tt****#**t**t* P S TR ST IS 223 23 - e o ¥ -
- N EX L33 . . * -
. - * - - X .
. . * B3 & . . - .
- - * . . . -
. . LR - . . .
).( 'X ; . - .
(32 SRR 22222 2 kX IC2 AR ERE TS Lk C4 *, - KX x LS khk Ak Ik & ‘e
~ * * * ¥ IS %, . #MDD!FY VALUE l"F’l .
*SAVE INDEX J OF* *SAVF INDEX J OF* +XDENOMINATOR*, NO . I'NVERTED .
% TABLE ENTRY * *_ TABLE ENTRY * *o INTOLERABLY o%*.00e ...X DIFFERENCE TC * .
* * « * ®,  SMALL .* . INFINITY .
* * * * %, ok . t :k .
EEEEEEEEEE SR RERAK L SRR 2L 2 ) Fe oF . A kkckk gk ek khkxkxk "
- ® YES . .
P % X . .
FRkEk D] xR Ekkkkkk EEEXEID2 VXXX 0TRA hE *, - Kok S Kk ok rkkkk -
* * * * ¥ ARF %, - * -
#FETCH AND STORE®* * CALCULATE AND * ND .*%CORRESPOND.*. - 2 EVALUATE * -
* CLOSEST * * STORE CLOSEST * esse¥e ARGUMENTS % . * CDNHNUED *Xeao
* ARGUMENT * * ARGUMENT * . * NIFFERENT. % . * RACTION *
* * * * k& - x, ¥ . * *
REXFEER KSR XEREEXK AEAEERREARREKRGREK %* * - K, % - REKAERERBREREXEE S
- . * E3 % B * YES . .
- . * * - B . .
- . Xkkk . - B -
eXeevrsecsevssssacscsncovcns - - . - -
X . X . X
x o ¥ o, . X, . N
*ttttEl**tt*tttt* E2 *, 3 *q . E4 . - ES *,
PRESET o¥ HAS ¥, o% HAS ¥, - «* IS *, - « ¥ ARE
* ERROR=%2% SET t NO . *TABLE STILL*. YES *TABLE STILL*, . <¥DIFFERENCE *. NO . « *SUCCESSIVE *, NO
UP INTERNAL * esse®s VALUES TO «*Xeesosnsse VALUES TO % - ¥ LAST IN eXeeonoe *q VALUES eXaana
*TDLERANCE EPS1 * . *, LEFT ¥ . *, ROW - *, SUFFICe % .
* - *, - - *, ¥ #,CLOSE. * -
ttttt#tttt*ttttt* - , . ¥ o . *, % *, o % .
- - * YES * NO - * YES * YES -
o - X - - X - -
X . o ¥ X - o¥e X -
*EESKF L RET ek kkE KK - F2 *, xekEFIkkkkkkkkhk . F4 x, FREHEF S Rk kk pk ik -
#COMPUTE MAXIMAL* - o ¥ *, * UPDATF INDEX & . +*INTER- %, * * .
N ER O BLE - «¥% _SHOULD *, NC *STEP JL- AND SET* . «*¥CHANGE WITH*, YES * SET F ROR-'O' * -
® POINTS 13 . *, STEP BE TO .*........xt UP INDEX OF - ¥ ALL REMAININGe*s0eeXeoeae ®* [SUCCESSFUL * -
. *, THF RIGHT. * * TABLE VALUE * - *. VALUES .* - INTERPOLATI CN} - % .
* * - N o ¥ * . . JRIEN.* * -
FREEERETEE AR LT R KL - *, o F ER SRS 222 223 - *, X . *t##*t**##*t#t**t -
- * YES - - * ND . .
% : 'x % : % : :
REERRGlEkkkdokxxk . E I L PEEE TS 20 LR kK (IR kRE XKLL - Jode ik K G 4% K okokok Rk ok . GS *,
* INITIALIZE JL * - * UPDATE INDEX _*¥* * FET CH * . % INTERCHANGE * - o % DOES_ %,
* AND JR (LEFI * . *STEP JR AND SET* * RESPECT IVELY # . *LAST POINT USED . + ¥0SCILLATI CN%, NO
*AND RIGHY IND eeeX¥ UP INDEX OF *eeeeeeeoX*CALCULATE NEXT * - *WITH REMAINING * . *, INDICATE PR 2
:SIEPS IN TABLE)* : TABLE VALUE : ‘: ARGUMENT USED: . : ONE b . *.§OUND DF!:.* .
t*#'t*t*l**tt*#** ExREFEASERR ARSI SRk kb xkkkkEfokdk - E33 2222323332223 30 o Xy o X .
. . - . - * YFS .
- - . . **** . - -
- - - * - . .
- - - ..X* B3 ' B - .
. - - * * - . .
. X - Fkkk - . -
X o, - - X .
tt***ﬂl#tt*tt*#*# H3 x, s LRI TPA LSS 223 22 20 - kRS Kok hkhk kL E "
* INSERT FIRST * ok ¥, - * - * * -
tFUNCIlON -VALUE * NO .*%* WAS *e X * SEY ERROR=%3" * . % SET ERROR=1]1" * .
R IAl GULAR * escesssssscacnssse¥e ENTY VIA ¥ eseX®*  (TABLE NOT * eXeeee® (ROUND OFF) * -
: CHE * - *, ACFM - - : MONOTONIC) : - : : .
FREEEEE SR RRTRXEK - *, - kxR gkkkrkkkkEd . PRI SIS LR 222 23 .
- - * YES . - - . -
- - o - oXseonsessses -
- . X - . X .
X B X o ¥4 - X - o ¥ -
EE2 2 2 N 1t*tttt*ttt **t*tdzttttttttt# J3 x, . EE3 S EARAS IS LRSS S - Js *, -
* <*¥1IS NEW - * * - .* ARE  *, .
* COMPUTE * *STURE ARGUMENT * NO . % POINT - * RETURN * . STILL -
* DIFFERENCE OF * NC JION #Xeeeseone¥e CLDSER - * INTERPOLATED * ......*. VALUES ‘TO BE o *Xewue
* ARGUMENTS Al. * * VAL * . GIVEN * VAL UE * USED .
* * .XVAL ¥ ¥ #. o ®
tt*#ttt*t*ttt**tt E2 3 S E RS RS 23 o REEEEE TR TXREAEERE x, %
. Cx . * YES
% 5 : X
*#t#tn lttt***t*!@ K2 *, FxxEEKI ke kkkkkkkk ° X #**ttKS*t***tt***
« % ARE *, - * * ook kK Lk ok kR okxkk * E PA *
INITIALIZE NO .* ENOWGH *, YES * INITIALIZE * * END _OF *CALCULAT]DN OF '
H’ABLE SELECTION’.....X...* POINYS e¥eeosneseaX¥* INTERPOLAY ION *.... * PROCEDURE * .o
*, SELECTED . * * LooP *® . CFM/ACFE * . * lNTFRPULATlUN *
3 t . *, . - ¥ x x - kk kbt ke khkk -
EE2 232 SRS 222 21322 X , o ¥ Atk ekkfk bk kbR X N X *81**##**###0*'#‘
Fkxk * &k FExk
* 2 x *
*x E3 % % A3 ¥ * A3 %
* * * % * *
EE 2 23 ik kk Ek k¥
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i i 3 i A(K+1)=(- =18y » '
Approximation of Tabulated Functions ALKHL)=(-AAL+ABT)21E-18, FET 1210

A(J+1)=( AAI+ABT)*LE-18,. FFT 1230
ENDy . FFT 1240
. AW =A(1),. FFT 1250
e Subroutine FFT IF COPT= *2¢ /*PREPARE AlL),Al2) FOR «/FFT 1260
_— THEN DO, . /+CALCULATION OF REAL FOURIER */FFT 1270
A(L) =(AW+AIN+1)),. /*SERTES */EFT 1280
FFT.. FFT 10 A(Z) =(AW-AIN+11)y. FET 1290
7 /FET 20 COPT = 131, /+CHANGE INTERNAL OPTION TERM #/FFT 1300
7% */FFT 30 GO TO INV,. FFT 1310
74 FAST FOURIER TRANSFORM FOR ANY ONE-DIMENSIONAL ARRAY */FFT 40 ENDy o FFT 1320
7% */FFT 50 ACL) =(AWHA(2))#1E-1By. /%CALCULATE VALUES #/FFT 1330
JFET 60 AIN+1)=(AW-A(2)) *LE-1B,. 7¥AL1) 4 A(2)  AINFLD AINE2) */FFT 1340
PPOCEDURE (A MyOPT) 4, FFT 70 AL2) =0,. FFT 1350
DECLARE FET 80 AIN+2)=0, . FET 1360
ERROR EXTERNAL CHARACTER(1), /+EXTERNAL ERROR INDICATOR */FFT 90 RETURN.. FET 1370
(OPT,COPT) CHARACTER(L), FFT 100 END, . /%END OF PROCEDURE FFT */FFT- 1380
(DA,DB4DC yDHDS,RI) : FFT 110
BINARY FLOAT(53), FFT 120
(A(%),S(2%%(H=-2) +1) JAARy FFT 130
AAT ABR 1ABI 4 AW,C0,SI) FET 140 Purpose:
BINARY FLOAT, /*SINGLE PRECISION VERSION /#S*/FFT 150
7% BINARY FLOAT(53), /%DOUBLE PRECISION VERSION /#D*/FFT 160
(1,10,INDyIR,IST, FFT 170 . ) . .
T FET 180 FFT performs finite one-dimensional Fourier
ve
IF M LT 2 /*TEST SPECIFIED DIMENSION M */FFT 200 i i —oM
IrMLT 2 FET 200 analysis and synthes1§ for a N?e{ of N=2¥ real data,
ERROR='PY 4. /%P MEANS WRONG PARAMETEK #/FFT 220 - -
0 T0 RETURN, . FET 290 or for a sequence of 55- = 2 complex data.
FET 240 . i
/+PRESET ERROR INDICATOR */FFT 250 Dependmg on the character of the input parameter
FFT 260 A .
J#INTTIALIZE PARAMETERS sreer 2ol OPT, the following transformations can be done:
FFT 290
L Q+1y. FFT 300
RI  =3.1415926535897936+00/NH,+  /#RI MEANS 2%PI/N */FFT 310 — :
DA,S(1)=0,. /#SET SINE FOR O AND PI/2 */FET 320 OPT =10 real a.naly51s
DB,S(NO-1)=1,. FET 330 .
0595(2)=SIN(RI )y .+ FFT 340 OPT = '1! complex analysis
DC =COSIRIDy. / /FFT 350 ror
D0 1 =3 TO NA1000B+Lls.. /%CALCULATE SINE TERMS */FFT 360 = 3
RI  =DC*DBy. /*BETWEEN O AND PI/2 #/EFT 370 OPT 2 real SyntheSIS
S(L=1),DH=RI-DA,. / JFET 380 _ 1 s
o =08, . FET 390 OPT = '3' complex synthesis
0B =RI+DHs. /%CALCULATION 1S DONE USING  */FFT 400
S(I) =DB*DS, . /+DOUBLE PRECISION ARITHMETIC =#/FFT 410
END, . FET 420
IF COPT= '2¢ /%921 MEANS CALCULATION OF */FFT 430 Usage:
THEN GO TO REAL,. /*REAL FOURIER SERIES . S/FFT 440
IF COPT= '3* /%'3' MEANS CALCULATION OF */FFT 450
THEN GO TO INV,. /#COMPLEX FOURIER SERIES #/FFT 460
AW =1/NHy. FFT  4TC
00 I =1 TO Ny /#PREPARE VECTOR A FOR FINITE #/FFT 480 CALL FFT (A’ M, OPT);
ACT) =ACII*AN,. /#FOURIER TRANSFORM */FFT 490
END, . 7 /FFT 500
INV.. /*REORDER INITIAL TERMS A(I)  */FFT 510 M M
N 7%8Y BIT REVERSAL TECHNIQUE  #/FFT 52¢ A2 or2™ +2) - BINARY FLOAT [(53)]
DO I =1 TO N BY 2,4. / /FFT 530
IF J 6T I /%1S BIT REVERSAL GREATER THAN */FFT 540 i ~di i ar
THEN DO, . /*INIT. BINARY REPRESENTATION ®/FFT 550 Gl::/'lfl’]l. onehdlmenS’lonal ray
AAR  =A(J),. FFT 560
AAT  =ALJ#1),. /*INTERCHANGE A(I) WITH A(J)  */FFT .570 w1 e]_\/I_[lgt
ACD) =ALID,. /¥AND AUI+#1) WITH A(J¢l)  #/FFT 580 = "
ACIHLI=ALT+10 4. FFT 590 N=2 complex 7 :
ACT) =AAR,. FFT 600, £ ourier
ACL+1)=AATL, . FFT. 610 or s
END, .« FET 620 N+2 2M+2 real calculations.
K =Nh, FFT 630 =
00 WHILE (J GT K)y. J¥UPDATE J AND K #/FFT 640 Resultant t h
J Ky . FFT 650
PRyt FET 650 esultant transform values are
ENDy o FFT 670 3 3
J =deKs. /#COMPUTE NEW BIT REVERSAL */FFT 680 returned in the array A, replacing
END, . FEI 690 .
IRV I =2, FFT 700 - the input data,
. / U 0 The contents of the input and out
PLX.. /#COMPLEX FOURIER TRANSFORM  */FFT 720 e con -
/#NITH N/2 ELEMENTS */FFT 730 ents o € 1npu ou
IST  =[+1,. / JFFT 740 1
wo ot £ OTE put array A depend on the option
DO J =1 TO I BY 2. FFT 760
S =-SUIND) ,. /#STQRE SINE VALUES IN ST */EFT 770 parameter OPT:
IF COPT= *3°¢ /*CHANGE SIGN IN CASE OF */FFT 780 '1'
THEN ST ==SI,. /#FOURIER SERIES */FET 790 = an =
€O =S(NQ-INDI,. /#STORE COSINE VALUES IN CO  */FFT 800 In cases OPT d OPT
IF J GE IR FET 810 191
THEN 00y . /#MODIFY INDEX IND OF THE */FFT 820 . 3' the complex data are located by
IND  =IND-1D,. /%SINE VECTOR S */FET 830 . . . . .
co  =-co,. 7%COS(PI/24B) = —SIN(B) */EFT 840 pairs in N 1mmedlate]_y ad]acent
END, . FFT 850
ELSE IND =IND*ID,. FFT 860 i
/*EXECUTE TRANSFORMATION-LOOP */FFT 870 storage locations. In the other
DC K =J TO N BY'IST,. : FFT 880 .
L KDyl FFT 890 cases the N function values are
AAR  =CO*A(L)-SI*A{L+1)y. FFT 900 t d . N t
AAL O*A(L+114ST*A(L) 4. FFT 910 i
A(L) =ATK)-AAR,. /*MODIFY AND RESTORE ELEMENTS #/FFT 920 stored In N successive storage
A(L+1)=A(K+1)-AAT ;. FFT 930 : ; 5
A ACK) eAAR s | FET 9n0 locations, while the Fourier co-
ACK+L)=A(K+1)+AAL, . FFT 950 -
END, . FET 960 efficients a(n), b(n) need N+2
ENDy o FFT 970
IR =l+l,. /%UPTATE PARAMETERS +/FFT 980 locations and they are stored as
1 =IsT,. FET 990 ;
10 =I1D/1CBy. - FFET. 1000
IF I LE NH FFT 1010 follows:
THEN GO T8 CPLX,. /%END OF OUTER LODP #/FFT 1020
IF COPT= '11 /%10 AND 13" MEAN COMPLEX */FFT 1030 a
THEN GO TO RETURN,. /*FOURIER CALCULATIONS */FFT 1040 0
IF COpT= 130 ) FFT 1056 ) = 0, a,, b s ., b N
THEN GO TO RETURN,. / /FFT 1060 ) 2 0 1 1 2 2
REAL.. J*REAL VALUES FROM (FOR) #/FFT 1070
I =l,. 7%COMPLEX FOURIER TRANSFORM  %/FFT 1080 a
DO K =3 TO NH=1 BY 2,. ’ */FFT 1090 . N
J =N-K+2,. FFT 1100 a b =N
AAR  =A(K) +A{J), FFT 1110 N N 2
AAL - =A(K+1)=A(J+10,. FFT 1120 1
ABR  =A(K+1)+8(J+1),y. FFT 1130 ey T o Ly o 7 1, )
ABI =A(J) —A(K)s. FFT 1140 2 2. 2
I =l+l,. FFT 1150
ST =S(I),. /#STORE SINE AND COSINE #/FFT 1160
CO  =S(NQ-1),. FFT 1170 b
AW = ABRXCO+ABISI,. FFT 1180 N
AST  =-ABI*CO+ABR¥SI,. FFT 1190 — =0
ALK) =( AAR*AW )*1E-18,. FFT 1200 2
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M- ‘ BINARY FIXED
Given integer that determines the
size of vector A,
The size of A is

M .
2 £ complex; Fourier
oM 4o or real calculations.,
OPT - CHARACTER(1)
Given option parameter for selec-
tion of operation (see "Purpose').
- Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='P' means error in specified parameter --
for example, M <2. Any value of OPT different
from '1', '2', '3' is treated as if it were '0'. The
integer N in the given formulas (see "Purpose'’)
must be a power of two:

N=2M

FFT is restricted to one-dimensional Fourier
transformations.

Another procedure, called FFTM, is available
in SSP-PL/I which operates on multidimensional
arrays.

~ For real and complex applications of FFT the
following is true: A forward transform (Fourier
analysis) followed by an inverse transform (Fourier
synthesis) returns the original data (except for
roundoff errors).

Method:

Calculations depending on the option parameter OPT
are done using the Cooley-Tukey Fast Fourier
Transform.,

For reference see:

J. W, Cooley, P, A, W. Lewis, P, D, Welch,"The
Fast Fourier Transform Algorithm and.its Applica-
tions'", IBM Research, RC 1743, February 9, 1967,
pp. 15-33,

N. M. Brenner, ""Three Fortran Programs that
Perform the Cooley-Tukey Fourier Transform',
Lincoln Laboratory, Massachusetts Institute of

_ Technology, Lexington, Technical Note ESD-TR-67-
462, 1967,
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J. W. Cooley and J, W, Tukey, "An Algorithm for
the Machine Calculation of Complex Fourier Series',
Mathematics of Computations, vol. 19, 1965, pp.
297-301.

Mathematical Background:

Complex Fourier calculations

Let X(k), k=0, 1, 2,..., N-1, be a sequence of
N =2M complex numbers. The finite Fourier
transform of X(k) is defined as ’

1 N-1 -n°k
Am =+ > Xk - Wy
k=0
n=0,1, ‘oo.,N_l . (1)

where

_ 2mi -
WN—exp<N> and i _,\/ 1

Similarly, X(k) can be expressed as the finite
Fourier series of A(n)

N-1 nk
X = 2 Am) * Wy @)
A n=0 .

Since N = 2M we express X(k) as a function of the
M arguments kyr_q, kM_2 **r kg, ko of the binary
representation of k: '

ko=k, sz'l L S M2
+'...‘k1.2+k0;kv'=00r1. (3)
Analogously, if
n=n, .° 2M'1+nM_2° M2 n - 2
+n0;nv =0orl, o (4)

- then equation (2) can be written:

Xl g Kppgoeees Kpkp)

1 1 1
- Z Z cos E
n,. =0 n=0’ nM_1

o Ay 10 Do
o' ™



M-1 Now we must reverse the order of the bits in the

eefyo nO) ) WN k(nM-l 2 binary representation of k. FFT does the reorder-
‘ ing on the initial array so that the result is in the
+... + n, c 2+ no) (5) correct order.
Real Fourier calculations
2M N
i = =1 h
Using Wy Wy =1 wehave Given 2N real data Y(j), j =0,1,2,.0.,2N-1. The
kem. - o M-1 K oen - 2M--1 A coefficients of the trigonometric series
w. M-1 _w 0 M-l
N - N 0 N-1 .
v(6) = 24 T (o) « cos T
Therefore the innermost sum in equation (5) yields n=1
an array: .

+h) - sm——) + (- 1)J a(N)

(kKoon o pyeee D ) =
1 0" M-2 170 can be derived from the N-point complex Fourier

transform
A (o poBypogre s s By Ty) N-1 -
A(n) =— Z X (k) ° n=0,1,2,,..,N-1
M-1
k n ° 2

0 M-1
WN

D170

where X(k) = Y(2k) +iY(2k+1) ; k=0,1,2,...,N-1,

Then, summing over ny_s to get an array A2 from Let (the bar is conjugation):

Ay, and so on, leads to the general formula (L =1,

2,3,..., M): 2C(0) = Re A(0) + Im A(0)
T 2C(N) = Re A(0) - Im A(0)
N, — N
Ap (greeesky 1o By gog0ee e BBy 2CG) = AR
Calculate for m =1,2,... ,% -1
1
= A. s000y n s L. > —
n Z-o -1 %o kL-z, M-L’ M-L-1 Aj(m) = i( A(m) + & (N-m) )
= 2
M-L 1
Ay (N-m) = — (A(m) - A(N-m) )
000 111, no 2i
= x L oo
L1 ML 2C(m) = Aq (m) + Ay (N-m) = W,
(ep 1027 etk emy o2
W = = _ - % 3 . -m
N 2C(N-m) Al(m) A2 (N-m) WZN

Now, identify the a(n), b(n) coefficients by means

The £ i1l be the desired X. Th
he final array will be the desire e of the relations

storage indexing convention used here is to let the M
arguments of Ay, (kg,...,0q) be the binary representa- _
tion of the index of the storage location for Ay, a(0) _ 2C(0)
(kgs+-+5ng). Inthis way, each step of the algorithm a(N) = 2C(N)
involves fetching from two storage locations and a(n) 2ReC(n)
returning results in the same two locations, thereby b(n) -2 ImC(n)
saving storage. However, the elements of the final
array are in wrong order:

1

} n=1,2,..,,N-1,

Note: To compute the 2N real Y(j) (Fourier
synthesis) when the coefficients a(n) and b(n) are
given, the process described above is applied in

X (k A M-l) reverse order,

M-1’ M2""’ 1,k) AM(k
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Programming Considerations:

FFT accepts input data stored according to
option parameter OPT:

OPT = '1') any set ofzE = gM-1 complex values
OPT = '3'( whose real and imaginary parts are
located by pairs in N adjacent storage
locations.
OPT = '2' the coefficients
0
20 Po T apPpees Ay By o Ay By T
2 2 2 2
2
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0

in N + 2 successive storage locations.
OPT = '0' N real elements in successive storage
locations.

During calculation, input vector A is replaced by
results depending on the character of parameter
OPT. These results are stored in an analogous
manner. For example, with OPT ='0', FFT
calculates the N+2 Fourier coefficients a(n), b(n)
and stores them into array A (with length N+2),
overwriting the first N given real values.



PROCEDUKE FFT PERFURMS FINITE, ONE~-DIMENSIONAL FOURIER CALCULAT IONS FOR A SET OF N=2%%M EAL DATA A(L)y L=1424e..N

CPLX
. nunstnunu#
EEE S VS ES S22 2 2 N #*‘#
) * DOUBLE
# PROCEDURE FFT % A5k «....xa I‘NCREMEINI' euo
ke ke gk . *%k&& bl :
. ERERER KR TR AEEEER K -
X - .
o X -
B1 %, FXXEIB2 IR FXR VR HK SR RIS K bRk PR R :
SIS M e, * * SINITIALIZE J=L * .
GREATER “*#. YES % PRESET * +AS LONP. COUNTER® -
CTHAN OR _EQUAL +%eeveeaooX¥ ERROR=¢0' % OR EVALUATION * -
. T0 2 L H x ¥ OF ANGLES  » -
X, % ##t‘ﬁﬁ't‘*#ﬁ*“‘* EE R 22 2RSS S22 2 Y -
+°NO . :
X X % :
3##**(:1#**‘#***** FEEEHC2 20 RR o Rk &k *EERFCS ¥ e xexE ik -
*RESTGRE OPTION * * RESTORE SINE :
msr ERROR=1P ® + PARAMETER OPT * ND COSINE WITH® o
P nEANS WRONS * * [NTO LOCAL = * ...X* ARGUMENT CF #= o
: RETER 2 * STORAGE COPT # : PI(1-J1/T %
l’#*ﬁ#*'********# FEERIIIRINR R RN - 2EEFATEXIFRTIREES -
X : : : :
whx : . . :
* N . . .
® K4 * X : X :
* HREFAN2 XS REERBXEX . KEEEENG ERERETREEE L
E2 3 24 * . * * -
% CALCULATE * 0 4CHANGE SIGN OF % .
#NUMBER CF NATA * . #SINE IN CASE OF% -
£ N=23an * I FOURIER SERTES *
EE 22 SRR 2R 2 2 20 - *REEEEREFEEEFERE K -
X : X :
REEFIE2 TR HLEHK - EXEEES T e FrEE S -
#CALCULATE SINE * o % TRANSFORM AND * .
#AND_COSINE OF 0% . 5 RFSTORE DATA * .
UP_ 16 P12 WITH* D sA(L) DUE TO_THE® .
*INCREMENT VALUE* . % PRE-EVALUATED :
OF 2%PI/N & I #SPECIFIC ANGLE # .
EXERFISBTERXINELE N FREEEEXTEXRREXRES -
X : : :
.1 REAL : X :
*, xR EFI e e e ETX - EEEFF S E ok rokkkEk -
IS Dos =
1212 o £ INCREASE Lcop + .
. RE COMPLEX T ACOUNTER J BY 2.% =+
URIT E R AL Dok J=gi2 = L
ERIE Al Do = 1
e o ¥ EE 22223 2 o o BT EESEEEEREE R -
+ NO b . :
X b % :
o . ol .% :
52 630 "= b 650 % :
s Y : SN :
YES .+ COPYS13 st 4, .+COpPT=1 2 TER J %, .
Jxl1.E. COMPLEX o *. T.E. RE HAN OR =% .
. FOURIER . «. FOURIER L TO .* :
« SERIE. *¢SERIES I o ¥ -
i . Ege : : oF :
+"NO +°YES : : + NO :
X X : : X :
EEXAH2 SR ERTX RN ARG I HI TR e TR KRR - - kIS Tk kg dkkk -
* DIVIDE GIVEN * + PREPARE A(l) * : : * = L
* SET OF N REAL * * AND A{2) FOR_* : : ¥ UPDATE P
* DATA A(L) BY. * *CALCULAT ION OF * : : $PARAMETER I=IST# o
* N2 * + REAL FOURTER # : . * I
* % SERTES * : : * = L
EEEEIFIEXRRERREEK REEREETERERREEREE - - AEEREEEEEXPLIRKTSE .
feeresecaadXe : : : : :
: ; b : X :
INV X X X . .5 :
EE I RV E SIS LIS E 23 EE S TS NEEL 22T 232 203 *t*‘$J4#*ttt$**** - J5 x, .
*REORDER TNI TIAL* * * : LEIs e, :
+ TERMS A(T) BY * * CHANGE LOCAL * *CAL(‘ULATE renust : .+ COUNTER 1
% BIT REVERSAL ®Xen.o....® GPTION VALUE * Af1) : *1LESS THEN O
* " TECHNIQUE  * * ocoer=i3v ok * AR 5 +.RauaL To,
FEEXFIEPIXERRERERK HREEEEEREEREERREE tt*#‘t‘*t**i#iﬂtt - %, ¥
. E . : +' NO
. . : X
X RETURN . : .5
FEREFK2 XXk RRN S X - K5 x,
2INI TIALIZE =2 % Tk L2 213 XK L EEXE KT - «*IS COPT %,
* FOR COMPLEX * T * = 1 ND .¥IU1T GR 130,
% FOURIER . #.e..X® A5 # % K4 %....Xk PROCEOURE FFT ®  o.....%.1.E. COMPLEX .*
*TRANSFORM WITH * s *  x * * *. TRAKSF OR N, *
* N/2 ELEMENTS * EE 23 TEEX PRI I 2T *, o ¥
FREEBEIERRFRITACE ] X * L%
. 2 YES

esescecscsssacssssssnansnse
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© Subroutine FFTM

FFTM.. FFTM 10
VAL LS * * * /FFTM 20
VAl : */FFTM 3C
VAl FAST FOURIER TRANSFORM FGR MULTI-DIMENSIONAL ARRAY */FFTM 40
1% */FFTM 50
/ EELEELY A3k * /FFTM 60
PRUCEDURE(A,M'NDIW,DPT).. FFTM  T7C
DECLA FFTM 80
E"“Ul’- EXTEPNAL CHARACTEF(1l), /*EXTERNAL ERROR INDICATOR */FFTM 90
OPT CHARACTERI(1), FETM 100
(A{*)4PI,RIRTH, TR, T2R,T2I, FFTM 110
T3RyT31,T4R,T41,UIP,ULTU2F, FFTM 120
U213U3R U312 U4RUSGT s WR4HT, FFTM 130
W2R 9 W21 4 W3R, W31) FFTM 14C
BINARY FLDAT, /*SINGLE PRECISION VERSION /%S%/FFTM 150
I* BINARY FLOAT(53), /%DOUBLE PRECISION VERSION /#D*/FFTM 16C
(1+INDsJsJMsK K2 3K34K4 KDIF, N FFTM 170
KINC o KMyKMINGLyLJyLMAXy M%), FFTM 180
MMy MMAX NINDIM) yNA,NAD,NB, FFTM 190
NBHyNDIMyNIN,NT) FFTM 200
BIMARY FIXED,. FFTM 210
ERROR='P ', . /%P MEANS WRONG PARAMETER */FFTM 220
IF NDIM LT 1 /%TEST NUMBER OF DIMENSIONS */FFTM 230
THEN GO TO RETURN,. FFTM 240
NT =24 FFTM 250
DO I =1 TG NDIM,. FFTM 260
NUT) K= IOB**MI!).. /*COMPUTE AND TEST DIMENSION ®/FFTM 270
IF K LT FFTM 28C
THEN GO TG RETURNy. /%CALCULATE TOTAL NUMBER OF */FFTM 290
NT =NTHK,y o /*ELEMENTS */FETM 300
ENDy o FETM 310
/*COMPUTE  PI  AND RTH %#/FFTM 320
PI =3.141592653589793E+C0, . FFTM 330
RTH +0710678118654TSE-Cly. /%*RTH MEANS SQRT(2}/2 *fFFTM 340
NA =2y *% ARk /FFTM 350
DO IND =NDIM TO 1 BY -1,. /%L00P FOR EACH DIM‘NSION T/FFTM 360
NIN =N(IND}, JERERE % TFFTM 370
NB =NAXNIN, . FETM 360
IF NIN= 1 FFTM 390
THEN GO TO MULTI,. FETM 400
NBH  =NB/10B,. FFTM 410
J =1y / JFFTM 420
00 I =1 TO NB BY NA,. /*BIT REVERSAL TECHNIQUE */FFTM 430
1IF J LE 1 /7 *% /FFTM 460
THEN GO TO MODI,. FFTM 450
KM =1+NA-2,. FFTM 460
JM =J-1, FFTM 470
00 K 'I TO KM BY 2, FFTM 48C
DO L =K TO NT BV NBy o FFTM 490
LJ +IM, . FETM 500
We L)y /*INTERCHANGE A(L) WITH A(LJ) */FFTM S10
WI (L+1),. /*AND A(L+1) WITH A(LJ*+1} */FFTM 520
A(L) =A(LY),. FFTHM 530
A(L+1) =A(LJI+1),. FFTM 540
A(LJ)=HRy. FFTH 550
A{LJ+1)=HT,. FFTH 560
ENDy o FFTM 570
ENDy. FFTM 580
MODI.. /*MODIFY PARAMETER J AND K #/FFTM 590
K =NBH, FFTM 600
. plal HHILE (J GT K)yo FFTM 610
J =J-Kqe FFTM 620
K =K/10By. FFTH 630
ENDy. FFTM 640
J =J+Ky o /#COMPUTE NEW BIT REVERSAL */FFTH 650
ENDy o ) FFTM 660
NAD =NA+NA,. FFTHM 670
QDD. . /%TEST FOR ODD M{IND) #/FFTM 680
IF NIN LT FFTM 690
THEN GO TO LEN4y. 7*M(UIND) IS EVEN, NIN = 1 */FETM 700
IF NIN= 2 FFTM 710
THEN GO TO LEN2,. /*M{IND) IS ODD, NIN = 2 */FFTM 720
NIN =NIN/1CCB,. FFTM 730
GO TO 0ODD,. / /FFTM 740
LEN2.. /*TRANSFORM WITH LENGTH 2 */FFTM 750
DO 1 =1 TO NA BY 2,. !/ FFTM T60
DO K =1 TO NT BY NAD,. FFTH 770
L =K+NAy o FFTM 780
WP =A(L)y. FFTM 790
Wl =A{L+1)y. FFTM 80C
A(L) =A(K)-HR,. /*MODIFY AND RESTORE ELEMENTS */FFTM 810
FFTM 820
FFTH 830
ACK+1}=A(K+1) +HI, . FFTM 84C
END,. FFTH 850
ENDy / /FFTH 860
LEN4.. /*FAST FOURIER TRANSFORMS */FFTM 870
MMAX =NAj . /*HITH LENGTH 4 */FFTM 880
MAIN.. / /FFTM 890
IF MMAX GE NBH FFTM 900,
THEN GO TO MULTI,. FFTM 910
MM =MMAX+MMAXy o FFTM 920
LMAX =MAX(NAD,MMAX/10B),. FFTM 930
A TO LMAX BY NAD,./*EXECUTE LOOP FOR CALCULATION */FFTM 940
J =Iye /%0F ANGLES FOR SPECIFIC MHAX */FFTM 950
IF MMAX LE NA FFTM 960
THEN GO TO INITL,. FFTM 970
PI ==PI%J/MM,. FFTM 980
IF 0PT="'1" FFTM 990
THEN FI ==RIy. /*CHANGE SIGN FOR CALCULATION */FFTM1000
WR =COS(RI),. /*0F FOURIER SERIES */FFTM1010
w1 =SIN(RI )y FFTM1020
DOUBLE.. FFTM1030
W2R RAWR~HI*WIy. /*COMPUTE COSINE AND SINE | */FFTM1040
W21 R*NT*LOE+00B,. /#FOR  2#RI° AND  3#RI */FFTM1050
W3R 2R*¥HR-H2I *W] 4. FFTM1060
H3T  =W2RAWI+H2I*WRy. FFTM1070
INITL.. /*INITIALIZE L AS INDEX FOR */FFTM1080
L =lye /*MULTIDINENSIONAL CALCULATIONS*/FFTM1090
STRT.. FFTM1100
IF MMAX= NA /#COMPUTE START VALUE KMIN FOR */FFTM1110
THEN KMIN =L,. /*TRANSFORMATION LOOP */FFTM1120
ELSE KMIN =L+NIN®J,. FFTM1130
KDIF =NIN*MMAX,. FFTM1140
INCR. . - /%*COMPUTE INCREMENT FOR THE */FFTM1150
KINC =KDIF*100By. /*TRANSFORMATION LOOP */FFTH1160
DO K =KMIN TO NT BY KINC,. FFTM1170
K2 =K +KDIF,. FFTM1180
K3 =K2¢KDIF 4. /*K,1K2,K3,K4 ARE PARAMETERS */FFTM119C
K4 =K3+KDIF,. /*FOR OPERATION WITH LENGTH 4 */FFTM1200
I[F MMAX= NA /*HITHOUT MULTIPLICATIONS */FFTM1210
THEN DOy FFTM122C
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KMIN =L+{KMIN-L)*1C0B,.,
KDIF =KINCy.

i

UIR TEA(K)  +A(K2) 4. FETM1230

ULT  =A(K+1) +A(K2+1),. FFTM1240

UZR . =A(K3) +A(K4),. FFTM1250

U2D =A(K3+1)+A(K4+1) . FFTM1260

U3R  =ALK)  -~A(K2),. FFTM1270

U3L  =A(K+1) =A(K2+1),. FETM1280

U4R  =A(K3+11=A(K&+1D 4. FFTM1290

U4l =A(K&) =A(K3),. FFTM1300

ENDy . FFTM1310

ELSE DO, FFTM1320
T2R  =W2R¥A(K2) —W2I%A(K2¢1),. FFTM1330

T2I  =W2R*A(K2+1)+H2I*A(K2), . FFTM1340

T3R  =WR *A(K3) ~WI *A(K3+l),. FFTM1350

T3L  =WR FA(K3+114WI *A(K3),. FFTM1360

T4R  =WIRFA(K4) ~—WIT*A(K4+1),. FFTH137C

T4I  =WIR*A(K4+1)+WIT*A(K4D, . FFTM1380

UIR  =A[K) +T2R,. FFTM1390

UL =A(K+1)+T21,. FETM1400

U2R =T3R  +T4R,. FFTML410

U2l =TI 4T4l,. FFTM1420

U3R =A(K) =T2Ry. FFTM1430

U3L  =A(K+1)=T2I,. FFTM1440

U4R =TT =T4l,. FETM1450

V4T =TaR  =T3R,. FETM1460

END, . FETML470

IF OPT= '17 /*IN CASE OF FOURIER SERIES  */FFTM1480
THEN DO,. . FETM1490
U4R ==U4R,. FFTM1500

U4T - ==U4Ty. FFTM1510
ENDy. FFTM1520

A(K) =ULR+U2R,. /#COMPUTE AND STORE NEW VALUES */FFTM1530
ULT+U21,. FFTM1540
A(K2)=U3R4U4R 4+ FFTM1550
A(K2+1)=U3T+U41,. FFTM1560
A(K3)=ULR-U2R . FETM1570
A(K3+1)=UL1-U21,/ FFTM1580
A(K4)=U3R-U4R . FETM159C
AlKG+1)=U3I~U4T,. FFTM1600
END,. FFTM1610

/*UPDATE KMIN, KDIF AND IF NEC-*/FFTM1620
/*ESSARY REPEAT TRANSFORMATION #/FFTM1630

IF KDIF LF NBH /*L00P IN ORDER TO GET FINAL */FFTM164C

THEN GO TC INCRy. /*VALUES */FFTM1650

1% */FFTM1660

L =L+2,. /*MODIFY L AND —IF NECESSARY- %/FFTM167C

IF L LT NA /%*START ANOTHER TRANSFNRM */FFTM1680

THEN GO TGO STRT,. FFTM169C

. /% */FFTM1T0C

J =J+LMAX,y . /*MODIFY J AND —IF NECESSARY- */FFTM1T710

IF J LE MMAX /*THE ANGLE */FFTM1720

THEN FFTM1720

WRyo /*IF 1 = COS(RI) + I%SIN(RI) ®/FFTM1T4C

TR+WI)*RTH,. /%THEN Z IS SUBSTITUTED BY */FFTM175C

WI=-TR)*RTH,., /%I = 7 * EXP{-PI/4 * I) *[FFTM1760

IF DPT" " FFTM1T7C

THEN DO,y FFTM178C

TR =WRy. /*Z 1S SUBSTITUTED BY */FFTM179C

WR ==Wlye /%7 = I * EXP(#PI/4&4 * 1) */FFTM1800

NI =TRy. FFTM181C

ENDy o FFTM182C

GO TO DOUBLE,. FFTM1830

END,. FFTM]184C

END,y » FFTM1850

NIN  =3-NIN,. /*UPDATE NIN AND DOUBLE MMAX */FFTM1860

MMAX =MM, . FFTM187C

GO TO MAIN,. FFTM188C

MULTI.. FFTM1890

NA =NBy «. FFTM19C0

END y & * FFTM1910

ERROR='0",., /*SUCCESSFUL FOURIER TRANSFORM */FFTM1920

RETURN.. FFTM1930

ENDy . /*END OF PROCEDURE FFTM */FFTM194C
Purpose:

FFTM performs finite, multidimensional Fourier
forward or inverse transformations for complex
arrays whose dimensions are powers of two.
Depending on the value of the input parameter
OPT, the following transformations can be done:

OPT ="'0'
OPT ="'1!
Usage:

forward Fourier transform
inverse Fourier transform

CALL FFTM (A, M, NDIM, OPT);

A2

1+M +M cooM

NDIM) -

BINARY FLOAT [(53)]

Given one-dimensional real array used
to hold the complex multidimensional
array A(N1, Ng,..., NNpry) to be
transformed,

The real and the imaginary parts of a
data element must be placed by pairs




into immediately adjacent locations in
storage. Note that the last subscript
increases most rapidly.

Resultant complex Fourier transform in
the same storage order.

The number of elements of vector A is
- 21+M 1+M2

2 Nl- N2' ces NNDIM

o MN'DIM
M(NDIM) - BINARY FIXED
Given integer vector of length NDIM,
which determines the extent of each
dimension of complex array A(Nj, Ny,

NxpIm):

=oM(A) o _,M@)
Ny =2 N=27, L N

_ o M(NDIM)
BINARY FIXED
Given number of dimensions of
multidimensional array A,
CHARACTER (1)
Given option parameter for selection of
transform.

NDIM -

OPT -

Remarks:

Procedure FFTM is to be used for Fourier trans-
forms of complex, multidimensional arrays in which
each dimension is a power of two:

= oMW)

N

v with v = 1,2,...,NDIM

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero.

Error parameter ERROR='P! is returned if
NDIM <1lorany Ny, <1.

A forward transform followed by an inverse
transform, returns the original data multiplied by
Ny * Ny*...Nypypm (except for roundoff errors).

Method:

Calculations performed are based on the Cooley-
Tukey Fast Fourier transform. ’

For reference see:

J. W, Cooley, P, A, W, Lewis, P. D. Welch, "The
Fast Fourier Transform Algorithm and its Applica-
tions", IBM Research, RC 1743, February 9, 1967,
pp. 15-30.

N. M. Brenner, "Three Fortran Programs that
Perform the Cooley-Tukey Fourier Transform",

Lincoln Laboratory, Massachusetts Institute of
Technology, Lexington, Technical Note ESD-TR-
67-462, 1967,

J. W. Cooley and J. W. Tukey, '""An Algorithm for
the Machine Calculation of Complex Fourier Series'",
Mathematics of Computations, vol. 19, 1965, pp.
297-301.

Mathematical Background

The normal algorithm

Let B(ny,n9,...,n7,) be a complex multidimensional
array whose dimensions are powers of two:

N, = oMW o109, ,L

The finite Fourier forward transform of B is defined
as

1 Ny-1
Ak ek ) =TT T D
1 L Nl N2...NL n =0
1
Np-1
nz_ B(nl””’ nL) (1)
=
-nle .
W n kl. o n kL
1 o e L
where:
- 2mi =A/-1
Wv = exp<,Nu>andI 1

Similarly, B(nj,e.. ,11 ) can be expressed as the
finite Fourier inverse transform (or Fourier series)
of A(ky,ees,Kp)e

N, -1 N._-1

1 L
B(nl,...,nL)=kZ_0 kE-O Asyso0e,k;)
1 L
. W+k1- nl . . W+kL-nL
1 L (2)

The innermost sum yields an array
NL—l
Aglgeeeesky pnp) = 2

kL=0

Ay eeeskp)

L @)
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Since equation (3) is equivalent to a one-dimensional
problem, we discuss now the algorithm for one-
dimensional complex Fourier transform.

N-1 ken 27i
X = XA Wt Wy e ()

k=0 (4)
Since N = ZM, we express X(n) as a function of the

M arguments D\-1s0)f-9s e e o117, D of the binary
representation of n:

. gM-1 M-2

i Y M-2

+.. .+n1-2+n0; nv =0or 1,
Analogously, if

M-1 M-2
k = kM—l 2 + kM—2 2

+ k1-2+k

+o¢¢

0} kv = Oorl
then equation (4) can be written:

X(npr_1» Bypogr e .nl,no) =

1 1

S ¥

A(kM—l’kM-z’ cees kl’kO)

0 M-1
M-1
Wn (kM—l 2 Fotkg 2k )
N 6)
. M_ N _
Using W?\I = WN = 1, we have
M-1 M-1

n -k °2 n. -k °2

WN M-1 - W 0 M-1

Therefore the innermost sum in equation (5) yields
an array:

Afagky oreesskpsk)

1

) k > =0A(kM—1’kM-2’“°’k1’ko)
M-1 :

M-1
By* Ky

N
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Then, summation over kM—2’ to get an array Ag
from Aj, and so on, leads to the general formula
L=12,...,M):

Ap (@y,...n k k

L-1 M1 Ko)

1
= z=0 Ap_g Bgeeesnp ook Ry,
M-L

cees kpske)
L-1 M-L
. o 2 ° .
. @ 172 ey ok .2
Wn

(6)

The final array will be the desired X. The storage
indexing convention used here is to let the M argu-
ments of A7, (ng, <<« ,Kkg) be the binary representa-
tion of the index of the storage location for Ay, (n,
ceo,kg)e Inthis way, each step of the algorithm
involves fetching from two storage locations and
returning results in the same two locations, thereby
saving storage. However, the elements of the final
array are in wrong order:

X(nM—l’nM-Z’ cee ,nl,no) = AM (no,nl, ces ’nM—l)

Now, we must reverse the order of the bits in the
binary representation of n. FFT does the reordering
on the initial array so that the result is in the cor-
rect order.

The two-step algorithm

A modification that achieves further economy at the
expense of program complexity is to take two steps
at a time when the Ay, in equation (6) are calculated.
Let us define J as the index given by the high-order
L-2 bit positions of an index and let K be the low-
order M-L bit positions:

A @greeesBy g0 By o0Br g0 Kyppg k),
J K
Let:
(n o8 4 . +n2+n)-2ML
L-3e 1 0
U= WN



Then the step from L-2 to Li-1, with

M-t 2E
Wy = Wy = -1
is:
A @0k, LK) =AL (3,0.k, 0 K)
A _(J,1,k .
L2 Ly 1K)
("
ALk, LK) =A (J 0,kyr 1K)

AL @ Lk LK) U

for kM—L =0,1.

For the step from L-1 to L, we make use of the
fact that

L
N = WN = i and get:
A (J nL 9? O:K) = AL—]. (J,nL_zs 0,K)
n
. L-2
+AL-1(J’nL-2’1’K)'1 -U
(8
AL (J,nL_z,l,K) = AL—l(J’nL—z’O’K)
PL-2

-A_L_l(J, 0y o 1,K) i °U

= ]_°
for nL_z 0,

Dropping J and K to simplify notation, we write
equations (7) and (8) in a form that requires only
three instead of four complex multiplications. To
do this, let

AL-1 (nL_z,l) = L 1(J,nL_2,1,K) °U

Then, we have:

for kM—L =0
AL—l (0,0) = AL—2 (0, 0) + AL_2(1, 0)-U

“Ar 0.0 4

2

for kM—L =1
KL_l (0, 1)=A; ,(0,1)° U+A ,(L,1)° i
LD =A (0,1 T g (L) i
for n o= 0 ©)

AL (0,0=A_ (0,0+A , (0,1)

Ap (0, 1)=Ap ;0,00 - A, (0,1)

for n =1

L-2
AL (1,00=A; ;(1,0)+ KL_I 1) i

AL (1,1) = AL—1 (1,0) - AL—l (1,1)- i
These equations are used for L = 2,4,6,...,M, if
M is even, If M is odd, a single step is taken with
L = 1 and equations (9) are used with L. = 3,5,7,...,
M. '

The cases with J = 0 and J = 1 are programmed
separately to avoid multiplications:

d=0 gives U=1

Jd=1gives U=W
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FFIM PERFORMS FINITE, MULTIDIMENSIONAL FOURIER TRANSFORMS FOR COMPLEX ARRAYS, WHISE DIMENSIONS ARE PUVP#S 0OF TWO
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® Subroutine APLL

APLL.. APLL 10
/ *Exkx/APLL 20
/x */APLL 30
VA SET UP NORMAL EQUATIONS FOR A LINEAR LEAST SQUARES */APLL 40
lAd FIT TO A GIVEN DISCRETE FUNCTINN */APLL SC
/% */APLL 60
/ /APLL TC
PRUCEDURE(FCT.N'IP.HURKI'. APLL 80
DECLAPRE APLL 90
FCT ENTRY APLL 100
(\iORK(*)yP(IPvaAvHGTl APLL 110

/%*SINGLE PRECISION VERSION /*S%/APLL 120
/%*DOUBLE PRECISION VERSION /#D#/APLL 130

BINARY FLOAT,
/% . BINARY FLOAT(53),

(NeIP,LIP,IPL,I4JsKoLoM) APLL 140
BINARY FIXED, APLL 150
ERROR EXTERNAL CHARACTER(1)y. APLL 160
ERROR='0",. /#*SUCCESSFUL QOPERATION */APLL 170
LIP =IP,. APLL 180
IP1  =LIP+1,. APLL 190
M =IP1*(IP1+1)/2,. APLL 200
DO I =1 TO M,. . /*INIT. RIGHT HAND SIDE AND */APLL 210
HORK(I)=0y. /*COEFFICIENT MATRIX EQUAL ZERD*/APLL 220
ENDy o . 230
IF N GT C /*TEST SPECIFIED DlMENSlONS */APLL 240
THEN 1F LIP GT O APLL 250
THEN IF N GT LIP APLL 260

/%FOF I-TH ARGUMENT #/APLL 270
/*PROVIDE VALUES OF GIVEN FCT.,*/APLL 280
/*WEIGHT AND FUNDAMENTAL FCT. #*/APLL 29C

THEN DO I =1 TO N,.

CALL FCT(I.N.L!P:P;HGT):
IF ERROR NE 'O APLL 300

THEN GO TO UUT' /*ERROR IN PROCEDURE FCT. */APLL 310

J =0y, APLL 320

DO K =L TO IPl,. /*COMPUTE COEFFICIENT MATRIX  */APLL 330

=P(K)ANGT 4 /%AND RIGHT HAND SIDE */APLL 340

DO L 1 TG Kye APLL 350

= ve APLL 360
HORK(J)=HDRK(JHP(L)*A.. APLL 370

ENDy. APLL 380

ENDy .« APLL 390

ENDy « APLL 400
ELSE ERROR='D',. /%*ERROR IN SPECIFIED DIMENSIONS*/APLL 410
ouT.. APLL 420
ENDy .« /*END OF PROCEDURE APLL */APLL 430

Purpose:

APLL sets up the pormal equations for a polynomial
least squares fit to a given discrete function,

Usage:
CALL APLL (FCT, N, IP, WORK);

FCT - ENTRY

Given procedure supplying the values

of the fundamental functions, of the
function that is to be approximated
and of the weights.

Usage:
CALL FCT (I, N, IP, P, WGT);
I- BINARY FIXED
Given subscript value for
current point.
N - BINARY FIXED
Given number of points.
IP - BINARY FIXED

Given number of funda-
_ mental functions.
P(IP+1) - BINARY FLOAT [(53)]

Resultant vector containing
values of fundamental func-

tions, one up to IP,
followed by value of func-
tion that must be approx-
imated for the i-th argu-
ment, )
BINARY FLOAT [(53)]
Resultant weight value
for i-th argument,

WGT -

N - BINARY FIXED
Given number of points.

IP - " BINARY FIXED
Given number of fundamental
functions.
WORK((IP+1)(IP+2)/2) -

BINARY FLOAT [(53)]

Resultant vector containing the
lower triangular part of symmetric
coefficient matrix of normal equa-
tions, stored rowwise, followed by
right-hand side and square sum of
function values.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='D' means error in specified dimensions IP,
N -~ that is, IP is not less than N or N not greater
than 1,

For solving the normal equatlons, ASN may be
used.

If ERROR is set to a nonzero value within
procedure FCT, control is returned to the calling
program.

Method:

The normal equations stored in the vector WORK
are obtained by minimizing

wix) [#5 - pex) | 2
where:

w(Xy)is the weight value for argument X
£(Xj) is the value of the function to be approximated
p(Xy) is the value of the approximation function

Mathematical Background:

Let f(x), gi(x), i =1, 2, .., IP, and w(x) > 0 be
functions defined for x = X7, X,..,XN (the x; may be
vectors as well as scalars).

The problem is to determine the coefficients c;

1P
of the linear combination p(x) £ c;g;(x) such that
. i=1 .

N

2wl (65 - pig) = mine
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This problem leads to a system of linear equa-
tions AC = R, where C is the vector of unknown co-
efficients, A is the IP by IP symmetric positive
definite matrix with elements

N
B = IZ=1 wix) g () g (&)

and R is an IP dimensional vector with elements

N
Ty = X weg )

(See ASN for details. )

Some remarks regarding polynomial approximation
are in order. Use of monomials gj(x) =xi"1 as
fundamental functions results in a very badly condi-
tioned coefficient matrix A, If Chebyshev or
Legendre polynomials are used instead, the condition
of the normal equations is improved remarkably,
provided the arguments have a sensible distribution
(for example, equidistant in the interval -1 to +1),

Programming Considerations:

To allow for full flexibility in data handling, the
user must provide a procedure, described under
"Usage'',

Coefficient matrix A and right-hand side R are
stored adjacently. Within a linear array WORK,
the lower triangular part of A is stored rowwise,
followed by R, which is augmented by one element, ff,
in which the weighted square sum of function values
is returned.

WORK = (3.11, 2195 29950003 AqIPr- > AP IP »
ry,..,r]p; ff) represents a triangular array.

The described storage allocation of WORK is
required by procedure ASN. The user has full
flexibility for handling of the data

Xi’ :‘?(Xi)’ w (Xi)’ gl (Xi)’ coe ’gIP (xl)
1, If he wishes to allocate

X, £(x), W(x), 81 K)seees g &)

in main storage he may use external declarations.

2, Calculation of some or all of the required
quantities as functions of the subscript or as func-
tions of the argument x; is another convenient choice,

3. The needed data may be read in sequentially
from one or more external devices.

The three cases listed above may occur in any
sensible combination,
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e Subroutine APC1/APC2

APCl.. APC 10

/ /APC 20

A */APC 30

1% SET UP NORMAL EQUATIONS OF WEIGHTED LEAST SQUARES FIT IN */APC 40

/% TERMS OF CHEBYSHEV POLINOMIALS FOR A GIVEN DESCRETE FUNCTION */APC 50

VAl */APC 60

/ /APC 70

PROCEDURE { Xy Yy Wy N9 IPyXCyX1yWORK) 44 APC 80

DECLARE APC 90

(XUR) g YUR) 9 W) 9 X0 X1 9 WORK (%) APC 100

AtByCyTIyFI,SUM) APC 110

1% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/APC 130

BINARY FLOAT, /*SINGLE PRECISION VERSION /#*S*/APC 120

Ny IPyNNsLNy IP1,IPP4EPL, APC  14C

EPJEPEI1yKoKKyLyLL) APC 150

BINARY FIXED APC 160

{TEST,ERROR EXYERNALICHARACYERU)' APC 170

TEST ='1%,. /*WEIGHTS ARE GIVEN */APC 180

GO TO COMMON,. APC 190

APC2.. APC 200

/ /APC  21C

/% */APC 220

,* SET UP NORMAL EQUATIONS OF LEAST SQUARES FIT IN TERMS OF */APC 23C

/% CHEBYCHEV POLYNOMIALS FOR A GIVEN DISCRETE FUNCTION */APC 240

/% */APC 250

/APC 260

ENYRV(X'V'Nleyxcy)(l'HURK)p. APC 270

TEST ='2° /*CONSTANT WEIGHTING ASSUMED */APC 280

COMMON. APC  29C

LN =Ny . APC 300

NN =LN+LNy . APC 31C

PP =1P+1P,. APC 320

1Pl =1P+1, APC 330

EP -(lP*IPll/Zv. APC 340

EPL  =EP+1,y. APC 350

EPE =EP*IPI.'. . APC 360

ERROR='D"* 4 /*PRESET ERROR INDICATOR */APC 370

IF LN GT l /*TEST SPECIFIED DIMENSIONS */APC 380

THEN IF IP1 GE 1 APC 390

THEN IF LN GE IP1 APC 400

THEN DO, . APC 410

AyB  =X(1)s. APC 420

D0 I =2 TO Ny. APC 430

4 =X{1)y. APC  44C

IF C LT A APC 450

THEN A =Cyo /%SET A TO INFIX(I)) */APC 460

ELSE IF C GT B APC 470

THEN 8 =Cys /*SET B TO SUP(X(I)) */APC 480

ENDy . APC 490

X =B-Ay. APC 5C0

IF X1 LE C APC 510

THEN 00, APC 520

ERROR='A"'y, /*ERROR RETURN FOR */APC  53C

GO TC GUT,. /*DEGENERATE ARGUMENT RANGE */APC  S4C

ENDy .« APC 550

X0 =~(A4B)/X1sa APC 56C

X1 =2/X11e APC 570

00 I =1 TO IPP-1, /%INIT. RIGHT HAND STDE AND */APC 580

EP1 TO EPE-1l4. /*WORKING STORAGE /APC 590

WORK(I}=0Cy. APC 600

ENDy o APC  61C

SUM =0y, /*INIT. SQUARE SUM OF FCT.VAL. */APC 62C

D0 I =1 TO LNy. APC 630

TI =XL*X(1)+XCye /*TRANSFORM ARGUMENT TO (~1,1) */APC 640

A =1y, APC  65C

IF TEST='1"' /%*SHOULD WEIGHTS BE USEDy THEN */APC 660

THEN A =W(I)y. /*SET A TO I-TH WEIGHT */APC  67C

=TI*A1 APC 68C

Fl =Y(1 /*SET FI TO FUNCTION VALUE */APC 690

SUM -SUM*FI*FI*A.. /*UPDATE SQUARES SUM */APC 700’

FI =FI+F1, APC T1C

DD L =1 TO IPP-1,. /*UPDATE RIGHT HAND SIDE AND */APC 720

=Aqse /*WORKING STORAGE : /APC  T3G

LL =Lye APC  T40

REP.. APC 75C

WORK(LL)=WORK(LLI+Cy. APC 760

IF LL LE IP APC 770

THEN DO,. APC 780

LL =EP+LL,y. APC TSC

[ =C*FI+. APC 8CC

GO TO REPy. APC 810

APC 82C

APC 83C

APC 840

APC 850

APC 860

APC 870

END, .« APC 880

L =EPl,y APC 890

DO K 'IPP TO 2 BY =2.. /*COMPUTE COEFFICIENT MATRIX */APC 900

L =1y APC 910

KK =Ky APC 920

STORE .. APC  93C

w =LL-1y. APC 940

KK =KK=1y APC 950

NDRK(LL)=NORK(KK)*HORK(l.)v APC  9¢0

L =L+1y, APC 970

IF KK GT L APC 980

THEN GO 7O STORE,. APC 990

END,y o APC 1000

WORK(EPE)=SUM+SUM, .« * /*INSERT SQUARE SUM OF FCT.VAL.*/APC 1C10

ERROR='C"y. /*SUCCESSFUL OPERATION */APC 1020

ENDy o APC 1030

ouT.. APC 104C

ENDy « /*END OF PROCEDURE APC */APC 1050
Purpose:

APC1/APC2 sets up the normal equations for a
polynomial least squares fit to a given discrete
function, using Chebyshev polynomials as funda-

mental functions.




Usage:
CALL APC1 (X, Y, W, N, IP, X0, X1, WORK);

X(N) -

BINARY FLOAT [(53)]
, Given vector of argument values.
Y(N) - BINARY FLOAT [(53)]
Given vector of function values that
are to be approximated.
W(N) - BINARY FLOAT [(53)] = .
~ Given vector of weighted values.,
N - BINARY FIXED
Given number of argument values.
IP - BINARY FIXED
Given number of Chebyshev
polynomials.
X0 - BINARY FLOAT [(53)]

Resultant additive constant for linear
transformation of argument range.
X1 - BINARY FLOAT [(53)]
Resultant multiplicative constant for
linear transformation of argument
range,
WORK((IP+1)(IP+2)/2) -
BINARY FLOAT [(53)]
Resultant vector containing the lower
triangular part of symmetric co-
efficient matrix of normal equations,
stored rowwise, followed by right-
hand side and square sum of function
values.

CALL APC2 (X, Y, N, IP, X0, X1, WORK);

X(N) - BINARY FLOAT [(53)]
Given vector of argument values.
Y(N) - BINARY FLOAT [(53)]
Given vector of function values that
are to be approximated.
N - BINARY FIXED
Given number of argument values.
1P - BINARY FIXED
Given number of Chebyshev poly-
nomials.
X0 - BINARY FLOAT [(53)]

Resultant additive constant for linear
transformation of argument range,
X1 - BINARY FLOAT [(53)]
Resultant multiplicative constant for
linear transformation of argument
range.
WORK((IP+1)(IP+2)/2) -
BINARY FLOAT [(53)]
Resultant vector containing the lower
triangular part of symmetric co-
efficient matrix of normal equations,

stored rowwise, followed by right-
hand side and square sum of function
values.

Remarks:

1, If no errors are detected in the processing of
data, the error indicator, ERROR, is set to zero,
The following constitutes the possible error condition
that may be detected:

ERROR='D' means error in specified dimen~
sions IP, N -- that is, for IP not less than N or N
not greater than 1.

2. APC2 implies constant weighting (value one).

3. The use of Chebyshev polynomials instead
of monomials results in a remarkable improvement
of the condition of the normal equations, provided
the arguments have a sensible distribution (for
example, equidistant).

4. The given argument range is reduced by means
of the linear transformation.

tx) =x, s x+x

1 0

to the reduced range -1 < t(x) <+1. The normal
equations are set up for Chebyshev expansions in
t(x) and the solution of these equations is determined
by procedure ASN, This is no disadvantage, since
the Chebyshev expansion may be evaluated effectively .
for a specified argument x using procedure POSV
with argument t =x + X7 + x( and the calculated
coefficient vector of the Chebyshev expansion.

5. |The transformation of the calculated Chebyshev
expansion to an ordinary polynomial may be ac-
complished using procedure POST.

Method:

The polynomial fit is.calculated in the form of iis
Chebyshev expansion.

C Ty ®)+Cy Ty () +uee +Crpy Ty q ()

where Tk (t) is the Chebyshev polynomial of degree k.

The values of the Chebyshev polynomials for the
argument t are calculated by means of the three-
term recurrence equation: ”

T, (B) =2 t T 1 (- T o € k=2

with starting values Ty (t) =1, Tq (t) =t. In setting
up the coefficient matrix, time is saved by using the

. identity

2t Tj . Tk = Tj+k + 'le'kl
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Mathematical Background:

Let x7, and xp denote the leftmost and rightmost
arguments respectively, By means of the linear
transformation

the argument range x; < x < xp is reduced to the
argument range -1 < t(x) < +1,

The function £(x), given for x =xj, Xg9,.¢4, XN,
is to be approximated by an expansion in Chebyshev
polynomials:

1P
p(x) = % C; T,_; (t(x)

so that

5 2
.Z W(Xl) [f(Xl) - p(xl)] = min,

i=1

Ty (t) is the Chebyshev polynomial of degree k.

The vector C of unknown coefficients Ciisa
solution of the matrix equation AC =R, where A is an
IP by IP symmetric positive definite matrix with
elements ‘

N
e = T Ve Ty G) Ty 66))

and R is a vector of dimension IP with elements

N
v, = 12=1 w(x,) Tj_1 (tx,)) £(x))

(See ASN for details.)

The Chebyshev expansion of the polynomial p(x) gives
a much better indication of the accuracy of the ap-
proximation than the coefficient vector of the poly-
nomial itself. If the specified degree of the poly-
nomial is too high, the last terms of the Chebyshev
expansion are uniformly small compared with the
preceding coefficients. The degree might be reduced
by the number of small trailing coefficients without
unduly enlarging the overall error.

An upper bound for the error introduced by ne-
glecting the last terms of the Chebyshev expansion
is given by the sum of the absolute values of these
terms. Normally, transformation of the Chebyshev
expansion in t(x) to ordinary polynomials in x results
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in severe loss of accuracy. Therefore, no attempt
is made to return the polynomial expansions.

" Programming Congiderations:

Only the lower triangular part of the symmetric co-
efficient matrix is generated and stored rowwise,
followed immediately by the right-hand side and by
the weighted square sum of function values.

This storage allocation scheme is required by
subroutine ASN, which may be used for calculation
of the normal equations.



e Subroutine ASN

OPT -

ASN. ASN 1c

/ /ASN 20

A #/ASN 30

A SOLUTION OF NORMAL-EQUATIONS 'UP TC SPECIFIED ORDER */ASN 40

/% OP. PRECISION. */ASN 50

4 ALL FITS OF SMALLER ORDER ARE CALCULATED OPTIONALLY. */ASN 60

A */ASN 70

/ /ASN 8¢

PROCEDURE(WORK ¢ IP+ IRES,QPT EPS,ETA) 4 ASN 90

DECLARE . ASN 100

S BINARY FLDAT(53), ASN 110

(WNRK(*),EPS+ETA,TOL, TEST, ASN 120

AUX(IP)yWE,Q,4R) ASN 130

BINARY FLOAT, /*STINGLE PRECISION VERSION /#*S&/ASN 140

lAd BINARY FLOAT(53), /*DNUBLE PRECISION VERSION /%D%/ASN 150

(IPyIP14yRSsDG,DDGsLyLLy ASN 160

EPE+LLL DLy IPRyIRESsK+EPy ASN 170

T+I1,LL1,DLKY ASN 180

BINARY FIXED, ASN 190

lOPT.CHECK,ERRGR EXTERNAL) ASN 200

CHARACTER(1) 4. ASN  21C

IF ETA NE O /*PRESET EPROR INDICATOR ®/ASN 220

THEN CHECK='A',. /%A= ACCURACY NOT REACHED */ASN 230

ELSE CHECK=1'0',. /%C= SUCCESSFUL OPERATION */ASN. 240

IP1 =IP+1l,. ASN  25C

IF IP1 LE 1 ASN 260

THEN DOy ASN 270

CHECK='D"'y. /*ERRNR [N SPECIFIED DIMENSION */ASN 280

GO TO OUT,. ASN 290

ENDy.o ASN  3CO0

EP =1P%IP1/2y. /*SET UP ADDRESSING CONSTANTS */ASN 310

EPE =EP+IPl,. ASN 320

WE =WORK(EPE) s ASN 330

1F CHECK='A" /*SET TEST TO ABSOLUTE VALUE NFx/ASN  34C

THEN TEST =ABS(ETA*WE),. /*SPEC. ACCURACY FOP WANTED FIT%/ASN 350

IPRyLL=Cy. S 360

Lelll=1y. ASN 379

/ /ASN 380

DO I =1 TO IP,. /*FACTORIZE GIVEN MATRIX */ASN 390

(R =LL+I, . / /ASN 400

=0y, ASN 410

ITER.. /*COMPUTE ELEMENTS OF I-TH ROW */ASN 420

ASN 430

DO II=LL1 TO LL-1,y. /¥MODIFY ELEMENTS IN I-TH #/ASN 440

=S+MULTIPLY( /*ROW BY SCALAR PROOUCT OF */ASN 450

WORK(II), /*ELEMENTS OF FACTORIZATION */ASN 460

WORKIL)$53) . /%[N ROW AND COLUMN CROSSING *#/ASN 470

L =L+l,. /*AT CURRENT ELEMENT #*/ASN 4BO

ENDy . ASN 490

R =WDRK(L)., ASN  S50C

S =P=S,. ASN 510

IF L =LL /*TEST FOR LOSS OF SIGNIFICANCE*/ASN 520

THEN DOy. /%IN PIVOTAL DIVISGR */ASN 530

IF S LE ABS(EPS¥R) ASN 540

THEN 00,4, - ASN 550

CHECK="'P",. /*MARK LOSS OF SIGNIFICANCE *#/ASN S60

GO 7O SOLy. /%*BYPASS FURTHER FACTORIZATION */ASN 570

END,. ASN 580

QsS =SQRTI(S),. /*CALCULATE DIAGONAL ELEMENT */ASN 56C

ENDy o /*0F FACTORIZATION */ASN 60C

ELSE S =5/Qs. ASN 610

WORK(L)=Sy. /*STORE FINAL ELEMENT */ASN 620

K =K+l /#0F FACTORIZATION */ASN 630

L =L4Ky o ASN 640

IF K+I LE IP1 /*TEST IF ALL ELEMENTS OF I-TH */ASN 650

THEN GO TC ITERy. /*ROW ARE COMPUTED */ASN 660

LLlyL=LL#)y. ASN 670

WE =WE-S%¥Sy. ASN 680

AUXTI)=WE, . /*STORE SQUARESUM OF FESIDUALS */ASN " 690

IF CHECK=taA?® /*TEST ON SPECIFIED PRECISION */ASN 700

THEN IF WE LT TEST ASN T10

THEN DOy . ASN 720

CHECK="0",. /%*SUCCESSFUL OPERATION #/ASN T30

GO 70 SOLy. /%*RESP. ETA ACCURACY REACHED */ASN 740

ENDy o ASN 750

IPR  =IPR+1,. ASN 760

ENDy . /*END OF FACTORIZATION ®#/ASN T7C

IF OPT='F? ASN T80

THEN GO TO OUT,. ASN 790

LL =EPEy . / /ASN 800

/*COMPUTE LEAST SQUARE FIT(S) */ASN 810

SOL.. / /ASN 820

RS =EP+IPRy. /*INIT. ADDRESS RIGHY HAND SIDE*/ASN 830

Pl) =LL-1-IPRy. /*INIT. ADDRESS DIAGONAL TERM #/ASN 840

D0 I =IPR TO 1 BY -1,. ASN 850

Q =HORKIDG) 4y« /*SET Q TO I-TH DIAGONAL TERM */ASN 860

=NORK{RS) s« /%SET R TO I-TH RIGHT HAND SIDEX/ASN 870

HURK(RS) AUX(I)ge /®INSERT I-TH RESIDUAL */ASN 880

S =RS-1y. ASN 890

=0G-Iy. ASN 900

LL'L =LL-1y. ASN 910

K =IPR=1y. ASN 920

DLsDLK=IPRy . ASN 930

REP.. /*CALCULATE THE I-TH ELEMENT */ASN  94C

LyLLL=L-DLy. /%*FOR THE HIGHEST FIT AND */ASN 950

DL+ OLK=DL~1y. /*0PTIONALLY OF ALL LOWER FITS */ASN 960

S =0y ASN 970

DO ll=L&K TO L+1 BY ~1,. /*FORM SCALAR PRODUCTS NEEDED */ASN 980

=S+MULTIPLY( /*WITH BACK SUBSTITUTION */ASN 990

WORK(LLL), - ASN 1000

WORK(I[)453),. ASN 1010

LLL =LLL-DLK,. ASN 1020

DLK  =DLK-1,. ASN 1030

ENDy W ASN 1040

WORK{L)=(R=S)/Qy. ASN 1050

K =K=~1y. ASN 1060

IF OPT=1'A" /*REPEAT IF ALL FITS SHOULD */ASN 1070

THEN IF K GE 0 /*BE CALCULATED */ASN 1080

THEN GO TC REP,. . ASN 1090

ENDy o ASN 1100

oUT.. ASN 1110

IRES =IPR,. ASN 1120

ERROR=CHECK, « ASN 1130

ENDy o /%END OF PROCEDURE ASN */ASN 1140
Purpose:

ASN computes the solution of normal equations set
up by procedures APC1, APC2, and APLL.

Usage:
CALL ASN (WORK, IP, IRES, OPT, EPS, ETA);

WORK ((IP+1) (IP+2)/2) -

BINARY FLOAT [(53)]

Given vector, containing the lower
triangular part of a symmetric co-
efficient matrix of normal equations,
stored rowwise, followed by the
right-hand side and the square sum
of function values.

Resultant vector containing (se-
quentially) the coefficient vectors
of computed least square fits,
degree one up to IRES,
WORK((IP(IP+1)/2) + K), K=1, ...,
IRES contains the residuals cor-
responding to the approximation fit
of degree K.

If only the approximation fit of
highest degree (that is, degree
IRES) is calculated, the coefficient
vector has the same storage alloca-
tion as if all fits were calculated
(similarly for the corresponding
residual vector).

BINARY FIXED

Given number of fundamental func-
tions.

BINARY FIXED

Resultant (highest) degree of ap-
proximation fit(s) with respect to
the user-specified accuracy.
CHARACTER(1) v

Given option for operatmns to be
performed.

BINARY FLOAT [(53)]

Given relative tolerance for test on
loss of significance.

BINARY FLOAT [(53)]

Given relative tolerance for tol-
erated square sum of residuals.

Ir -

IRES

EPS -

ETA -

Remarks:

1. All operations are performed with respect to
the user-specified tolerances EPS and ETA.

2. If OPT is not equal to 'A' or 'F', then ASN
computes the least square fit of degree IRES only.
OPT='A' means all fits of degree one up to IRES are
calculated.

OPT='F' means the given coefficient matrix A is
factored in the form T*T, in the linear array WORK.
The triangular matrix T is allocated in the same way
as the upper (lower) triangular part of A. The right-
hand side R is replaced by (T*)” Ir.
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3. For EPS a sensible value is between 10~3 and
10-6 (10f10 a.nd‘10‘15) in single (double) precision.
The absolute tolerance used internally for the test
on loss of significance is ABS (EPS times current
pivotal element). ,

For ETA a realistic value is between 1 and 10-6
(1 and 10~18) in single (double) precision. Never-
theless, ETA may be set equal to zero. If no
specification is made for ETA, it is equivalent to
setting ETA=0, The absolute tolerance used in-
ternally for the square sum of residuals is ABS
(ETA times square sum of function values).

4, Let:

nq = maximal dimension for which no loss of
significance was indicated during factor-
ization
ng = smallest dimension for which the square
sum of residuals does not exceed the
absolute tolerance ETA
IRES is given by MIN (n3, ng, IP). (ng =IP for
ETA =0).

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:

5. ERROR='D' means IP is less than 1.

ERROR='A' means respective-ETA accuracy
is not reached.

ERROR='P!' means loss of significance was
detected.

Method:

Calculation of the least square fits is done using
Cholesky's square root method for symmetric
factorization.

Mathematical Background:

Let f(x),gi(x), i=1, 2, ..., m, and w(x)> 0 be
functions defined for x = x3, X9, ..., X,. The
problem is to determine the coefficients ci of the
linear combination

m
p(x) = Z cigi(x) sucn that
i=1
n ' »
o = 12:'1 weg) (g - pE )’ =min. (1)

The necessary conditions
de
9c

2 20,i=1,2, .o, m (@)
i ' S
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ci.

" coefficient matrix A = GWG

form a system of m linear equations in m unknowns

To simplify the notation we introduce the follow-

ing matrices:

X f(xl)‘

o
I
=
I

& fx,)

: w(xn)

o, [ g&) .. g )]

c = ,G:

°m gm(xl) ° gm(xn)

Then we have
T
em = (FT -C G) W - GTC)

or, with ey = FLWF,

2,

em =e)- ZCTQWF + CTGWGTC @y

Using equation (1%), the equations (2) may be written

T
GWG C

2,

= GWF ' ‘ @9
Combining (1*) and (2°) gives
=cTawa’c )

e, . -e
0 m

' The normal equations (2 ) for the unknown vector C

may be solved using Cholesl§y's method since the ,

is obviously symmetric
and it is positive definite if all the fundamental
functions g;(x) are linearly independent for the argu-
ments x; -- that is, if the rows of G are linearly
independent. Let R'= GWF. Using Cholesky's
method, A and R are replaced without additional
storage requirements by T and (TT)‘lR, where
A=TTT and T is upper triangular,



An easy calculation shows

T -1 2
- = T
0-on | 72

Introducing additional fundamental functions in
the linear combination p(x) will not affect the first
m rows and columns of A or the first m elements of
R. Therefore, Cholesky's method gives a decom-
position of €y ~ ey into the separate components
corresponding to individual degrees of freedom.

Programming Considerations:

All least squares fits of dimension 1, 2, se., m
may be computed from the reduced normal equations
TC = (TT)'lR. If the solutions are generated in

the storage locations of T, there is no additional
storage requirement,

Using the decomposition of e - ey, the factori-
zation may be terminated with dimension k if
ek < neq, giving the least squares fit of dimension
k that satisfies the user-specified precision (rela-
tive tolerance ). Because of rounding errors this
will work only if ) is approximately between 1.0 and
1.0 E-6 in single precision, and between 1,0 and 1.0
E-15 in double precision. Nevertheless, the square
sum of residuals corresponding to a least squares
fit calculated in single (double) precision may be as
small as eq 10712 (g, 10730),

Because of rounding errors the square root
method may break down if very small or negative
pivot elements indicate a loss of significance.
Therefore, all pivot elements are tested against the
absolute value of EPS times the current diagonal
element of A. If the k-th pivot element is not
greater than this internal test value, the normal
equations are treated as if they had dimension k-1
only.
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'PROCEDURE ASN COMPUTES THF SOLUTION OF THE NCRMAL EQUATIONS SET UP BY PROCFDURES APCl, APC2 AND APLL
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Smoothing of Tabulated Functions

e Subroutine SG13/SE13

SG13.. 5613 10
/ : /5613 20
7% */SG13 30
/% SHOOTH A TABLED FUNCTION USING */5613 40
/% A FIRST DEGREE POLYNOMIAL FIT RELEVANT TO THREE POINTS */5613 50
/% */5G13 60
’ /5613 70
PROCEDURE(XY¢ZsDTM) 4o sG13 80
DECLARE SG13 90
(XOR),¥EX) o Z0#) o XA 1 XBSXCy 5613 100

YA; YByYC oYMy TA,TB,TCoXM) 5613 110

) BINARY FLOAT, J*SINGLE PRECISION VERSION /#S#/SG13 120
1% BINARY FLODAT(53), /+DOUBLE PRECISION VERSION /#D#/5G13 130
(DIM, 1)BINARY ‘FIXED, 5613 140

SWITCH CHARACTER(1)y SG13 150

ERROR EXTERNAL CHARACTER(1),. SG13 160
SWITCH='G 'y, /#MARK GENERAL ARGUMENTS */SG13 170
6OTO INIT,. 5G13 180
SE13.. 5613 190
7 x : /SG13 200
% */5G13 210
7% SMOOTH AN EQUIDISTANTLY TABLED FUNCTION USING */S613 220
" A FIRST DEGREE POLYNOMIAL FIT RELEVANT TO THREE POINTS #/5G13 230
% | */S613 240
’ /5613 250
ENTRY (Y, Z,DIM) 44 SG13 260
SWITCH='E"y. /¥MARK EQUIDISTANT ARGUMENTS  */5G13 270
INIT.. 5G13. 280
IF DIM GE 3 /%TEST SPECIFIED DIMENSION */5613 290
THEN DO, . SG13 300

YA =Y(3),. /#MODIFICATION YA = Y(O) */5613 310

Y8 =Y(l)y. 5613 320
IF_SWITCH='G' /%TEST GENERAL CASE */5613 330

THEN DO, . SG13 340

XA =X(3),. /#MODIFICATION XA = X(0) */5613 350

X8 =X(1)y. : S613 360

END, SG13 370

ELSE YA  =YB+(YB-YA)/2,. /+MODIFICATION YA = Y(0) */SG13 380

DO I = 2 TO DIM,. 5613 390

YC =¥(D),. SG13 400

YM  =UYA+YB4YC)/3,. /#SET YM TO ARITHMETIC MEAN  */5G13 410

IF SWITCH='G" 7%TEST GENERAL CASE #/5G13 420

THEN DO, . SG613 430

XC =X(1),. 5613 44C

IF (XB-XA)® SG13 450

(XC-XB) LE 0 SG13 460

THEN ERROR='M',.  /#MARK NON-MONOTONIC TABLE #/5G13 470

XM =(XA+XB+XC1/3,. SG13 480

TA  =XA-XM,. 5613 490

TB  =XB-XMs. $613 500

TC  =XC-XMy. $613 510

XM =TARTA+TBHTB+TCATC,. SG13 520

IF XM GT 0 S613 530

THEN XM =(TA®(YA-YB)+ S613 540

TBE(YB-YM)+ SG13 550

TCH{YC=YM) ) /XMy . SG13 560°

AA =XBye SG13 570

XB  =XCy. SG13 580

YM  =XMTB4YM,.  /#SET YM TO WEIGHTED MEAN #/5613 550

END, S612 600

CZOI=1)=YM,. /#REPLACE Z(I-1) BY YM */5613 616

YA =YB,. SG13 62C

YB  =YCy. SG13 630

END, 5613 64C

IF SWITCH=1G? : SG13 650

THEN Z(DIM)=XM%(TC-TB)+YM,. /#COMPUTE Z(DIM) GENEPAL CASE */5G13 660

ELSE Z(DIM)=YB+(YA-YM)/2,.  /*COMPUTE Z(DIM) EQUID. CASE #/SG13 67C
ERROR=10" 5+ /#SUCCESSFUL OPERATION #/SG13 680

ENDy . 5613 690

ELSE ERROR='D",. /%ERROR IN SPECIFIED DIMENSICN */SG13 700
ND, . /%END OF PROCEDURE S13 */5613 710

Purpose: -

SG13, SE13 computes a vector Z = (zl, . eay ZDIM)
of smoothed function values. SE13 requires a vector
Y = (y{s- -+ » Ypiw @nd in the case of SG13 a vec-
tor X = (X1,.«+,Xppy) of argument values must be
given in addition. ) corresponds to x;, in the case
of SE13 the y components correspond to equidistantly
spaced argument values X assuming X% 4= h,

Usage:

CALL SG13 (X, Y, Z, DIM);

BINARY FLOAT [(53)]

Given vector of argument values.

BINARY FLOAT [{53)]
Given vector of function values.

X(DIM) -

Y/(DIM) -

BINARY FLOAT [(53)]
Resultant vector of smoothed
function values.

BINARY FIXED

Given dimension of vectors X, Y
and Z.

Z(DIM) -

DIM -

CALL SE13 (Y, Z, DIM);
Y(DIM) - BINARY FLOAT [(53)]
Given vector of function values.
BINARY FLOAT [(53)]
Resultant vector of smoothed
; . function values.

BINARY FIXED

Given dimension of vectors Y, Z.

Z(DIM) -

DIM -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions
that may be detected:

ERROR = 'D'
ERROR ="M'

means DIM is less than three.
indicates a non-monotonic argu-
ment table, that is, for some i
(%5~ 1(Xj+1-%i), is less than or
equal to zero. Vectors Z and Y
may be identically allocated, which
means that the given function
values are replaced by the resul-
tant smoothed function values.

Method:

The smoothed function values z, are obtained by
evaluating the least squares pollynomial of degree
one at x; relevant to three successive points.

For references see:
F, B, Hildebrand, Introduction to Numerical Analysis,

McGraw-Hill, New York-Toronto-London, 1956, pp.
258-311.

Mathematical Background:

Fori=3,...,n we must find mi and bi such that
W () = myx + by e

gives the least-squares fit to the points (xj-2, yi-2),

(Xi-1, Vi-1), and (xj, yj). The problem, then, is to
minimize

2 2
F(m;;b) =k§) ("1 = Vik |
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This minimum will occur when

9F _ gF  _
iy 0 and—am. 0
i , i
Now

ab =2 Z [w %) Vi ]

am

=2 Z x_k[w(x A ]

J

Solving equations (2) and (3) yields:

2 2 2 _
Yx oy 13> x X v,
=0 i-k "i-k =0 i~k =0 i-k
m, =
2 2
2
> x 1k-,1/3 > ox i 2
k=0 k=0
and

1 2
b,=— Y. [y.,-mx
3 =0 ik ii-k

L 2
X, == Z X
i 3 =0 i-k
ER R R L A AR

2
St
i,k i,k
m= 0
2
k§0 tl,k
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@)

((4).

()

(6)

(D

and

b =7, - m % e

 Using (8) in (1) gives

Wi(X) = mi(x—xi) + Yi

where mj; is as in (7). ‘
The desired smoothed values z; are given by:

Wg(X)) = mgts o + Ty if =1

17 ¢ Vi1 ®) T Ml T 1=2'“"(§;1_1 
W(x)ﬁmt' +¥ if i=n '

nn;0 'n

for generally tabulated argument values -- that is,

for SG13.

In the case of equidistantly spaced argument
values (that is, in case of SE13) we have the addi-
tional relation xj - xj-1 = h, a constant, for i =2,
... 0. This leads to the following expressions for
the zj: :

1 e s
—6-(5y1 + 2y2 - y3) , if i=1

ifi=2,...,n-1

L ‘
z.=( =¥, *Y.*+Y.,)
i J 3 “i-1 i i+l
(1)

&,? y - + Zyn_l + 5yn) if i=n



e Subroutine SE15

SE1S.. SE15 10
/ */SE15 20
/% */SE15 30
/% SMOOTH AN EQUIDISTANTLY TABLED FUNCTION USING */SE15 .40
lad A FIRST DEGREE POLYNOMIAL FIT RELEVANT TO FIVE POINTS */SE15 50
1% . - */SE15 60
7 /SE15 70
PROCEDURE(YsZ,DIM) . SE15 80
DECLARE SE15 90
LY(*),2(*),YA,YB,YC,YD,YE) SE15 100

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/SE15 110

lAd BINARY FLOAT(S3), /%DOUBLE PRECISION VERSION /*D*/SE15 120
(DIMy I)BINARY FIXED, SE15 130

ERROR EXTERNAL CHARACTER(Ll),. SE15 140

- IF DIM GE 5 /*TEST SPECIFIED OIMENSION */SE15 150
THEN 0O, . SE15 160
YA =Y(4),. SE15 170

YE =Y(2)y. SE15 180

YD =Y(1),. SE15 190

YC =YD+(YE-YA) /24 /*MODIFICATION, SET YC TO Y(0) */SE15 200
Y8 =YC=Y{5)+YA,. /*MODIFICATION, SET Y8 TO Y(-1)*/SE15 210

DO I =3 TO DIM,. SE15 220

YA  =YBy. /*REPLACE YA BY Y(I-4) */SE15 230
YB =YCy. /*REPLACE YB BY Y(I-3) */SE15 240
YC =YDy. /*REPLAGE YC BY Y{I1-2) */SE15 250
YD  =YE,y. /*REPLACE YD BY Y{I-1) #/SEL5 260
. YE =Y(I)y. /*SET YE TO Y(I) */SEL15 270
Z(I1-2)=(YA+YB+YC SE15 280
+YD+YE} /540 /*SET Y(I-2) TO ARITHMETIC MEAN%*/SELl5 290
END, « SE15 300

YA  SYC+YD+YE+YEy. SE15 310] .
Z(DIM=1), YA={YA+YA+YD+YB)/1Cy. ~ SE15 320

Z({DIM)=YA+YA-Z(DIM=-2),. SE15 330

ERROR=10",. /*SUCCESSFUL OPERATION */SE15 340

. NDy o SE15 350

ELSE ERROR='1',. . /*ERROR IN SPECIFIED DIMENSION */SEL15 360

ENDy. /*END OF PROCEDURE S15 */SEL1S 370
Purpose:

SE15 computes a vector Z = (z1, Zg9, ..., ZpiM) ©of
smoothed function values, given a vector Y = (yq,
Yos «=es yprw ©f function values whose components
yj correspond to DIM equidistantly spaced argument
values xj with x; - x;_ ;=hfori=2, ..., DIM.

Usage:

CALL SE15 (Y, Z, DIM);

Y(DIM) - BINARY FLOAT [(53)]
Given vector of function values.
Z(DIM) - BINARY FLOAT [(53)]
Resultant vector of smoothed function
values.
DIM - BINARY FIXED
Given dimension of vectors Y and Z,
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

" ERROR='1' means DIM is less than five.
Vectors Z and Y may be identically allocated, which
means that the given function values are replaced
by the resultant smoothed function values,

Method:
The smoothed function values are obtained by

evaluation of the least squares polynomial of degree
one relevant to five successive points.

For reference see:

F, B. Hildebrand, Introduction to Numerical Analysis,

McGraw-Hill, New York-Toronto-London, 1956,
ppP. 295-302,

Mathematical Background:
Fori=5,...,n we find my and bi such that

W () = m.x +b, (1)

gives the least-squares fit to the points (Rijcs Vi-k)s
k=0,...,4. The problem, then, is to minimize

4

F(m;, b;) = kgo I:Wi(xi-k) Vix ]

2

This minimum will occur when

OF . oF .
3bi ='0 and ami =0 (2)

Now

4
D>
- = 2 [W.(X. )=y. :I
9 - -
bi =0 iTi-k’ Yi-k
and

oF

4
EE 1;0 %k [Wi(xi-k)“yi-k] @

Solving equations (2) and (3) yields:

4 4 4

1
Z %Yik T 5 Z %k Z Vik

k=0 , k=0 k=0

4 2

4
1 o
z ik T Tk (4)
k=0 =0

no

and

4
1
b, =— E : [y. - m.x.-k ] (5)
i 5 =0 i-k il
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Using the fact that x; -Xj_1 = h, a constant, for
j=2,...,n, equations (4) and (5) may be rewritten
as '

m, = Jon @3+ 3’1-1 Vs i) o ©
and
L &
b =5 E__:O Vicke ~ ™i%-2 ™

Using equation (7) in equation (1) yields

- L
Wi = my X o) g (gt YY)

The desired smoothed function values z; are given
by:

.
o1
We(x) T =5 By 2y, Y, - V)
i=1
w_(%,) =—1-(4 + 3y, + 2y +y,)
5% 10 T Vg T Vg,

i=2

1
Vira®) T Opg VitV Vi

Z =
i +y.. ) i=3,...,n-2
. i+2
(8)
wx )= L ( + 2 + 8
n n-1 10 yn—3 yn-2 yn—l
+ 4yn) i=n-1
w_(X) =—1-(- + + 2
n' n 5 n-4 yn-2 yn-l
+ i= '
L 3yn) i=n
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e Subroutine SE35

'SE35.. SE35 10
[HrnE /SE35 20
1% - *#/SE35 30
7% SMOOTH AN EQUIDISTANTLY TABLED FUNCTION USING */SE35 40
A A THIRD DEGREE POLYNOMIAL FIT RELEVANT TO FIVE POINTS */SE35 50
1% */SE35 60
Vel 7SE35 70
PROCEDURE(Y,Z,DIM),. : SE35 80
DECLARE SE35 90
(Y(%) 4 Z(%) s YA,YB,YE, SE35 100
DA,DBDAB,DBC) SE35 110

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S#/SE35 120

7% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D®/SE35 130
(DIM, 1)BINARY FIXED, SE35 140

ERROR EXTERNAL CHARACTER(L),. SE35 150

IF DIM GE 5 SE35 160
THEN D0y. - SE35 170

YA =Y(4),. SE35 180

YB  =Y(1),. SE35 190

YC  =Y(2),. SE35 200

DBC =YB-YC+YA-YC+YA-Y(5),. SE35 210

0B =(DBC+DBC SE35 220

/*MODIFICATION DB =DELTA2({1) */SE35 230
/*MODIFICATION DBC=DELTA3(1/2)%*/SE35 240

+YA+YB+YB)/3-YCy.
DBC =DBC/2y.

DO I =3 TO DIM,. SE35 250

YA =YBs. /*REPLAGE YA BY Y(I-2) */SE35 260

Y8 =YC»y. /*REPLACE YB BY Y(I-1) */SE35 270

YC =Y(I)s. /%SET YC TO Y(I) ©  */SE35 280

DA =DB,y. /*SAVE OLD SECOND DIFFERENCE */SE35 290

08 =(YA-YB)-(YB-YC),. /*COMPUTE DELTA2(I-1) */SE35 300

DAB  =DBCy. /*SAVE OLD THIRD DIFFERENCE */SE35 310

DBC =DA-DB,. /*COMPUTE DELTA3(I-3/2) */SE35 320
Z(1-2)=YA /*SET Z(1-2) TO */SE35 330
—(DAB-DBC) *6/70, . /%Y (1-2)-DELTA4(1-2)*6/70 */SE35 340

ENDy . SE35 350

DA =(DAB-DBC)/35,. SE35 360
Z(DIM-1)=YB+DA+DA,. /*COMPUTE LAST TWO SMOOTHED */SE35 37C
Z(DIM)=YC-DA/2,. /*VALUES */SE3S 380
ERROR="C*,4. /*SUCCESSFUL OPERATION */SE35 390

ENDy o SE35 400

ELSE ERROR="1",. /*ERROR IN SPECIFIED DIMENSION */SE35 410
ENDy. /*END OF PROCEDURE S35 */SE35 420

Purpose:

SE35 computes a vector Z =(z1, Zg,..., Zpr)p Of
smoothed function values, given a vector Y= (yq,
V95 +++» YDIM) of function values whose compon-
ents y;j correspond to DIM equidistantly spaced ar-
gument values x; with xj-x; j=hfori=2, ...,
DIM,

Usage:

CALL SE35 (Y, Z, DIM);

Y(DIM) - - BINARY FLOAT [(53) ]
Given vector of function values.
Z(DIM) - BINARY FLOAT [(53)]
Resultant vector of smoothed function
values.
DIM - BINARY FIXED
Given dimension of vector Y and Z.
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected.

ERROR='1' means DIM is less than five,

Vectors Z and Y may be identically allocated, which
means that the given function values are replaced by
the resultant smoothed function values,



Method:

The smoothed funétion values z;j are obtained by

evaluating at xj the least squares polynomial of
degree three relevant to five successive points.

For reference see:

F. B. Hildebrand, Introduction to Numerical Analy-

sis, McGraw-Hill, New York-Toronto-London, 1956,

pp. 295-302,

Mathematical Background:

For i=5,...,n we must find aj, bj, cj, and dj such

that
w, (X) = a.x3 + b.x2 +ec.x+d,
i i i i i

- gives the least-squares fit to the points (xj_y,
yi-k)9 k = 0,000 ,4-
The problem, thus, is to minimize

4 2

F(aj, bj, ¢4, d;) = kz—-:o [Wi(xi—k) - yi-k]

The minimum will occur when

OF _OF _OF _OF _
9a. ©ob. Oc. od,
i i i i
Now:
4 3 N
oF
= =220x%  [wx )-y
9a, k=01k|:1 i-k 1k:|
4
oF 2
—=2 ) X [W(X. A :I
o) - - .
bi =0 i-k ivi-k i-k
4
oF
—=2) x [W.(X ) -y, ]
0 - -
c 1=0 i-k ii-k i-k
4
oF
—-22[ x )-¥ ]
o] -
d1 =oL & i-k i-k )

1)

@)

3)

Solvmg (2) and (3) for ay, by, ¢

1’

Xj-1 = h, we get:

2= 4
b,=-3A,x. _+ B,
i i i-2 i
ci = 3Aixi—2 _ZBixi—z + Ci
_ 3 2 -
4= A%t By ~OFip * D1t
where

1
A=t - -
i 5 Uig "2 g% ;4 Y)

1
B=—F 4y, ,+v, 1+ 4y, - 107)
14h i-4 i- 3 i i
C,=—t—( 8y.  +8
i-a2h Uig~ &gt 8V Yy
D =-+ (4 + + + 4 10y,
177 Wyt Yg Tt Ay - 108

Finally, the desired smoothed values z; are given

by:
(wyx) =y -5 0%, if i=1
o) =y tas 8y if =2
z; = ¢ Tw2®) T '3% 543’1 if =3,...,0-2
n(Xn_]_) n1’ 35 5 Vps if i=n-1
V&) =Y, m7g SV,  ifEm
where

6% V= VoW1 T Y - Ve
for i=3,...,n-2
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e Subroutine EXSM

one of A, B, and C is not zero,
the program will take given
values as initial values.

EXSM. .
e E
/: TO FIND THE TRIPLE E )‘JENY AL SMOOT! Eb SERIES 'S OF A :IEXSH 2?’ i !
E: e XPONENTT oTH VN en o9 As output: A, B, C, contain latest updated
*/EXSM . o . .
Pesens Jexsn 70 coefficients of prediction, -
PROCEDURE (XyNXyALyA4B4CyS)ye EXSM 80
DECLARE EXSM 90
é:&:;;sé:s;:LvlvB'CyBE'ALCUB.BECUBleF) g:g: }gg
ERROR EXTERNRL CHARACTER(1) EXSM 120 S(N}{) - BINARY FLOAT
1NX o s .
SIMARY FIxED, . Exon 120 Resultant vector containing triple expo-
% */EXSM 150 pse s .
ERROR=101 4. EXSH 160 nential smoothed time series.
/% */EXSM 1T0
VAl TEST THE VALUE OF ALPHA */EXSM 180
- IF AL LE 0. OFR AL GE 1 ‘/::2: ;3‘0’
THEN DOy + : EXSM 210 Remarks:
ERROR=11",., EXSM 220
Eore Exon 240
1e w3 Exs 250 If no errors are detected in the processing of data,
ERROR=120re Exor 2|  the error indicator, ERROR, is set to zero. The
2 [P AZ8=C=0.0, GENERATE INITIAL VALUES OF Ay By AND C wixm 200 |  following constitutes the possible error conditions
*/EXSM 310
IF A = 0.0 AND 8 = 0.0 AND C = 0.0 EXSM 320 that may be detected:
THEN 0Oy . EXSM 330
c =X(1)=-2.0%X(2)+X(3)y. EXSM 340
B =X(ZD,—X(ll-l..5'Cp. EXSM 350 e .
, g,{‘,a,:“"“'“s‘c'- g;gg 380 ERROR=1 - The specified smoothing constant, AL,
BECUB=BER*3, 1 EXSH 290 is less than or equal to zero or is
n ALCUB=AL*%3,. ‘,E;g: 228 eat th or e al t o
;: DO THE FOLLOWING FOR I =1 TO NX */EXSM 420 gr ater an r qu 0 ne.
* — ) .
00 1 = 110 Ny rEXSH 430 ERROR~2 - The number of data points is less than
SUI) =A+B+C.5%C,y. /% FIND S(I) FOR 1 PERIOD AHEAD*/EXSM 450 three
/= */EXSM 460 .
/% UPDATE COEFFICIENTS A, By AND C */EXSM 470
” OIF =S{I)=-X(I) ‘/5)‘(2: 2:3
A =X(1)+BECUBXDIF,. EXSM 500 Method:
B =B4C—1.5%AL*AL*(2,0~AL)*DIFy . EXSM 510 .
4 =C-ALCUB*DIF 4. EXSM 520
FIN END» EXSM 530
RETURN, .« EXSH 540 Refer to R. G. Brown, Smoothing, Forecasting and
o /¥END OF PROCEDURE ExsH */exsu seo [ Prediction of Discrete Time Series, Prentice-Hall
t] £
1963, pp. 140 to 144,
Purpose:

EXSM develops the triple exponential smoothed
series S of the given series X,

Usage:
CALL EXSM (X, NX, AL, A, B, C, S);

Description of parameters:

X(NX) - BINARY FLOAT
Given vector containing time series data
to be exponentially smoothed,

NX - BINARY FIXED
Given number of elements in X.
AL - BINARY FLOAT

Given smoothing constant alpha. AL must
be greater than zero and less than one,’

A, B, C- BINARY FLOAT

’ Given coefficients of the prediction equation
where S is predicted T periods hence by

A+B~T+C°T2/2

As input: If A=B=C=0, the program will
provide initial values. If at least.
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Mathematical Background:

This procedure calculates a smoothed series S, Sos
«.ss SNx, given time series X, XZ’ eees XNX
and a smoothing constant &, Also, at the end of the
computation, the coefficients A, B, and C are given
for the expression A+ B(T) + C(T)2 /o This ex-
pression can be used to find estimates of the smooth-
ed series a given number of time periods, T, ahead.
The procedure has the following two stages for
i=1, 2, ..., NX, starting with A, B, and C either
given by the user or provided automatically by the
procedure (see below): ‘
1, Finds §; for one period ahead

S,= A+ B+5C | (1)

2, Update coefficients A, B, and C

A=X +(1-0)° (S, -X) @
i 1 1 .
B=B+ c-1.5(a2) @-0)(s; - X) 3)
3
C=C-(Ol)(si-Xi) 4



‘where o= smoothing constant specified by the
user

(0.0 < & <1.0)

If coefficients A, B, and C are not all zero (0.0),
take given values as initial values. However, if
A=B=C=0.0, generate initial values of A, B, and C
as follows:

Roots and Extrema of Functions

o Subroutine FMFP

BINARY FLOAT,

C=X1-2X2+X3
B=X, - X; - 1,5C

A=X;-B-0,5C

()
(6)
(7)

FMFP .. FMFP 10
/ FMFP  2C
Al */FMFP  3C
Al FIND A LOCAL MINIMUM OF A FUNCTION OF SEVERAL VARIABLES */FMFP 40
Al BY THE METHOD OF FLETCHER AND POWELL */FMFP  SC
lAd */FMFP 60
/ /FMFP 70
PROCEDURE (FUNCT¢NysXsF9GoESTHEPS,LIMNIT) . FMFP 80
DECLARE FMFP 90
{19 JyKOUNT¢KsLyLIMITyNyNSsN2,N3) FMFP 100

BINARY FIXED, FMFP 110
{X(*)9GU*) sHIN¥IN+T)/2) yALFA,ANBDA+DALF A+ DX, DY GS ¢ GNRMs FSy FMFP 120
EPS,ESToF sFX9FYyH1yH2 yHNRMyOLDF 4Ty Wy 2) FMFP 130

/*SINGLE PRECISION VERSION /*S*/FMFP 140

/1* BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/FMFP 150
FUNCT FMFP 160
ENTRY, FMFP 170
ERROR EXTERNAL FMFP 180
CHARACTER(1l) 5. FMFP 190

NS =Ny o FMFP 200
N2 =NS+NSy FMFP 21C
=N2+#NSye FMFP 220

CALL FUNCT(XyFSsG)ye /*COMPUTE FUNCTION VALUE */FMFP 230
ERROR='01",, /*AND GRADIENT VECTOR */FMFP 240
KOUNT=0y o FMFP 250
CONT.. FMFP 260
1 =N3q. FMFP 270

DO J = NS=1.TO C BY -1y, /*GENERATE [DENTITY MATRIX */FMFP 280

FMFP 290

FMFP 300

=K+dyo FMFP 310

DO L = K+1 TO [y« FMFP 320

H{L) =0y, FMFP 330

ENDy .. FMFP 340

END,y . FMFP 350

LOOP.. /*START ITERATION LOOP */FMFP 36C

KOUNT=KOUNT+1, . FMFP 370

OLDF =FS,. /*SAVE FUNCTION VALUE, */FMFP 380

DY 9 HNRMy GNRM=Cy .« /*ARGUMENT VECTOR */FMFP 390

DO J =1 TO NSy. /%AND GRADIENT VECTOR */FMFP 400

HINS+J)6S=G(J)ye FMFP 410

HIN2+J)=X(J)ye FMFP 420

T =04 FMFP 430

K =N3+Jye FMFP 440

DO'L = 1 TO NS,. /*DETERMINE DIRECTION VECTOR */FMFP 450

T =T=GIL)*H(K)y . FMFP 460

IFLLTJ FMFP 470

THEN K =K+NS—=Ljy o FMFP 480

ELSE K =K+lye FMFP 490

ENDy .« FMFP 500

HUJ) =T,. FMFP 510

HNRM INRM+ABS(T) o /*CALCULATE DIRECTIONAL */FMFP 52C

GNRM NRM+ABS(GS)y. /*DERIVATIVE AND TESTVALUES' */FMFP 530

oY =DY+T*GSy. /%FOR DIRECTION VECTOR H */FMFP 540
ENDy. /*AND GRADIENT VECTOR G. */FMFP 550

IF DY LT /*REPEAT SEARCH IN DIRECTION */FMFP 560

THEN IF HNRM/GNRM GT EPS /%0F STEEPEST DESCENT IF */FMFP 5T0

THEN GO TO LABl,. /*DIRECTIONAL DERIVATIVE */FMFP 580

GO TO REST,. /*APPEARS NOT NEGATIVE #*/FMFP 590

LABla.. /*SEARCH MINIMUM ALONG H */FMFP 600

FY =FSy. FMFP 610

AMBDA=MIN(1,2%(EST-FS) /DY) 4. FMFP 620

IF AMBDA LE C FMFP 630

THEN AMBDA=1,. FMFP 640

ALFA =0y FMFP 650

SAVEe«. /*SAVE FUNCTION AND DERIVATIVE */FMFP 660

FX =FYy. /*VALUES FOR OLD ARGUMENT */FMFP 670

.DX =DYy. FHFP 680

DD I =1 TO NS,. /*STEP ARGUMENT ALONG H */FMFP 690

XUI) =X{1)+AMBDA*H(I),. FMFP TOC

ENDy o FMFP T1C

CALL FUNCT{XsFSsG)y. FMFP 720
FY =FSq. FMFP T30
oy =0y /*COMPUTE DIRECTIONAL DERIVA- */FMFP 740
D0 I =1 TO NSy« - /*TIVE DY FOR NEW ARGUMENT. */FMFP 750

oy =DY+G(I)*H(I) o /*TERMINATE SEARCH, IF DY GE O */FMFP 760
ENDy. /%*1F DY=0,THE MINIMUM IS FOUND */FMFP 770

IF FY LT FX /*PROVIDED FUNCTION DECREASED */FMFP 780
THEN DOy« FMFP 790
IF DY= 0 FMFP 800

THEN GO TO COMP,. FMFP 810

IF OY LT © /*TERMINATE SEARCH IF */FMFP 820
THEN DO, . /*MINIMUM PASSED B ° . */FMFP 830
ALFA,AMBDA=AMBDA+ALFA,. /*DOUBLE STEPSIZE AND REPEAT */FMFP 84C

IF HNRM*AMBDA LE 1E1C . . . FMFP 850

THEN GO TO SAVE,. FMFP 860
ERROR=1421,, /*ARGUMENT OUT OF RANGE */FMFP 870

GO TO RETURNjy. FMFP 880

ENDy » FMFP 890

ENDy . FMFP 900

T =0y FMFP 910
LAB2.. FMFP 920
IF AMBDA= O /*INTERPOLATE IN NEW INTERVAL */FMFP 930
THEN GO TO COMP,. /%*COMPUTE ARGUMENT X /FMFP 94C
z =3%(FX-FY)/AMBDA+DX+DY, . FMFP 950
ALFA =MAX(ABS(Z),ABS(DX)ABS(DY)),y. FMFP 960
DALFA=Z/ALFA,. FMFP 970
DALFA=DALFA*DALFA—-DX/ALFA*OY/ALFA,. FMFP 980
IF DALFA LT © FMFP 990

THEN GO TO REST,. FMFP10CO
L] =ALFA%SQRT(DALFA) . FMFP1010
ALFA =DY-DX+W+Wy.o FMFP1020
IF ALFA=0 - FMFP1030
THEN ALFA =(Z+4DY-N)/{Z+DX+Z+0Y),. FMFP1040
ELSE ALFA =(DY-Z+W)/ALFA,. FMFP1050
ALFA =ALFA%AMBDA,. : FMFP1060
DALFA=T=ALFA,. FMFP10T70

DO I = 1 TO NSy. FHFPlDaOV

X(I) =X{T1)+DALFA*H(I),. FMFP1090

ENDy . ' FMFP1100

CALL FUNCT(X,FS4G)ye FMFP1110
IF FS LE FX FMFP1120
THEN IF FS LE FY FMFP1130
THEN GO TO CCMP,. /*TERMINATE INTERPOLATION */FMFP1140
DALFA=0,y . . FMFP1150
DO I = 1 TO NSy FMFP1160
DALFA=DALFA+G(L)*H(I),. FMFP1170

ve FMFP1180

IF DALFA LT © . FMFP1190
THEN IF FS LE FX FMFP1200
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THEN DOy o FMFP1210
FX  =FS,. FMFP1220

DX  =DALFA,. FMFP1230
TyAMBDA=ALFA, . FMFP1240

GO TO LAB2y. /*REPEAT INTERPOLATION */FMFP1250

END, & FMFP1260

Fv =FSy. FMFP1270
=DALFA, FMFP1280
AnaDA=AHanA-ALFA. FMFP1290
= FMFP1300

GO m LAB2,. /*REPEAT INTERPOLATION */FMFP1310
come FMFP1320
un J =1 TO NSy. /#COMPUTE DIFFERENCE VECTORS  */FMFP1330
=NS+Jy /%0F ARGUMENT AND GRADIENT */FMFP1340

H(K) =G(J)~ H(Kh FMFP1350

K =NS+Ky. FMFP1360
HIK) =XCJ)=HIK) s FMFP1370

Dy FMFP1380

IF OLOF+EPS LT ES FMFP1390
THEN GO TO RESTy. /ATERMINATE ITERATION */FMFP1400
*ERROR=10",. FMFP1410
IF KOUNT GE NS FMFP1420
THEN DO, . FMFP1430
Tel =0y FMFP1440

DO J = 1 TO NSy. FMFP1450

W =HIN2+J) . FMFP1460

T =T+ABS(W),. FMFP1470
=Z+HINS+J) *Hy o FMFP1480

ENDy o FMFP1490

IF HNRM LE EPS . FMFP1500

THEN IF T LE EPS /TERMINATE, IF ARGUMENT DIFF. */FMFP1510

THEN GO TD RETURNy. /%VECTOR AND DIRECTION VECTOR */FMFP1520

ENDy /%ARE BOTH LE EPS */FMFP1530

IF KOUNT GE LIMIT FMFP1540
THEN GO TO NCONy. FMFP1550
ALFA =Cy. FHFPL560
oc J =1 T0 NSy. FMFP1570

=0y, FMFP1580

v =N3+dy. FMFP1590

DAL = 1 TO NSy, FMFP1600

W =WHHINS*LI*H(K) 40 FMFP1610

IF L LT J FMFP1620

THEN K =KeNS-Ly. FMFP1630

ELSE K =K+l FMFP1640

END, o FMFP1650

ALFA =ALFA+WXHINS$J) 4. FMFP1660

HUJ) =Hyo FMFP1670

ENDy . FMFP1680

IF Z*ALFA= O FMFP1690
rnsu 60 TO CONTy. FMFP1700
=N3+ly. FMFP1710

DO L = 1 TO NSy. /%UPDATE MATRIX H */FMFP1720

HL  =H(N2+L)/Z4. FMFP1730

H2  =HIL)/ALFAy. FMFP1740

00 J = L TO NSy. FMFP1750

HUK) =HIK)+HL*H(N2+J) FMFP1760

—H2#H(J) 4o FNFP1770

K =K¥lee "FMFP1780

END,y o FMFP1790

FMFP1800

6o To LDDP. /*END OF ITERATION LOOP */FMFP1810
co FMFP1820
ERRDR 1, /%NO CONVERGENCE */EMFP1830
GO TO PETURN;. FMFP1840
REST.. /#RESTORE OLD VAL, ARG */FMFP 1850
00 J = 1 TG NS,. FMFP1860

XCJ) =H(N2+J) 40 FNFP1870

END, . FMFP1880

CALL FUNCTIXyFSsG)ye FMFP1890
IF GNRM GT EPS FMFP1900
THEN IF ERROR= '3° FMFP1910
THEN GO TO RETURN,. FMFP1920
ELSE DO,. FMFP193C
ERROR="3",, /4REPEAT, IF DERIVATIVE GT EPS */FMFP1940

GO TO CONT,. FMFP1950

NDy « FMFP1960
ERROR="C",. FMFP1970
FETURN.. FMFP1980
F  =FS, _ FMFP1990
ENDy /*END OF PROCEOURE FMFP */FMFP2000

Purpose:

FMFP determines an unconstrained minimum of a
function of several variables, given a starting value
of argument vector,

Usage:

CALL FMFP (FUNCT N, X, F, G EST, EPS,
- LIMIT); '

FUNCT - ENTRY

Given procedure computing functlon
values and gradient vectors, This pro-
cedure must be supplied by the user.

Usage:
CALL FUNCT (X, FS, G);
X(N) - BINARY FLOAT [(53)]
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‘Given n-dimensional argument

vector,

BINARY FLOAT [(53)]

Resultant function value.

G(N) - BINARY FLOAT [(53)]
‘Resultant gradient vector.

FS -

BINARY FIXED

Given number of variables (= dimension
of argument vector).

BINARY FLOAT [(53)]

Given starting value of argument vector,
Resultant argument vector correspondmg
to the minimum,

BINARY FLOAT [ (53)]

Resultant minimum function value,
BINARY FLOAT [ (53)]

Resultant gradient vector corresponding
to the minimum,

BINARY FLOAT [(53)]

Given estimate of minimum function
value,

BINARY FLOAT [ (53)]

Given test value representing the ex-
pected absolute error,

BINARY FIXED

Given maximum number of iterations
to be performed.

G(N) -

EST -

EPS -

LIMIT -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero, The
following constitute the possible error conditions
that may be detected:

ERROR='1' means no convergence in LIMIT
. iterations.
ERROR='2! means no minimum is located by
linear search technique.
ERROR='3' means error in gradient calculation,
Method:

FMFP uses a method of conjugate directions, pro-
posed by Davidon, For a quadratic function of n
variables the minimum is located w1thin n itera-
tions.

For reference see
R. Fletcher and M. J. Powell, "' A Rapidly Con-

vergent Descent Method for Minimization", Com-
puter Journal, vol, 6, iss. 2, 1963, pp. 163-168,



Mathematical Background:

It is assumed that the function f of the n variables
X1s ++ s Xp(abbreviated as argument vector x) may
be computed together with its gradient vector g(x)
for any point x. The generalized Taylor expansion
for functions of several variables is

f(xtu) = £(x) + g(x) « u+—§- uTG(x)u + higher terms

where g is the gradient vector and G the matrix of
second order partial derivatives. Vectors are as-
sumed to be column vectors; ul means transpose of
vector u. It is assumed that in the neighborhood of
the required minimum x,;,, the function is approxi-
mated closely by the first three terms of its Taylor
expansion, giving

£(x) = (X in) +% (X = Xmin) TG(Xmin) (X=X in)

since g(Xpin) = 0. Then the gradient is seen to be
approximately g(x) = G(Xpin) (X = Xmin)e

Assume now that the symmetric matrix G is
positive definite, Then the following equation holds
true:

X=X = G“1 (xm. ) - g(x)

whlch would allow X4, to be calculated in one step
if g-1 (Xmin) Were available,

To approach G~1 (Xmin), a method of successive
linear searches in G-conjugate directions is used,
Starting with the identity matrix G0 = I, a sequence
of symmetric matrlces G(1) is generated that ap-
proximates G-1, Atthe (1+1)St iteration step a
linear search is made in direction h(i) = -G(I)g(1),
where g( 1) is an abbreviation for g(x( )) By means
of the linear search the minimum of y(t) = f(x(i)) +
t « h()) is determined, giving argument x(

() + t « h(),

The argument of the minimum x(+1) on the line
through x() in direction h()) is determined by the re-
lation that scalar product (g{i*1), nD)) = o,

Now:

., nh-1 .
X(n) - X(J) + Z ti h(l)

i=j
and:
n-1
g(n)— g + Z t Gh(l)
i=j

Therefore:

scalar product

(g(n) h(]))_ Z b, (Gh(l) h(]))
i=j+1

pose now that the vectors h( ) h(l) .
p(®-1 fare G-conjugate, satisfying (Gh(l) hm)
0 for i#j. Then (g™, h 0))= 0, and since h(0),
h, ..., h®-1) form a basis, g(n) =0 and x(®) =
Xmins, This shows that the minimum is located at
the ntP iteration for a quadratic function when using
successive linear searches for G-conjugate direc-
tions.

Programming Considerations:

For the gener ?on of G-conjugate directions, start
with h(0 and calculate successive directions

. h(l) by means of h(i) = -G(l)g(l) where G(l) is modi~

fied to G(*1) 5o that h(D) is an eigenvector of the

matrix G G with elglenvalue 1. This ensures
that G(1) approaches G™! a5 x(1) approaches Xmnine
An easy calculation shows:

T Toga .
QD _ (0, dx-ax  Vag. agTe®
T .
dx* - dg dgT G(l)dg
with dg= g(1+1) - g(l)

e D O

where all vectors are regarded as column vectors,
and superscript T means transpose of column
vector--that is, row vector.

The strategy adopted for termination of the suc-
cessive linear searches is as follows:

1, If the function value has not decreased in the
last iteration step, the search for the minimum is
terminated provided the gradient is already suffi-
ciently small; otherwise, the next step is in the
direction of steepest descent.

2. K the argument vector and the direction vec-
tor change by very small amounts, and at least n
iterations are performed, the minimization is ter-
minated again,

3. I the number of iterations exceeds an upper
bound furnished by the user, further calculation is
bypassed, and an error code is set to 1 indicating
poor convergence,

4, If one of the successive linear searches indi-
cates that no constrained minimum exists, further
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calculation is bypassed again and the error code is

set to 2, indicating that it is likely that no minimum
exists,

The ith term G(l) is reset to the identity matrix
if there is indication that the current G(1) is not
positive definite, or if the formula for G(*1) preaks
down because of zero divisors.

The linear search technique used in procedure
FMFP is as follows:

For a given argument vector x and a vector h de-
fining a direction through x, a local minimum of
the function y(t) = f(x+t « h) must be found. This
means that a value t,, must be determined for
which

v (tm) = gcalar product (g(xftm + h), h) =0

From y* (0) = (g(x),h) < 0 it is evident that a mini-
mum Y(trri) < y(0) should be found for positive
values of t,
' The calculation of the minimum is in three
stages:
1, Estimating the magnitude of t

2.  Determining an interval contammg t .

3. Interpolating the value of t,,. :

An estimate of the stepsize may be obtained as-
_suming that the true value of the constrained mini-
mum is equal to the estimated value EST of the un-

constrained minimum and that y(t) is closely repre-
sented by a quadratic polynomial passing through X,
y(0) with derivative y' (0):

step = 2 (EST - y(0))/y' (0)

This equation tends to overestimate the stepsize
since the unconstrained minimum will normally not
lie on the line through x with direction h, There-
fore-step is taken as stepsize s only if it is posi-
tive and less than one. Otherwise- s.=1 1is taken as
stepsize,

At the second stage y(t) and y' (t) are examined at
the points

t=s, 2s, 45, ..., S1s S
where successive values are obtamed by doublmg

the stepsize. »
This search is terminated att = s2 if:

y(s)'O

ory' (s )>0

or y(s,) = y(s,)
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orlfs (Z |h|) > 10 10.

The last case (search argument runs.out of range)
is interpreted as an indication that no local minimum
exists on the given line, Therefore, the error in-
dicator is set to '2' and further calculation is by-
passed; that is, FMFP returns the current minimal
value with ERROR 21, ,

In case y'(sg) = 0,ty, is set to sg and X, = x+sg
* his used as argument of a constrained minimum
on the line through x with dlrechon h.,

In the second and third case y "(sg) > 0 and/or
y(s9) 2y(s1), a minimum lies necessarily between
sy and sg., Its argument value gets approx1mated
using cubic interpolation. ‘

The extrema of the cublc mterpolatlon passing
through (S1, 1= ¥(s1), ¥'1=¥ (s7) and sy, yy =
Y (S9), y' 9 =y (sz)) are the roots of the quadratic
equation

' 1 t- 51 \ t " 51\2
' —-—
Yy~ ‘2(z+y1) 8y = 8 * lf‘-y} 2+zz)<sz—sl> . 0

Y-y
withz = y'1+ y'z - 3——2_S1
5751
t-s
The substitution 2

= ‘= 1-qg gives ’
271 '

T 1 2 1 _
Yo = 200y gFayte (¥ 4y 5*22) =

with the solutions
ot .

y 2+ z. :k w

a =

Tty 427
y1y2 2z

where :
w = + Z2 - “ !

V2 VY9
It is interestmg to note that y 1 <0,y 520,
as well asy 1<0, y'9 <0, yo 2y1, thatis, |z|<
[y'1+ vy |, guarantee a real value of w. This means

the cubic interpolation polynomial has real extrema.

The cubic 1nterpolatlon polynomlal may degenerate
to a quadratic if y 1 +y 2+2z =0



with minimum at
]
)
o= Tt
Yoy

The sign of w must be so chosen that ¢ belongs to the
minimum, which is necessarily between s; and s.

From
yé-z_;+w
=TT 07 1o
y2 y1+2w

v LA R

_ 5 o=z W) (y 5=y ' =2W)

- 1t ot
5 5=y 1¥2W) (¥ 5=y -2W)

1 1 1 1
g - -
B (yzzw)(y1+y22z) —y2+zw
- Ty ¥ Thy !t = T oy tlay"
v 1+y 2+2z)(y 1+y 9 2z) y 1+y 2+2z

It is easily seen that
1
Vo~ z+w

o T T 7 1 Lo
y2 —y'1+2W

respectively, if y"z—y '1+2w =0

1
= |+ 1+
y1y22z

give the argument of the minimum in all cases. The
tirst formula gives extra numerical stability if y '}

is close to -y'y and y; is close toyg and also contains
the degenerate case as special. The second formula
may be necessary if both extreme values lie be-
tween sy and s,. Then the one closer to s is the
minimum, (This follows easily from geometrical
considerations, )

The following analysis shows that 0 < ¢ < 1:

y"2 >0, y'l < 0 implies w >|z| . Hence

- y2 y12+w—z
0 1 . [ o= v 1
: y2+2W Vi y2y1+2W
y l+row
<—'—2—'— <1
[} e 1
. yZ+2W_ Y1 . )
Y, 2y'1,¥'5< 0 implies 0>z Sy'2+y'1 and w <|z|.

Hence
-y' -z yitz-w
0<__—2__—<a—__2____—
—y ' =2z-y' "% T yrayls
yzzz yl y1y2 27
-y'z-2z
< T gt < 1
Y 975V g )

Note that for the other root

1 1
Y gtztw Y 5=2

1 1 < T oot <o
v 1+y2+2z y2 2z-y 1

The minimum of the cubic interpolation poly-
nomigl is located at

s3 = sl+(1-a) A(s

9751 T Sy~ (8y78

If y(sg) < y(s1) and y(sg) <y(sg), then t, is set
equal to sg and Xy, = x+t,, * his used as argument
of the wanted minimum along the given line, Other-
wise, the interval (s1, s9) is reduced by replacing
s1 by sg if y(sg) < y(s1) and y ' (sg) < 0 and by re-

‘placing sg by sg in all other cases. Then the inter-
‘polation process is repeated for this new reduced

interval,
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PRUCEDURE FMFP DETERMINES AN UNCCNSTRAINED MINIMUM OF A

VE
BEREFA A XA oY
Rk EA LK REREEE *S VE OLD VALUES*
¥ ¥0F FUNCTION AND*
*PRUCEDURE FMFP % ...X® DIRECTIONAL
* * ¥ DERIVATIVE =
Fd ok A ok ook * *
- - ESRE SRR L 228 2
X . X
Txgwky ] Rk hkkokkEk - EEEEFIB2 AR b e R
REUNCT * . STFP ARGUMENT *
————————————— = . *ALONG DIRECTION*
VALUE AND ¥ N INEAR %
* GRADIENT FOR * R SEARCH ®
*«GIVEN ARGUMENT * P *
FREERER LR EE R ERK - LRSS SRR SR 2222 T 1
X . X
BErrR (] dkkkknkk - S EE R EL LSS EE 2
PRESET * . NC T *
ERROR=TQ%, % . T
®INIT. ITERATION% < % VALUE AND %
OUNT * . % GRADIENT FOR *
® * . * NEW ARGUMENT *
HRErEER IR XK EGEKE - FARRFEALXSDRES KK
ek - - -
* ® 0 . .
¥ DL ¥.Xo . .
* E . .
Ak - - .
CONT X . %
e A W IELE L2 S 22223 - LIS PRSI ES 23
. CALCULATE =
& GENERATE_ ' & . * CODRRESP,
#IDENTITY MATRIX® .+ DIRECTIONAL %.....
4 IN H * < ¥ DERIVATIVE DY %
ShEEERE fErxfokkk - RIS RS ESEE S22 E L 2
EEXE - -

*® * .
* El %.Xa
&
T .
Looe X
FERkE LRk Rk kR
”‘bTEg IIERAT[UN :

LAB2
*, t&#t*h4#t**t###**

A
AS
.* FUN(A:TIEN YES INTERPOLA TF 3

¥

.*.

*
$EeeeegeoXE CUBICALLY FOR $....
Tx, l'\CREASFI’) * * M INIMUM :
't. W I R mERRRREER ERRE R
* NO .
i : .
83" x. . #&t*ta4t&#***ﬁ**:
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* NO X
: . NO
. o,
. ca” Tk,
. o *,
. ok ARE TWO %,
. NES e ¥Xeae
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. R
. * YES
X :
¥, -
D3 *. .
ok 1S .
.*nIRECTIONAL*. YES .
*, NERIVAT IVE e¥eeeecsecssccccsnXe
*, EQUAL ¥ .
*,2ERQ W% .
o oF .
* NO .
X
EERRKEIRFRSXRRASS

UN SAVE : *DDUBLE PREV“JUS*
* ARGUMENT AND ¥ - * STEPSIZE FOR
GRADIENT : . * LINEAR SEARCH :
FERE SRR KRR RERR R : AR
i : i
kb EEE AR kRS E R i F3' * TEECEF AERRRESRARS
* COMP. SEARCH * . IS *
* OIRECTION AND * - * I\BSO'I.UT . *
% DIRECTIONAL * SXeseoseoasecnsensasascnsencee & STEPSIZE TOO & * SET ERROR='0* *X...
: DERIVATIVE DY : - *, .. BIG o :
FERFEBEREABEREREE : ‘%, . .S Srserrrasssronis
. . «YF .
: : i
61 e, D REEEEGD SRR KK ERERKGIREERRRERRS G4 %,

% 1s ~ . % t ¥ARE AT %,
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esae¥DERIVATIVE DYo¥ . * FATILURE WITH *.... * LINEAR SEARCh * #. ITERATIONS Foas

- ‘-QEGATIVE*.‘ . : ERRQR=*3 ¢ : - OVERSH *.:ERFDRME[*).*
: e, oox T REREEEIRRRANSIKAE X P L Ty R
- * YES . [T . *"YES
- - - . * * - -
- . . - * D1 * - .
: N : : (222 . .
. X . « NO . X
. ¥ - N . oK,
- H1l . . H2 '- - H4 *,
- o IS X . «% DID *, o ¥ ARE %,
SYES oF MATRIX H *, ~ «% FAILURE #, YFS . «* GRADIENT %, NO
Xeako LLCONDI~-  .% « %a  OCCUR RE= +%*iceieceesocansaceXe ¥ JAND ARGUMENT .%..04
- « TIONED % « *. PEATEDLY o ¥ - *. CHANGE .*
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- * STEPSIZE FOR ®aveeeo *.SUFF]CIENT‘Y *........X* SET ERROR='0? “........X RESUL TANT .
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T REREEREERRAEEEAEE “x, L8 AR R *t:t*:t**;**t*a*: 2
. ® . .
. X . .
JREST . N
T kb e LoRRREREREE FRHEOKD ST ERRFERRN X
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- * VALUES OF *® o e e e e e ND OF -
e o X¥ ARGUMENT ¥eeeseoeoX¥ VALUE AND * *PRGCFDURE FMFP “
& (CURRENT * * GRADIENT FOR * *
*MINIMAL VALUE) * * DLD ARGUMENT * EEfRkkkkke kkkE
sERESERRrEE R P Er P e TP

..'-..--....-..----.--.-a---.---....................-.-...o--...---........-....--....-....--....--..........o.-....

Mathematics-~Roots and Extrema
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e Subroutine RTF .

IF INCL="'1"
THEN 00, .
IF Y*FF LT O
THEN XXX =Tso
ELSE GO TC SIGN,.
ND,y .«
ELSE DOy .
F Y*F LE 0
THEN DO, .
INCL ='1%,.
XXX =Xgo
SIGN..
XX =Ty.
FF =Y,.
ENDy .

ENDy .
"IF ABSI{Y) LT ABS(F)
THEN DOy .
X

F =Yg
GO TO CHECK+s.
ENDy .
IF INCL="1"
THEN GO TO CHECK,.
IF LOPT NE *S*
THEN GO TO SEEKs.
IF DX LT O
THEN GO TO SEEKl,y.
=X1+1,.
=DX+DX, o
!F X1 LE F1
THEN GO TO SEEKly.
F1 =Fl42,.
GO TO SEEK2,.
CHECK..
TOL

E-5%MA, .
/*TOL  =1E-12%MAy.
IF ABS(DX) LE TOL
THEN DO, .
CT. =CT+l,.
IF ABS(Y) GT TOL
THEN IF CT LE 5
THEN GO TC CONT,.
ELSE ERROR='W'y.
GO TO RETURN,.

ENDy «

IF X21= 0
THEN GO TO EXIT,.

F21 =(F2-F1)/X21,.
IF LOPT='1"
THEN DOy .
IF X20 NE O
THEN DOy
T =(F21-F10) /X20y.
Y =F214X21%T,.
IF Y NE C
THEN DO,. N
DX  =F2/Y,.
T ‘0.25-DX*T/Vy.
IF T
DX =DX/(0.5+S
GO TO COMP,.
ENDy .
ENDs o
ENDy «
IF LOPT='2"
THEN DOy«
T =F2-FC*F21/F10,4.

RTF.. RTF
/ IRTF
7% */RTF
1% CALCULATE ROOT OF GIVEN FUNCTION */RTF
7% PT = 10 BY LINEAR INTERPOLATION (SECANT METHOD) */RTF
7% IF OPT S1' BY QUADRATIC INTERPOLATION (MULLER'S METHOD) */RTF
7% IF OPT = '2' BY HYPERBOLIC INTERPOLATION (HALLEY'S METHOD)  #/RTF
’* #/RTF
7 ®/RTF
PROCEDURE ( X3 FyFCT,LIMIT,0PT) 40 RTF
DECLARE ’TF
(ERROR EXTERNAL,INCLsLOPT,0PT) RTF
CHARACTER(L) 4 RTF
(STEP4CT,LIMIT) atF

BINARY FIXED, RTF
(XyFyTy¥sXXyDXsX19X2sF1sF2,X1CoX20,X2L 0 RTF
FL0,F21,FF 9 XXXy TOLoMI 4MA) PTF

BINARY FLDAT, /*SINGLE PRECISION VERSION /%S#/RTF

r* BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D#/RTF
FCT ENTRY() RETURNS ETF

(BINARY FLOAT),. /*SINGLE PRECISION VERSION - /%S*/RTF

r% (BINARY FLOAT(53)),. /*DOUBLE PRECISION VERSION /#D#/RTF
STEP =1,. /*INIT. ITERATION COUNT #/RTE

X2 =Xy RTF
FiF2 =FCTIX2) /*CALCULATE STARTING VALUE */RTF
INCL,ERROR=0" . RTF

CT  =0,. RTF
SEEK.. /*LOCATE BETTER POINT #/RTF
Fl =l /%6Y SIMPLE SEARCH PROCESS #/RTF
LOPT =S, RTF
=MIN(O.1,ABS(F) ). RTF

NA =MAX(15ABS(X) ) e RTE
SEEK2.. RTF
DX  =MI/Fl,. RTF

XL =ls. RTF
SEEK1.. RTF
T =XeDX,. RTF

DX  ==DXs. RTF
TEST.. RTF
Y =FCTIT),. /*CALCULATE FUNCTION VALUE */RTF
STEP =STEP+l,. /#STEP ITERATION COUNT */RTF

IF STEP GE LIMIT RTF
THEN GO TO EXIT,. /*TERMINATE WITH ERROR = 1C'  #/OTF

/%TEST- FOR PREVIOUS SIGN-CHANGE*/RTF
R

/*TEST FOR SIGN~CHANGE

/*MARK SIGN CHANGE

/*TEST FOR IMPROVEMENT

/%*SEEK AT SYMMETRIC POINT

/*SEEK FARTHER AWAY

/%STEP ODD INTEGER DENOMINATOR */RTF
RTF

. RTF

/*SINGLE PRECISION VERSION /#S#/RTF
/*DOUBLE PRECISION VERSION /#D*/RTF
RTF

/*TERMINATE SUCCESSFULLY IF
/*BOTH ARGUMENT-CHANGE AND
/*FUNCTION VALUE -ARE SMALL
/*WITH WARNING IF ARGUMENT-
/*CHANGE ONLY IS SMALL REPEAT.

/*SAVE OLD VALUES

/*STORE NEW VALUES

. RTF
/*QUADRATIC INTERPOLATION

QRT(T) )y

/*HYPERBOLIC INTERPOLATION

IF T NE O RTF 1230
THEN DX =X2C*F2/Ty. RTF 1240
IF DX NE O RTF 1250
THEN GD TO COMP,. RTF 1260
ENDy « RTF 1270
1F F21=0 RTF 1280
THEN IF INCL='1* RTF 1290
THEN GU TO HALFy. RTF 1300
ELSE GU TO SEEKs. RTF 1310
28 =F2/F21,. RTF 1320
COMP .+« RTF 1330
TOL =MAX(MI,1E-3)*MA,. RTF 1340
IF INCL NE '1¢ RTF 1350
THEN IF ABS(DX) GT TOL RTF 1360
THEN IF DX LT C RTF 1370
THEN DX ==TOLy. RTF 1380
ELSE DX =TOLy. RTF 1390
=X2-DXs s RTF 1400
lF INCL="1" : RTF 1410
THEN IF (XX-T)*{XXX-T) GT O /*TEST IF INSIDE INTERVAL */RTF 1420
THEN RTF 1430
HALF. . RTF 1440
={XXEXXX}%0.59 RTF 1450
LOPT =0PT,. RTF 1460
GO TO TEST,. RTF 1470
EXIT.. RTF 1480
ERROR=1C "'y, RTF 1490
RETURN.. RTF 1500
ENDy o /*END OF PROCEDURE RTF */RTF 1510
Purpose:

RTF refines a given initial guess for a root of the

general (transcendental) equation f(x) =

0 using:

linear interpolation if OPT='0' (secant method)
quadratic interpolation if OPT='1"
hyperbolic interpolation if OPT='2'

Usage:

CALL RTF (X, F, FCT, LIMIT, OPT);

X -

FCT -

LIMIT -

OPT -

BINARY FLOAT [(53)]

Given initial guess for root of £(x) = 0,
Resultant refined approximation for root of
f(x)= 0.

BINARY FLOAT [(53)]

Resultant function value for calculated
value of x.

ENTRY (BINARY FLOAT [(53)]) RETURNS
(BINARY FLOAT [(53)])

Given function procedure for calculation of
the function values f(x). It must be supplied
by the user.

Usage: :

FCT(T)

FCT(T) - BINARY FLOAT [(53)]
Resultant function value f(t).
BINARY FLOAT [(53)]
Given argument of function,

T -

BINARY FIXED :

Given bound for the number of function
evaluations to be performed at most,
CHARACTER(1)

Given option for selection of iteration
method.

Mathematics--Roots and Extrema 159




Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero, The
following constitute the possible error conditions
that may be detected:

ERROR='C' means no convergence obtained within
LIMIT function evaluations, possibly because of
poor initial guess or unrealistically small value of
LIMIT,

ERROR='W' means small changes in successive

refined approximations indicate covergence of method,

while corresponding function values are not small
enough, Possibly the function values cannot be
obtained accurately enough by the user-supplied
procedure FCT,., The returned value of x has the
absolutely smallest function value f(x) among all
arguments used in the course of calculation,

Any value of OPT different from '1' and '2' is treated
as if it were '0',

Method:
A refined approximation of the root is calculated as

root of the linear fit through two successive ap-
proximations if OPT='0' (secant method),

The root of a quadratic fit through three successive
approximations is used if OPT='1' (Muller's method).

With OPT='2' the refined approximation is
calculated as root of a hyperbolic fit through three
successive approximations,

For reference see:

J. F., Traub, "The Solution of Transcendental
Equations'", edited by A. Ralston and H, S. Wilf,
Mathematical Methods for Digital Computers, vol.
2, pp. 171-184,

Mathematical Background:

Secant iteration method

The linear interpolation polynomial through two suc-
cessive approximants is given by (Newtonian
formulation)

Pt) = f(x)+f [Xi’_ Xi—l] (t-x,),

where

(=) - £x;_1)

E1%p %] = X - %

(1)
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A refined approximation is obtained setting P(xy, ;)
= 0:

X1 = % - fE)/1 [xi, Xi-l] , fori=2
and
P #16xy) @

The asymptotic order of convergence is p = 1, 62.

Muller's iteration method

The quadratic interpolation polynomial through
three successive approximants is given by

P(t) = f(x,) + £ [Xi’ xi—l] (t-x;)

+ f [Xi’xi—l’ xi_z] (t=x)(t-x,_,) (3)
With the notation
29w = f [xi, Xi-l:l +f [xi, X, 10 xi-Z:l
(%%, ) : (4)
this reads
Pt) = fx) +2w (bx) + £ 3, 3 00 %]

2
) ®)

A refined approximation is obtained setting P(xi + 1)
= 0:

2
X1 =% W 1 -’\/1-f(xi)f[xi,xi_1,xi_2} /w

/ PP X1 |

or preferably

f (xi)

X, =X, =
3 R <1+\/1 - f(x)1 [xi,xi_l,xi_z] /v )
(6)

with w # 0 and f(x;) * f [Xi’ Xj_1» Xi_z] < w?

The asymptotic order of convergence is p = 1, 84,



Hyperbolic interpolation iteration method

Hyperbolic interpolation is defined through
P(t) = (t-a) / (btct)
with

(b+te x,) f (x.) = x, - a, forj=1i, i-1, i-2,
J ] J )

A refined approximation is obtained setting
P(xy4) = 0, that is, Xip1 = @

Symmetric formula:
Xy O Xp /TR (g o)/ )

R R VLY

i+l & 5% 1)/ f(xi)+(xi;xi’_2)/ f(xi_ 1)
X))
(8)
Xir1 is a weighted mean of xj, xj_1, X o
Preferable is fhe equivalent unsymmetric formula:

X, - X;
i i-2

foxy ) E 0 % ]

) f(xi) . f [xi_l, xi_2] 9)
with

By g * BLxp % ;17 8x) + £[x; 10 %y 5] # 0
The asymptotic ofder of coﬁvergence isp= 1,84,
Programming Considerations:

1. The three above-defined iteration methods

(1), (6), and (9) are combined with a search meth~
od that uses arguments

kK . ‘
x£2° ¢ A/(2i+1) for{l =0 Lk

k=0,1,...

until an argument t is found for which either

| £ty |<|f(x)| or f(t) + £(x) <0,

The value of A used internally is A= min (0, 1,|£(x))).

2, If an interval (x}, x,) enclosing a root has

been found, that is, f(x)) - f(x;) < 0, then succes-
sive approximants from one of the iteration meth-
ods above must lie inside this interval. Otherwise,
(%+x,)/2 is used as next approximation, The
interval bounds for this bisection method are up-
dated in the course of calculation.

3. I no sign change has been located previously,
the absolute argument change at a single iteration
step is reduced to max (0.001, A) - max(1, | X|)
if necessary, in order to avoid overshooting and
overflow problems.

4, If, in case of no previous sign change, the
iteration method fails to give an argument xj41
for which either f(xi,,_l) - f(xq) = 0 orlf(xi_,_l)l <
[f(x;)| , then the next approximant is calculated by
the search method (1).

5. Calculation of the first approximant is based
on the simple search method, while the second ap-
proximant is calculated with the secant method.

6. The convergence test used requires that both
argument change and function value are absolutely
less or equal to 10~°.max (1, | X|) in single
precision and 10~12.max (1, | X|) in double preci-
sion. If the argument change is absolutely less
than or equal to this internal tolerance five times
in sequence, while the function values are not
small enough, then the currently best values x,
f(x) are returned with ERROW='W"',

7. The iteration process is terminated with
ERROR='C' if the number of function evaluations
exceeds the user-specified limit LIMIT,
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PRUCEDURE RTF REFINES AN INITIAL GUESS FOR A ROOT OF FIX)=0 USING LINEAR, QUADRATIC IR HYPERBOLIZ YNTFRPbLATiDN

esesesssssseassdsceasesctsncosennassascecne

sescccecsssecssssesessssscccccvecovsecs ot

TEST X CONT .
HREKBA2 R R bR n**tunnﬂun #t*t*AAti**ttt**# .
HEgkp Lk kkRkiok FCT * * .
- Hm e e e & *STEP ITERAT ION * -
% PROCEDURE RTF * + o X¥CALCULATE FIX) % eceeeeeX* COUNl STEP ..X* VALUFS& STDRF * .
® * % FOR CURRENT * * " .
HRER R EEXERREEE * ARG UMENT * * * . * .
. RHXED XXFRE R BREKE FRRRETRREXARECEEESE . REEERERk Rk kR Rk .
: * . et . .
. * . . .
- * A2 % . * A4 % - -
. * : . * *® . .
. Hek R S £EEk . .
- X X .
X o *e EXIT ¥ .
Wtk ] okok ok ko ko ok B2 *, *#t**E3*t#***i#** B4 *x, -
* INITIAL IZE * +«% DOES %, .* ARE *. .
* STEP=1 * - o% ITERATION *. YES YES . .
*  (ITERATION * *. COUNT STEP .*........)(* SET ERROR=*C® *X........* APPRDXIMA‘!TS ¥ .
* COUNT) * *, EXCEED .* <MUCH TOO .* .
* * 2 LIMIT. * . ¥ .
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- * NO . * NO .
. . . R EE - .
. - P * . .
. . eoX¥* K3 % . .
. - * * evsseseccacssasssessssensos .
. X Ex&E .
X L _e¥e ¥, o ¥ .
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* PRESET * * * ACTIVATE .. * CALCULATE * « ¥SHOULD *, -
®. ERROR=?0%, * *UPDATE INTERVALX * BISECT ION * .« X *INCREMENT FROM * YES .* AND COULD %, .
* INACTIVATE * * BCUNDS * METHOD, SAVE s eeeo¥ YPERBOLIC *Xeeseooes ¥ [TFRATION BE . * .
& BISECT ION * * *INTERVAL BOUNDS* o o * l\lTERPDLATIDN * . * 4YPERBD- . * -
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