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System/ 360 Scientific Subroutine Package (PL/I) 

(360A-C:M-07X) 

Program Description and Operations Manual 

The System/360 Scientific Subroutine Package (SSP) (PL/I) is a 
collection of mathematical and statistical subroutines (or pro
cedures) written in the PL/I language. It provides the PL/I user 
with most of the basic capabilities in earlier FORTRAN versions 
of SSP/360. It also has the same basic characteristics as the 
FORTRAN versions, in that it consists of input/output-free 
computational building blocks, written completely in PL/I, which 
may be combined with a user's input, output, or computational 
routines as needed. The package may be applied to the solution 
of many problems in industry, science, and engineering. 

This manual contains sufficient information to permit the reader 
to understand and use all of the subroutines in the Scientific 
Subroutine Package. 
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Note: This programming package has been developed with the cooperation and assistance 
of IBM Germany and IBM France. 

First Edition (January 1968) 

Significant changes or additions to the specifications contained 
in this publication will be reported in subsequent revisions or 
Technical Newsletters. 

This edition applies to Version l, ~&edification Level 0 of System/360 
Scientific Subroutine Package (PL/I) (360A-CM-07X) and to all 
subsequent versions and modifications until otherwise indicated in new 
editions or Technical Newsletters. 

Changes are continually made to the specifications herein. There
fore, before using this publication, consult the latest System/360 
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and current. 

Copies of this and other IBM publications can be obtained through 
IBM branch offices. Address comments concerning the contents 
of this publication to: IBM, Technical Publications Department, 
1133 Westchester Avenue, White Plains, New York 10604. 
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INTRODUCTION 

The Scientific Subroutine Package (SSP) for Oper
ating System/360 PL/I is a set of basic computa
tional subroutines intended to help the user develop 
his own PL/I program library •. The user may sup
plement or modify the subroutines to meet his needs. 
This package includes a wide variety of subroutines 
to perform the functions listed below but is not 
intended to be exhaustive in terms of either functions 
performed or methods used. As with all tools, the 
user should understand their capabilities and their 
application to his functional requirements before 
deciding to use them. 

AREAS OF APPLICATION 

Individual subroutines or a combination of them can 
be used for the general areas listed here. 

Mathematics 

Matrix operations 
Elementary 
Linear equations 
Eigenvalues 

Polynomial operations 
Orthogonal polynomials 
Polynomial economization 
Polynomial roots 

Numerical quadrature 
Tabulated functions 
Nontabulated functions 

Numerical differentiation 
Tabulated functions 
Nontabulated functions 

Interpolation of tabulated functions 
Approximation of tabulated functions 
Smoothing of tabulated functions 
Roots and extrema of functions 
Systems of ordinary differential equations 
Special mathematical functions 

Statistics 

Data screening and analysis 
Elementary statistics 
Correlation and regression analysis 

Correlation 
Multiple linear regression 
Stepwise multiple regression 
Canonical correlation 

Analysis of variance 
Discriminant analysis 
Principal components analysis 
Nonparametric statistics 
Distribution functions 

IBM REFERENCE MATERIAL 

System/360 Scientific Subroutine Package 
(360A-CM-03X) Version m P:rogrammer's 
Manual (H20-0205) 

IBM System/360 Operating System PL/I (F) 
Reference Manual (C28•8201) 

IBM System/360 Operating System PL/I (F) 
Programmer's Guide (C28-6594) 

Preface to PL/I Programming in 
Scientific Computing (E20'-0312) · 

CHARACTERISTICS 

Some of the characteristics of SSP/360 (PL/I) are 
as follows: 

• All subroutines are free of input/ output 
statements. 

• All subroutines are written in OS/360 PL/I (F). 
• Most of the subroutines provide a double

precision option. 
• The use of certain subroutines (or groups of 

them) is illustrated in the program documen
tation by sample main programs with input/ 
output. 

• All subroutines are documented uniformly. 
An example of a sample main program that uses 

several of the subroutines is the statistical function 
called Principal Components Analysis (FACT).* 
It uses five separate subroutine capabilities, as 
follows: 

• Computation of means, standard deviations, 
and correlation matrix (CORR) 

• Computation of eigenvalues and eigenvectors 
of the correlation matrix (MSDU) 

• Selection of eigenvalues (TRAC) 
• Computation of factor matrix (LOAD) 
• Varimax rotation of the factor matrix (VRMX) 
This is one of the sample main programs 

included in the program documentation. 

*This program performs the same functions as the 
program that was called Factor Analysis in the. 
FORTRAN versions of SSP. The name Principal 
Components Analysis more aptly describes the 
function of this program than the name Factor 
Analysis. For a discussion of the distinction 
between Factor Analysis and :Principal Components 
Analysis see Section 2. 2 of 1130 Statistical System 
(1130-CA-06X) User1s Manual (H20-0333). 
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REQUIRED SYSTEMS 

Programming Systems 

The subroutines· are written in the PL/I language, 
using the 48-character set and the facilities pro
vided by the PL/I (F) compiler, which functions 
under Operating System/360. 
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Machine Configuration 

A minimum requirement is a System/360 suitable 
for the OS/360 PL/I (F) compiler. The machine 
configuration required for any given problem 
depends on the number of subroutines used, the 
size of the compiled subroutines, the size of the 
compiled main program, the size of the control 
program, and the data storage requirements. 



OVERALL RULES OF USAGE 

GENERAL RULES 

All subroutines in SSP are entered by means of the 
standard PL/I CALL statement. The subroutines 
are purely computational in nature and do not con
tain any references to input/output devices. The 
user must therefore furnish, as part of his program, 
the input/output and other operations necessary for 
the total solution of his problem. He must also 
define by DECLARE statements all matrices to be 
operated on by SSP subroutines as well as those · 
matrices utilized in his program. The subroutines 
contained in SSP are used like any user-supplied 
subroutine. All of the normal rules of PL/I con
cerning subroutines must therefore be followed. 
Note that the subroutines have been written using the 
48-character set, so the prograllllller should be 
familiar with its use. 

All variables in the calling program must be 
declared with the proper attributes. Those vari
ables appearing as parameters in the call statement 
of the calling program should not have attributes 
conflicting with those of the called program. 

The CALL statement transfers control to the 
subroutine and replaces the dummy variables in 
that subroutine with the value of the actual argu
ments that appear in the CALL statement. When 
the argument is an array, the address and size of 
the array are transmitted to the called subroutine. 

The arguments in a CALL statement should agree 
in order, number, and type with the corresponding 
arguments in the subroutine. In SSP, all arguments 
in a CALL statement must be variable names. 
Constants are not acceptable. For example, if the 
user wishes to invert a matrix A, which is 10 by 10, 
using the SSP subroutine MINV, and if the constant 
for testing the condition of the matrix is 10-8, 
these constants must be defined as variables before 
calling MINV, as illustrated below: 

N = 10, • 

CON = 1. 0 E - 8, 

CALL MINV (A, N, D, CON), 

where D is the determinant. 
Some of the subroutines in SSP require the name 

of a user function subprogram or a PL/I-supplied 
function name as part of the argument list in the 

CALL statement. If the user's program contains 
such a CALL, the function name appearing in the 
argument list must be declared as ENTRY in the 
user's calling program. 

For example, the SSP routine SBST calls a user
supplied subroutine. The user must, therefore, 
prepare a subroutine, with the proper argument 
list, to perform the desired tasks. He must 
declare the name of this subroutine as ENTRY in 
his calling program and supply the name of that 
subroutine to SBST as the appropriate parameter in 
his CALL statement to subroutine SBST. The sub
routine SBST need not be modified by the user. The 
dummy argument B in the subroutine SBST is 
replaced by the user's subroutine name at execution 
time. 

The following illustrates these procedures: 

SSP Subroutine SBST (need not be altered) 

SBST •. 
PROCEDURE (A, C, R, B, S, NO, NV, NC),. 
DECLARE 

B ENTRY,. 

CALL B (R, TR), 

RETURN, 
END, . 

User's Calling Program 

USER .. 
PROCEDURE OPTIONS (MAIN),. 
DECLARE 

BOOL ENTRY, . 

CALL SBST (A, C, R, BOOL, S, NO, NX, 
NC),. 

RETURN, 
END, • 
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User's Function Subprogram 

BOOL ••. 
PROCEDURE (R, T), • 

RETURN, .• 
END,. 

ERROR CODES 
' I ' ' ' 

In the Scientific·. Subroutine Package most of the 
subroutines use an error indicator to warn the 
user that a certain condition exists. The user, in 
his calling program, should check the error indi:... 
cator vvhen returning from a called program. If 
the user wishes to use the error indicator as an aid, 
he should, in his calling program, declare ERROR 
EXTERNAL CHARACTER(l). In this way he has 
available in the calling program the value. of the 
error indicator (ERROR). 

If, in using a subroutine, an error is detected, 
some of the output •. areas may contain invalid data. 
Generally, however, output areas are set to appro
priate values (for example, zero or :1: 1075). 

MATRIX OPERATIONS 

Special consideration must be given to the :;;ub
routines that perform matrix operations. These 
subroutines ,have two characteristics that affect the 
size and format of the data in storage: variable 
dimensioning and data storage compression. 

Variable Dimensioning 

Those subroutines that deal with matrices can· 
operate on any size array, limited in most cases 
only by the available core storage and numerical 
analysis conside~ations. The subroutines do not 
contain fixed maximum dimensions for data arrays 
named in their calling sequence. The variable 
dimension capability has been implemented in SSP 
by using the asterisk notation. Under this approach, 
where a called subroutine needs. to, declare an array 
of the same dimensions as a calling program, the 
dimens'ion specifications are replaced by asterisks. 
Thus, the user does not need to modify the sub
routines so long as he has declared adequate dimen
sions for arrays in the calling program or main 
program. 

One way to ensure that arrays have adequate 
dimensions for various problems is to declare them 
with variable notations. For example, if matrix R 
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contains intercorrelation .coefficients aJl1ong. M 
variables, the DECLARE statement appears as 
-follows: 

DECLARE R(M,M), • 

If M .is 10, then 100 locations will be allocated for 
matrix R. 

If M is 20, then 400 locations will be allocated 
automatically. 

Storage Compression 

When working with symmetric matrices it i's often 
advantageous to use. a compressed (vector) storage 
form. This means that only the upper. or lower 
triangular part of the matrix need be stored, which, 
for an N by N matrix reduces the core requirements 
from N2 locations to N(N+l)/2 locations. A sub
routine, MSCS, is provided in this package which 
stores a symmetric m_atrix in compressed form and 
at the same time tests the matrix for symmetry. 
The el.ement stored is the average of each pair of 
symmetric elements of an, rt by n matrix Q, i.e., 

i = 1, ..• , n. 
k .= 1, ••.• ' i. 

At .the same time the difference Qik - ~i is 
tested against a user-supplied tolerance. If .this test 
fails, an ERROR indication is given but in any case 
the results Sik are supplied in the vector form: 

sll' s21' s22' s31' 832' 833 • · • snn 

Another subroutine, MSCG, is provided which con
verts this vector (compressed) 'form back to the 
general two'.""dimensional form. · 

Some of the subroutines of 8SP-- fo~ example, 
· MMSS and MAGS-- accept input in this compressed 
form. ' . ·· 

DOUBLE PRECISION 

The accuracy of the computations in many of the 
SSP subroutines is highly dependent upon the number 
of significant digits available for arithmetic 
operations. Matrix inversion, integration, a.t;td 
many of the statistical subroutines fall into this cate
gory. The user inay~ therefore, :¢sh to .use double
precision VeJ.'.sions of these subroutines. Most of 
the SSP/360 (PL/I) subroutines provide a double
precision option. PL/I double-precision statements 
have been included in each of these subroutines in 



the form of a comments card. The double-precision 
version of the subroutine can be obtained by remov
ing/* from cc 3 and 4 of the double-precision state
ment card(s) and by removing the corresponding 
single-precision cards (or making them comments 
cards) before compilation. The use of double
precision subroutines requires a detailed knowledge 
of the PL/I rules concerning double precision. Two 
of the more basic rules are as follows: 

1. Any real variable, vector, or array name 
contained in the argument list of a CALL to a 
double-precision subroutine must be declared as 
double precision in the calling program. 

2. Any user-supplied function named in the CALL 
statement for a double-precision SSP subroutine must 
be programmed as a double-precision ftmction. 

FORMAT OF THE DOCUMENTATION 

The major portion of this manual consists of the 
documentation for the individual subroutines and 
sample programs. 

SUBROUTINE DESCRIPTIONS 

Subroutines and sample program guides, both cate
gorical and alphabetic, designed to help locate par
ticular subroutines are given in the pages that 
follow. 

The subroutine descriptions, in general, consist 
of purpose, usage, .remarks, method, mathematical 
background,. programming considerations, and a 
program listing. References to books and peri
odicals will be found under the method section of the 
description. The mathematical description pages 
do not, in all cases, indicate the derivation of the 
mathematics. They are intended to indicate what 
mathematical operations are actually being per
formed in the subroutines. 

SAMPLE PROGRAM DESCRIPTIONS 

A sample program, in general, consists of a de
scription of the problem, program, input, output, 
program modification, operating instructions, error 
messages, timing, machine listing of the program, 
sample input data, and output results. Jn some 
cases (for example, as a part of developing the data 
screening sample program) a special sample sub
routine has been implemented that may prove useful 
to the programmer. One such subroutine, called 
HIST, prints a histogram of frequencies. The listing 
of these subroutines is included after the sample 
program documentation in this manual. 

Instructions for modifying the sample programs 
for different data formats are included in the docu
mentation. In addition, those sample programs that 
illustrate potentially double-precision subroutines 
include double-precision statements in the form of 
comment cards. These comment cards are contained 
in the sample program source decks. 

OPERA TING NOTES 

It is recommended that those SSP subroutines that 
will be frequently used in an installation be compiled 
and that the relocatable programs be placed on the 
PL/I systems residence device. In the case of 
Operating System/360, this will be the PL/I library 
portion of the system disk pack. Information on the 
method for updating the system to include user
supplied subroutines appears in the appropriate PL/I 
programmer's guide. SSP subroutines are handled 
in the same manner as user-supplied subroutines. 
If the subr.outines are not placed in the PL/I library, 
those required by a particular program will have to 
be included in that program each time it is run. As 
noted earlier, the subroutines have been written using 
the 48-character set. 
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Page Page 

DFEO Derivative of a function at 115 Roots and Extrema of Functions 
the end of an interval by 
Richardson's and FMFP Minimization of a function 153 
Romberg' s extrapolation of several variables without 
method constraints 

RTF Root of a function using 159 
Interpolation of Tabulated Functions linear, quadratic, or 

hyperbolic interpolation 
ALIM/ALIE Aitken-Lagrange interpola- 118 RTFD Root of a function with given 163 

tion, monotonic and derivatives, by linear, 
equidistant tables inverse, quadratic, or 

AHIM/AHIE Aitken-Hermite interpola- 122 hyperbolic interpolation 
tion, monotonic and 
equidistant tables Systems of Ordinary Differential Equations 

ACFM/ACFE Continued fraction inter- 126 
polation, monotonic and 

DERE Performing one integration 167 equidistant tables 
step on a system of first-

Approximation of Tabulated Functions order ordinary differential 
equations 

FFT Fast Fourier transform for 129 
Special Mathematical Functions real or complex one-

dimensional array 
CEL1/CEL2 Complete elliptic integral 172 FFTM Fast Fourier transform for 134 of first and second kind 

real or complex multidimen-
ELI1/ELI2 Incomplete elliptic integral 174 sional array of first and second kind 

APLL Setting up normal equations 139 JELF Jacobian elliptic functions 177 for least squares poly-
LGAM Log of the gamma function 180 nomial approximation 

APC1/APC2 Setting up normal equations 140 STATISTICS 
for least squares Chebyshev 
polynomial approximation Data Screening and Analysis 

ASN Solving normal equations 143 
for least squares fit TALY Totals, means, standard 181 

Smoothing of Tabulated Functions 
deviations, minima, and 
maxima 

BOUN Selection of observations 182 
SG13/SE13 Local least squares smooth- 147 over, under, and within 

ing of a/tabulated function bounds 
using a linear fit relative ABST Detection of missing data 183 
to three points SBST Subset selection from 184 

SE15 Local least-squares smooth- 149 
observation matrix satisfy-

ing of an equidistantly ing certain conditions 
tabulated function using a TABl Tabulation of data (one 185 
linear fit/relative to five variable) including fre-
points 

150 quencies, over class 
SE35 Local least-squares smooth- intervals, mean, standard 

ing of an equidistantly tab- deviation, minimum, and 
ulated function using a cubic 

maximum 
fit relative to five points 

TAB2 Tabulation of data (two 187 
EXSM Triple exponential smooth- 152 

variables) ing of a given series 
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Page Page 

SUBM Copying a subset matrix 190 CHSQ Chi-square test for 224 
that satisfies certain contingency tables 
conditions from an observa- KRNK Kendall rank correlation 227 tion matrix QTST Cochran Q-test 229 

RANK Rank observation 230 ElemeJ:ltary Statistics 
SRNK Spearman rank correlation 231 

MOMN First four moments for 191 TIE Calculation of correction 233 

grouped data on equal class factor due to ties 

intervals TWAV Friedmann two-way analysis 234 

TTST Certain t-statistics on the 192 of variance statistic 

means of populations UTST Mann-Whitney U-test 235 
WTST Kendall coefficient of 236 

Correlation and Regression Analysis concordance 
HTES Kruskal-Wallis H-test 238 

CORR Means, standard deviations, 194 
and correlation coefficients Distribution Functions 

ORDR Selection of submatrix from 196 
Normal distribution function 239 NDTR 

matrix of correlation co- BDTR Beta distribution function 240 
efficients for multiple CDTR Chi-square distribution 243 
linear regression analysis function 

MLTR Multiple linear regression 197 NDTI Inverse of normal distribu-
analysis tion function 246 

STRG Stepwise multiple linear 200 
regression analysis· GUIDE TO SAMPLE PROGRAMS 

CANC Canonical correlation be- 204 
tween two sets of variables Data Screening 

Analysis of Variance DACR Sample main program 255 
Illustrates use of: 

AVAR Analysis of variance for a 206 SBST Subset selection from 184 
complete factorial design observation matrix 

TABl Tabulation of data (one 185 
Discriminant Analysis variable) 

DMTX Means and dispersion matrix 209 Special sample subroutines are: 
for all groups 

DSCR Discriminant functions 210 BOOL Boolean expression 259 

HIST Histogram printing 259 
Principal Components Analysis DATl Sample data read 259 

TRAC Cumulative percentage of 213 Multiple Linear Regression 
. eigenvalues 

LOAD Factor loading 214 REGR Sample main program 260 
VRMX Varimax rotation 215 Illustrates use of: 

CORR Means, standard deviations, 194 
Nonparametric Statistics and correlations 

ORDR Rearrangement of 196 
KLMO Kolmogorov-Smirnov one- 218 intercorrelations 

sample test MINV Matrix inversion 44 
KLM2 Kolmogorov-Smirnov two- 221 MLTR Multiple regression 197 

sample test Special sample subroutines are: 
SMIR Kolmogorov-Smirnov limit- 223 DAT2 Sample data read ' 265 

ing distribution values ID Tl Sample biilary fixed data 265 
read 
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Stepwise Multiple Regression 

STEP Sample main program 
Illustrates use of: 

CORR Means, standard deviations, 
and correlations 

STRG stepwise multiple 
regression 

Special sample subroutines are: 
DAT2 Sample data read sub-

routine 
IDT2 Sample binary fixed data 

read 
SOUT Sample stepwise regression 

output subroutine 

Canonical Correlation · 

CANO Sample main program 
Illustrates use of: 

CORR Means, standard deviations, 

CANC 
MINV 
MGDU 

MSDU 

and correlations 
Canonical correlation 
Matrix inversion 
Eigenvalues and eigen-
vectors of a special 
general matrix 
Eigenvalues and eigen
vectors of a symmetric 
matrix 

Special sample subroutine is: 
DAT2 S~ple data read 

Analysis of Variance 

ANOV Sample main program 

Illustrates the use of: 
AV AR Analysis of variance 

Special sample subroutine is: 
DAT3 Sample data read 

Discriminant Analysis 

Page 

265 

194 

200 

270 

270 

270 

270 

194 

204 
44 
71 

69 

274 

274 

206 

277 

MDSC Sample main program 277 
Illustrates the use of: 

DMTX Means and dispersion matrix 209 
MINV Matrix inversion 44 
DSCR Discriminant analysis 210 

Special sample subroutine is: 
DAT2 Sample data read 281 

10. 

Principal Components Analysis 

FACT Sample main program 
Illustrates the use of: 

CORR Means, standard deviations, 
and correlations 

MSDU Eigenvalues and eigen-
vecfors of a real symmetric 
matrix 

TRAC Cumulative percentage of 
eigenvalues 

LOAD Factor loading 
VRMX Varimax rotation 

Special sample subroutine is: 
DAT2 Sample data read 

Kolmogorov-Smirnov Test 

KOLM Sample main program 
Illustrates the use of: 

KLMO One sample test 
KLM2 Two sample test 
SMIR Kolmogorov-Smirnov limit

ing distribution ftmction 
NDTR . Normal distribution function 

Triple Exponential Smoothing 

EXPN Sample main program 
Illustrates the use of: 

EXSM Triple exponential· smoothing 
Special sample subroutine is: 

DA T3 Sample data read 

Allocation of Overhead Costs 

Page 

281 

194 

69 

213 

214 
215 

286 

286 

218 
221 

223 

239 

291 

152 

293 

COST Sample main program 294 
Illustrates the use of: 

MFG Matrix triangular factoriza- 23 
ti on 

MDLG Division by triangular 39 
matrices 



ALPHABETIC GUIDE TO SUBROUTINES AND 
SAMPLE PROGRAMS, WITH STORAGE 
REQUIREMENTS 

The following table lists the number of bytes of Math. Description Storage Required 
storag-e for the program control section required by Name Page Number Bytes 
each of the subroutines in the Scientific Subroutine 
Package. The storag-e requirements were obtained FACT 281 7' 116 
by using Version 4 of PL/I and Release 16 of OS. FFT 129 ~.166 (3, 166) 
The use of other versions and releases may cause FFTM 134 4, 040 (4' 040) 

. deviations from these figures. FMFP 153 4,174 (4,040) 
The double-precision version storage require- HIST 259 2,674 

ments of the subroutines in the Scientific Subroutine HTES 238 1,122 
Package are included in parentheses. ID Tl 265 614 

Math. Description Storage Required 
IDT2 270 614 

Name Page Number Bytes 
JELF 177 1,270 (1,270) 
KLMO 218 2,010 

ABST 183 610 KLM2 221 1,998 

ACFM} 126 
2,826 (2,696) 

KOLM 286 6,828 
ACFE 126 KRNK 227 2,010 

AHIM} 122 
2, 946 (2, 950) 

LGAM 180 750 
AHIE 122 LOAD 214 666 (666) 

ALIM} 118 
2, 306 (2, 310) 

MAGS 14 638 (638) 
ALIE 118 MATE 56 1,706 
ANOV 274 4,482 MATU 58 1,918 

APCl} 140 
1, 766 (1, 766) 

MDLG 39 1,314 
APC2 140 MDLS} 35 1, 426 (1, 414) 
APLL 139 986 (986) MDRS 35 
ASN 143 1, 902 (1, 874) MDSB 37 1, 202 (1, 186) 
AVAR 206 4,174 (4,174) MDSC 277 6,482 
BDTR 240 3,830 MEAT 61 5,638 
BOOL 259 266 MEBS 66 1,066 
BOUN 182 1,102 MEST 63 1,890 
CANC 204 4, 718 (4, 718) MFG 23 1, 882 (1, 858) 
CANO 270 5,478 MFGR 29 2, 730 (2, 714) 
CDTR 243 3,962 MFS 25 886 (874) 

CELl } 172 858 (854) 
MFSB 27 1, 158 (1, 142) 

CEL2 172 MGBl} 49 
CHSQ 224 3,882 MGB2 49 

3, 562 (3, 550) 

CORR 194 4, 352 (4, 408) MGDU 71 2,274 (2,274) 
COST 294 3,206 MIG 40 1, 894 (1, 858) 
DACR 255 4,294 MINV 44 3, 014 (3, 014) 
DA Tl 259 1,098 MIS 42 1, 198 (1, 182) 
DAT2 265 1,098 MLSQ 45 3, 622 (3, 558) 
DAT3 277 850 MLTR 197 2,098 (2,098) 
DERE 167 '2, 762 (2, 738) MMGG 15 630 (622) 
DET3 108 658 (658) MMGS 17 1, 062 (1, 058) 
DET5 110 890 (890) MMGT 18 858 (846) 
DFEC 112 1, i42 (1, 142) MMSS 16 718 (710) 
DFEO 115 1, 118 (1, 118) MOMN 191 2,078 
DGT3 107 894 (894) MPRM 19 1, 078 (1, 078) 
DMTX 209 2, 498 (2, 510) MPIT 21 730 
DSCR 210 3, 090 (3, 110) MSCG 14 474 (474) 

ELil } 174 1, 458 (1, 454) MSCS 13 626 (626) 
ELI2 · 174 MSDU 69 3, 538 (3, 538) 
EXPN 291 2,430 MSTU 59 2,426 
EXSM 152 1,030 MTPI 20 674 
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Math. Description Storage Required Math. Description Storage Required 
Name Page Num~~ Bytes Name Page Number Bytes 

MVAT 72 5,782 QL2 101 362 (354) 
MVEB 76 1,294 QL4 101 510 (490) 
MVST 67 3,254 QL8 101 398 (398) 
MVSU 74 1,182 QL12 101 402 •(402) 

MVUB 75 1,518 QL16 101 402 (402) 
NDTI 246 834 QL24 101 398 (394) 
NDTR 239 450' QSF 93 710 (710) 
ORDR 196 1, 238 (1, 238) QTFG} 92 

702 (702) 
PEC} 81 2,082 (2,090) 

QTFE 92 
PTC 81 QTST 229 1,462 
POST 86 1, 322 (1, 322) RANK 230 962 
POSV 78 798 (790) REGR 260 7,930 
POV 77 722 (714) RTF 159 1,878 (1,882) 
PRTC 87 2, 686 (2, 718) RTFD 163 1, 762 (1, 762) 
QA2 105 362 (354) SBST 184 1,562 
QA4 105 510 (490) SE13 } 147 1, 118 (1, 118) 
QA8 105 398 (398} . SG13 
QA12 105 402 (402) SE15 149 730 (730) 

QA16 105 402 (402) SE35 150 774 (774) 

QA24 105 398 (394) SMIR 223 710 

QATR 97 1, 318 (1, 318) SRNK 231 1,558 

QG2 99 422 (422) SOUT 270 3,458 

QG4 99 574 (554) STEP 265 5,494 
QG8 99 534 (526) STRG 200 4,914 (4,950) 
QG16 99 538 (530) SUBM 190 790 
QG24 99 538 (530) TABl 185 2,642 
QG32 99 538 (530) TAB2 187 4,8~4 

QG48 99 530 (522) TALY 181 2,090 
QH2 103 346 (342) TIE 233 926 
QH4 103 474 (466) TRAC 213 818 (818) 

QH8 103 454 (450) TTST 192 2,562 
QH16 103 458 (454) TWAV 234 1,562 
QH24 103 458 (454) UTST 235 1,302 
QH32 103 458 (454) VRMX 215 3, 970 (3, 852) 
QH48 103 450 (446) WTST 236 1,986 
QHFG 94 
QHFE 94 1,178 (1,178) 
QHSG 94 
QHSE 94 
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SUBROUTINE DESCRIPTIONS AND LISTINGS 

MATHEMATICS 

Matrix Operations 

Elementary Operations 

• Subroutine MSCS 

HSCS. • MSCS 10 
l••********•**********•***********************************************/MSCS 20 
I* */MSCS 30 
I* CONVERT THE STORAGE ALLOCATION OF A SYMMETRIC MATRIX */MSCS 40 
I* FROM A TWO-DIMENSIONAL ARPAY TD A LINEAR ARRAY •IMSCS 50 
I* */MSCS 60 , ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ,,.scs 10 

PROCEDURE(O,N,EPS,S),. MSCS 80 
DECLARE MSCS 90 

(Ql*t*lrEPS,SOJ,Ql,QZ,Ht MSCS 100 
BINARY FLOAT, l•SlNGLE PRECISION VERSION /*S*/MSCS 110 

I• BINARY FLOAT I 5311 /*DOUBLE PRECISION VERSION l•D•/MSCS 120 
CN,I,K,LJBINARY FIXED, MSCS 130 
ERROR EXTERNAL CHARACTERCll 1. MSCS 140 

ERROR= 1 0 1 ,. /*PRESET ERROR INDICATOR •/HSCS 150 
l =01. MSCS 160 
IF N GT 0 /•TEST SPECIFIED DIMENSION •IMSCS 170 

THEN DO I =l TO N,.. KSCS 180 
00 K =1 TO I,. HSCS 190 
L =L+l,. MSCS· 200 
Ql =QfI,KJ,. /*REPLACE Ql BY QII,KI •IHSCS 210 
Q2 =QCK,IJ,. /+REPLACE Q2 BY OIK,11 •IHSCS 220 
SC LJ ,M=C Ql+Q21 •0.5, • !•SET RES. Sfll =I Ql+QZl/2 •IMSCS 230 
IF ABS( Ql-QZJ GT /*TEST FDR SYMMETRY' OF Q • •IHSCS 240 

EPS•MAXI 11ABSCMJ J MSCS 250 
THEN ERROR= 1 5't•· /+Q IS-NOT-SYMMETRIC •/MSCS 260 
END,. MSCS 270 

ENO, • . MSCS 280 
ELSE ERRDR""'D',. /*ERROR IN SPECIFIED DIMENSION •IMSCS 290 
END,. /+END OF PROCEDURE MSCS •IHSCS 300 

Purpose: 

MSCS compresses the storage allocation of a sym
metric two-dimensional matrix to a one-dimensional 
array. 

Usage: 

CALL MSCS (Q, N, EPS, S); 

Q(N,N) - BINARY FLOAT [(53)] 
. Given N by N symmetric matrix. 

N - BINARY FIXED 
Given order of matrices Q and S. 

EPS - BINARY FLOAT~ [(53)] 
Given relative tolerance for test on 
symmetry. 

S(N*(N+l)/2)- BINARYFLOAT [(53)] 

Remarks: 

Resultant symmetric matrix in one
dimensional compressed form. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='D' means N is less than 1. 

ElRROR='S' means given matrix Q does not pass 
the. specified symmetry test. Nonethe
less, all of the elements Bjk are com
puted as shown below and stored in S. 

Method: 

for i = 1, 2, ... , n 
k=l, ... ,i 

Symmetry-test: 

Qik - Qki must be absolutely less than 

Max ( 1, IQki ~ Qikl) * EPS 

Mathematics--Matrix Operations--Efomentary 13 



• Subroutine MSCG 

MSCG. • MSCG .10 

i:**"=*****~***********~***********"'*~********:*~···-·······~·········*·:~=~~g ~g 
I* CONVERT THE STORAGE ALLOCATtON OF A SYMMETRIC MATRIX */MSCG 40 
I* · ·FP.OM A LINEA~ APRAY 'TD A TWO-DIMENSIONAL ARRAY *IMSCG 50 
I* . *IMSCG 60 
I****•********************************'***************.******** *********/MSCG 70 

PPOCEOUPEIS,N,QJ,. . . MSCG SC 
DECLARE . HSCG 90 

ISl•J,Ol*t*IJ MSCG 100 
BINARY FLOAT, /•SINGLE PRECISION VERSION /*S*/MSCG 110 

I* BINARY FLOATC53J r /*DOUBLE PRECISION VERSION /*D*/MSCG 120 
(N,J,K,LJ6INARV FIXED,. MSCG 130 

L =Ot. MSCG 140 
IF N GT 0 /*TEST SPECIFIED DIMENSION *IMSCG 150 
THEN DO I = l TO N,. MSCG 160 

DOK =l TO It• MSCG 170 
l =L+l,. MSCG 180 
O<IrK),QCKtIJ .. SCLJ,. /*STORE QU,KJ "AND Q(K,JJ •/MSCG 190 
ENO,. MSCG 200 

END,• HSCG 210 
ENDt. /*END OF PROCEDURE HSCG •/HSCG 220 

Purpose: 

MSCG expands the compressed one-dimensional 
storage allocation of a symmetric matrix to general 
two-dimensional form. 

Usage: 

CALL MSCG (S, N, Q); 

S(N*(N+l)/2) - . BINARY FLOAT [(53)] 

N-

Q(N, N) 

Remarks: 

Given one-dimensional array 
representing a symmetric N by N 
matrix in compressed form. 
BINARY FIXED 
Given order of matrices S and Q. 
BINARY FLOAT [(53)] 
Resultant two-dimensional general 
representation of given symmetric 
matrix S. 

Operation is bypassed in case of a nonpositive value 
of N. The elements of given Sare assumed to be 
stored in compressed form -- that is: 

(Sll, S21' S22' S31' S32' S32' ... ' Snl' ... ' 

snn): 

Method: 

For the elements of resultant Q: 

i = 1, 2, ... , n 
k = 1, 2, ... ' i 

14 Mathematics--Matr'ix Operations-'-Elementary 

• Subroutine MAGS 

MAGS.. MAGS 10 
I******************************************************************* •-t I '-I A GS 2G 
I* $/HAGS 30 
I* ADD OR SUBTRACT A SQUARE AND A SYMMETRIC MATRIX. •/MAGS 44' 
I* •/MAGS 50 
I*************************************************•**************** ***I MA GS 60 

PRDCEDUREIA,e,N,oPT,CJ,. MAGS 70 
DECLARE MAGS 80 

fAC•,•J ,Bl*) ,Cl*r*J ,AL18LI MAGS 90 
BINARY FLOAT, /*SINGLE PRECISION .VERSION l•S•/'1AGS 100 

I* BINARY FLOATl53J, /*DOUBLE PRECISION VERSION l•D•/MAGS 110 
INtltK1LtLIJBINARY FIXED, MAGS 120 
OPT CHARACTER(ll ,. MAGS 130 

IF N GT 0 /*IS N GPEATER THAN ZERO */MAGS 140 
THEN 001 • MAGS 150 

Ll1I =t,. MAGS 160 
NEXTJ.. MAGS 170 

NEXTK. • 

=LI,. 
.. 1,. 

AL .=A(I,KJ,. 
BL. =BIU,. 
IF K LT l 

MAGS 180 
'1AGS lqC 
HAGS 200 

/*REPLACE Al BY AII,KJ •!HAGS 210 
/*~ET BL CORRESPONDING TO AL */HAGS 220 

, THE,.,. L =l-+l,. 
MAGS 23CI 
MAGS 240 
MAGS 250 ELSE L =L-+K1. 

IF"DPT='2' 
THEN BL "'-Bl1. 
ELSE IF OPT= 1 3 1 

THEN. AL =-AL,. 
er 1,Kl.,,AL+BL,. 
IF K LT N 
THEN OD,. 

K ·=K-+1,. · 
GO TO NEXTKt • 
END,. 

ELSEIFILTN 
'THEN 001. 

END,. 

LI =LI+[,. 
I .. l+l,. 
GO TO NEXT I 1 • 

END,. 

/*SHOULD A-B BE CALCULATED •/MAGS 260 
/*THEN CONVERT SIGN OF BL */MAGS 270 
/*SHOULD ·a-A· BE CALCULATED •iMAGS 280 
/*THEN CONVERT SIGN OF AL */MAGS 290 
/*SET RESULTANT C_CI,KJ TD AL+BL*/fllllAGS 300 

/*INCREMENT K 

/*INCREMENT I 

MAGS 310 
•/MAGS 320 

MAGS 330 
MAGS 340 
HAGS 350 
MAGS '360 

•!MAGS 370 
MAGS 380 
MAGS 3qQ 
MAGS 400 
MAGS 410 

END,. !•END OF PFl!OCEDURE MAGS 
HAGS '4201 

*,/MAGS 4301 

Purpose: 

MAGS computes C =A+ B if OPT= '1' 
C =A - B if OPT= 121 

C = B,.. A if OPT= 131 

for given matrices A and B which are general and 
symmetric respectively. 

Usage: 

CALL MAGS (A, B, N, OPT, C); 

A(N, N)- BINARY FLOAT [(53)] 
Given general N by N matrix. 

B(N*(N+l)/2) -BINARY FLOAT [(53)] 
Given one-dimensional array con
taining the ·lower triangular part of 

· symmetric matrix B s.tored rowwise 
in compressed form. 

N - BINARY FIXED 

OPT 

C(N, N) -

Remarks: 

Given order of matrices A, Band C. 
CHARACTER(l) 
Given option for selection of opera
tion. 
BINARY FLOAT [(53)] 
Resultant general N by N matrix, 
which may be overlaid with A. . ' . . . 

Operation is bypassed in case of a nonpositive value 
of N. A value of OPT different from 121 and 131 is 
treated as if it were 111 • 



Method:. 

The sum or difference of matrices A and B is 
.calculated elementwise. The elements of the sym- · 
metric matrix B are accessed only once. 

' ~ . 

• Subroutine MMGG 

MMGG. • · • . · : · · ·' , · HHGG. -10 
l********************************·*************************************IMMGG 20 
~= .. HULTl~i..v' TWO G'ENERAL HATRii:Es ,•' •. i·· -~ =~==~~ '!~. 
I* . . , . *IMMGG 501 
l*********************************************************************IHHGG. 60 

PROCEDUREtA181K,L1MrC> t• HMGG 70 
DECLARE HHGG 80 

IAl•,•J,61*,•l.Cl•,•JJ MHGG 90 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MMGG 100 

I• BINARY FLOATI 5311 /•DOUBLE PRECISION VERSION l*D*/HMGG 110 
S BINARY FLOATl53J, MHGG 120 
IK,L,M.11J1NI HHGG 130 
BINARY FIXED, MHGG 140 
ERROR EXTERNAL CHARACTER I l),. MMGG 150 

ERROR= 1 D1 ,. /*PRESET ERROR INDICATOR •IMMGG 160 
IF K GT 0 /•TEST SPECIFIED DIMENSIONS *IMKGG 170 
THEN IF L GT 0 MMGG 180 
THEN If M GT Q M"GG 190 
THEN DC, • MHGG 200 

1 =C,. HHGG 210 
NEXTJ •• /*COMPUTE THE I-TH ROW OF C *IHMGG 220 

NEXTJ •• 

=H·l,. 
=(I,. 

=J+l,. 
=Q,. 

/*COMPUTE THE J-TH ELEMENT 

OD N =l TO L,. /*PERFORM SCALAR PRODUCT 

ENO,. 

S =S+MULTIPLYUI 1,NI, 
., BIN,Jl,53),. . 

END,• 
CC I,JJ=S,. 
IF J LT H 
THEN GO TO NEXT J, • 
ELSE IF I LT K 
THEN GO TO NEXTt t. 
ERRDR= 1 0 1 , • 

ENO,. 

Purpose: 

/*STORE RESULT ANT Cl I, J) 

/*INCREMENT J 

/*INCREMENT I 
/*SUCCESSFUL OPERATION 

/*ENO OF PROCEDURE HMGG 

MMGG computes the standard matrix product 
C =A• B. 

Usage: 

CALL MMGG (A, B, K, L, M, C); 

A(K, L) - BINARY FLOAT [(53)] 

HMGG 230 
MMGG 240 

*IHMGG 250 
MMGG 260 
MHGG 270 

*/MHGG 280 
HMGG 290 
MHGG 300 
MMGG 310 

*/MHGG 320 
MMGG 330 

•/MHGG 340 
MMGG 350 

*/MHGG 360 
*/MMGG 370 

MKGG 380 
*IMMGG 390 

Given K by L matrix A (left-hand factor). 
B(L,M) BINARY FLOAT [(53)] 

Given L by M matrix B (right-hand factor). 
K - BINARY FIXED 

Given row dimension of A and C. 
L - BINARY FIXED 

Given column dimension of A and row 
dimension of B. 

M - BINARY FIXED 
Given column dimension of Band C. 

C(K,M) BINARY FLOAT [(53)] 
Resultant K by M product matrix. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero~ The 
following constitutes the possible error condition 
that may be detected: 

ERROR='D' means errors in specified dimen
sions K, L, M. Accumulation of scalar products 
is performed in double-precision arithmetic. C 
must be different from A and B. 

Mathematics-'""Matrix Operatioiis--Elementary' 15: 
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• Subroutine MMSS 

••ss.. . . ••ss· io 
~=····., • .,.~ ..... ~ .. ···········~·······························,.·········:~==~~ ~g 
1• f1ULT~PLY Two SYMMETRIC. MATRICES STOREP. IN LINeiR ARRA~s •IMMss •o 
I* · .. : •IMMSS .50 
l••~*.*~*****~**************•*****************************************'*IMMSS 60 

~RQ,;t;OURfi,A181N1Pl.. ·, . . MMSS 70 

tJ~~--~~~,~J,~f*hPl•,•U ==~~ :g 
fUNARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MMSS 100 

.·1• BINARY FLOATl53J, /*DOUBLE P.ftECISION VERS.ION /*D*/MMSS 110 
S BINARY FLOAT I 531, MMSS 120 
tN1"1,~21LI 1Ll<1I 1K1JJ MMSS 130 
Bl~ARV. FlXEO.t• MMSS 140 

IF N GT 0 MMSS 150 
nte~. DO,' MMSS 160 

ll1l =lt• MMSS 170 
NEXT!,. MMSS 180 

N~~T!( •• 
u:~K •t,. 
Ll 
L2 
s 

;:zLJ. • 
=LK,. 
=iQ,. 
00 J =l TO N,. 
S •S+MUl.TIPLYIAILl>, 

8(4.2) .~3J,. 
If J LT I 
THEr-t Ll •L1+11• 
ELSE .Ll ;ii:U+J,. 
IF J LT K 
TH!;:N L2 •L2+ l,, 
ELSE L2 =L2+J,. 
ENO,• 

P( I tKJ=St • 
IF K LT N 
THE;N DO,• 

LK 11LK+Kt • 
K ..:K+lt• 
GO TO NEXTKu 
END,.· . 

ELSE iF I LT N 
THEN oa,. 

LI =LI+J,;. 
I =I+t.. 
GO TO NEXTI,. 
Ef-tO,, 

MMSS 190 
MMSS· 200 
MMSS 210 
MMSS 220 

/*COJCPUTE VECTOR PRODUCT OF TWO*/MMSS 230 
/*CORRESP. SU8ARRAYS OF A AND B•/MMSS 2.\0 

. MMSS 250 
MMSS 260 
MMSS 270 
MMSS 280 
MMSS 290 
MMSS 300 
MMSS 310 
MMSS 320 
MKSS 330 

t'•STORE RESULTANT ELEMENT DF P */MMSS 340 

/*INCREMENT K 

/*INCREMENT J 

MMSS ·350 
•IMMSS 360 

MMSS 370 
MMSS 380 
MMSS 390 
MMSS 400 
MMSS 410 

•IMMSS 420 
MMSS 430 
MMSS 440 
MMSS 450 
MMSS 460 

END,• 
END,• /*END OF PROCEDURE MMSS 

MMSS 470 
*/MMSS o\80 

Purpose: 

MMSS co:mputes the standard product P = A · B of 
two symmetric matrices. 

Usage: 

CALL MMSS (A, B, N, P); 

A(N*(N+l)/2) - BINARY FLOAT [(53)] 
Given symmetric N by N matrix, 
stored in compressed form (left
hand factor). 

B(N*(N+l)/2) - BINARY FLOAT [(53)] 
Given symmetric N by N matrix, 
stored in compressed form (right
hand factor). 

N - BINARY FIXED 

P(N, N) -

;Remarks: 

Given order of matrices A, B, P. 
BINARY FLOAT [(53)] 
nesultant N by N general product 
matrix. 

Operation is bypassed in case of a nonpositive value 
of N. The sy:mmetric matrices A and B must be 
stored in compressed form. Accumulation of 
scalar products is performed in double-precision 
arithmetic, 



Method: 

Standard multiplication means that the element Pik 
is the scalar product of the i-th row of A with the 
k-th column of B. 

• Subroutine MMOS 

MMGS.. MMGS 10 
l••••••••••iti••***~*·•••••••f*H••••••••o••••••••••••*•"'*H*******••••/14MGS 20 
I• . •/HHGS 30 
I• MULTIPLY A GENERAL WITH A SYMMETRIC MATRiX •IMMGS 4t' 
I* . •/~MGS SO 
l********H**"****"*'*••••••n•••o•U•••itl•*****•••*********°'******••IM"lGS 60 

PROCEOURECG1S1M1N10Pf) t• . ~MGS 70 
DECLARE . ' . MMGS ec 

IGl*t*ltSC•l1HCMAklNtM)I, . HMGS 90 

mm ~tgms3L ~:~~~m ::mm~ ~~:m~ ~=~=~==~~ t~~ ,. 
T BINARY FLOAT( 531 t MMGS 120 
IH1N1HM1NN1 I ,J;ktl1 Ll tLJ1RN,CNI MMtS ·t~~ 
BINARY FIXED, MJl:'GS 140 
!OPT ,ERROR EXTERNALICHARACTER ii lt. . . . . . . MMGS 150 

NH -=Ni. . /•SET tn~ ro NUMBER Of!' COL.U~NS' 111:/MMGS 1~0 

==RoR:~o:,, ~::~~s=~ ~~R~~M~~~.~:r~~ws o~ c:~==~~ !~g 
IF NN GT 0 /•TEST SPECIFIEO DIMENSIONS •IMMGS 190 

m~ ~~.~·GT o. :m ~~g 
IF OP'T• • 2 t MMG'.$ 2~0 
THE:N DQ•. i•IN cASE OF MULTJPL' s•G *'-""cs uo 

NM •llH,. /•INTERCHANGE NN AND ilM .•/MMGS 240 
H~ •Ni• MHGS 25C 
~~Ot' MMGS· 260. 
=Ot, MP4GS 210 

NEXTK .. fllMG's 280 

NEXTJ •;. 

ENDt. 

RN1CN1KaK+l, o1 

o'(J I =l· TO NNt• 
IF OPT.=i:•z• 
THEN PN aJ,. 
ELSE CN i::!J,. 
Hiii =GCRNtCNI~. 
ENO,• 

Lltl "'lt• 

=Lli. 
=o,. 
DO J •l TO NNt• 
T a1+MUL.Tlf»LYIHIJI t 
. Sll),53'1,. • 

iF j LT ·l 
THEN L 
ELSE L 
END,. 

IF OliT= 1 2 • 
THEN RN •J·, • 
ELSE CN . aJ, • 
GIRNtCtU=Tt • 
LI =Lt+J,, 
I "'l+l, • 
IF I LE NN 

'*L"'l1• 
=L+J,. 

THEN GO TO NEXTl t. 
ELSE IF K LT MM 
THEN GO l'O NEXTKt• 
ERRDR• 10*t• 
END,. 

/OREPLAC.E Hl•I BY CURRENT ROW .• ,::~~ ~~g 
/•RESP. CtJLU11i. YEtlTOR ·of G •/MP4GS 310 

MMGS .3?0 
liMGS 330 
HMGS 3~0 
MMGS 350 

. .. . . MP4GS 360 
/•FOR CURRENT ROW Ri!:SP11 COLUMN *fflllfl!GS 310 
/*'/ECTOR COMPUTE I-TH ELEilENT •IMMGS 380 

l•Peiu;ti•M SCALAR Piloouct 
MMGS 390 

•IMMGS 400 
•~Gs 410 
MMGS 420 
HMGS .\30 
MMG5 44'0 
flU4G5 450. 

. MMGS lt60 
/•Test SPECIF1Eli MUt.tlPLICATJciN•/MMGS 470 

MMGS 480 

/•STORE RESULTANT ELEMENT 

/•INCREMENT I 

/•INCREMENT K 
/*SUCCESSFUL OPERATION 

/*ENO OF PROCEDURE MMGS 

14MGS 4qo 
•IM'4GS 500 

MHGS 510 
MMGS 520 
•MGS 530 

•/MMCS 54C 
MMGS 550 

•/Mt4CS 560 
•/MMGS 570 

MMGS seo 
•IMliGS 590 

Purpose: 

MMGS calculates G • S if OPT=' l' 
S • Gif OPT=1 21 

where G is a general and S a symmetric matrix. 

Usage: 

CALL MMGS (G, S, M, N, OPT); 

G(M, N) - BINARY FLOAT [ (53)] 
Given general M by N matrix. 
Resultant product mat:rix G • Sor 
S • G. 

S(dimension) -BINARY FWAT [(53)] 
Given. symmetric N by N or M by M 
matrix stored in compressed form in 
a one""dilnensional array, lower tri
angular part roWWise. 

M - BINARY FlXEO 
Given row dimension of matrix A. 

N- BINARY FIXED 
Given column dimension of matrix A. 

OPT CHARAC'rEJR (i). . . 

Given optionfor selection of Cipera.tion~ 
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Remarks: 

... ff rio errors are"C:leteCted in the processing of data~ 
the error indicator', ERROR, .is S!'lt to zero. The 

• foilo~ing constitqtes the possibi~. error condition 
· ·that may be detected: 

r· 

· ERROR ='D'. means errors in specified dimen
siop.s M, N. A~y ~alue of 9PT different from 121 is 
:treated as if it were 111 • 

Scalar· producits are accumulated in double-
· .Pricision arithmetic. . . 

Method: 

:standard multiplication is perlormed; tpe general· 
' .• produdt is generated ill the storage locations 

. ocicupied by G. 

., •', 

,.,':· .. ,. 

'· 
'·! 

·.;.· 

. . . · ~ ' '. 

~ ' ' . . 
;: ' 

.·': 
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• Subroutine MMGT 

"1MGT • •. · ' MMGT 10 

I**** *****************************************************************/MM GT 20 
I•.. . ·. , . ' . ~ . , *'IMMGT.. 30 
I* MULTIPLY A GENERAL MATRIX WITH ITS TRANSPOSE •IMMGT 40 
I* */MMGT . 50 
/*********************************************************************/MMGT 60 

PROCEOUREU,M,N,OPT,S),. MMGT 70 
DECLARE MMGT 80 

'(A(•,•),S(*ll MMGT 90 
BINAqy FLOAT, /*SINGLE PRECISION VERSION /*S*/H/1GT 100 

I• BINA~Y FLOATl53), /*DOUBLE PRECISION VERSION l*D*IMMGT 110 
T BINARY FLOAT( 53J, MMGT 120 
(M,NrlrII,J,JJ,K,LJ MMGT 130 
BINARY FIXED, MMGT 140 
IOPT ,F.RPOR EXTERND.LJCHARACTEfl ( l J,. MfltGT 150 

I I :flt, • MMGT 160 
JJ =N, • MHGT 170 
ERROR"'-'0' 7 • /*PRESET ERROR INDICATOR */MMGT 180 
IF II GT 0 /*TEST SPECIFIED DIMENSIONS */MMGT 190 
THEN IF JJ GT 0 MMGT ZOO 
THEN DO,• MMGT 210 

IF OPT= 1 2' /*CHECK SPECIFIED MULTIPLIC. */M~GT 220 
THEN DO,. MMGT 230 

JJ =I I,. /*INTERCHANGE lI AND JJ IN CASE•/MMGT 240 
Il =N,. /*OF PRODUCT TRANSPOSEUJ*A */MMGT 250 
ENO, • MMGT 260 

L,I =1,. MMGT 270 
"NEXTI.. M"!GT 280 

NEXTK • • 

E'tJ, • 

=1,. 
T =r., • 
lF OPT= 1 2 1 

THEN DO J =l TO JJ,. 
T =T+MULTIPLYIA(J,IJ r 

A(J,KJ,53),. 
END,. 

ELSE DO J =l TO JJ,. 
T =THIULTIPLYIAU,JJ, 

fl(K,JJ 1531,. 
END,. 

S(L) =T,. 
L =L+l,. 
IF K LT I 
THEN DO,. 

K =K+lr • 
GC TG NEXTK, • 
ENO,. 

ELSE IF l LT II 
THEN 00,. 

I =l+l,. 
GQ TC! fl!EXTI,. 

. END,. 
e~.:0!)1:': IC I I• 

e~n, • 

MfritGT 290 
MMGT 300 
MMGT 310 

!•CHECK SPECIFIED MULTIPLIC. *IMHGT 320 
/>OiTq,ANSPOSEIA) *A rs PERFORMED •IMMGT "330 

MMGT 340 
M~GT 350 
MMGT 360 

/*M=TRANSPOSECAJ JS PERFORMED */MMGT 370 
MMGT 380 
MMGT 390 
MMGT 400 

/*STORE RESULTANT ELEMENT S(LJ *IMMGT 410 
M"!GT 420 

/*INCREMENT K 

/*INCREMENT I 

/*SUCCESSFUL OPEq,ATION 

/•END OF PROCEDURE M"GT 

MMGT 430 
*/MMGT 440 

MMGT 450 
MMGT 460 
MMGT 470 
HMGT 480 

*/MMGT 490 
M~GT 500 
MMGT 510 
MMGT 520 

*/M .. GT 53C 
~HGT 5-'tO 

*/M .. GT 550 

Purpose: 

MMGT calculates A · AT· if OPT=' 11 

AT· A if OPT = 121 

Usage: 

CALL MMGT (A, M, N, OPT, S); 

A(M, N) 

M-

OPT 

S(dimension) 

BINARY FLOAT [ (53) ] 
Given M by N matrix. 
BINARY FJXED 
Given row dimension of A. 
BINARY FJXED 
Given column dimension of A. 
CHARAOTER(l) 
Given option for selection of 
operation 
BINARY FLOAT [(53)] 
Resultant symmetric product matrix, 
stored in compressed form in a 
one-dimensional array . 
Dimension is M• (M+l)/2 if OPT=' 11 

and N• (N+l)/2 if OPT=12'. 



Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is ·set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR='D' means errors in specified dimen
sions M, N. Any value of OPT different from 121 is 
treated as if it were 111• 

Scalar products are accumulated in double
precision arithmetic. 

Method: 

standard multiplication is performed; A · AT is 
symmetric M by M, while AT · A is symmetric 
NbyN. 

• Subroutine MPRM 

HPRH • • MPR.. 10 

I *************************************************•*******************/ .. PflJll 20 I* */MPR,. 30 
I* PERMUTE THE ROMS OR, IF OPT = •c• r THE COLUMNS OF A *IMPRM ltO 
I* Ji4ATJUX */lllPRM 50 
I* */MPRM 60 
/****"'*"'**************************************************************/ll'IPRM 70 

,. 

PROCEOUREU,M,N,T,0PT,.l"4VI ,. fltPflM 80 
CECLAP E NPRr- 90 

CA(•,•I ,AJI JllJDR,_ 100 
etNARY FLCAT, /*SINGLE PRECISION VERSIDtt /*S•/MPRM 110 
BINARY FLQATC53J, /*DOUBLE PRECISION VERSIOl'll l*D*/MPRM ·120 
IP1,N,Tl*J,IE,.TI,J,J,1ArDI,ITJ MPi:aM 130 
BINARY FIXEO, MPRM 140 
COPT,INVrERROR EXTERNALICHARACTERflJ ,. MPRflt 150 

ERROR=•o•,. /•PRESET ERROR INDJCATO" •/MPRl'I 16C 
IF flll GT C /*TEST 'sPECIFIEO DIMENSlDNS •/NPRN 170 
THEN IF N GT C MPRl'I 180 
THEN OIJ, • MPRJllfl 190 

EIO.!<C0= 1 C 1 ,. JllflPRM 200 
IF CPT= 'C 1 /*lf COLUMNS SHOULD BE "DYED *IMPRM 210 
THEN IE =N,. /*SET IE TO NUJlfBEP OF COLUMNS •IMPRM 220 
ELSE IE =H,. /*RESP. NUMBER OF ROWS IF ~T •/JllflPRM 230 
IT =IE,. MPM 240 
OI,IA=l1• MPSU4 25C 
IF HIV=' l 1 MPRM 260 
THEN 001. l'IPRl'I 270 

IA =IE,. MPRM 200 
IE =DI,. MPRM 290 
DI =-DI,. MP"M 30C 
Et4D1. JllflP'lJlll 310 
00 I .. u, TD IE BY 011• .. piR .. 320 
TI aT« IJ 1• /•SET Tl TO TCIJ •/MPRM 330 
IF TI NE I l•IS INTERCHANGE STEP "IEEOED •/MPRM 31t0 
THEf-. DO,. MPRM 350 

IF Tl Gt 0 l•IS ELEMENT OF T VALID •/Mi:tRM 360 
Tl-'EN IF Tl LE IT MPR" 370 
Tt4EN 001 • MPR" 380 

IF IJPr .. •c• /*CHECK SPECIFIED OPERATION •IMPDJllfl 390 
l*INTERCHA"IGE COLUMNS I AND TI */MPRM 400 

THEN 00 J =l TO M,. MPRM 410 
AJ =ACJ.IJ,. JllflPRM 420 
A(J,JJ=.ACJ,T[J,_. MPAJllfl 430 
ACJ1TI J=AJ, • MPRM 440 
ENO 1. MPA" 450 

/*INTERCHANGE ROWS I AND Tl */MPAM 460 
ELSE OD J ::1 TD N,. MPRM 47C 

AJ =ACl,JJ,. . .. PRJlf 480 
All ,JJ:A(TJ 1JJ.,. MPRM 490 
ACTI,JJ=AJ,. llllPRllll 500 
ENO,. MPRl'I 510 

GOTO ENO,• MPqM 520 
ENO,. MPP'4 S3C 

EFqQR=•T'.. l*T CONTAINS INVll.LIO ELEJlllENTS */lrilPRflll 54C 
END •• ~Pllfllll SSC 

l'!D~lol S6C 
~DR\I 570 
WD~"'f SBQ 

ENO,. 
E,..o,. 

ElllO,. 
END,. l•E~D CF PROCEDURE :-1P~M •/MDq_ .. !:90 

Purpose: 

MPRM permutes rows (if OPT='R') or columns (if 
OPT='C') of a given matrix A according to the 
permutation P (if TI:W='O') or its inverse p-l (if 
INV='l'). The permutation Pis given in the form 
of its transposition vector T. 

Usage: 

CALL MPRM (A, M, N, T, OPT, INV); 

A(M, N) - BINARY FLOAT [(53)] 
Given M by N matrix. 
Resultant matrix. 

M - BINARY FIXED 
Given number of rows of A. 

N - BINARY FIXED. 
Given number of columns of A. 

T(range) BINARY FIXED 
Given transposition vector. Its dimen
sion range equals M if OPT='R' and N 
if OPT='C'. 

OPT - CHARACTER(l) 
Given option specifying row or coiumn 
permutation. 
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INV - CHARACTER(l) 
Given option specifying whether permu
tation P or inverse permutation p-l is 
applied. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR= 'D' means error in specified dimensions. 
ERROR= 'T' means invalid transposition vector. 

If some elctment ti of T does not satisfy 1 ~ ti ~ 
range (inv3.lid transposition vector),, then the value 
of this element is interpreted as if it were equal to 
i (no interchange). 

Any value of OPT different from 'C' is inter
preted as if it were 'R'. 

Any value of INV different from '1' is inter
preted as if. it were 10 1• 

Method: 

Permutation of A is performed by successively 
interchanging rows (if OPT ='R') or columns (if 
OPT='C'), i andti for i = 1 up to range if INV='O' 
and for i = range down to 1 if INV =11'. 

In case i =ti no interchange takes .place. 

Mathematical Backgroi.tnd: 

The resultant A is calculated as the product 

I 
m,t 

m 
I -1 t ... 11 t A 
m ' m-1 ' 1 

A 

A 

if OPT='R', INV='O' 

12,t2 ... 
1m t 

'm 

if OPT='R',INV='l' 

if OPT ='C', INV='O' 

A 

I . · I , ... r1 t n,t n-1,t , n n-1 1 

if OPT='C', INV='l' 

For notational details see MPIT. 
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• Subroutine MTPI 

1'4TP'r •• "1TPJ lo 

/**** ****••••****"'****II<*****************~***********************:****** /~T PI 2C I• •f~TDJ 3C 
I* CALCULATE PEI<: MUTATION VECTOI'. IOR ITS INVERSE IF INV =1 l') */MTP! "-C 
!* C01'.RESPNWING T!: GIVEN T:UNSPOS(TION VECTOR */Jo'ITDJ 50 
I* , */"'TPJ 60 
/*********************************************************************/MT PI 70 

PROCEOUREIT,N,lNV,Pl,. "1TPI eo 
DECLARE ~TP I 90 

<Tl*J.N,Pl•JtldI,PI,TI,LNI nor !CO 
BINARY FIXED, ~TPI llC 
I JNV,ERPOP EXTERNALICHARACTEIH I I,• VTPI l2C 

I =C,. 111,TPI 13C 
II =lr• MTPI 140 
LN =N,. "'TPI 15C 
IF LN GT 0 /*TEST. SPECIFIED OI.MENSlON */'"ITPI 160 
THEN DO,~ MTPI l7C 

NEXTl.. /*P~ESET PERMUTATION YECTt'.:fR */MTPI lBO 

F co.• 

I =l+l,. /HO IDENTITY -PHMUTATJCN . *IMTPI · p~O 
P<I I =I,. "'TPI 2CC 
IF I LT N MTPJ 21C 
THEN GD TO NEXTI, • MTP I 220 
IF INV "1E 1 1' /*SHOULD THE INVERSE PERMUTAT. *IMTPI 23C 
THEN I :1,. !•VECTOR BE GENERATED */"'TPI 24C 
ELSE II =-JI,. '"ITPI 25C 
ERROR:'O' ,. !•PRESET ERROR INDICATOR */llllTPI 260 

TI =J(I I,. 
IF Tl CT C 
THEN lF TI -LE LN 
THE'1 DO,• 

Pl ::P(J J ,. 
P(ll =P(TI),. 
P(Til=PJ,. 

GOTO STEP,• 
END,• 

ERRQR:IJ 1 ,. 

I =I+J J,. 
IF I LE N 
THEN IF I GE l 
T ... EN GO TO REP,. 
ENO,. 

/$REPLACE Tl BY Tl l 0 I 
/*IF f],TIJ IS A VALH> 
!•TRANSPOSITION THEf.,I 
!*INTERCHANGE P(l) ·ANO OITI1 

0 HTPI 270 
*/HTPI 28(1 
*l"'TP I 2CJC 
•/fll'TPI 3CC 
•llitTPI 31C 

MfPI- 320 
,.JDJ 330 
MTPI 340 
,.TPI 35C 
MTPI 360 

/•MARK INVALID TRANSPOSITION */PHPI 370 

/*HAS I ITS FINAL VALUE 

lll!TPI 38(' 
HTPI 39C 

*/MTPI 4CO 
!l'TPI 410 
IHPI lt2C 
•TPI 43C 

ELSE ERRi:tR='O'r• 
END,. 

/*ERR.CJC: IN SPECIFIED DIMENSION */MTPJ 'i-40 
l•END Of PPOCEOURE MTPI *IMTPI 45C 

Purpose: 

MTPI calculates the permutation vector if INV='O' 
and the inverse permutation vector if INV='l' from 
a given transposition vector. 

Usage: 

CALL MTPI (T, N, INV, P); 

T(N) - BINARY FIXED 
Given transposition vector. 

N - BINARY FIXED 
Given dimension of vectors T and P. 

INV - CHARACTER(l) 
Given option for selection of operation. 

P(N) - BINARY FIXED 
Resultant vector containing the permutation 
vector of permutation or inverse 
permutation. 

Remarks: 

If no err9rs are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR= 'D' means N is less than 1. 
ERROR='T' means T contains elements outside the 
range (1, N) . 

A value of INV different from '1' is interpreted as if 
it were '0'. 



Method: 

Vector Pis preset to the identity permutation 
P =(l, ... , N). Interchanging successively the 
components i and ti within P results in the permu
tation vector belonging to T if i runs from 1 up to N 
and to the inverse permutation if i runs backward 
from N down to 1. 

Mathematical Background: 

See MPIT for notation and definitions on permuta -
tion and transposition vectors. 

The per:inutation vector P=(p1, ... , pn_) corre
sponding to the transposition vector T = (t1, ... , tn_) 
is defined through: 

I[!c, Pk]= 1n, t • I 1 t ... 11 t . I 
n n- ' n-1 ' 1 

The elementary matrices Ijk are symmetric and 
orthogonal, that is, 

Therefore, the inverse permutation vector is 
defined by: 

I[k,qk·J= I 
1,tl 

Programming Considerations: 

For valid transposition vectors it is necessary that 
1 s: ti s: n for all i = 1, 2, ... , n. As soon as a given 
transposition vector is detected nonvalid, the error 
indicator is set to T and further calculation is 
bypassed. 

• Subroutine MPIT 

MPIT.. HPIT 10 
I *********************************************************************111P IT 20 
I* */HPIT 30 
I* CALCULATE THE INVERSE PERMUTATION VECTOR ORr If OPT = 'T', •/HPIT 40 
I* THE TRANSPOSITION VECTORS OF THE GIVEN ANO INVERSE */MPIT 50 
I* PER HUTA TI DNS */HP IT 60 
/* •/HPIT 70 l•••••••••••*••·····················································••IHP IT ao PRDCEDUREIP1N,OPTrPll,. MPIT 90 

DECLARE MPIT 100 
IP(*hNrPIC*l1LN1JtPl1P2) MPIT 110 
BINARY FIXED, HPIT 120 
(OPT1ERROR EXTERNAUCHARACTEP(l),. MPIT 130 

LN,J =N, • .11P1T 140 
lF LN GT 0 !*TEST SPECIFIED DIMENSION *IHPIT 150 
THEN 001. HPlT 160 

REP.• MPIT 170 
PHJJ=O,. !*PRESET RESULTING VALUES IN •INPIT 180 
J =J-1,. /•ORDER TO· CHECK PERMUTATION */HPIT 190 
IF J GT 0 HP IT 200 
THEN GO TO REP,. HPIT 210 
ERRQR::z'P' t• !•PRESET ERROR INDICATOR */HPIT 220. 

NEXTJ.. MPIT 230 
J =J+l,. 
Pl =PIJJ I. 
IFPLLELN 
THEN IF Pl GT 0 
THEN IF PIIPl)=O 
THEN DO,. 

P 11 P lJ =J,. 
lfJLTLN 
THEN GO TO NEXT J,. 
ERROR= 1 0 1 1 • 

IF OPT='T' 
THEN 00 J =l TO LN,. 

Pl =P(.JI r • 
P2 =PllJ) t• 
Pl P21=Pl,. 
PIIPlJ:P2,. 
ENO,.. 

ENO,• 
ENO,. 

ELSE ERROR= 1 0',. 0 

ENO,. 

Purpose: 

HPIT 240 
/*SET Pl TO P(JJ */HPIT 250 
/*FEASIBILITY TEST•• *IMPIT 260 
/•IS l LE Pl LE N. ANO IS *IHP IT 270 
/*Pl DJFF. FROM PREVIOUS VALUES•/MPIT 280 

HPIT 290 
/•SET Pl-TH ELEMENT OF PI TO J */HPIT 300 
/*HAS J ITS FINAL VALUE */MPIT 310 

HPIT 320 
/*VALID PERMUTATION VECTOR */M~IT 330 
/*IF SPECIFIED THEN TRANSPOS. *IMPIT 340 
/*VECTORS ARE CALCULATED *IKPIT 350 

MPIT 360 
MPIT 370 
MPIT 300 
MPIT 390 
MPIT 400 
MPIT 410 
HPIT 420 

/•ERROR IN SPECIFIED DIMENSION •IHPIT 430 
/•END OF PROCEDURE MPIT *IHPIT 440 

MPIT calculates the permutation vector corre
sponding to the inverse of a given permutation if 
OPT='I' and the transposition vectors of the given 
permutation and of its inverse if OPT='T'. 

Usage: 

CALL MPIT (P, N, OPT, PI); 

P(N) - BINARY FIXED 
Given permutation vector of given 
permutation. 
Resultant transposition vector of given 
permutation if OPT='T'; otherwise, 
unchanged. 

N - BINARY FIXED 
Given dimension of vectors P and PI. 

OPT - CHARACTER(!) 
Given option for selection of operation. 

PI(N) - BINARY FIXED 
Resultant permutation vector of inverse 
permutation if OPT='I' or transposition 
vector of inverse permutation if OPT ='T'. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR= 'D' means N is less than 1. 
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ERROR='P' means given permutation vector Pis 
not a valid permutation vector. A value of OPT 
different from 'T' is treated as if it were "f'. PI 
cannot coincide with P in case OPT ='I'. 

Method: 

In case OPT='!' as well as OPT='T' the first step 
is calculation of the inverse permutation vector PI 
combined with a check on the feasibility of given 
permutation vector P. 

If OPT='T' a second step is performed which 
replaces the permutation vectors by the corre
sponding transposition vectors simultaneously. 

Mathematical Background: 

Elementary matrices !kl 

The elementary matrix !kl is obtained from the 
identity matrix I by interchanging rows k and 1. 
Multiplication of a matrix A on the left by an !kl of 
compatible dimensions results in an interchange of 
rows k and 1 of A, while multiplication on the right -
interchanges columns k and 1. An interchange of 
two elements is also called a transposition. Note 
that !kl is symmetric and orthogonal: 

Permutation vector 

Let N* denote the set of integers { 1, 2; ... , n}. A 
permutation is a one-to-one function that maps N* 
onto N*. It is fully described by the ordered 
n-tuple (s1, s2, ... , sn} called a permutation vector, 
where si f N* is the function value corresponding to 
argument i f N*. Applying the permutation 
(s1, ... , sn} on the rows of then by n identitY 
matrix I results in an orthogonal matrix I[k, siJ. 
The notation indicates that the k-th row. is identical 
with the sk-th row of I for all k = 1, 2, ••• , n. 

If an n by n matrix A is multiplied on the left by 
I[k, sk], its rows get permuted according to the 
permutation vector (s1, s2, ... , sn}. 

Permutation of columns is similarly performed 
multiplying by the permutation matrix 
rTQ.<, sk]= I[sk, k] on the right-hand side. 

Transposition vector 

Ann-term product In,~ · In-1, tn-i· .. I1, t1 cor

responds uniquely to a per:rilutatiori matrix I~, sk]. 
The ordered n-tuple (t1, t 2, ... , tn}, which fully -
describes the above transposition product, is 
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called a transposition vector. The correspondence 
between permutation vectors and transposition 
vectors is not one to one: a given permutation 
vector (s1, s2, . ~ . , sn} corresponds to several dif
ferent transposition vectors if n > 2. A uniquely 
determined transposition vector is obtained under 
the additional restriction ~ ~ i. 

The transposition vector comes in naturally when_ 
pivoting is used with Gaussian elimination technique. 
If, at the j-th elimination step, rows j and tjmust 
be interchanged for j=l, ... , n, then (t1, t2, ... ~} is 
the transposition vector of the perrilutatiori that was 
applied to the rows of the original matrix. This 
transposition vector is uniquely determined since 
ti ::::: i. 

Permutation vector of the inverse permutation 

The inverse p-l of a permutation P = (pi. ... , Pn) 
has function value i corresponding to argument Pi. 
Let Q = (q1, ••• , qn) be the permutation vector of 
p-l. I [k, Pk] is orthogonal -- that is, 
!~ [ k, Pk] = rT [k, Pk] . Therefore, I [k, qk] = 
I [pk, k ] • Since I [ k, qk J = I [Pk• qPk J , it 
follows by comparison qpk = k. 

Transposition vector of permutation 

The calculation of the transposition vector T = (t1, 
t2, ••• , tn) corresponding to the permutation 
vector P = (pl, P2 •••• , pn) is based on the identity 

(1) 

with P "= CP1 ", • • •, Pn ') = CP1, • • •, Pi-1' i, 

pi+ 1' .. " Pqi -1' qi, Pqi + 1' .. " Pn) 

Applying identity (1) successively for i = 1, 2, ••• , 
n leads to 

or 

I [ k, Pk] = In, tn • In - 1, tn-1 • • • 12, t2 • 

Ii.ti 

It is interesting to note that combining the calcula
tion of transposition vectors of P and p-1 greatly 
improves the efficiency. 

Programming 9onsiderations: 

The check on validity of the given permutation vec
tor is performed so that all components of the 



vector PI are preset to zero. ·At the i-th step of the 
calculation of the inverse permutation vector, Pi is 
checked for 1 s Pi s: n, and qpi is checked for zero. 
If both restrictions are met qPi is reset to i. Other
wise, the error indicator is set to 'P' and further 
calculation is bypassed. 

Linear Equations and Related Topics 

• Subroutine MFG 

MFG •• MFG 

I*************************************'********************************/ 11 F G 
I* •/MFG 
I* FACTORIZE A GENERAL NON-SINGULAR MATRIX A INTO A PRODUCT */"IFG 
,. OF A LOWEFt- TRIANGULAR MArnrx l AND AN UPPER TRIANGULAR •/KFG 
I* MATRIX U OVERWRITTEN ON Ar OMITTING UNIT DIAGONAL OF U */MFG 
I* •/MFG 
I*******************************************************************•* I MFG 

PRDCEOUREtAr IPER,N,EPSt r • MFG 
DECLARE MFG 

ERROR EXTERNAL CHARACTERll), !•EXTERNAL ERROR INDICATOR */MFG 
EPS BINARY FLOAT, "IFG 
W BINARY FLDATC53l, MFG 
(A(•,•I ,H,RI MFG 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MFG 

I• BINARY FLOATl53), /*DOUBLE PRECISION VERSION /*D*/MFG 

I* 

(IPERl•ltI1INO,J,K1L1LN1M.,NJ MFG 
BINARY FIXED.,• ""FG 

LN .=N,. 
IF LN LE 0 
THEN DO,. 

/•TEST SPECtFCED DIMENS[ON 
11FG 

*/!'llFG 
MFG 

*/MFG 
MFG 
MFG 

*/MFG 

ERROR::::' P' , • 
GO TO RETURN,• 
ENO,. 

ERROR= 1 0 1 to 

00 L =1 TO LN,. 
R ::Q,. 

DD J =1 TO LN,. 
H =ABSUIL,JJ),. 
IF H GT R 
ThEN R =H,. 
ENO,. 

IF R = 0 
THEN DO,. 

' ERROR= 1 S 1 ,. 

/11-P. MEANS WRONG PARAMETER 

/*PRESET ERROR INDICATOR 
I****************************** •I MFG 
/•CALCULATE SCALING FACTORS */MFG 
I(!<**************************** (11*/ "'F G 
/*COMPUTE ABSOLUTELY GREATEST */MFG 
/•ELEMENT R IN EACH ROW OF A */"'IFG 

/*TEST FOR ZEROS IN ANY ROW 

/*ANY ROW IN GIVEN MATRIX A 
/•IS ZERO 

MFG 
MFG 
MFG 

*/MFG 
MFG 

•/MFG 
*/MFG GO TO RETURN,. 

ENO,. MFG 
/•STORE R IN AN INTEGER VECTOR */MFG 

ELSE UNSPEC(IPER(LlJ=UNSPECCRJ,. MFG 
END,• /***************************"'***/."IFG 

/*GAUSS ELIMINATION */MFG 
DO L =l TO LN1. /**"'****************************/MFG 
UNSPECIH1= 1 1 1 B,. /*PRESET 11 AS SMALLEST INTEGER •/MFG 

DO J =L TO LN,. /*MODIFY COLUMN, SEARCH PIVOT */MFG 
W.,H =ACJ1U ,. /*SAVE ELEMENT */MFG 

DO K =1 TO L-1,. /*COMPUTE SCALAR PRODUCTS */MFG 
W =W-HULTIPLYIAIJ1KJ,AIK1L1153J,. MFG 
ENO,. MFG 

AIJ,Ll=W,. /*UPDATE ELEMENT */MFG 
W =ABSIWI,. 11FG 
UNSPECI IJ=UNSPECIW) ,. MFG 

I =1-IPERIJI,. /*DIFFERENCE OF EXPONENTS */MFG 
IF I GT M /*SEARCH FIJR LARGEST IJIFFERENCEtr/MFG 
THEN DO,. MFG 

IND =J,. /*STORE ROW-INDEX */MFG 
M =1 1 • MFG 
R =H,. /*SAVE ORIGINAL ELE'1ENT FOR */,.FG 
E:NO,. /*TEST ON LOSS OF SIGNIFIC~NCE */MFG 

ENO.,. MFG 
IF IND GT L /*IS INTERCHANGE NECESSARY •/MFG 
THEN DO,• MFG 

IPER( IND1=1PERCU,. /*RESTORE PERMUTATION VECTOR */MfG 
DD J =l TO LN,. /*INTERCHANGE ROHS ~F "IATRIX A */."IFG 
H =A(L,JJ,. MFG 
A(L,JJ=AIINO,JJ,. MFG 
Al INO,Jl=H,. Ml=G 
ENO,. l"!FG 

END,. MFG 
IPERIU=INO,. /*STORE ROii NUMBER */MFG 
H -::AIL,LJ,. /*H CONTAINS THE PIVOT */MFG 
IF ABSI Hl LE ABS(EPS*RI /*TEST PIVOT ELEMENT FOR. LOSS */MFG 
THEN IF H NE C !•OF SIGNIFICANCE ANO FOR ZERO */MFG 
THE!ll ERROR= 1 W1 ,. /*W '1EANS WARNING */"'l~G 
ELSE IF R = 0 /*IS ORIGINAL ELEMENT ZERO *IM~G 

THEN 00 1 • MFG 
ERRC'R= 1 S'9• 
GO TO RETURN,. 
ENO,. 

ELSE DO , • 
H =~*lE-7,. 

H =R•lE-16,. 
ERROR= 1 C 1 ,. 

END,. 
00 J =L+l TO LN,. 

/*CALCULATED PIVflT MJO THE 
/*ORIGINAL ELEMENT AllE ZERO 

/*CORRECT ZERCl PIVC!T 
/*SINGLE PRECISION CORRECTION 
I* DOUBLE PRECISION CORRECTION 
/tr:WARNING ANO CORRECT HJN 

/*EXECUTE LOOP OVER L-TH ROW 

*/11PG 
*/J"IFG 

MFG 
t:/MFG 
>:r/MFG 
*/MFG 
*/'1FG 

MFG 
*/MFG 

•FG 

10 
20 
30 
40 
5C 
60 
70 
BC 
90 

100 
110 
120 
130 
140 
150 
160 
170 
100 
1"0 
2CO 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
460 
470 
480 
490 
500 
510 
520 
530 
54(' 
550 
560 
570 
580 
590 
600 
610 
620 
630 
64C 
650 
660 
670 
680 
690 
700 
710 
720 
730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
830 
84(' 
850 
060 

DO K =l TO L-1,. /*CALCULATE SCALA!" P!lOOUCTS */MFG 870 
W =W+MULTIPLY(AIL,KJ,AIK,Jl,531,. 
ENO,. 

AIL,J)=IAIL 1 J)-Wl/H1. /*COMPUTE NEW ELEMENT 
ENO,. 

END,. 
RETURN •• 

ENO,. /*ENO OF PROCEDURE MFG 

Purpose: 

Ml=G A8C 
"IFG 89C 

*/MFG 900 
MFG 910 
MFG qzc 
MFG 93C 

*/MFG 940 

. MFG factorizes a general nonsingular matrix A 
into a product of a lower triangular matrix L and 
an upper triangular matrix U overwritten on A, 
omitting the rmit diagonal of U. 
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Usage: 

CALL MFG (A, IPER, N, EPS); 

A(N, N) -

IPER(N) -

N-

EPS -

Remarks: 

BINARY FLOAT [(53)] 
Given two-dimensional .array. 
Resultant calculated triangular 
factors Land U, where unit diagonal 
of U is not stored. 
BINARY FDCED 
Resultant vector containing the per
mutations of rows of the matrix. 
BINARY FDCED 
Given order of matrix A. 
BINARY FLOAT 
Given relative tolerance for test on 
loss of significant digits. 

If no errors are detected in t_he processing of data, 
the error:indicator, ERROR, is set to zero. The 
following constitutes the possible. error conditions 
that may be detected: 

ERROR=' P' means error in specified dimension 
N::;;O 

ERROR=' S' means that any row in the. given 
matrix A is zero or that any calcu
lated pivot and the corresponding 
original elements are zero; this 
implies that the given matrix A is 
singular. 

ERROR='G' indicates correction. Any calculated 
zero pivot is modified to R• 10-7 in 
single precision (R· lo-16 in double 
precision if the corresponding 
original element R is nonzero). 

ERROR='W' indicates a warning. A possible 
loss of significance may occur. 

If at any factorization step the calculated pivot is 
equal to zero, the corresponding original 'element 
R is tested for zero. The given matrix A is inter
preted as being singular if R is zero. MFG sets 
error indicator ERROR to 'S' and further calcula
tion is bypassed. If R is not zero, pivot is cor
rected to R· 10-7 (in double precision R• lo-16> and 
ERROR is set to 'G'. 

Method: 

Calculation of the triangular factors L and U is done 
using the standard Gaussian elimination technique. 
Columnwise pivoti!lg is built in, combined with scaling 
of rows (equilibration). The upper triangular ma
trix U is normalized so that the diagonal contains 

all ones, which are not stored. The given matrix 
A is overwritten by the resulting triangular factors 
L and U, omitting the unit diagonal of U. 

For reference, see: 

H.J. Bowdler, R.S. Martin, G.Peters, J.H. 
Wilkinson, "Solution of Real and Complex Systems 
of Linear Equations", Numerische Mathematik, 
Vol. 8, 1966, pp. 217-234. 
A. Ralston and H. S. Wilf, Mathematical Methods 
for Digital Computers, Vol. 2, 1967, pp. 69-71. 

Mathematical Background: 

Let A be a nonsingular real matrix of order n. In 
general, it can be factorized into a product 

A=L·U 

where L and U are lower and upper triangular 
matrices respectively; U is chosen so that it has a 
unit diagonal. 

The elements lik and uik of the factor matrices L 
and U are computed using the following recursive 
formulas: 

~i ~ 1,2,. .. '~l 
{k - 1, 2' • • • ' l ) 

i-1 

(aik - I: 1im ' umk) 
m=l 

~i = ~,2, ••• , N-ll 
lk = i +1, ••• , N ) 

Programming Considerations: 

Even if the given matrix A is nonsingular and well 
conditioned, the process can fail when a leading 
principal submatrix of A is singular; furthermore, 
the process is numerically unstable whenever a 
leading principal submatrix is ill conditioned. 

. In order to avoid these inconveniences, a tech
nique of partial pivoting with an equilibration of the 
matrix has been introduced in MFG. Initially, the 
element with greatest absolute value -- say, 
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Wi (i=l, 2, ••• , N}, of each row of A is computed. 
The scaling factors W i are used as weights for 
pivoting. 

The p-th factorization step is as follows: 

1. Computation of the p-th column of L: 

p-1 

I. =a. lp lp L: 
m=l 

1 • u im mp 

and overwrite lip on aip (i = p, p+l, ••• , . N) 

2. Equilibrated partial pivoting: 

Choose k so that 

j\pl_ 
wk - MAX 

i:;;: p 
{ l~~I} 

Store the integer k in the vector IPER and, 
if k > p, interchange the k-th and p-thprows. 
Then I is the next pivot, pp 

3, Computation of the p-th row of U: 

1 
u. =-1-

p1 pp 
(a . -p1 

p-1 

L: 
m=l 

1 • u .) 
pm m1 

and overwrite upi on api (i = pH, p+-2, ••• , N} 

The diagonal terms of U, which are l, are not 
stored. For economy of storage, the scaling 
weights W i are initially stored in the vector IPER. 
This is done using the PL/I function UNSPEC, 
which stores W i in internal coded representation. 
This allows substituting/subtractions for divisions 
in the choice of pivots. 

If at factorization step p the pivot ~P becomes 
zero, the corresponding original element app is 
tested for zero. The given matrix A is interpreted 
as being singular if app is also zero, MFG sets 
error indicator ERROR to 1S1 and :further calcula
tion is bypassed. Jn other cases zero pivot is 
modified to: 

1 
pp a * pp l 10-7 in the single precision l 

version 

10-16 in t~e double precision 
version 

• Subroutine MFS 

HFS.. ~FS 

I*"''°'•••******"'************************"'****************************** *IM FS 
I* */HFS 
I* FACTORIZE SYMMETRIC POSITIVE DEFINITE MATRIK •/MFS 
I* *IHFS 
I********************************'°'************"'********************** *I HF S 

PROCEOUREIA1N1EPSI t• MFS 
DECLARE .MFS 

ERROR EXTERNAL CHARACTERllJ, /*EXTERNAL ERROR INDICATOR */MFS 
EPS BINtiRY FLOAT, HFS 
SUM BINARY FLOAT! 53), HFS 
Al •J HFS 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MFS ,. BINARY FLOATl53J 1 /*DOUBLE PRECISJ(IN VERSION /*D*/MFS 
llNDtie1KtKltltNJ MFS 
BINARY FIXED,. MFS 

IF N LE C /*TEST SPECIFIED 01MENSIQ1\I •/MFS 
THEN on,. MFS 

ERROR:•p 1 t• /*P MEANS WRONG PARAMETER */MFS 
GO TO PETUl'N 1 • HFS 
ENO,. HFS 

ERROR='O' t. /*PRESET. ERROR INDICATOR •/MFS 
IND =0 1 • /*INITIALIZE ROW-LOOP */HFS 
18 =11. HFS 

DO K =1 TO N 1 • /*EXECUTE LOOP OVER ALL ROWS */MFS 
KL =C1 • . MFS 

LOOP.• /*PERFORM LOOP W ITHtN K-TH ROW */HFS 
SUM =Ot • fllFS 

0(1 l =18 TO IND,• /*CALCULATE SCALAR PRODUCT- •/MFS 
KL =KL+l 1. MFS 
SUM =SUM+MULTIPLY(A(L),AIKLJ,53J,. MFS 
ENO,. piilFS 

KL =KL+l,. MFS 
IND =IND+l,. MFS 
SU"I =Al INO}-SUM,. HFS 
IF IND GT KL /*IS Al INDJ ON DIAGONAL */MFS 
THEN oa,. MFS 

RETURN.• 
END1. 

AIINDJ::SUH/AIKLJ ,. /•CALCULATE NON-DIAGONAL TERM */HFS 
GO TO LOOP,. HFS 
ENO,. MFS 

IF SUM GT 0 /*TEST SIGN Of "RADICAND */HFS 
THEN CO,. /*POSITIVE RADICANO */MFS 

IF SUH LE ABSIEPS*AI INDJ J t•TEST ON LOSS OF SIGNIFICANCE */HFS 
THEN F.RROR= 1 W1 ,. /*W MEANS WARNING *fMFS 
AllNOJ::SQRTISUMJ 1 • /*CALCULATE NEW DIAGONAL TERM */"1FS 
ENO,. MFS 

ELSE DO,. /*NEGATIVE RADtCAND • •/MFS 
EF.f.Ofl•'S'1• /•S MEANS HATFIX A IS NCl •/MFS 
N ::K-1,. /*POSITIVE DEFINITE */MFS 
GO TO RETURN,. /*REDUCE DIMENSION OF LOWER */MFS 
EN0 1 • /*TRIANGULAR FACTOR */!1FS 

18 =IB+K, • MFS 

END,. 

/*END OF PROCEDURE MFS 

NFS 
NFS 

*/MFS 

Purpose: 

LC 
20 
3C 
40 
50 
60 
70 
80 
qo 

100 
LLO 
LZO 
130 
140 
150 
160 
170 
180 
100 
200 
21C 
220 
230 
24C 
250 
260 
>10 
280 
2•0 
300 
310 
320 
330 
340 
35C 
360 
370 
380 
3•0 
400 
410 
420 
430 
440 
450 
460 
470 
480 
4•0 
500 
510 
520 
530 
540 
550 

MFS computes a triangular factorization of a sym
metric positive definite matrix using the square root 
method of Cholesky. 

Usage: 

CALL MFS (A, N, EPS); 

A(N*(N+l)/2) - BINARY FLOAT [ (53)] 
Given one-dimensional array con
taining the matrix A stored row
wise in compressed form. 
Resultant calculated lower triangular 
factor T stored rowwise in com
pressed form. 

N - BINARY FIXED 

EPS-

Remarks: 

Given order of matrix A. 
Resultant order of the triangular 
factor T. 
BINARY FLOAT 
Given relative tolerance for test on 
loss of significant digits. 

. . 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
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following constitutes the possible error conditions 
that may be detected: 

ERROR= 'P' means error in specified dimension: 
N~O 

ERROR='S' means given matrix A is not positive 
definite, possibly because of severe 
loss of significance. 

ERROR='W' is a warning. A possible loss of 
significance could occur. 

The lower part of the given symmetric matrix, A, 
is assumed to be stored in compressed form -- that 
is, rowwise in N*(N+ 1)/2 successive storage lo
cations. On return the lower triangular factor Tis 
stored in the same way. 

Method: 

Factorization is done using the square root method 
of Cholesky, which generates a lower triangular 
factor matrix T such that 

T • transpose (T) = A 

The given matrix, A, is replaced in core by the 
resultant matrix, T. 

For reference, see: 

J. H. Wilkinson, The Algebraic Eigenvalue Prob
lem, Clarendon Press, Oxford, 1965. 
A. Ralston and H. s. Wilf, Mathematical Methods 
for Digital Computers, Vol. 2, 1967, pp. 71-72. 

Mathematical Background: 

The elements t .. of the lower triangular matrix T 
are computed u1~ing the following recursive 
formulas: 

t2 
km 

t. t_ 
im ·km 

i=k+l, ••• , N, k=l, ... , N 

j 
( I: is to be interpreted as zero when j < 1. ) 
m=l 

The determinant of A may be computed by the 
formula: 

N 

det(A) = 7T \k 2 

k=l 

Programming Considerations: 

The given symmetric matrix A is assumed to be 
stored in compressed form. The resultant lower 
triangular factor T is returned in the locations of A. 

If at factorization step k (k=l, 2, ••. , N) the 
radicand is not positive, the error parameter 
ERROR is set to 'S', N to k-1, and further calcula
tion is bypassed. 

The error parameter ERROR is set to 'W' if any 
calculated radicand r = r - SUM is not greater than 
I EPS • r I , where r is the original diagonal term 
and SUM a scalar product sum. 

It should be noted that Cholesky factorization is 
done without pivoting. 
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• Subroutine MFSB 

HFSB •. HFSB 10 
I******************* **************************************************ll"FSB 20 
I* . •n'IFSB 30 
I* FACTORIZE A GIVEN POSITIVE DEFINITE N BY N MATRIX A */'4FSB 40 
I* WITH SY"1METR1C BAND STRUCTUPE tNUD UPPER CODIAGONALSI *IMFSB 50 
I* *IMFSB 60 
I************""************* *******oCI**************** *************'°'*****IMF SB 70 , 

PROCEDUR.EU,N,NUD1FPS),. MFSB ea· 
DECLARE HFSB 90~ 

ERROR EXTERNAL CH'ARACTERCU, /*EXTERNAL ERROR INDICATOR */MFSB lOOt 
EPS l\INAR.Y FLOAT, MFSB 110 
SUM BINARY FLOATI 53) 1 MFSB 120 
IA(*1*hPIVJ· MFSB 130 
BINARY FLOAT, /*SINGLE PRECISION VERSION /O:S•/MFSB 140' 

I* BINARY FLC!AT153J, /*DOUBLE PRECISION VERSION /*D*/MFSB 150' 
I I, JO,J,JEND1K1KK,KEND1 MFSB 160 
LN,LNUO,M,N,NC,NR,NUD) MFS8 170 
BlNA~Y F JXED, • MFSB 180· 

LN :i:::N,. HFSB J90· 
LNUD =NUO,. MFSB 200: 
ERROR='P',. t•P MEANS WRONG PARAMETER •IMFSB 210; 
IF LNUO LT C /•TEST SPECIFIED NUMBER Of •IMFSB 220 1 

THEN GD TO P.ETURN,. /•UPPER CODIAGONALS •IMFSB 230' 
IF LN LE LNUD /•TEST SPECIFIED DIMENSION N *lli!FSB 240 
THEN GO TO RETUiiN, • MFSB 250 
NR =LN-LNUO,. /•INITIALIZE PARAMETERS •IMFSB 260 
NC,JENO=LNUD+l,. MFSB 270· 

DO I =l TO LN,. /•EXECUTE LOOP OVER ALL ROWS *IMFSB 280· 
IF I GT NR /*HODIFV JENO ·AT THE END OF *IMFSB 290 
THEN JENO =JENO-I.. l*fHE BAND STRUCTURE *IMFSB 300 
KENO =NC,. /*INITIALIZE KENO ANO M */MFSB 310 
M =~C-1 r. MFSB 320 
IF M GT C t•MODIFV KENO AT THE START OF */MFSB 330 
THEN KCND =KENO-M,. /•THE BAND STRUCTURE */MFSB 3~0 

DO J =l TO JENDr. /*EXECUTE LOOP OVER I-TH ROW *IMFSB 350 
to =J-1,. l•CALULATE INCREMENT IO *IMFSB 360 
KK =I,. /*JNJTIALIZE KK AND SUH •IMFSB 370 
SUM =O,. MFSB 380 

DD K =J+l TO KENO,. /•COMPUTE SCALAR PRODUCT SUM */MFSB 390 
KK =KK-l,. MFSB 400 
SUM ==SUM+HULTIPLVIAfKK,KJ rACKK1K-IDJ r53),. MFSB ltlO 
ENO,. MFSB 420 

SUM =Al I ,JJ-SUM,. MFSB 430 
IF J = l /•IS AIJ,J) DIAGONAL ELEMENT */MFSB 440 
THEN IF SUM GT C· /*TEST FOR LOSS OF SIGNIFICANT •/MFSB 450 
THEN DIJ,. /*DIGITS AND COMPUTE NEW TERM •IMFSB 460 

IF SUM LE ABSIEPS•AII,Jll MFSB 470 
THEN ERROR= 1 W1 ,. MFSB 480 
PlV,AII,Jl=SORTCSUMJ,. MFSB 't90 
END,. MFSB 500 

ELSE DO,. HFSB 510 
ERROF'= 1 S•,. l•A IS NOT POSITIVE DEFINITE *IMFSB 520 
N =I-t,. /*RESET INPUT DIMENSION N •/MFSB 530 
GO TO RETURN,. lil:FSB 540 
ENO,. MFSB 550 

ELSE Act ,J)=SUH/PJV,. /*MODIFY NON-DIAGONAL ELEMENT •IMFSB 56C 
IF J LE M ~FSB 570 
THEN KENO :KENO+l, • /*UPDATE KENO IF NECESSARY *IP'IFSB 580 
ENO,. .,.FSB 590 

END1. ~FSB 60C 
ERROR='9',. /*SUCCESSFUL OPER.ATION *l ... FSB 610 

RETURN.. Pi4FSB 620 
END,. /*END OF PROCEDURE MFSB */!'1FSB 630 

Purpose: 

MFSB. computes a triangular factorization of a sym
metric positive definite band matrix using the 
square root method of Cholesky. 

Usage: 

CALL MFSB (A, N, NUD, EPS); 

A(N, NUDl-1) - BINARY FLOAT [(53)] 

N-

Given two-dimensional array con
taining the upper part of a sym
metric band matrix A with NUD 
upper codiagonals. 
Each row starts with its diagonal 
element. 
Resultant calculated upper band 
factor T. 
BINARY FIXED 
Given number of rows of matrix A. 
Resultant number of rows of upper 
band factor T. 

NUD-

EPS-

Remarks: 

BINARY FIXED 
Given number of upper codiagonals 
of A. 
BINARY FLOAT 
Given relative tolerance for test 
on loss of significant digits. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='P' - means error in specified dimen
sions: 
NUD< 0 or Ns; NUD 

ERROR='S' - means any calculated pivot is not 
positive -- that is, given matrix A 
is not positive definite. This is 
possibly due to a severe loss of 
significance. 

ERROR='W' - is a warning indicating possible loss 
of significance. 

The upper part of symmetric band matrix A, con
sisting of the main diagonal and NUD upper co
diagonals, is assumed to be stored rowwise in 
array A(N, NUDl-1) starting with its diagonal ele
ments. Thus, A(i, 1) are the diagonal elements of 
the given band matrix A (i = 1, 2, ••• , N). On re
turn, the upper band factor Tis stored in the same 
way in the locations of A. 

Input parameters N and NUD should satisfy the 
following restrictions: 

Os:NUD<N 

Method: 

Factorization is done using the square root method 
of Cholesky. This generates the upper band factor 
T such that 

T • transpose (T) = A 

The given A is replaced by the resilltant T. 

For reference see: 

H. Rutishauser, "Algorithm.us 1 - Lineares 
Gleichungssystem mit symmetrischer positiv
definiter Bandmatrix nach Cholesky", Computing 
(Archives for Electronic Computing), Vol. l, iss. 
1, 1966, pp. 77-78. 
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Mathematical Background: 

For the elements a of a symmetric band matrix 
with NUD upper co:ftagonals, the following is true: 

The elements tik of the upper factorized matrix T 
are computed using the following recursive 
formula: 

[ 
i-1 

aik - L:· tmi • 
m=mo · 

m0 = max (1, k-NUD) i=l, 2, ••• , N 
k=i+l, ••• ' 

r 
(any symbol L: 

m=mo 

zero if r < m0) 

min (i + NUD, N) 

X is to be interpreted as 
m 

Jn the special case i = k (diagonal elements), the 
above equation may be written: 

k =1, 2., ••• , N mo= max (1, k-NUD) 

The resultant upper factor T has band structure 
again, because the following is true: 

if k> i+NUD 

Programming Considerations: 

The upper part of the symmetric positive definite 
band matrix A, consisting of the main diagonal and 
NUD upper codiagonals, is assumed to be stored 
rowwise in the two-dimensional array A(N, NUD+ 1) 
such that A(i, 1) are the diagonal elements (i=l, 2, 
••• , N). Therefore, the elements A(i, k) of array 
A with i + k > N are irrelevant; they are not touched 
within MFSB. The resultant upper band factor Tis 
returned in the locations of A. 

If, at factorization 13tep m(m=l, 2, ••• , N), the 
radicand is not positive, error parameter ERROR 
is set to 'S1 , dimension N to m · - 1, and further 
calculation is bypassed. 

The error character is set to 'W' if any calculated 
radicand r=r- SUM is positive but no longer 

greater than I EPS • r I, where r means the 
original diagonal term and SUM a scalar product 
sum. 

The input parameters N and NUD must satisfy 
the restriction: 

os NUD< N 

otherwise, ERROR is set to 'P'. 
It should be noted that Cholesky' s factorization 

is done without pivoting. 
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• Subroutine MFGR 

HFGR.. MFGR 10 
I****************·**********************.;.:****************************** I M.F Gt! 2 C 
I* */MJ=GR 30 
I* FOR A GIVEN H BY N MATRIX A THE FOLLOWING CALCULATIONS */MFGR 4-0 
I* ARE PERFORMED . •/MFGQ 50 
I* 11) DETERMINE RANK AND LINEARLY lNOEPENOENT ROWS ANO •IHFGR 60 
I* COLUMNS CBASI SJ */MFGR 10 
I* (2) FACTORIZE A SUBMATRIX OF MAXIMAL RANK •/lolFGR BO 
I* 13) EXPRESS NON-BASIC ROWS IN TERMS IJF BASIC ONES •IMFGR c;o 
I* 14) EXPRESS BASIC VARIABLES IN TERMS OF FREE ONES */HFGR 100 
I* */MFGR 110 
I********************************************************************* IMF GR 120 

,. 

PROCf:DUR EI A, H, N, E PS ti RANK, (ROW, ICGLI , • MF GR l 30 
DECLARE . H1=GR 140 

ERROR EXTERNAL-CHARACTERillt /*EXTERNAL ERROR INDICATOR */HFGR 150 
EPS BINARY FLOAT, MFG? 160 
SUM BINARY FLOAH53J, MFGR 170 
(A(*,*l ,HOLD,PIV,SAVE 1TOL,WORK) MFGR 180 
BINARY FLOAT, /*SINGLE PRECISION VERSION f*S*/HFGQ. 190 
BINARY FLOAH53), /*DOUBLE PRECISION VERSION /*D*/HFGR 200 
I ICOLI *), IROWI *l ,I, IC,IR, MFGR 210 
INDdRAl\K,J,K,Llo!1LN,M1Nl MFGR 22C 
BINARY FIXED,, HS::GR 230 

LH =M, • MFGR 240 
LN =N1 • MFGR 25C 
ERROR='P'r• /*P MEANS WRONG INPUT */HFGR 260 
IF LH LT 1 /*TEST OF DIMENSION M */f1FGR 270 
THEN GO TO RETURN,• MFGR 280 
IF LN LT l /*TEST OF DIMENSION N */MFGR 290 
THEN GO TO RETU?.N,. HFGR 300 
ERROR= 1 0 1 ,. /*PRESET ERROR INDICATOR */1'1FGR 310 

PIV =Or• 
00 J :1 TO LN,, 
ICOUJl=J,. 

ENO,. 

DO I =l TO LH,. 
HOLD =AII,JJ,. 
IF ABSIHOLO) GT ABSC?IVl 
THEN DO,. 

PIV =HOLD,. 
IP =I,. 
IC =J,. 
ENO,. 

END,. 

DO I =l TO LM,. 
IROWI I l=I,, 
END1 .. 

TOL =AB SI EP S*P I VI,. 
IRANK=O,, 

DO J =l TO LN,, 
IF ABS(PIVI LE TOL 

THEN GO TD ROW,, 
IRANK=J,. 
IF l? GT IRANK 
THEN DO,. 

00 I =l TO LN,. 
SAVE =A(IRANKtII •• 
A( I RANK ti l=A( TR, I I,. 
A( IR, I J=SAVEr. 
ENO,. 

IND =IROWI IRI,. 
IROWC I Rl=IRDWt I RANKI, • 
IROWI lRANKl=INO,. 
ENO,• , 

IF IC GT IRANK 
THEN DO,. 

IND 
SAVE 
PIV 

00 I =1 TO LM 1 • 

SAVE =All,IRANKI,. 
A I I, I RANKJ =AC I, IC I,. 
Al I .ICl:SAVE,. 
END,. 

IND :JCOUICJ,. 
ICOL( IC I =ICOLI IRANKI,. 
ICDL( I RANK) =I NO,. 
ENO,. 
=IFANK+l,. 
=PIV1 .. 
c::Q,. 
DO I =IND TO U\,, 

/*INIT. COLUMN INDEX VECTOR */MFGR 320 
/*SEARCH FIRST PIVOT ELEMENT */MFGR 330 
/*EXECUTE LOOP OVER COLUMNS */MFGP. 34C 

MFGR 35C 
/*EXECUTE LOOP OVER ALL ROWS */MFGR 360 

MFGR 370 
MFGP 380 
MFGR 390 

/*SAVE VALUE ANO INDEX OF THE */"1FGR 400 
/*ABSOLUTELY GREATEST ELEMENT */MFGP 410 

MFGR 420 
MFGR 430 
MFGR 440 
MFGR 450 

/*INITIALIZE ROW INDEX VECTOR */HFGR 460 
MFGR 470 
MFGR 460 

/*SET UP INTERNAL TOLERANCE *IMFGR 490 
I *******************************/MFGR 500 
/*GAUSS ELIMINATION */MFGR 510 
I****************************** */MFGR 52C 
/*PIVOT IS NOT FEASIBLE */MFGR 530 
/*UPDATE RANK */HFGR 540 
/*SHOULD ROWS BE INTERCHANGED */HFGR 550 

/*INTERCHANGE ROWS 

/*UPDATE ROW INDEX VECTOR 

/*SHOULD COLUMNS BE INTER
/*CHANGEO 
/*INTERCHANGE COLUMNS 

MFGR 560 
*/MFGR 570 

HFGR. 560 
HFGR 590 
HFGR 600 
HFGR 610 

*/MFGR 620 
MFGR 630 
HFGR 640 
fltFGR 650 

*IMFGR 660 
*/MFGR 670 
*/MFGR 680 

HFGR 690 
MFGR 700 
HFGR 710 
HFGR 720 

/*UPDATE COLUMN INDEX VECTOR */MFGR 730 
MfGR 740 
MFGR 750 
MFGR 760 

/*INITIALIZE LOOP FOR TRANS- *IHFGR 770 
/*FORMING CURRENT SUBMATRIX */HFGR 780 
/*ANO SEARCHING NEXT PIVOT */MFGR 790 

HOLD, Al I ,I RANK) =AC I, IRANKJ /SAl/E,. 
HFGR 800 
HFGR 81(1 
MFGR 820 
HFGR 830 

END,. 

DO K =IND TO LN,. 
WORK ,A( I ,KJ c::AI I ,Kl-HDLD*AC I RANK, Kl,, 

/*SEARCH NEXT PIVOT 
IF A8S(WORKJ GT ABSCPIVI 
THEN DO,. 

ELEMENT */HFGR 840 
HEGR 850 
MFGR 660 

PIV :WORK,. /*SAVE VALUE AND INDEX OF THE */HFGR 870 

ENO,, 
ENO,• 

IR c::I,. 
IC =K, • 
ENO,. 

/*A8SOLUTELV GREATEST ELEMENT */HFGR 860 
MfGfl 690 
MFGR 900 
HFGR 910 
MFGR 92.0 

ROW •• 
I*******************************/ HFGR 930 
/*COMPUTE ROW DEPENDENCY ES */MFGR 940 
I *******************************/t-IFGR 950 IF IRANK= LM 

THEN GO TO HOM,. /*ALL ROWS ARE BASIC ONES */HFGR 960 

H0"1 •• 

DO J =IRANK-1 TO l" BY -1,. /*SET UP MATRIX EXPRESSING */HFGR 970 
IR 

END,. 

==J+l,. 
DO 1 =INO TO LM,. 
SUM =C,. 

/*ROW OEPENOENCI ES */MFGR 960 
/*LOOP FOR NON-BASIC ROWS */MFGR 990 

DO K =IR TO IRANK,. /*CALCULATE SCALAR 
SUM =SUM+MUL Tl Pl YC AC I ,KJ, Al K,J) ,53 J,. 

PRODUCTS 
MFGR1('100 

*/HFGR1010 
HFGfl 1020 
HFGR1030 

*/HFGR 1040 
ENO,. 

A( J ,JJ=A(I ,JI-SUM,. /*MOOIFV ELEMENT 
END,. MFGR1050 

IF IRANK= LN 

I *******************************/MFGR 1060 
/*COMPUTE HOMOGENEOUS SOLUTION */MFGR1070 
I***************************** **I MF GR l 080 

THEN GO TO RETURN 1. /*ALL COLUMNS· ARE BASIC ONES */MFGR 1090 

RETURN ... 
ENO,. 

/*SET. UP MATRIX EXPRESSING */MFGRllOO 
DO .J =IRANK ro 1 BY -1,. /*BASIC VARIABLES IN TERMS OF */HFGRlllO 
IR =J+J,. /*FREE PARAMETERS */MFGR1120 

ENO,. 

DO I =IND TO LI~,. /*LOOP FOR FREE COLUMNS */MFGRl 130 
SUM =O,. 

DO K =IR TO IRANK 1 • /*CALCULATE SCALAR 
SUM <=SUM+,...UL TI PLV( A( J ,Kl, Al K, I), 531,. 
END,, 

A(J,Il=-IAtJ,Il+ SUMJ/AIJ,Jl,. 
fND,. 

PRODUCTS 

/*END OF PROCEDURE MFGR 

MFGRl 140 
*/MFGR1150 

HFGRl 160 
MFGR1170 
1":FGR1180 
MFGl<ll90 
MFGR1200 
"'FGR121C 

*IMFGR1220 

Purpose: 

For a given general rectangular matrix, MFGR 
performs the following: 

1. Determines rank and linearly independent rows 
and columns (basis) 

2. Factorizes a submatrix of maximal rank 
3. Expresses nonbasic rows in terms of basic 

rows 
4. Expresses basic variables in terms of free 

variables 

Usage: 

CALL MFGR(A, M, N, EPS, IRANK, IROW, ICOL); 

A(M, N) -

M-

N-

EPS-

IRANK-

IROW(M) -

ICOL(N) -

Remarks: 

BINARY FLOAT [(53)] 
Given general matrix with M rows and 
N columns. 
Resultant calculated triangular 
factors L, U and submatrices C, H, D. 
BINARY FIXED 
Given number of rows of matrix A. 
BINARY FIXED 
Given number of columns of matrix A. 
BINARY FLOAT 
Given relative tolerance for test on 
zero. 
BINARY FIXED 
Resultant rank of given matrix. 
BINARY FIXED 
Resultant vector containing the sub
scripts of basic rows in IROW(l) up to 
IROW (IRANK). 
BINARY FIXED 
Resultant vector containing the sub
scripts of basic columns in ICOL(l) 
up to ICOL(IRANK). 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR='P' means error in specified dimensions: 
M ~ O and/ or N ~ O · 

Calculation of the rank of given matrix A is most 
critical. It is not claimed that MFGR will give the 
correct rank in all cases, because of the intrinsic 
difficulty caused by performing calculations with 
a finite number of digits. 

Suggested range for values of EPS is no-4, 
10-6) in single precision and (lo-8, 10-lS) in double 
precision. 
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Method: 

Calculation of the rank IRANK and of the triangular 
factors L and U is done using the standard Gaussian 
elimination technique with complete pivoting. The 
lower triangular matrix Lis normalized so that the 
diagonal contains all ones, which are not stored. 
The subdiagonal part of L and the upper triangular 
factor U are stored in the locations of the given 
matrix A. 

Jn case A is singular, the triangular factors L 
and U only of a submatrix of maximal rank are re
tained. The remaining parts of the resultant matrix 
give the dependencies of rows and columns and the 
solution of the homogeneous matrix equation 
A• X = O. 

For reference see: 

A. S, Householder, The Theory of lWatrices in 
Numerical Analysis, 1965, pp, 125-130, 

Mathematical Background: 

Interchange .information 

Gauss elimination with complete pivoting implies 
that the rows and columns. of the given M by N 
matrix A are interchanged at each elimination step 
if necessary. The interchange information is re
corded in two integer vectors IROW and ICOL: 

The i-th { rowl } of the interchanged matrix 
coumn 

corresponds 

{ IROW(i)-th row } 
to the ICOL(i)-th column in the original 

matrix, where initially 

IROW(i)=i and ICOL(i)=ifor i = { 1•2• "• • M} 
1,2, ••. ,N 

At the i-th elimination step the interchanged 
matrix is denoted by Ai. 

First elimination step 

After pivoting, the interchanged matrix A1 is uniquely 
expressed as: 

by imposing the following conditions: 
1. U 1 is the N by N identity matrix except for 

the first row. 
2. Ll is the M by M identity matrix except for 

the first column. The first diagonal element 
has a value of one. 

3. nl is an M by N matrix with first diagonal 
element equal to one, while all remaining 
elements of the first row and column are equal 
to zero. 

Partitioning of matrices A 1, L 1, D1, u1 leads to: 

'(1 0) 
L~l I 

( 

1 0
1 

) (ui1 ui2\ 

0 n22 0 I ) 

where: 

1 
all = 

1 
A12 

1 
A21 

1 
ull 

1 
u12 

1 
L21 

1 
ull 

ul + 1 
12 D22 

This implies the following: 

1. The elements of the first column of u1 are 

1 1 
u1k = alk (k = 1, 2, 3, ••• , N) 

2. The elements of the first column of L1 are 

1 
ail 

= - 1- (i = 2, 3, ••• , M) 

all 
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3. The elements of submatrix D~2 of nl are 

i =2, 3, ..... , M 
k=2,3, ... ,N 

Note that it is possible to record all nontrivial 
information about Ll, nl, u1 in the storage loca
tions originally occupied by A, storing only: 

( u~1 
. 1 

L21 

Second elimination step 

Assume D~2 is not zero in the sense that all its 
elements are absolutely greater than an internal 
tolerance TOL. The complete pivoting in nl2 
implies that matrix Al possibly is interchanged, 
giving A2: 

A= 2 • 2 • 1l 2 ( 1 0) ( 1 0 ) (u1 

L 21 I 0 n22 0 ~2)· I . 

Now D~2 may be expressed uniquely in the form: 

· ( 1 o) (1 o 2 ) . (u~2 D~2 = L322 I . 0 D 0 
33 

It is easily seen that 

A2 = L2 • D2 • U2 

where 

D2 = 

0 

1 

0 

1 

0 

(~1 ~· ~) 
u2 = o ~2 u23 

0 0 I 

Final elimination step 

At the neit step D~3 is factorized, and so on. Now 
assume that D~+l r+l equals zero -- that is, that 
all its elements are absolutely less than or equal 
to TOL. This is interpreted as matrix A has the 
rank r and the result is the factorization: 

Negle~ting the small elements in D~+l r+l this may 
be written as: ' 

r 
·A 

with 

L = 

u 

LR 

I 

=(tR) • (U, UR) 

1 0 

1 

r { 1r1 r2 

1 2 
ull ul2 

0 
2 

u22 

0 0 

= (Lr Lr 
r+l, 1' r+l, 2' 

.• 

... ' Lr ) 
r+l, r 

0 

0 

1 

r 
u rr 
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UR = 

tf r, r+l 

L is a lower triangular matrix of order r with unit 
diagonal. 

U is an r by r upper triangular matrix. 
LR is an (M-r) by r matrix; if the given matrix A 

is row regular (that is, r=M), LR is absent in the 
final factorization. 

UR is an r by (N-r) matrix; if the given matrix 
A is column regular (that is, r = N), UR is absent 
in the final factorization. 

Further calculations 

The problem of matrix factorization arises in con
nection with the solution of systems of equations 
A • X = R. Three different cases must be dis
tinguished: 

1. r = M = N 
A is nonsingular, and A • X = R has a unique 

solution. 
2. r < M 

A is not row regular; solutions of A • X = R 
exist only if the linear combinations among the rows 
of A are also valid among the rows of R. 

3. r < N 
A is not column regular; A· X = 0 has non

trivial solutions. 
The cases (2) and (3) may occur together. The 

solution, if it exists, is uniquely determined for 
r=N; otherwise, it contains N-r free parameters. 
It is quite natural to ask for the linear combinations 
among the rows and columns of given matrix A and 
for the linear forms expressing basic variables in 
terms of free variables. Therefore, instead of LR 
and UR, matrices C and H, containing linear 
combinations, are returned. 

Observe carefully that the calculated factorization 
belongs to the interchanged matrix Ar. Therefore, 
we use Ar • xr = Rr instead of A · X = R. 

Let xr, Rr be partitioned into(~~) and@:~) . 

Then, from Ar • xr = Rr is obtained: 

More explicitly: 

LR• U• X +LR• UR• X =R 
1 . 2 2 

Since L and U are nonsingular, this implies 
that: 

For the user's convenience: 

-1 
LR is replaced by C 1 = LR • L 

-1 
UR is replaced by H = - U • UR 

while L and U remain unchanged. 
For consistency it is necessary to set 

~ = Cl • Ri and to obtain homogeneous 
solutions from the equation: 

X = H • X 1 2 

In case of a consistent system of equations 
Ar· xr = Rr, the general solution is: 

+H • X 
2 

while the values of the free variables contained in 
X2 may be chosen arbitrarily. 

Programming Considerations: 

Let ~k be the absolutely greatest element of the 
original matrix A, which is found first in column
wise scan. The internal tolerance TOL is set equal 
to I EPS • aik I . 

If, at them-th elimination step, the absolutely 
greatest element of :om-::fu. is less than or equal to 

' 
TOL, the submatrix DHr:fu is interpreted as being 

' 
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the zero matrix. Then m-1 is returned as rank of 
the given matrix A and further factorization is 
bypassed. 

The calculated factorization belongs to the inter
changed matrix Ar. Therefore, we deal with Ar • 
xr = Rr instead of A • X = R, where: 

. { ~}is obtaine~ from { i} using the 

{ ICOL(k)} { X} {k-th} IROW(i) element of R as i-th element of 

{~} 
with k = 1, 2, ••• , N and i 1, 2, ••• , M. 

Within the storage area 
originally occupied by the 
input matrix A, procedure 
MF GR returns, in a com
pact scheme, the matrices 
L, U, C, H, and D (see 
diagram). 

,. N-__..,_ 

-4--IRANK__.. 

t L 

u 
H 

M 

l c D 

Numerical example 

Let A ( ! ~ ! ) , EPS = lE-5 

~ ! -~ 
Procedure MFGR returns L, U, C, H, and D: 

L = 

c =· 

( o.~ 
( 0;5 

1. 5 

u =(~ ~). 
H =(-0. 33333325) D=fO) -o. 33333331 ' \o 

and combines them in the following compact scheme: 

(~.5 
0.5 
1.5 

2 
3 
0 

-1 

-0. 33333325) . !RANK = 2 
- ~· 33333331 and !ROW:: (3' 2' 1, 4) 

O !COL - (2, 3, 1) 

From information in C, !RANK, !ROW we get the 
linear dependencies among rows: 

row(l) = o. 5 • row(3) + 0 • row(2) 
row (4) = 1. 5 • row(3) - 1 • row(2) 

From information in H, ffiANK, !COL we get the 
homogeneous solution of A• X = 0: x 1 = H • x 2: 

x2 = -o. 33333325 x1 

x3 = -0. 33333331 x1 

and with 

column (1) • x1 + column (2) • x2 
+ column (3) • x3 = 0, the linear dependencies 
among columns: 

column (1) = O. 33333325 • column (2) 
+o. 33333331 • column (3). · 

Multiplying the triangular factors L, U we get: 

a33) = (4 2) 
a23 2 . 4 
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FOR A GlVEN GENERAL REC.TANG ULAR ~Arne x ~FGR PERFORMS THE. FOLLOW ING 

UETERMINES RANK ANO LINEARLY HOEPE~OENT ROWS ~NO COLUMNS IBASISI, FACTORIZES A SUBHATRIX OF MAXIMAL RANK, 

EXPRESSES NONBASIC" ROWS IN TERMS CF. BASIC ROWS, EXPRESSES BASIC VARIABLES IN TERMS OF FRFE VAR!ABLFS. 

U 1 •:0tAZ ********** . . . . .. 
A5 *• .. .. 

:,·. 

* PRE SET * 
*****A3********** 
*INITIALHE J=l o 
*AS LOOP COUNT ER* NO,o !SJ*• 

****Al********* . . . . 
*PROC!oOURE MFGR * • . * ••• X* ERROR=•O• * ••••• xo · FOR GAUSS * * ELIMINATION * • • 

***************** 

••••••••••••••••••••••••••••••••*• GREATER .•x ... • • *************** • • ············•**** :x .•.••••••• : 

*• THAN N • O ;•· .. .... * YES 

x ••••••••••••• x: 
x 

*****Bl********** • * * PRESET * * ERROR=•P• * * • • • ***************** 

x 
·*· Cl· *• 

YES •• ·* 15 H .*••. 
•• ••*. LESS THAN •* 

*• ONE •* •. ·* 
*· ·* * NO 

x 
·*· Dl *• • ·* •. 

X YES. •* IS N *. NO • 
••••*• LESS THAN . •*•••••• *. ONE . •* • • ·* *. ·* * 

x 
****•82 ********** * INITIALIZE * 
* COLUMN I NOEX * * VECTOR * * ICOL(Jl=J, * : ... ~:~, ... ,~ ... : 

x 
•••••cz ********** * SEARCH· * 
* ABSOLUTELY * 
o GREATEST TERM *· 
·*PIV OF ORIGINAL* * MATRIX A o .................. 

x •••••02••········ *STORE ROW I NDF.X* * IR ANO COLUMN * * INDEX IC OF * 
* Pl VOT Pl V * * . • ••••••••••••••••• 

x 
*****EZ********** *I Nill A LIZE ROW * * I NOE X VECTOR * 
* I ROWll I =I , o 
: l=t, ••• ,M : 

••••••••••••••••• 

x ••••*F2 •••••••••• 
* • *SET' UP INTERNAL* 
*TOLERANCE Tel= * * =AB SI E PS*PI VI * • • ••••••••••••••••• 

x ••••*G2••········ • • o PRESET RANK o * INDEX IRANK=O * • • • • ••••••••••••••••• 

.•. 
83 ... 

•* PIVOT *• 
•*FEASIBLE, *• NO • • .• !s Ga~~/ ~~v !. ·* ....•.•.•...•.•.•..•.. ' ...•••. 

*• TOL •* *· •• * YES 

x 
*****C3********** • • * UPDAT. E RANK, * 
* l~ANK=J ·o . . . 
• • 
***************** 

x .•. 
03 •• 

• •SHOULD *• 
NO ·* ~ows BE •• 

*****Die********** * • * ~ANSFORM * 
• :•••*·l~Pf~A~E~t•* •• .xo CURR ENT * 

•.!RANK.• 
•• ·* * YF.S 

*****F.3•~········ • • * INTERCHANGE * * ROWS * • • * • 
***************** 

x 
*****F3********** • • * UJ>OAT E ROW * * INDEX VECTOR * • • • • ••••••••••••••••• 

: : .•••...••• x: 
i 

··*· G3 *• 
•*SHOULD *• 

• OCOLUMNS BE *• NO • 
*•I NT fRCH ANGED •*. •• .X. 

•.-IS IC GT•* 
•.!RANK.* .. .. 

* YES 

x . 
*****H3********** * . • 
* INTERCHANGE * 
* COLUMNS o • • * • ••••••••••••••••• 

x 
•••••Jl********** • • * UPOATE COLUMN o • * INDEX VECTOR *•••••• • * • • 
***************** 

* SURMA TR I X * • • ••••••••••••••••• 

x 
*****E4********** • • * SEARCH NEXT * * PIVOT PIV * * • * • ••••••••••••••••• 

x 
*****F4********** 
•STORE ROW INDEX* * lR'AND COLUMN• 
* INDEX IC OF * * PIVOT PIV O • • ••••••••••••••••• 

x 
*****G4********** .. . 
• • * J=J+l • 
* • • • • •••••••••••••••• 

x 
ROW . .. 

B5 *• • o ROWS *• 
YES • *I NDEPENDE ~T*• 

•••• *• - IS lRANK • o 
o.FQUAL TO •* 

*• M • * . ... 
* NO 

x 
*****CS********** • • * SET UP MATRIX * 
*E XPRE SSI NG ROW o 
•DEPENDENCIES * • • ••••••••••••••••• 

: ••••••••.• x: 
x 

HOM • *• 
05 •• 

• *COLUMNS•. 
YES .•Il'llEPENOENT•. 

•• •• *• -IS !RANK • o 
•.EQUAL TO •* 

·o. N • * . ... 
* ND 

x 
*****ES********** * SET UP MATRIX o * EXPRESS! NG O 
*BASIC VARIABLES* * IN TERMS CF o 
*FREE VARI ABLES * • •••••••••••••••• 

: •••.•••••• x: 

.. 

.· 

RE TURN' X 
••••KS********* • * . .ENO OF . .• 

• • •• • • • • • •. • • ••••••••••••••••••••••••••••• , •••••••••• ••. • •••• •• ••••••••••••••• •• •• •• •• •• •••• •• •• •• •• ....... X*PROCEDURE MFGR * • • ••••••••••••••• 
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• Subroutine MDLS/MDRS 

KDLS. • MDLS 10 
l*********************************************************************/f.OLS 2C 
I* •/l'COLS 30 
I* FOR AN EQUATION SYSTEM A•X .. R WITH SYHHETRIC POSITIVE */MDLS 4C' 
I* DEFINITE MATRIX A=TOTRANSPOSE Ill CALCULATE OPTIONALLY • 6/HOLS 50 
I* SOLUTION IC */lllOLS 60 
I* lNVEFSEITI * R */MOLS 70 
I* TRANSPOSEC INVERSEUI I * R •IY.DLS 8(1 
I* FOP GIVEN HlANGULAR FACTOR T AND RIGHT HAND SIDE MATRIX R •l~DLS 90 
I* O/MOLS l('C 
l****************************************************************•****IHOLS 110 

PROCEDURE I~, M, N,A ,CPT J, • MOLS 12C 
DECLARE MDLS.130 

ERROR EXTERNAL CHARACTER I lJ, /*EXTERNAL ERflOR INDICATOR *l,..OLS 140 
(OPT,COPTJ CH.O.RACTER IU t /OOPTION PARAH ET Et: */MOLS 15C 
SUH BINARY FLOAT(53J, fi!IDLS 160 
IRU,•J ,AUi I !i'IDLS 110 
Bl~ARV FLOAT, /*SINGLE PRECISIDN VERSION /*S*/MOLS lBC 

I* BlNARY FLOAT153), /*DOUBLE PRECISION VERSION l*D*/MOLS l9C 
11,tENO,tI,llArIIDrIIST,JK, MDLS 2CC 
IKArlKDrlKST,J,JENDtKtLrLDt /llOLS 210 
LX,LOX,K,HSTA.,HOEL,HX,NI MOLS 220 
BINARY Fl XEO,. MOLS 230 

I IDt IKA=lt • 
JKOt l IA=Ot • 
IENO =-Nr. 
JENO =H-lt• 
GO TO BOTH,• 

MDR.S •• 

I *******************************I ~DLS 240 
/*INITIALIZE PARAHETERS FOR */MDLS 250 
!*DIVISION FROM LEFT *IMDLS 260 
I *******************************/MOLS 27C 

"IDLS 28C 
MDLS 2CJO 
HDLS 3CJO 

I******************************************************************* ••/MOL S '310 
I* •IMDLS 320 
I* FOR AN EQUATION SYSTEM X•A=R WITH SYMMETRIC POSIT IVE */MDLS 33C 
I• DEFINITE MATl:l.IX A"'T*TRANSPOSf: 111 CALCULATE OPHONALLV */l'.DLS 34C 
I* SOLUTION X */~OLS 35C 
I* R • TRANSPOSE I INVERSEITJ I •/HOLS 360 
I* ~ * INVERSEIT> +/HOLS HC' 
I* FOR GIVEN TRIANGULAR FACTOR T AND RIGHT HAND SIDE MATRIX R •/MDLS 380 
I* */MDLS 3CJC 
I**••••**************************************************** ***********/"IDLS 4CC 

ENTRV(R,M,N,.A,OPTJ t• MDLS "1C 

IID,IKA=Cr. 
IKO, IIA=lt. 
IEND =Mt• 
JENO ="1-1,. 

BOTH •• 
ERROR• 1 P 1 1 • 

IF IEND LE 0 
THEN GO TO RETURN,. 
IF JENO LT 0 
THEN GO TO PETUPN,. 
llST, IKST=lt. 
COPT =OPT,. 
IF COPT= 1 2 1 

THEN GO TO Nf::W, • 

LX =Ot • 
"ISTA, MOEL ,MX t LO= l t • 

HAIN •• 
DO J =C TO JENO,. 
II =IIST,. 
IK =IKST,.· 

OCl I ,.1 TO IEND,. 
SUH =Cw. 
L =MSTA,. 
LOX =LO,. 

f*******************************l~OLS 42(' 
/*INITIALIZE PAPAHETEPS FOR */MDLS 43C 
/*DIVISION FROM RIGHT •/1'1DLS 440 
f ****"'**************************/MOLS 45C 

MDLS 460 
~OLS 470 

l*P MEANS WRONG PARAMETER */MDLS 48C 
/*TEST INPUT DIMENSIONS M AND N*/MDLS 490 

111\DLS 5CO 

/*TEST SPECIFIED OPERATION 

MDLS 51C 
HOLS 520 
MDLS 53{1 
MDLS 540 

*/MOLS 550 
MDLS 560 

l*******************************/MOLS 570 
/*INITIALIZATION FOR A*X = R */~DLS 58C 
/*AND FOP X*TRANSPOSE(AJ = P •/MOLS 590 
l*******************************/MDLS 600 
/*EXECUTE DIVISION PROCESS *l .. DLS 610 

f'IDLS 620 
/*INITIALIZE ADDRESSING Vi\LUES */HDLS 63C 

/*EXECUTE LOOP O\fER COLUMNS 
/*OR ROWS OF MATRIX R 

MOLS 640 
•IMDLS 650 
•/111\DLS 66C 

MDLS 670 
HDLS 680 

.OD K =l TO J,. /*COMPUTE SCALAR PRODUCT SUH */HDLS 6CJO 
SUH •SUM+MUL TIPLY(ACll ,R (I I ,JKJ ,531,. MDLS 7CC 

11DLS 710 L =L+LDX,. 
LOX =LDX+LX,. 
II :IJ+IIDt• 
lK aJK+IKD,. 
E"lD,. 

IF Alli= C 
THE"l DO,. 

EFIROR='S' t• 
GO TO PETURN,. 
ENO,. 

/*UPDATE ADDRESSING PARAMETEPS •/MDLS 720 
MDLS· 73(1 
MDLS 74(1 
MOL S 750 

!*IS DIAGONAL TERM IN A ZERO */MOLS 760 
fl'IDLS 770 

l•S MEANS ZERO DIAGONAL TERM */MDLS 780 
l•IN TRIANGULAR FACTOR A */KDLS 79C 

/*CALCULATE NEW ELEMENT 
ELSE Rll ltIKJ=IRU It tKJ-SUHJ/ACLJ,. 

1'10LS 800 
•IMDLS eto 

MDLS 820 
p.IDLS 830 

/•UPDATE ADDRESSING PARAMETERS */MOLS 840 
II =<IIST+llA*lt• 
IK =IKST+IKA*l t• 
END,. 

HSTA =HSTA+MDEL,. 
MOEL =MOEL+Mx,. 
ENO,. 

IF COPT NE 'L' 
THEN 

NEW.• 
oa,. 
COPT ='l't• 
HX =o,. 
LX =l,. 
HOEL =-1,. 
LO =-JENO,. 
HSTA =IJEND+ll*lJEND+2J/Z,. 
JID =--IID,. 
IKD =-IKD,. 
IF IIA"" 0 
THEN II ST =M,. 
ELSE IKST· =N,. 
GD TO MAIN,. 
END,. 

ERROR= 1 0't• 
FilETUFilN •• 

ENDr • 

Purpose: 

/*MODIFY START PARAMETERS 

/*TEST END OF OPERATION 

MOLS 850 
*/l"OLS 86C 

MDLS 870 
MOLS 880 

*/MOLS BCJO 
l'.DLS 900 

l*******************************/"'OLS CJlC 
/*INITIALIZATION FOR X.*A = R •ltcDLS 92C 
/*ANO FOR TFIANSPOSECAl*X = P *IMDLS CJ30 
I *******************************I"" DLS 940 

/*SHOULD DIVISION FROM LEFT 
/*BE EXECUTED 

!•GO TO MAIN PART OF MOLS 

/*SUCCESSFUL OPERATION 

l•END OF PROCEDURE HDLS 

MDLS 950 
f'IDLS 96C 
HOLS 97C 
MDLS 98C 
p.IOLS CJCJ(I 
1"DLS10CO 

*/MDLSlClO 
*/1'10LS1('1Z0 

MDLS1030 
•/HOLS1040 

MDLSL050 
*/HDLS1060 

MDLS1070 
*/HOLS1080 

For a system of equations AX = R with symmetric 
positive definite matrix A = T • TT, MDLS 

performs the following calculations depending on 
the character of the input parameter OPT: 

OPT = 111 R is replaced by T-l • R 
OPT= 121 R is replaced by (T-l)T • R 
otherwise R is replaced by (T • TT)-1 • R 

Usage: 

CALL MDLS (R, M, N, A, OPT); 

R(M,N) -

M-

N-

A(M*(M+l)/2) -

OPT-

Purpose: 

BINARY FLOAT [(53)] 
Given general right-hand-side 
matrix with M rows and N 
columns. 
Resultant solution depending 
on the option parameter OPT. 
BINARY FIXED 
Given number of rows of matrix R 
and the order of matrix A. 
BINARY FIXED 
Given number of columns of 
matrix R. 
BINARY FLOAT [(53)] 
Given one-dimensional array 
containing lower triangular matrix 
T stored rowwise in compressed 
form (possibly resultant array A 
of SSP procedure MFS). 
CHARACTER (1) 
Given option parameter for selec-
tion of operation. (See "Purpose" 
above.) 

For a system of equations XA = R with symmetric 
positive definite matrix A = T • TT, MDRS per
forms the following 1 calculations, depending on the 
character of an input parameter OPT: 

OPT = 111 R is replaced by R • (T-1? 
OPT = 121 R is replaced by R • T-1 
otherwise R is replaced by R • (T • T~f 1 

Usage: 

CALL MDRS (R, M, N, A, OPT); 

R(M, N) -

M-

BINARY FLOAT [(53)] 
Given general right-hand-side 
matrix with M rows and N columns. 
Resultant solution depending on the 
option parameter OPT. 
BINARY FIXED 
Given number of rows of matrix R 

Mathematics...,-Matri.x Operations--Linear Equations 35 



N- BINARY FIXED 
Given number of columns of matrix 
R and the order of matrix A. 

A(N*(N+l)/2) - BINARY FLOAT [(53)] 
Given one-dimensional array 
containing.lower .triangular matrix 
T stored rowwise in compressed 
form (possibly resultant array A of 
SSP procedure MFS). 

OPT - CHARACTER (1) 

Remarks: 

Given option parameter for selection 
of operation (see "Purpose", above). 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR=' P' - means error in specified dimensions: 
M s: 0 and/ or N s; 0 

ERROR='S' - means given triangular factor T has 
at least one diagonal term (pivot) equal 
to zero -- that is, matrix A is not 
positive definite. 

The given lower triangular factor T is assumed to be 
stored in compressed form, that is, rowwise in 
~uccessive K*(K+l)/2 storage locations, where K is 
the number of rows (or columns) implied by 
compatibility: 

K = M in procedure MDLS 
K = N in procedure MDRS 

During calculation the lower triangular matrix T is 
not changed. The right-hand-side matrix Ris re
placed by the solution depending on the character of 
parameter OPT. 

Method: 

It is supposed that the symmetric positive definite 
matrix A is given in the factored form (Cholesky): 

T 
A=T·T 

where T is the lower triangular factor (possibly 
calculated by SSP procedure MFS) and TT the 
transpose of T. 

The required calculations are done using forward 
and/or backward substitutions. 

Mathematical Background: 

Calculation of X = T-1 • R is done using forward 
substitution to obtain X from T • X = R. 

Calculation of Y = (T-l)T • Ris done using back
ward substitution to obtain Y from 
TT· Y = R. 

Calculation of Z = (T · TT)-1 • R is done by first 
solving T · X = R and then solving 
TT· Z =X. 

Calculation of X= R(T-l)T is done using forward sub
stitution to:obtain X from X. TT = R. 

Calculation of Y = R · T-1 is done using backward 
substitution to obtain Y from Y · T = R. 

Calculation of Z = R · (T • TT)-1 is done by first 
solving X • TT = R and then solving 
Z • T = X. 

Programming Considerations: 

The given lower triangular matrix T is assumed to be 
stored rowwise in successive storage locations. 
During calculation, Tis not changed, while the right
hand-side matrix R is replaced by the solution 
depending on parameter OPT. If any diagonal element 
(pivot) of Tis zero, the error parameter ERROR 
is set to 'S' and further calculation is bypassed. Any 
zero pivot in T means that the matrix A= T • TT 
is not positive definite, possibly because of severe 
loss of significance in the factorization routine. 
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• Subroutine MDSB 

MDSB.. HDSB 10 
I*************************************************************** ******IM DSB 20 
I* •JHDSB 30 
I* FOR AN EQUATION SYSTEM A*X=R WITH SYMMETRIC POSITIVE *IHDSB 40 
I* DEFINITE BAND MATRIX A::zJRANSPOSEIH•T CALCULATE •IHDSB 50 
I* OPTIONALLY C:/MDSB bO 
I* SOLUTION X +/MDSB 70 
I* TPANSPOSEI lNVEffSE( TJ I * P */HDSB SCI 
I* INVERSE I TJ * R */MOSS 'JO 
I* FOR GIVEN UPPER BAND FACTOP T AND GENERAL l"IGHT HANO· */HOSS 100 
I* SIDE MATRIX R */HOSS 110 
I* */MDSB 120 

!***** **** ** *** ** ********** * ************* ********************** ******+I H DSB 130 

,. 

PROCEDURE I A1R1 N,NUD1H10PTJ,. 
DECLARE 

ERROR EXTERNAL CHARACTER I 1, 1 

IOPT,COPTI CHARACTERtLJ, 
SUH BINARY FLOATC 531, 
I Al*1*I 1 R(* 1 *J ,H) 
BINARY FLOAT, 
BINARY FLOATl531r 
CI, l STA, I END t INCR,J tKt 
KENO,KI, KINC ,KKtL tLM1 
LN,LNUD 1 H1 N1 NC ,NR 1 NU01 
BINARY FIXED,. 

LN =N,. 
LNUD =NUO,. 
LM =H,. 
COPT =DPT,• 
ERROR='P',. 
IF LNUO LT 0 
THEN GO TO RETURN,. 
IF LN LE LNUD 
THEN GO TO RETURN,. 
IF LH LT 0 . 
THEN GD TD RETURN,. 

NC =LNUD+l 1. 

NR =LN-LNUD1 • 
IF COPT::: 1 2 1 

THEN GO TO UPPER,. 
ISTA1INCR:::1,. 
IEND :::LN,. 
KINC :::-1,. 

/*EXTERNAL ERROR INDICATOR 
/*OPT I ON PARAMETER 

HOSS 140 
HOSB 150 

*/HOSS 160 
*/MDSB 170 

MOSS 160 
MDSB 190 

/*SINGLE PRECISION VERSION l*S*IMDSl3 200 
/*DOUBLE PRECISION VERSION /*D*IMDSB 210 

lilJDSB 220 
MOSS 230 
HOSR 240 
MOSB 250 

!•STORE VARIABLES N1 Nuo," H, *l~Dse 26(1 
!*OPT FROM CALLING SEQUENCE */HOSS 210 
!*INTO LOCAL PARAMETERS *IHDSB 260 

HOSS 290 
l*P MEANS WRONG INPUT *IHDSB 300 
/*TEST SPECIFIED INPUT PARA- •tHDSB 310 
/*METERS NUO, N, H */MOSS 320 

MDSB 330 
/*PROCEDURE RETURNS IF AT */HOSB 340 
/*LEAST ONE OF THE PARAMETERS •IMDSR 350 
1•Nuo, N, M IS WRONG •IMOSB 360 
I* */HOSP. 370 
/*NC ANO NR ARE HARKS FOR· BEGIN*IMDSB 380 
/*AND ENO Of THE BAND STRUCTURE*/MDSB 39C 
/*SHOULD R BE DIVIDED BY T ONLY*/MDSB 400 
I******************************* IM OSB 410 
/*INlTIALIZATION FOR */MDSB 420 
/*TRANSPOSEITJ * X = R */MOSS 430 
I**************** ***************"fM DSB 440 

HAIN •• . MDSB 450 
OD I =lSTA TO IENO BY INCR,. 
H =Alt,11,. 
IF H "' C 
THEN 001. 

ERROR=' S• 1 • 

GO TO RETURN,. 
END,. 

"KENO =NC,. 
IF INCR= 1 
THEN L =NC-I,. 
ELSE L -::I-NR 1 • 

IF L GT 0 
THE~ KENO -::KENO-L,. 

DO J =1 TO LM,. 
SUH =R[l 1 J),. 
K[ ,KK=I, • 

/*EXECUTE LOOP OVER ALL ROWS */MOSS 460 
/*STORE I-TH DIAGONAL EL°EMENT · *IHOSB 470 
/*AND TEST IT FOR ZER.O */HOSS 480 

l*S MEANS ANY PIVOT IS ZER~ 

/*KENO IS ENO VALUE OF THE 
/*INNERMOST DD-COUNTER K 
/*L IF DIVISION BY Tl<ANSPIU 
/*L IF DIVISION BY MATRIX T 

MOSS 490 
*IHDSB SOC 

HDSB 510 
HDSB 520 

*/MOSS 530 
*/HOSS 540 
*/HOSS 550-
*/MDSB 56t' 

MOSS 570 
/*'1'0DIFY KENO •IMOSB SBO 
/*LOOP OVER THE H COLUMNS OF R */MDS8 5qo 
/*INITIALIZE SUM *IHDSB 600 

MOSS 610 
DO K :2 TO KENO,• /*COMPUTE SCALAR PRODUCT SUH *IHOSB 620 

MDSB 630 
HOSS 640 
MDSB 650 
HDSB 660 

KI =KI+KINC,. 
KK =KK-INCR,. . 
SUM =SUH-MULTI Pl Y( A.( Kl 1K1 ,R IKK,J I 1 531, • 
END,• 

R(l,Jl=SU"t/H,. 
ENO,. 

ENDi • 
IF COPT= 1 l' 
THEN DO,. 

. ERROR= 1 0'1• 

UPPER•. 

GO TO RETURN,• 
ENO,• 

COPT = 1 1' 1 • 

ISTA =LN, • 
INCR =-1,. 
I ENO =l,. 
KINC =C,. 
GO TO MAIN,. 

RETURN.• 
ENO,. 

Purpose: 

/*DIVIDE SUM BV DIAGONAL TERM */HOSS 67{j 
/*AND STORE IT BACK· */MOS~ 680 

!•TEST END OF DPERATI.ON 

/*SUCCESSFUL DIVl S ION 

MOSS 6qo 
*fl'IDSB 700 

MOS~ 710 
*/MDSB 720 

MOSS 730 
~OSB 740 

I *****************************''""l~DSB 750 
/*INITIALIZATION FOR T * X ::::·F*/MOSS 760 
l*******************************IMDSB 11C 

MOSB 780 
P.DSB 790 
~OSEI BOO 

/*BRANCH TO THE HAIN LOOPS */HOSS BIO 
MOSB 820 

/*END Of PRDCEDU~E MOSS */HCSB 83C 

Depending on the character of the input parameter 
OPT, MDSB performs the following operations on a 
system of equations A • X = R with symmetric positive 
definite band matrix: 

T 
A= T • T 

-1 T 
OPT = 111 R is replaced by (T ) • R 

-1 
OPT = 121 R is replaced by T • R 

otherwise R is replaced by (TT • T)"'" 1 • R 

Usage: 

CALL MDSB (A, R, N, NUD, M, OPT); 

A(N,NUD+l) - BINARY FLOAT [(53)] 
Given two-dimensional array contain
ing the upper band factor T stored 
rowwise such that A(i, 1) are the 
diagonal elements ( i = 1, 2, ••• N). 
This could be the resultant array A 
from SSP procedure MFSB. 

R(N, M) - BINARY FLOAT [(53)] 

N-

NUD-

M-

OPT-

Remarks: 

Given general right-hand-side matrix 
with N rows and M columns. 
Resultant solution depending on 
option parameter OPT. 
BINARY FIXED 
Given number of rows of matrices R 
and A. 
BINARY FIXED 
Given number of upper codiagonals of 
symmetric matrix A. 
BINARY FIXED 
Given number of columns of matrix 
R. 
CHARACTER (1) 
Given option parameter for selection 
of operation (see "Purpose"). 

If no errors are detected in the p:rocessing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='P' -

ERROR='S' -

Indicates an error in specified 
dimension: NUD <O or N s NUD 

means the given band factor T has 
at least one diagonal term (pivot) 
equal to zero -- that is, matrix A is 
not positive definite. 

Upper factor matrix T, consisting of main diagonal 
and NUD upper codiagonals, is assumed to be stored 
rowwise in array A(N, NUD+l) such that A(i, 1) are 
the diagonal elements of T (i=l, 2, ••• , N). SSP 
procedure MFSB provides upper band factor T in its 
resultant array A, which may be used directly for 
input in MDSB. 

During calculation in MDSB, the band matrix T 
is not changed. The right-hand-side matrix R is 
replaced by a solution depending on the input 
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character of parameter OPT; Input values N and 
NUD should satisf:y the restriction 

Q::;;NUD<N 

Method: 

Depending on the actual character of OPT, division 
of R by TT and/ or T is performed using forward 
and/or backward substitutions. The result is 
returned in the locations of R. 

For reference see: 

R. S. Martin and J. H. Wilkinson, "Solution of 
Symmetric and Unsymmetric Band Equations and 
the Calculation of Eigenvectors of Band Matrices", 
Numedsche Mathematik, Vol. 9, iss. 4, 1967, 
pp. 279-301. 

H. Rutishauser, "Algorithmus 1-Lineares 
Gleichungssystem mit symmetrischer positiv
definiter Bandmatrix nach Cholesky", Computing 
(Archives for Electronic Computing), Vol. l, iss. 
1, 1966, pp. 77-78. 

Mathematical Background: 

The given elements of the upper factor matrix T 
are to be stored rowwise in array A so that A(i, 1) 
are the diagonal elements of T (i = 1, 2, ••• , N). 

Calculation of X = (T-1) T • R is done using 
forward substitution to obtain X from TT • X = R 
and satisfying the following recursive scheme: 

[ 
i-1 

= _1_ r. - L: 
a.k ik 

i m=rn 
0 

max (1, i - NUD) ; i = 1, 2, ..• , N 
k=l, 2, ..• , M 

r 
{Any symbol L 

m=rn 
0 

zero if r < m . ) 
0 

c is to be interpreted as 
m 

After each xik is computed, it is stored in the 
location rik" Analogously, computing Y = T-1 • R 
is the same as solving the equation T • Y = R for Y. 
This is done using backward substitution in a 
similar recursive scheme: 

1 ~ mo 
y.k. = - . r.k - L: 

1 aik . i 
• - .. m=2 

m 
0 

min {NUD + 1, N + 1 - i) 

i =N, N-1, ••• ,1 
k=l, 2, ••• ,M 

-1 - T )-1 d Calculation of Z = A • R = {T • T • R is one 
by first computing X from TT • X = R and over- · 
writing on R, then solving T • Z = X, again in the 
locations of R. If R is equal to the unit matrix, this 
process replaces R with the inverse A-1 of A. It 
should be noted that in general A -1 is no longer a 
band matrix. 

Programming Considerations: 

The upper band factor matrix T'is assm~ed to be 
stored rowwise in the two-dimensional array 
A{N, NUD+l) such that A{i, 1) are the diagonal 
elements of T (i = 1, 2, ••• , N). Therefore, the 
elements A{i,k) of array A with i + k > N are ir
relevant and not used within MDSB. 

During calculation, the upper band factor Tis not 
changed, while the right-hand-side matrix R is re
placed by a solution depending on the character of 
parameter OPT. 

If any diagonal element A(i, 1) of factor T is zero, 
the error parameter ERROR is set to 'S' and further 
calculation is bypassed. Any zero pivot of T means 
that matrix A= TT • T is not positive definite. 
This is possibly due to severe loss of significance in 
the factorization routine. 

If the SSP procedure MFSB provides the factor 
matrix T directly as input for MDSB, the resultant 
error indicator ERROR from MFSB should be tested. 
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• Subroutine MDLG 

MOL G. • HOLG 10 
I*****************"'************* **Co*******"'************************* **I MDLG 2 0 
I* */MOLG 30 
I* FOR AN EQUATION SYSTEM A*X=R WlTH GENERAL NON-SINGULAR */MOLG 40 
I• MATRIX A=L*U CALCULATE OPTIONALLY */~OLG 50 
I• SOLUTION X */"1DLG 60 
I•. INIJERSEILJ * R •/HOLG 10 

~= FOQ G:~~~R~~~~~G~L:P FACJDl:S L, U AND RIGHT HAND SIDER =~=g~~ :gi 
I* •IMDLG 100\ 

I**==~~=~~;~;::::;~;::~:=:~;~;:~************************************** I =gt~ ~~~ ! 
DECLARE . MDLG 130! 

~~~o~H~~!~~~:~ l ~~ARACTERt 11' ~:ii:~~~~A~A~:=~~e:NDICATOR ::~~t~ i:g1 
SUH BINARY FLOATl53), MDLG 1601 
IAlt:,•J,Rl•1•J,HJ MOLG 170 
BINARY FLOAT, /*SINGLE Pfl.ECISION VEPSION /*S•/HDLG 180 

I* BlNARY FLOAT I 531, /*DOUBLE PRECISION VERSION /•O*/HOLG 11~0 1 
(IPERl*J,J,JS,J, fl'IOLG 2001 
K,L~1U.:,M,NJ MOLG 210 
BINARY FIXED,. MOLG 220 

LH =H,. MDLG 230 
LN ="!,. MOLG 240 
ERROQ=•P 1 , • l•P MEANS WRONG INPUT */MDLG 250 
IF LN LE 0 /•TEST SPECIFIED PARAMETER N */MDLG 260 
THEN GO TO R[TURN, • MOLG 270 
IF LH LE 0 !•TEST SPECIFIED PARAMETER M */HOLG 280 
THEN GO TO !)fTUF.N t. HDLG 290 
ERROR=' 0 1 t. /*PRESET ERROR INDICATOR */HDLG 300 
IF OPT.:: 1 2' /*SHOULD R BE DIVIDED BY U ONLY*/MDLG 310 
THEN GO TO UPPER,. 1**"'***************************11</MDLG 320 

/*LOOP FOR DIVISION BY LOWER */MDLG 330 
DO I =l TO LN,. /*TRIANGULAR MATRIX L •IMOLG 340 
H =Al I I I J '. '""*********°'******>l<*************/MDLG 350 
IF H .:: (. /*IS ANY DIAGONAL ELEMENT ZERO */MOLG 360 
THEN OD,. MDLG 370 

EPFOl<.= 1 5 1 ,. /*S MEANS ANY PIVOT IS ZERO . */MDLG 380 
GO TO RETURN,. MOLG 3'90 
ENO, o /*FOR PERMUTATION OF ROWS OF */MOLG 400 

IS :::[PERCII,. /*RIGHT HANO SIDE ARRAY R */MOLG 410 
DO K =l TO LM,. /:C:LOOP OVE11 THE M COLUMNS OF R •/MOLG 420 
SUH =RI IS,KJ,. /*INITIALIZE SUM */HOLG 430 
RI IS1Kl:RfI1KI t• /*RESTORE ROWS OF ARRAY R */HOLG 440 

00 J =l TO 1-1,. /*COMPUTE SCALAR PRODUCT SUM •/MDLG 450 
SUM =SUM-HULTIPLYIAII1Jl1R(J,K),?3J,. HOLG 460 
ENO,. MOLG 470 

RI 1,Kl=SUM/H,. /*DIVIDE SUH BY DIAGONAL TERM •IHOLG 480 
END,. /•AND STORE RESULT •IHDLG 490 

ENO 1 • HDLG 500 
IF OPT= 1 1' /*TEST END OF OPERATION */HDLG 510 
THEN GO TO RETURN,. /*******************************/MDLG 520 

/*LOOP FDR DIVISION BY UPPER */MDLG 530 
UPPER.. /*TRIANGULAR MATIX U */"DLG 540, 

OD I =LN-1 TO 1 BY -1,. /*******************************IMDLG 550 
DO K =1 TO LM,. /*LOOP OVER THE M COLUMNS OF R */MOLG 560 
SUH =Rll,KJ,. l•I°NITIALIZE SUM •IMOLG 570 

DO J =l+l TO LNr. /*COMPUTE SCALAR PRODUCT SUM */MDLG 580 
sm• =SUM-MULTIPLY(A(J,JJ,RIJ,KJ,53),. MDLG 5'90 
ENO,·. MDLG 600 

RII,KJ==SUM,. /+STORE RESULT *IMDLG 610 
ENO,. MOLG 620 

END,. MDLG 630 
RETURN.. MOLG 640 

ENO,. !•ENO OF PROCEDURE MDLG •/MDLG 650 

Purpose: 

For a system of equations A• X = R, where A= L • U 
is a general nonsingular matrix, MDLG performs 
the following calculations, depending on the character 
of an input parameter OPT: 

OPT = 111 

OPT = 121 

otherwise 

-1 
R is replaced by L • 
R is replaced by u-1 • 
R is replaced by (L • 

R 
R 
url . R 

Usage: 

CALL MDLG (A, R, IPER, N, M, OPT); 

A(N, N) - BINARY FLOAT [(53)] 
Given two-dimensional array containing 
lower and upper triangular matrices L 
and U where the unit diagonal of U is 
omitted. 

R(N,M) - BINARY FLOAT [(53)] 
Given general right-hand-side matrix 
with N rows and M columns. 
Resultant solution depending on the option 
parameter OPT. 

IPER(N) - BINARY FIXED 

N-

M-

OPT-

Remarks: 

Given integer vector containing the. 
permutations of rows of the matrix A in 
factorization steps. 
BINARY FIXED 
Given order of matrix A and number of 
rows of matrix R. 
BINARY FIXED 
Given number of columns of matrix R. 
CHARACTER (1) 
Given option parameter for selection of 
operation (see "Purpose"). 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='P' means error in specified dimensions: 
M ~ 0 and/ or N ~ 0 

ERROR='S' - means that a diagonal element (pivot) 
in the given lower triangular matrix 
L is zero; further calculation is 
bypassed. 

The given matrix A is assumed to be factorized into 
a product of a lower triangular matrix L and an upper 
triangular matrix U using partial pivoting with row 
interchanges, where L and U are overwritten on A, 
omitting the unit diagunal of U. Details of the row 
interchanges are to be stored in the vector IPER. 
This required factorization may be obtained using the 
SSP procedure MFG. The resulting arrays A and 
IPER are used as input for MDLG. 

Thlring calculation in MDLG the arrays A and 
IPER are not changed. The right-hand-side matrix 
R is replaced by a solution depending on the char
acter of parameter OPT. 

Method: 

The requi.red calculations are performed using 
forward and/ or backward substitutions, where the 
interchange information is combined with the lower 
triangular matrix L. 

Mathematical Background: 

Suppose a general nonsingular matrix A <?f order n 
is factored into the form: 

A=P•L•U 

where L is the lower triangular matrix, U the upper 
triangular matrix with unit diagonal, and P the per
mutation matrix corresponding to the integer vector 
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IPER. ThenX=L-1• p-l. R=L-l• Riscal
culated using forward sUbstitution to obtain X from 
L·• X = p-1 • R = R. R is obtained from R by 
interchanging rows in the same way as the rows of 
matrix A are interchanged during partial pivoting 
in any factorization routine (for example, MFG). 

To calculate Y = u-1 • R backward substitution 
is used in obtaining Y from U · Y=R. Calculation 
of z = u-1 . L-1 . p-:-1 . R = u-1 . L -1 . R is done 
by first solving L · X = R and then so!Ving U · Z = X. 

Programming Considerations: 

Matrix A is assumed to be given in the factored 
form: 

A=P·L•U 

where the lower triangular matrix L and the upper 
triangular matrix U are overwritten on A, omitting 
the unit diagonal of u. The permutation matrix P 
is obtained by interchanging the rows of an n by n 
unit matrix according to information stored in the 
vector IPER. 

• Subroutine MIG 
MIG.. PUG 
l*********************************************************************IM lG 
I* •IHIG 
I* INVERT A FACTORIZED GENERAL MATRIX A. */MIG 
I* A MUST BE FACTORIZED INTO THE FORM A.= l*Ut WHERE THE *!MIG 
I* UPPER TRI ANGULAR MATRIX U CONTAINS THE UNIT DIAGONAL */MIG 
I* WHICH IS NOT STORED~ •lflUG 
I* . */MIG 
l*********************************************************************/MIG 

PROCEDURE<ArIPER,NI,. MIG 
DECLARE PUG 

ERROR EX"{ERNAL CHARACTER( lJ, /*EXTERNAL ERROR INDICATOR */MIG 
SUM BINAflY FLQAH53J, MIG 
CAl*t*ltPIYI MIG 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S•/MIG 
BINARY FLOATl53J, /*DOUBLE PRECISION VERSION l•D•/MIG 
I IPER l•I, I ,J,K,LN,M,HN,NJ MIG 
BINARY FIXED,• PUG 

LN =N,. MIG 
MN =LN-1,. MIG 
IF LN LE 0 /*TEST SPECIFIED PARAMETER N •/MIG 
THF.N DOt. MIG 

RETURN.• 
ENDt.• 

ERROR='P't• l*P MEANS WRONG INPUT •!PUG 
GO TO RETURN,. MIG 
END,• !*******************************/MIG 

DO I =O TU MN,. 
M =l+l,. 
PIV =A(MrMJ,. 
IF PIV= 0 
TJ.iEN DO,. 

ERROR= Is''. 
GO TO RETUPN, • 
END,• 

P IV ,A IM rM 1 =l /PI V, • 
DO J =1 TO' J;. 
SUM =O,. , 

/*INVERT LOWER TRIANG. MATR])I' L•/MIG 
l*******************************IH I G 

HIG 
HIG 

/*IS ANY DIAGONAL ELEMENT ZERO */PUG 
HIG 

l•S MEANS NEXT PIVOT ELEMENT */MIG 
/•IS ZERO •/MIG 

HIG 
/*CALCULATE NEW DIAGONAL TERM */MIG 
/*EXECUTE LOOP IN K-TH ROW */MIG 

MIG 
DO K =J TO It. /•COMPUTE SCALAR PRODUCT SUM •/MIG 

HIG 
MIG 

/*CALCULATE ANO STORE NEW TERM */MIG 

SUM =SUM+MUL TI PLY( A( H,KJ ,Al K1 J J 1 53t,. 

ENO,• 

END,. 
Al M, JJ=-SUM*PI Vt. 
ENO,• 

00 I =MN TO l BY_;l,. 
M =I+l, • 

DO J =LN TO M BY -1,. 
SUM -=Al J ,JJ ,. 

MIG 
/*******************************/MIG 
/*INVERT UPPER TRJANG. MATRIX U•/MIG 
l*******************************/MIG 

/*EXECUTE LOOP JN I-TH ROW 
MIG 

*/MIG 
HIG 

DD K =H TO J-1,. /*COMPUTE SCALAR PRODUCT SUM */MIG 
SUM =SUM+MULTIPLVI AC ltKI ,A(K,JI ,53J, • MIG 

MIG 
*/MIG 

HIG 
END,. 

ENO,. 
ACI,Jl=-SUMt• 
ENO,. 

Q('I I nl TO MN,. 
M =I+l, • 

DD J '=l TO LN,. 
IF J LE I 
THEN SUM =ACI,JJ,. 
ELSE no,. 

SUM =Or. 
M =J,. 
ENO,. 

/ll:STORE NEW VALUE 

l*******************"'***********IMI G 
/*MULTIPLY INVERSEIUl*INVILI •/MIG 
1:00****•************"'******"'*****1~ I G 

/*EXECUTE LOOP IN I-TH ROW 

!•FOR LOWER TRIANGULAR PART 

MIG 
*/MJG 

MIG 
*/MIG 

•IG 
/*JF ELEMENT A(l,JJ BELONGS TO */MIG 
/*THE UPPER TRIANGULAR PART OF */MIG 
/*MATRlX A */M JG 
/*COMPUTE SCALAR PRODUCT SUM •/MIG 

DO K =M TD LN,. /lllOF I-TH ROW WITH J-TH COLUMN */MIG 
SUM =SUM+MULHPLV (4( I 1KJ, A{f(,JJ, 53), • MIG 
END,. . MIG 

Al IrJl=SUM,. /*STORE RESULT */p.IJG 
ENO,. MIG 

ENDr. l*****•*****************•****"'**/'416 

DO I :MN TO l BY -1,. 
H =IPERIJJ,. 
IF M GT· I. . 
THEN DO,. 

END,. 
END,. 

DO J =l TO LNt• 
PtV =AIJ,I),. 
AIJtll=ACJ,HJ,. 
AIJ,MJ=PIV,. 
ENO,. 

/*RE-INTERCHANGE COLUMNS OF A •/M JG 
l*****************"'******•******IM I G 

~IG 

/•SHOULD RE-INTERCHANGE BE DDNE•/MIG 
MIG 

!•INTERCHANGE COLUMN 1 WITH */MIG 
/•COLUMN IPER(IJ it/MIG 

MIG 
MIG 
MIG 
MIG 
~JG 
•IG 

/*END OF PROCEDURE M JG */"" IG 

Purpose: 

10 
20 
30 
40 
50 

•60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
'20 
430 
440 
450 
460 
470 
480 
490 
500 
510 

·520 
530 
540 
550 
560 
570 
580 
590 
600 
610 
620 
63C 
640 
650 
660 
670 
680 
690 
700 
710 
720 
730 
740 
750 
760 
770 
780 
790 
8CO 
810 
820 
830 
840 
850 

MIG inverts a general nonsingular matrix A, which 
is given in the factored form: 

A=L·U 

where the upper triangular matrix U contains the 
unit diagonal, which is not stored. 

Usage: 

CALL MIG (A, IPER, N); 

A(N,N),.. BINARY FLOAT [(53)] 
Given two-dimensional array containing 
lower and upper triangular factors L and 
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U, where the unit diagonal of U is not 
stored (possibly resultant array A of 
SSP procedure MFG). 
Resultant calculated inverse of matrix 
A. 

IPER(N) - BINARY FIXED 
Given vector contains the permutations 
of rows of the matrix in factorization 
steps. 

N - BINARY FIXED 
Given order of matrix A. 

Remarks: 

ERROR=' P' - means error in specified dimension: 
N:::: 0 

ERROR='S' - means that a diagonal element (pivot) 
in the given lower triangular matrix 
L is zero; further calculation is 
bypassed. 

Method: 

It is required that the general nonsingular matrix 
A be given in the factored form: 

A=L·U 

where L means the lower triangular matrix and U the 
upper triangular matrix with unit diagonal. L and 
the superdiagonal part of U are stored in the storage 
locations of A, which may be factored by SSP pro-
cedure MFG. _1 

In the first step MIG inverts L, giving L , which 
.is overwritten on L. Jn the second step u-1 is 
calculated and stored in U. Then u-1 is multiplied 
by L-1, giving, in an order determined by pivoting, 
the columns of A-1. These, finally, are reordered 
to produce A-1. 

For reference see: 

A. s. Householder, The Theory of Matrices in Nu
merical Analysis, 1965, pp. 125-130. 
A. Ralston and H. s. Wilf, Mathematical Methods 
for Digital Computers, Vol. 2, 1967, pp. 69-71. 
R. Zurmlihl, Matrizen, 1964, pp. 75-77. 

Mathematical Background: 

Suppose A, a general nonsingular matrix of order 
N, is factored into the form: 

A= P • L • U 

where L is the lower triangular matrix, U the upper 
triangular matrix with unit diagonal, and P the 

row-permutation matrix (unit matrix with inter
changed rows) resulting from partial pivoting in any 
factorization routine. Then A-1 is calculated in 
four steps: 

1. The elements Tik of L-1 are computed from the 
elements lik of L with the following recursive 
formulas: 

1 
1 =--
ik 1 .. 

11 

i-1 

L: 
m=k 

1. • I im mk 
i>k 

i=k 

i<k 

2. The elements Uik of u-1 are computed from the 
elements uik of U with the following recurrsive 
formulas: 

k-1 

u mk i<k 

(any symbol L x is to be interpreted as zero) 
m=k m 

i=k 

i>k 

3. The elements aik of the product u-1 • L-l are 
computed with the formulas: 

N 
- --1 + " -a.k - .k L.J u. 

i i m=i+l im 
i~k 

N 

L: u. ·T k 
m=k im m 

i<k 

4. The resultant product u-1 • L-1 is multiplied 
on the right by the inverse permutation matrix p-1 
giving: 

That is, the columns of the product u-1 • L-1 are 
rearranged according to the interchanges performed 
during the factorization of the matrix. 
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Program.ming Considerations: 

Matrix A is required in the factored form: 

A= P • L • U 

where L is the lower tri:µigular matrix, U the upper 
triangular matrix with unit diagonal, and P the 
permutation matrix corresponding to the integer 
vector IPER. L and the superdiagonal part of U are 
to be stored in the two-dimensional array A. 

If the required factorization is done using the SSP 
procedure MFG, the resulting arrays A and IPER 
may be directly used as input for MIG. The inverse 
matrix A-1 is calculated by MIG in the storage 

. Jocations of array A. 

• Subroutine MIS 

·MIS.• MIS 10 

I***•******•************************* ill**** 1111**************** ***********/M 1 S 20 ,. */MIS 30 ,. INVERT SYMfl!ETRtC POSITIVE DEFlNITE MAYR.IX */fl!IS 40 
I• */MIS 50 
l****************************************************H***************IMI S 60 

PROCEDURECArN, '• MIS 70 
DECLARE MIS 80 

ERROR EXTERNAL CHARACTE_RC ll 1 /*EXTERNAL ERROR INDICATOR */MIS 90 
SUH BINARY FLOAT( 531, MIS 100 
IAl*l1PIVJ MIS 110 
BINARY FLOAT, /*SINGLE PRECISION VERSION l*S*/MIS 12C 

I• BINl\RY FLOATl531, l*DOUBL'E P~ECISION VEPSION l*D*IM IS 130 
I ICOL, I Pt V, IROWtJ rK 1 L ,LN, H, NJ MIS 140 
BINARY FIXED,• MIS 150 

l****************U*************IMIS 160 
/*INVERT TRIANGULAR MATRIX •0115 170 

LN •N,. I ****"**U*************~********l"I JS 180 
J =.o,. MIS 190 
IF LN LE 0 /•TEST SPECIFIEO PARAMETER N */HIS 200 
THEN DOr, •IS 210 

ERROR•'P 1 1e l•P MEANS WRONG tNPUT *IMIS 220 
GO TO RETURN,, MIS 230 
ENDt. MIS 240 

/*PERFORM LOOP OYER ALL ROWS */MIS 250 
DO K •O TO LN-1,. MIS 260 
IPtV aQ,, MIS 270 
J o:J+l,. MIS 280 
PIV =A(J+K) 'I HIS 290 
IF PIV• 0 /*IS ANY DIAGONAL ELEMENT ZERO *IMJ S 3CO 
THEN oa •• MIS 310 

ERRC'Ro:•s•,, /*S MEANS MATRIX IS NOT •nus 320 
GD TO RETURN,. /*POSITIVE DEFINITE *IHIS 330 
END, I MIS 340 

PIYtAC J+KJ •l/PJV,. MIS 350 
OOL•lTOKt• /*EXECUTE LOOP -IN CK+lJ-TH ROW */MIS 360 
SUH -o,. MIS 370 
IROW o:J ,, •JS 380 
ICOL r l PI Val PIV+Lt, MIS 390 

DD H •L TO Kr• /*CALCULATE SCALAR· PRODUCTS */HIS 400 
SUM =SUMHIULTIPLYCAI IROW) 1ACJCOLJ ,53J 1 • NIS 410 
ICOL •ICOL+M, • MIS 420 
!ROW =JROW+l,, MIS 430 
ENO,. MIS 440 

AIJl =-SUH*PIY,. /*CALCULATE NEW ELEMENT */HIS 450 
J •J+1,. MIS 460 
END,. NIS 470 

END,. /*******************************/MIS 480 
/*MULTIPLY WITH TRANSPOSE */MIS 490 

.. o,. , •••••••••••.•••••••••••••••••••• ,,..,s 500 
DO K =l TO LN,, /•PERFORM LOOP OVER ALL ROWS */MJS 510 
IROW •K,. MIS 520 

DO L. -=l TO Ku /*EXECUTE LOOP WITHIN K-TH ROW */MIS 530 
SUM =C,, MIS 540 
ICOL1J=J+l,. MIS 550 
Jl:'OW "'IROW"".'l,. MIS 560 

DO H =K TO LN,. /*CALCULATE SCALAR PRODUCTS */HIS 570 
SUM =SUM+MULTJPLVC Al JCOLJ tAI ICOL+IROWJ t 53), .. NIS 580 
!COL =ICOL+M,. MIS 590 
ENO,, MIS 600 

Al J) =SUM,. NIS 610 
ENO,, MIS 620 

ENO,. MIS 630 
RETURN., MIS 640 

END1, /*ENO OF PROCEDUfl E MIS •l~J~. 650 

Purpose: 

MIS inverts a symmetric positive definite matrix A, 
which is given in factored form (Cholesky): 

A = T • transpose (T) 

Usage: 

CALL Mrs (A, N); 

A(N*(N+l)/2) - BINARY FLOAT [(53)] 

N-

Given one-dimensional array con
taining the lower triangular factor T 
of matrix A stored rowv.'ise in com
pressed form (possibly resultant 
array A of SSP procedure MFS). 
Resultant lower triangular part of 
calculated inverse (A) stored row-
wise in compressed.form. ··· 
BINARY FIXED 
·Given order of matrices ·A and T. 
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Remarks: 

ERROR='P' 

ERROR= 1S1 . 

means error in specified dimension: 
N~O 

means given triangular factor T has 
at least one pivot equal to zero -
that is, matrix A is not positive 
definite. 

The given lower triangular factor T is assumed to be 
stored in compressed form -- that is, rowwise in 
N*(NH)/2 successive storage locations, On return 
the lower triangular part of the inverse of A is 
stored in the same way, 

Method: 

It is supposed that the symmetric positive definite 
matrix A is given in the factored form (Cholesky): 

A = T • transpose (T) 

where Tis the lower triangular factor, possibly 
calculated by SSP procedure MIS, 

In the first step MIS inverts the given triangular 
matrix Tin the storage locations of T. Using 

inverse (transpose (T)) =transpose (inverse (T)) 

in the second step MIS multiplies inverse (T) with 
its transpose on the same storage locations, giving 

inverse (A) =transpose (inverse (T)) 

• inverse (T) 

Thus, the given lower triangular factor Tis re
placed by the lower part of the resultant inverse (A}. 

For reference see: 

A. s. Householder, The Theory of Matrices in 
Numerical Analysis, 1965, pp. 125-130. 
R. Zurmi.ihl, Matrizen, 1964, pp. 77-79. 

Mathematical Background: 

Suppose the symmetric positive definite matrix A is 
factored in the form: 

A = T · transpose (T) 

where T is a lower triangular factor matrix. Then: 

inverse (A) = transpose (inverse (T)) 

• inverse (T) 

1. The elements tik of inverse (T) are computed 
from the elements tik of T using the following re
cursive formulas: 

i-1 

L: t k. t. 
m=k m im 

t =--------ik t .. 

- 1 t =
ik t .. 

11 

11 

i>k 

i=k 

i<k 

2. From inverse (T) the elements a'.ik of inverse 
(A) are calculated as follows: 

Programming Considerations: 

The given lower triangular matrix T is assumed to 
be stored in compressed form -- that is, rowwise 
in N. (N+l)/2 successive storage locations. The 
lower triangular part of the resultant inverse (A) is 
returned in these locations of T. 

If any pivot of the input matrix Tis equal to zero, 
the error parameter ERROR is set to '81 and further 
calculation is bypassed. Any zero pivot in T means 
that matrix A= T • transpose (T) is not positive 
definite, possibly because of severe loss of signif
icance in the factorization routine. 
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• Subroutine MINV 

MlNV.. HINV 10 
1*********************************************************************/MINV 20 
I* :t:/HINV 30 
I* TO INVERT A HATRIX :t:/HINV 40 
I* :t:/HINV 50 
I *********************************************************************IH INV 60 

I* 
I* 

PROCEDURE IA1NrDrCDNJ ,. HINV 70 
DECLARE HINV 80 

ERROR EXTERNAL CHARACTERllJ1 MINV 90 
11 1 J,K 1 N1 L(NJ,H(NJ) HINV 100 
FIXED BINARY, HINV 110 
IAl*1*) ,BJGA,HOLO,o,coN,SJ HINV 120 
BINARY FLOAT,. /:t:SINGLE PRECISION VERSION /:t:S:t:/MINV 130 
BINARY FLOAT (53) t• /*DOUBLE PRECISION VERSION /*D*/HINV 140 

ERROR= 1 0 1 t• 

IF N LE 0 
THEN DO,. 

ERROR='!' r• 
GO TO FIN,. 
ENO,. 

IF CON= 0 
THEN S =l .OE-5,. 

I* ORDER OF MATRIX o. 

:t:/HJNV 150 
MINV 160 
HINV 170 
Ml NV 180 

*/MINV 190 
HINV 200 
P41NV 210 
Ml NV 220 

/*THEN S =l.OE-15,. 
/:t: SINGLE PRECISION VERSION l*S*/MINV 230 
I* DOUBLE PREC_ISION VERSION /:t:O:t:/HINV 240 

I* 
I* 
I* 

ELSE S =CON r. 
IF N = 1 
THEN 00,. 

0 =At l ,lJ ,. 
IF ABS( 0) LE S 
THEN oo,. 

ERROR= 1 2 1 ,. 

ENO,• 
ELSE Al ltll = 1/0,. 
GO TO FIN,. 

I* INVERT A SCALAR 
HINV 250 

*IHINV 260 
HJ NV 270 
HI NV 280 
HINV 290 
HJ NV 300 
HlNV 310 
HINV 320 
HINV 330 
HINV 340 
HINV 350 ENO,. 

=1.0,. I* SEARCH FOR LARGEST ELEMENT *IHINV 360 
DO K = l TO N •• 
LCKJ =K,. 
H(K) =Kr• 
BIGA =AIK,K) ,. 

00 l=K TON,. 
00 J=K TO N •• 
IF ABSCBIGAJ LT ABSIAll,JI l 
THEN DO,. 

ENO,. 
ENO,. 

8IGA =A(l,JJ,. 
LlK) =I,. 
Ml Kl =J,. 
END,. 

J =UKJ,. 
IF LlKl GT K 
THEN DO,. 

ENDr. 

DO I = 1 TO N r. 
HOLD =-A(KrIJ,. 
A(K,IJ=A(J,IJ 1• 

A(J,l)=HOLD,. 
END,. 

l =M(KJ 1• 

IF HIK) GT K 
THEN DO,. 

ENDr. 

DO J = 1 TO Nr. 
HOLD =-AfJ,KJ,. 
AIJ,K)=AIJrlJ,. 
A(J,Il=HOLO,. 
ENO,. 

IF ABSIBIGAl LE S 
THEN DO,. 

D =O.O,. 
GO TO COMP,. 
ENO,. 

I* INTERCHANGE ROWS 

I* I NT ER CHANGE COLUMNS 

DIVIDE COLUMNS BY MINUS PIVOT (VALUE OF PIVOT. ELEHENT IS 
CONTAINED IN BIGA) 

00 1 = 1 TO Nr. 
IF I NE K 
THEN All 1Kl=AIIrKl/l-A(K,K)),. 
ENO,. 
DO I = l TO Nr. 
IF I NE K 
THEN DO,. 

DO J = 1 TO Nr • 
IF J NE K 

I* REDUCE MATRIX 

THEN All1JJ:A(l,Kl*A(K,Jl+A(l,JJ,. 
ENO,. 

ENO,. 
ENO,. 
00 J = 1 TO N,. 
IF J NE K I* DIVIDE BY ROW PIVOT 
THEN A(K 1 J)=AIK,J)/AIKrKI,. 
ENO,. 
=D*AfKrKJ r. I* COMPUTE DETERMINANT 

HINV 370 
HINV 380 
HINV 390 
HINV 400 
HlNV 410 

· HINV 420 
HINV 430 
HINV 440 
HINV 450 
HINV 460 
HINV 470 
HINV 480 
HINV 490 
HINV 500 

*/HINV 510 
HINV 520 
HINV 530 
HINV 540 
HINV 550 
HINV 560 
HINV 570 
HINV 580 
HINV 590 

*IHINV 600 
HINV 610: 

~~~~ :;gj 
HINV 640: 
HI NV 650 1 
MINV 660: 
HJNV 6701 
MI NV 680: 
MINV 690i 
HINV 700' 
HINV 7101 
MINV 720' 
HI NV 730\ 

*IHINV. 740: 
*/MINV 1so: 
*IHI NV 760: 

HI NV 170 
HINV 780; 
HINV 790i 
HINV aoo: 

*/HINV 810 
HI NV 820J 
HI NV 830 1 

:~~~ :~g: 
HINV 860 
HI NV 870! 
HINV 880' 
HI NV 890; 
HINV 900 

*/HINV 910 
HINV 9201 
HINV 930 

*IHINV 940 
COMP •• HINV 9501 

HINV 960 IF ABS(O) LE S 
THEN DO,. 

ERROR='2't• 
GO TO FIN,. 
ENO,. 

JHK,KJ=l.O/AIK1KI t• 
ENO,. 

I* DETERMINANT IS ZERO 
HINV 970 

*/HINV 9801 
HINV 990 
HlNVlOOO 

I* REPLACE PIVOT BY RECIPROCAL */HINVlOlO 
HINV1020, 

I* 
I• 
I* 

FINAL ROW AND COLUMN INTERCHANGE 
*/HINV1030 ! 
•/HJNV1040 
•/MlNVl0501 

K =N, • 
LOOP.• 

K =K-lt• 
IF K GT 0 
THEN DO,. 

I =LIKI,. 
IF I GT K 
THEN DO,. 

ENDr. 

DO J = l TO N,. 
HOLD =AIJ,K}i. 
A I J' K J =-A (JI I J '. 
A(J,IJ=HDLO,. 
ENO,. 

J =MIKI t• 

JF J GT K 
THEN DO,. 

DO I = l TO N r. 
HOLD ::AIKrIJ,. 

HINV10601 
HINV1070 
HlNV1080 
HINV1090j 
HINV1100' 
MINVlllO 
HINV1120! 
HI NV1130 
HINV1140: 
MINV1150 
MlNV1160 
HINV1170 
MINVllBO 
MINV1190 
HINV1200 
HINV1210" 
HINV1220 
MlNVl230 
MINV12401 

END,. 

AIKril=-A(J,J),. 
A(J,JJ:::HOLO,. 
ENO,• 

GO TO LOOP,• 
END,. 

FIN •• 
RETURN,• 
END,. 

Purpose: 

/*END OF PROCEDURE HINV 

MINV inverts a general square matrix. 

Usage: 

CALL MINV (A, N, D, CON); 

A(N, N) - BINARY FLOAT [(53)] 
Given matrix. 

N-

D-

CON-

Resultant inverse of given matrix. 
BIN ARY FIXED 
Given order of matrix A.' 
BINARY FLOAT [(53)] 
Resultant determinant. 
BINARY FLOAT [(53)] 

HJNV1250 
HJNV1260 
HINV1270 
HINV1280 
HINV1290 
MINV1300 
MJNV1310 
HINV1320 

•/HINV1330 

Given constant with which the determinant 
is compared. If the given value of CON 
. h ~ 

Remarks: 

is zero, t e program assigns the value 10 
in single precisiOn and 10-15 is double 
precision. 

A must be a general square matrix. 
If no errors are detected in the processing of 

data, the error indicator, ERROR, is set to zero. 
The following constitute the possible error condi
tions that may be detected: 

ERROR=l - means that the order of the matrix is 
less than or equal to zero. 

ERROR=2 - means that the absolute value of the 
determinant is less than or equal to the 
specified constant CON (see descrip
tion of parameters for explanation). 

Method: 

The standard Gauss-Jordan method is used and the 
determinant is calculated. 
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• Subroutine MLSQ 

HLSQ.. HLSQ 10' 
/************:ci********************************************************IHLSQ 201 
,. •IHLSQ 30 I 

I* LINEAR LEAST SQUARES PROBLEM SOLVED USJNG HOUSEHOLDER TRANSF.•IMLSQ 40• 
I* *IHLSQ 50 
/*********************************************************************/"1LSQ 60 

PROCEOUREIA,B,HrN1Klro HLSQ 70' 
DECLARE ML SQ 80 

IAl•,•l1Bl•,•l 1 PIVR,HAXA) HLSQ 90 
BINARY FLOAT, !•SINGLE PRECISION VERSION /*S*/MLSQ 100 

I* BINAR.Y FLOAT( 531, /*DOUBLE PRECISION VERSION l*D*/HLSQ 110 
lAUXINI ,H, SIG,BETAJ MLSQ 120 

. BrNARV FLOATl5,311 MLSQ 130 
CTOL 1 PIVINll MLSQ 140 
BtNAR'i FLC1AT1 MLSQ 150 
EfUtQO EXTERNAL CHARACTERllJ1 /*EXTERNAL ERROR INDICATOR •IMLSQ 160 
(I,J,K,L,H1N1PIVl,LH1LN1LK) MLSQ 170 
BI~ARY FIXED,. MLSQ 180 

LH =M,. HLSQ 190 
LN =N,. MLSQ 200 
LK =K, • MLSQ 210 
SIG =O,. MLSQ 220· 
ERROR= ii)'•,. /•PRESET ERROR INDICATOR •/HLSQ 230 
IF LM GE LN /*IF M LESS THAN N */HLSQ 240 
THEN IF LN GE 0 /•DR IF N NOT POSITIVE •/HLSQ 250 
THEN IF LK GT 0 /*OR IF K NOT POSITIVE •/MLSQ 260 
THEN DO,. /*THEN BYPASS OPERATION *IMLSQ 270 

DO L = l TO LN,. /*CALCULATE SCALARPROOUCTS OF •/HL SQ 280 
H =C1. /*COLUMNS •/MLSQ 290 

DO I = l TO LM,. MLSQ 300 
H =H+MULTIPLYUIItLJ,A(J,L),531,. MLSQ 31" 
ENO,. MLSQ 320 

IF H GE SIG ML-SQ 330 
TliEN DO,. ML SQ 340 

. SIG =Ht.• /*SAYE MAXIMAL SCALARPRODUCT •/MLSO 350 
PI VI =L,. /*SAYE SUBSCRIPT OF PIYOTCOLUMN•/MLSQ 360 
ENO,. HLSQ 370 

AUXILJ ,PJVCLl=H,. MLSQ 380 
ENO,. l*******************************IHLSQ 390 

/•DECOMPOSITION LOOP •/MLSQ 400 
fRR0~= 1 0 1 ,. l*******************************/MLSQ 410 

00 L = L TO LN,. MLSQ 420 
TOL =PIVCPIVU,. /*ORIGINAL LENGTH OF PIVOTCOl.. *IMLSQ 430 
IF PIVI GT L /*SHOULD COLUMN. BE INTERCHANGED*/HLSQ 440 
THEN 00 • • ML SQ 450 

H ""'AUXCLJ,. /*INTERCHANGE SCALARPRODUCTS •/ML SQ 460 
AUXlLl=AUX(PIVIJ,. MLSQ 470 
PIVIPIVIJ=PIVIU•• MLSQ 480 
AUX(PIVl)=H,. MLSO 490 

DO J=l TO LMt. /*INTERCHANGE LOWER PART OF •IHLSQ 500 
PJVR =AIJ ,U 1. /*COLUMNS OF A *IMLSQ 510 
AlJtU=A(J,PJVIJ,. MLSQ 520 
AIJ1PlVIJ=PIVP,. MLSQ 530 
ENO,. MLSQ 54C 

END,. MLSO 550 
IF L GT 1 /*RECALCULATE COLUMN LENGTH */MLSQ 560 
THEN DO,.. l*TO AVOID ROUND-OFF PROBLEMS *IMLSO 570 

SJG =Q,. HLSO 580 
00 I = L TO LM,. ML SQ 590 
SlG =SIG+MULTlPLYCAlltL>tAlttLl153J,. MLSO 600 
END,. . MLSO 610 

ENO,. ML SQ 620 
IF TOL= C MLSQ 630 

. THEN DO,. HLSQ 640 
IF ERFIOR NE 1 8 1 MLSQ 650 
THEN IF ERROi:: NE 'W' MLSQ 660 
THEN ERROFl= 1 S 1 ,. /*GIVEN A HAS ZEFIO-COLUMNCSJ •IHLSQ 670 
ELSE ERPOR='B 1 to HLSQ 680 
TOL =l 1. HLSQ 690 
ENO,. MLSQ 700 

BETA =TOL*lE-10,. /*SINGLE PRECISION VERSION /*S*/HLSQ 710 
I• SETA "'.TOL*lE-2Ct. /*DOUBLE PRECISION VE~SJON t•D•/MLSQ 720 

IF SIG LE BETA MLSQ 730 
THF.N 00, • /•INOICATt: .LOSS OF SIGNIFICANCE*/MLSQ 740 

If ERROR NE 1 8 1 . MLSQ 750 
THEN If ERPOF< NE '<: 1 ML SQ 760 
THEN ER!:QR:: 1 W't• HLSQ 710 
ELSE EPRDR= 1 B•,. HLSQ 780 
If SIG LE 0 HLSQ 7<JO 
Tl-'EN SIG =BETA,. l•HODtFY ZERO .VALUE *IHLSQ 800 
ENO,. MLSQ 810 

SIG =SQRTC SIG),. MLSQ 820 
f.-1 :A(L,LI,. MLSQ 830 
If H LT 0 HLSQ 840 
THE:N SIG =-SIG,. !•FORCE SIGNISIG1 TD SIGNlHJ •IHLSQ 850 
PiVILl=PIVI,. /*SAVE INTERCHANGE INFORMATION •/MLSQ 860 
AIL,LI 1BETA=H+SIG1 • /*TRANSFORM DIAGONAL ELEMENT •IHLSQ 870 
AUXILJ=-SIG,. /*SAVE DIAGONAL ELEMENT •IHLSQ 880 
BETA :SIG*BETA,. HLSQ 890 

/*TRANSFORM SUBMATRIX OF A •/HLSQ 900 
PIVR =O,. HLSQ 910 

DO J = L+l TO LN,. /*TRANSFDRH LOWER PART OF A *IMLSQ 920 
H =O,. /•COLUMNS L+l UP TO N ONLY */HLSQ 930 

0(1 I = L Tr Lf-11 • HL SQ 940 
H =H+MULTIPLYIAll,LJ1Afl,JJ,53J,. MLSQ 950 
ENO,. . MLSQ 960 

SIG· :::H/BETA,. l*HOOIF't J-TH COLUMN */MLSQ 970 
00 I = LM TD l BY -1,. HLSQ 980 
H =AIJ,JJ,. HLSQ 990 
Al J ,JJ::H-A( I ,LI *SIG,• HLSQlOOO 
ENO,. !•NEXT UPDATE COLUMN LENGTH *IMLSQ1010 

H =ACL1JJ,. MLSQ1020 
AUX ( J J ,H=AUXI J J-H.-O:H,. "'IL SQ1030 
IF H GE PIVR /•SEARCH NEXT PIVOTCOLUMN *IMLS01040 
THEN DD,. ML SQ1C50 

PJV~ =H,. MLSQ1060 
PIYI =J,. HLSQlNO 
ENO,. ~LSQ1080 

END t • ~L SQl 09C 
/*TRANSFORM LOWER PART OF */HLSQllOO 

DO J = 1 TO LK,. /*RIGHT HAND SIDE "'IATRIX B •l~,lSQlllC 
H =O,. MLSQ1120 

DO I = L TC LMr. MLSQ113C 
h =H+MULTIPLYIAII1U1BIJ,JJ,5JJ,. MLSQLl40 
END,. MLSQ1150 

MAX4 :H/BEU., • /*MODIFY J-TH COLUH0N *IMLSQ1160 
DO I = L TO LM,. MLSQ1170 
Bl J, Jl =Bl I, JI-A I I ,LJ *MAXA,. ML S0118C 
ENO,. '"ILSQ!l90 

END t. ML"SQl 20(.'L 
END,. /*ENO OF DECO~POSITIDN LOOP *l~LS0121C 

I***************************** ••I Ml SQ 12 2 0 
DO J = LN TO l BY -1,. /*BACKSUBSTITUTION,INTERCHANGE *IMLSQ1230 

DIJ I = 1 TO LK,. l*******************************IMLS01240 

END,• 

=BIJ,IJ,. HLS01250 
DO L:::: J+l TO LN1• HLSQ126C 

~L S0127C 
HLSOL280 

H =H-HULTIFLYCAIJ,LJ,BCL,IJ,531t• 

ENO,. 

ENO,. 
PIVI ::PIVI JJ ,. 
BIJ,Il=BIPIVl,JI,. 
BIPIVI ,I J=H/AUXCJI,. 
ENO,• 

IF LN l T LH 
THEN OD J = l TO LKt-

H =Ot • 
DQ I "' LN+ l TO Ui!, • 

MLS0129C 
~LSQ130Q 

~LSQ1310 
HLSQ1320 
HLS0133C' 

/*COMPUTE LEAST SQUARES •/MLSC134CI 
/*IN CASE OF AN OVfROETERMINED */HLSQ1350 
/*EOUATIDN SYSTEM ONL'1 */HLS01360 

H ="H+HULTIPLYIBlt,JJ,Bll1Jl,531t• 
HLSQI37C 
MLSQ138C 
MLS01390 ENO,. 

BILM,Jl=H1• 
END 1 • 

END,. /*ENO OF OPERATION 
/*ENO OF PROCEOUll:E MLSQ 

'4LSQ1400 · 
MLSQ14LCJ 

*/MLSQ1420 
•/MLSQ1430 

Purpose: 

MLSQ calculates X satisfying AX=B, that is, the 
solution of a system of linear equations using House
holder transformations. The least squares solution 
is obtained in case of an overdetermined system of 
equations . 

Usage: 

CALL MLSQ. (A,. B, M, N, K); 

A(M, N) - BINARY FLOAT [(53)] 
Given coefficient matrix of equation 
system. 
A gets destroyed. 

B(M,K) - BINARY FLOAT [(53)] 

M-

N-

K-

Remarks: 

Given matrix of right-hand sides. 
Resultant solution of A· X=B stored in 
upper N rows of B, and if M>N resultant 
square sum of residuals for I-th right
hand side stored in elements B(M, I) for 
I= 1, 2, ..• , K. 
BINARY FIXED 
Given number of equations, that is, num
ber of rows of matrices A and B. 
BINARY FIXED 
Given number of unknowns, that is, 
number of columns of matrix A and 
number of rows of resultant X, which 
is overlaid with B. 
BINARY FIXED 
Given number of right-hand sides, that is, 
number of columns of B. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='D' means incorrect dimension(s); not all 
of the conditions M ~ N > 0, K > 0 are 
satisfied. Operation is bypassed. 
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ERROR='W' means warning, indicating possible 
loss of significance in resultant X. 

ERROR=' S' means A has at least one zero
column. Resultant Xis a least 
squares solution (not necessarily of 
minimal norm). 

ERROR='B' implies both ERROR='S' and ERROR= 
'W'; that is, resultant Xis a least 
squares solution, but possibly affected 
by loss of significance. 

The internal relative tolerance for te.st on loss 
of significance is set to 10,-5 in single precision 
and to 10-lO in double precision. In the single 
precision version, scalar products are accumulated 
using double precision arithmetic. 

Method: 

A is reduced to upper triangular form, using 
Householder transformations successively. The 
same sequence of transformations is applied to 
given right-hand-side matrix B. Solution X is then 
obtained using backsubstitution. 

For reference see: 

G. Golub, "Numerical Methods for Solving Linear 
Least Squares Problems", Numerische Mathematik, 
vol. 7, 1965, pp. 206-216. 

Mathematical Background: 

Notation 

The transpose of a matrix A is written as AT. The 
kth column vector of A is written as A* , k and the 
ith row vector as Ai *• The Euclidean norm of the 

rl , 

vector R = (l:}• abbreTiated• 

Problem 

2 
r. 

1 

For a given m by n coefficient matrix Av;ith m;;:: n 
and an m by k matrix B of right-hand sides, an n by 
k matrix X must be calculated that solves AX = B 
in the least squares sense, that is: 

II B*j - A X*j II = min, for j = 1, 2, ••• , k 

The determination of X is based on the reduction of 
the. matrix A to an m by n matrix R of the form 

R =(~) 

by means of an orthogonal transformation Q, so that 
U is an upper trangular matrix of order n. 

QA= R 

Then, the given equation AX = B can be solved as 
follows: 

QAX = QB 
RX =QB 
X [u"'"1 OJ QB 

if U is of maximal rank (otherwise, see "Program
ming· Considerations"). It is interesting to note 
that U is the triangular factor provided by the 
Cholesky factorization of AT A. 

Householder's transformations 

The reduction of the given matrix A to the matrix R 
can be achieved by means of a sequence of (n-1) 
orthogonal transformations the product of which will 
be Q·. This can be written as 

A 

A (i) p(i) (i-1) . _ 
A , i - 1, ••• , n-1 

where A (i) is supposed to have the same form as R 
in its first i columns, and where p(i) is an · 
orthogonal matrix. Then: 

R = A(n-1) 

Among the possible matrices P(i>, let us consider 
those of the form 

p(i) = 1 + Cl (i) w<il w(i) T 

where I is the Un.it matrix and w a vector of order m 
related to the scalar om f: 0 by 

(i) (i) 2 
<W W > = --(·) 

' Cl 1 
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It is easy to see that these matrices. are o:i;thogonal 
and symmetric. By definition of A(1) , p(i) can be 
written as· 

p(i) I+ 1 (v(i) _g(i)e.) (v(i) _g(i)e.)T 
= (i) (v (i) (i)) 1 ' 1 

g i - g 

where: 

(i)T 
v = ( (i) (i) 

vl , v2 , 
(i) 

••• , v ) 
m 

(i) 
vj 0 for j < i 

v.(i) = a.~i-l) forj ~i 
J JI 

g(i) = - sign (vi (i» II v(i) II 

and where ei is a vector of order m whose compo
nents are zero except for the i-th, which is one. 

Actually, neither matrices p(i) nor matrix 
Q = p(n-1) ••• p(l) is computed explicitly. 

Each column k of A(i) , k = i, ••• , n, is 
calculated from column k of A(i-1) as follows 

A (l) ~ A(i-1) + 
*k *k 

1 < (i) 
(i) ( (i) (i)) v 

g vi - g 

_ g(i)e. A (i-1) > ( (i) g(i) e.) 
I, *k · V - 1 

The columns of matrix B are modified in the same 
maimer; ..... 
Pivoting 

To keep roundoff errors as small as possible, an 
interchange of columns is performed before the i-th 
transformation, so that the i-th column of A(i-1) gets 
permuted ~th the k-th for which. II vCi) II is maximum. 
k is determined by: 

Max 
i s.j s n 

where: 

(s. (i) ) 
J 

Back substitution 

When the matrix is reduced to the triangular form, 
the solution is obtained by back substitution. The 
interchange of rows determined by the pivoting is 
applied to the solution as soon as any component is 
computed. 

Programming Considerations: 

The procedure may fail if, at any intermediate step 
i, no column with nonzero parameter g(i)can be 
found -- that is, if no nonzero main diagonal element 
in U can be generated. In this case, the rank of the 
matrix A is less than n. Because of roundoff errors 
this situation may even occur if the :r;ank of the given 
matrix A equals n. In order to indicate this ill
conditioned case, with its possible loss of signif
icance, each I g(i) I· is compared against a tolerance 
TOL.. TO Li is the product of the norm of the cor
resp~nding column in the original matrix A times 
the internal tolerance EPS (10-5 in single precision 
and 10-10 :in double precision). 

1. Jf the relative tolerances TOLi are all positive 
(no zero columns in original A),· then ERROR = 
'W' if I g(i) I > TOLi does not hold .true for all 
i = 1, 2, ••• , n. Zero elements g(l) get replaced by 
TOLi • 10-10 (TOL • 10-20 in double precision). 

2. Jf A has zero columns (corresponding 
T<?Li = 0), then ERROR= 'S'. The corresponding 
g(1) is set to rn-10 or rn-20. 

3. Jf cases 1 and 2 occur combined, ERROR = 'B'. 
Case 1 indiCates possible loss of significance in 

resultant solution X. Case 2 means that X is a 
least squares solution but possibly not the uniquely 
determined one of minimal norm. 

For full understanding of the procedure note faai: 
1. The g(i) 's are recalculated to avoid roundoff 

problems; 
2. The resultant Xis overlaid with the given right

hand sides. 
3. Least squares deviations are calculated only 

in case m > n, and stored in the last row of the given 
right-hand-side matrix. 
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PRUCtOUi<E MLSQ CALCULUES THE LEAST SQUARES SOLUTICN OF AN OVEROEfERMINED SYSTEM DF Sl~ULTANFOUS LINEAR EQUATIONS 

*****A2 ********** * TOL=PIV(PIVll * 
* SQUARE OF * ****Al********* • • •PRUCEDURE MLSQ * ••• x• ORIG! NAL •x ...................................................... . • • 

***:O:**"********* 

x 
*****Bl********** • * * PRESET * * ERROR=•O• * • • • • ***************** 

x ... 
cl •• 

•* HAS *• 
YE> .•HATR IX LESS•. 

••••*• ROHS THAN •* 
*•COLUMNS •* 

*· ·* *. ·* * NO 

x .•. 
Lil *· • ·* JS *· X NO •* NUMBER OF*• 

•• , •*. COLUMNS •* 
*.PUS lf!VE •* 

*. ·* *. ·* * YES 

x .•. 
El *. 

• ,•NUMBER *• 
X NO •*OF RIGHT *• 
••• •*• HANO SIDES .• 

•.POSITIVE •* 
*. ·* *. ·* * YES 

x 
*****Fl********** 
•GENtRATE SCALAR* * PRODUCTS OF * 
*CULUHNS IN AUX * 
• AN 0 P IV * 
* • ***************** 

x 
**•** G l********** * PUT INDEX OF * 
*PlVOTCOLUHN IN * 
*PlVJ ANO VAL·UE * * IN SIG * • * ***************** 

x 
*****Hl********** • * * PRESET * 
* t~ROR= 1 0 1 *• ••• • • • * • • *:O:*************O:• 

* COLC~NLENGTH * 
* * ****:+•••····,,.·~·· 

x ... 
82 *· *****83********** 

• •SHOULD *• * INTERCHANGE * , * COLUMN BE *· YES *SCALAR PRODUCTS* 

*****84********** • • 
t SAVE ANO * 

•.INTERCHANGED •*••••••••X*ANO COLUMNS OF* •• ,XO TUNSFO•M * 
*• • • *LOWER SlJBMATRIX* •. • • * • 

•. • • ***************** * NO 

: x •••••••••••••••••••••••• : 
x 

**** •c2 *******••• * RECALCULATE * * COLUMN LENGTH * 
*TO REOUCF. ROUMJ* 
* OFF * • • ****•************ 

x 
*****02 ********** * IF TOL I 5 0 * 
*THEN SF.T ERROR * * TO •s• R.ESP. * 
: 'B TOL R[Wf CE : 

*******•********* 

x 
*****E2********** 
O COMP. BETA * 
•<TOLERANCE FOR * * LOSS OF * 
* SIGNIFICANCEI * • • ***************** 

x 
. *· F2 *• *****F3********** 

• * *• * SET ERROR TO * 
•* IS SIG *• YES * ''W' 'R.ESP. 'B' * 

*• EXCESSIVELY .• ........ xo AND SIG TO * 
*• SMALL • * * MAX IS IG, BETA) * 

•. *· • .. .. =··*************: 
t NO 

: x •••••••••••••••••••••••• : 
x 

*****G2 ********** • * 
* FORCE SIGN OF * 
-*SIG TO SIGN OF * * Pl VOTE LE ME NT * * • 
****** .. ********** 

x 
*****HZ********** 
* SAVE * 
* INTERCHANGE * . 
*INFORMATION IN*••••••••• .. •••••••• .. ••••••••••• * VECTOR Pl V * • • 
***************** 

* PIVJTELEMl=NT * • • ***************** 

x 
*****C4********** 
•TRANSFORM LOWER* * SUBMATRIX, * 
* UP DA TE SCALAR * 
* PRODUCTS * • • ***************** 

x 
*****04********** 
* , S ELECT NE XT * * PIVOTCOll.P1N 1 * 
• I.E. SIG ANO • * PIVI * * • 
***************** 

x 
*****E4********** • * 
*TRANSFORM LOWFR* 
* PART OF RIGHT * 
* HANO SIDES * * • 
***************** 

x 
·*· F4 *• 

.• IS *• •* DECOMPO- *• NO • 
*· SITION L~OP •*•••• 

*•COMPLETE •* 
*· •• 

*· ·* * YES 

x 
*****G4********** 
* COMP. ROWS OF * * LFAST SQUARFS * * SOLUTION BY * * BACK- * 
• SUBSTITUTION * 
** ********** ***** 

x 
*****H4********** • • * RE!NTERCHANGE * * COMPUTED * 
* SOLUTION * • • ***************** 

x 
·*· J 4 •• 

****J3********* •* HAS *• . * ENO OF * NO .•~ATR IX MORE .. 
....................................................... x•PROCE!JJRE MLSQ •x .......... RJWS THAN •• * 1< *• COLUMNS •* 

*************** *· .. * 
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x 
*****K 4********** • • • •CALCULATE LEAST* 

....... •• ••••••• ••* SQUARES * * RE SIOUAL 5 * . . 
***************** 



• Subroutine MGB1/MGB2. 

MGBl •• MGB 10 
I******************************************************************* **/MGR 20 
I* */"1GB 30 
I* FD~ AN FQUATJON SYSTEH A*X=ll WITH BAt.'D HATPl>C A•L*U •/MGB 40 
I* CALCULATE OPTIONALLY */MG-B 50 
I* UPPER TRIANGULAR FACTcq U ANO SOLUTION X, +/"tGB 60 
I* UPPER TRIANGULAR FACTOP U ANO INVERSEIU•R, •/HGB 70 
I* INVERSECUJ•R FOR GIVEN U,R. */HGB 80 
I* */MGB 90 
I***************•***************************************************** /MGB l 00 

PROCEDURE I A, Fl, N, NLD,NUD, M1E PS ,QPTJ,. MG0 llC 
DECLARE MGB 120 · 

E~R.OR EXTERNAL CHARACTER I 11, /*EXTERNAL ERROR INDICATOR */~GB 130 
ICIPT,COPTJ CHAl\ACTERCl), ,.GB 140 
EPS BINARY FLOAT, MGB 150 
SUM BJNARV FLOATl53J, MGB 160 
IA(*1*l1Rl*1*)1Ll•J,SUNJ,PIV,WJ "'GB 170 
BJNAiW fLDllT, /•SINGLE PRECISION VERSJON l•S•/MGB I80 ,. BINM.Y FLOATC53)t /*DOUBLE PRECISION VERSION l•D•ll1GB 190 
lIPERC*),l,IBAC,IND,INL,IPIV, "'GB 200 
J.K.KL,LM,LLH,LN,LNLO,LNUO,M, MG0 210 
NtNB,NLO,NUDJ MGB 220 
BINARY FIXED,. MGB 23C 

IND =lt • MGB 24C 
GO TO BOTH,. MGB 250 

MGB2 •. "IGB 260 
l****************************·*********"'**********************"'********/MGe 270 
I* *IMGB 280 
I* FDR AN EQUATION SYSTEM A*X=P WITH BAND MATRIX A=L*U */llllGB 290 
I+ COMPUTE OPTIONALLY +/MGB 300 
I+ TRIANGULAR FACTORS L,U POSSIBLY COMBINED WITH •IMGB 310 
I* CALCULATION OF X OR INVERSECLl*Rr +lt'!GB 320 
I* INVERSfCLJ+R OR INVEJ:.SECAJ+R FDR GIVEN L,U,R. +/~GB 330 
I+ +/MGB 340 
I*************************************************************** ******/"IGB 35 0 

ENTRY CA, Rt Lt IPER, N ,NLD rNUD, Mr E PSrCPTJ r. pllGB 360 
IND =2,. MGB 370 

BOTH.. MGB 380 
LN =N,. l•STOPE VARIABLES N, M, NUD, +/MGB 390 
LM,LLM="1t • /*NLD FROM CALLING SEQUENCE •IMGB 400 
LNUD :NUO, • /•INTO LOCAL PARAMETERS •/MGB 410 
LNLD =NLO,. MGB 420 
ER~OR='P', • /*P MEANS WRONG INPUT */MGB 430 
IF LM LE 0 /*VALUE M MUST BE POS lT IVE */MGB 440 
THEN GO TO RETURN,. MGB 450 
IF LNLD LT 0 /•NUMBER OF LOWER CCIDIAGONALS *IMGB 460 
THEN GO TO RETUllNr • l•NLD MAY NOT BE NEGATIVE ANO •/MGB 470 
IF LNLD GE LN /*EQUAL TO OR GREATER THAN N •IMGB 480 
THEN GO TO RETURN,• MGB 490 
IF LNUD LT C /•NUMBER OF UPPER COOIAGONALS +/MGB 500 
THEN GO TO RETURN,. /+NUD MAY NOT BE NEGATIVE ANO */l'!GB 510 
IF LNUD GE LN /•EQUAL TO OR GRE~TER THAN N •/MGB 520 
THEN GO TO RETURN,. MGR 530 
ERROR•' 0',. /+PRESET ERROR INDICATOR */MGB 540 
NB •LNUO+LNLO+l 1 • t•CALCULA1'E THE MAXIMUM WIDTH */MGB 550 
IF NB GT LN /•OF BAND MATRIX •IMGB 560 
THEN NB =LN,. KGB 570 
IBAC =lr • /+IBAC ts AN INDICATOR FOR */MGB 580 
KL =O,.. l*BACKSUBSTITUTION */MGB 590 
COPT. =OPT,. MGB 600 
If COPT= 1A1 /•CALCULATE INVERSECL) * R •IMGB 610 
THEN DOr. /*FOR GIVEN L1 Ut R */MGB 620 

IND =O,. MGB 630 
ISAC =O,. MGB MO 
GO TO GAUSS, MGB 650 
END,. MGB 660 

If COPT= '8 1 /•CALCULATE INVERSEIU1 * R */MGB 670 
THEN GO TO BACK,. /•FOR GIVEN U, R +/MGB 680 
IF COPT= 'C' MGB 690 
THEN DO,. !•CALCULATE INVERSEI AJ * R */MGB 700 

IND •O,. /+FOR GIVEN L1 U, R •/KGB 710 
GD TO GAUSS,. MGB 720 
END,. MGB 730 

IF COPT= 'L' /*COMPUTE TRIANGULAR FACTOR U */MGB 71t0 
THEN DO,. /•AND OPTIONALLY L ANO */MGB 750 

IBAC .. o,. /*CALCULATE INVERSECLJ • R •IMGB 760 
GO TO SCAL,. /*FDR GI YEN A1 R */MGB 770 
ENO t • MGB 780 

IF COPT= 'F' /+COMPUTE TRIANGULAR FACTORS •IMGB 790 
THEN 00,. l*L AND U FOR GIVEN MATRIX A •/KGB 800 

ISAC =O,. MGB 810 
LLM •Or• MG8 820 
GO TO SCAL, • MGB 830 
ENO,. /*COMPUTE TRIANGULAR FACTOR U •IMGB 840 

IF COPT= 'U' !"•AND INVERSEIUJ•R FOR GIVEN */MGB 850 
THEN LLH =Or• /•At II */MGB 860 

SCAL •• 

K •LNUD,. 
INL ""LNLD+LN-NB+l,. 
IPIV .. NB-LNUDr • 

GAUSS •• 

DO I =1 TO LN,. 
IF I LE IPIV 
THEN K =K+l,. 
IF I GT INL 
THEN K .:oK-1,. 
PIV =O,. 

00 J =l TO NB,. 
IF J GT K 
THEN Act.Jl=O,. 
ELSE DO,. 

END,. 
If PIV= 0 
THEN DO,. 

w =ABSCAC I ,JI) I. 
If W GT PIV 
THE~ PIV =Wt• 
END,• 

ERROR='S't• 
GO TO.RETURN,. 
ENO,. 

SU I J=l/PIVr• 
END,. 

00 I =l 10 LN-1,. 
INL =I+LNLDt • 
IF INL GT LN 
THEN. INL =LN, • 

I* •IMGB 870 
/•CALCULATE SCALING FACTORS •IMGB 880 
I* .*/MGB 890 
/*K IS AN 'END INDICATOR FOR */MGB 900 
/+EACH ROW OF MATRIX A +/MGB 910 

MGB 9ZO 
/•EXECUTE LOOP OVER ALL ROWS */MGB 930 

/+IN I-TH ROW THE ELEMENTS' 
/+ACI,K•.U TO .AClrNBJ ARE 
/*FI LLEO UP. WITH ZEROS 

MGB 940 
•IMGB 950 

:~:g: :~~ 
MGB 980 

/•EXECUTE LOOP OVER I-TH Row */MGB 990 

/*FILL UP.WITH ZEROS 
MGB 1000 

•IMGB 1010 
MGB 1020 

/•COMPUTE ABSOLUTELY c;JREATEST */MGB 1()30 
/•ELEMENT PIV IN I-TH ROW OF A */MGB 1040 

MGB 1050 
MGB 1060 
MGB 1070 

/+T~ST FOR ZERO-ROW •/MGB 1080 
/*ALL ELEMENTS IN I-TH ROW OF */MGB 1090 
/*GIVEN MATRIX A ARE ZERO */MGB 1100 

MGB 1110 
/*STORE THE RECIPROCAL IN THE */MGB 1120 
/*VECTOR SL •IMGB 1130 
l*******************************IMGB 1140 
/+GAUSS ELIMINATION +/MGB 1150 
l*******************************/MGB 1160 
/+INVERSEILl•R */MGB 1170 

MGB 1180 
KGB 1190 

INTR •• 

FSUA •• 

DIVL •• 

IF IND= C: /•NO FACTORIZATION •IMG8 1200 
THEN DO,. /*CALCULATE INVERSECLJ * R */MGB 1210 

IPIV =IPERC I J,. /*FOR GIVEN Lr U, R */HGB 1220 
GO TO I NTR,. MGB 1230 
END,. HGB 1240 
=O,. /*INITIALIZE W FOR PIVOTING •/MGB 1250 
DO J =I TCI INL,. MGB 1260 
PIV =ABSIAIJ,Ul•SLIJJ,./+HULTIPLY ELEMENTS WITH SCALE */MGB 1270 
IF PIV GT W /*FACTORS ANO SEARCH GREATEST */MGB 1280 
THEN DO,. /*PRODUCT */MGB 1290 

W =PIV,. MGB 1300 
IPIY =J,. /*STORE ROW INDEX •/MGB 1310 
END,. MGB 1320 

END,. MGB 1330 
IF W LE ABSIEPSI /*TEST FOR LOSS OF SIGNIFICANCE•IMGB 1340 
THEN IF W = 0 /*ANO FOR ZERO +/HGB 1350 
THEN ao,. MGB 1360 

ERROR= 1 5't• /•NEXT PIVOT IS ZERO POSSl8LV */MGB 1370 
GO TO PETUPNr. /•DUE TO lOSS OF SIGNIFICANCE ~/MGB 13BO 
ENO,• MGB 1390 

ELSE ERRDR= 1 w1 ,. l•W MEANS WARNING +/MGB 1400 
PIV =ACIPIV,tJ,. l•PIV CONTAINS THE PIVOT •IMGB 1410 
IF IND= 2 /•STORE INFORMATION FOR ROW- •IHGB 1420 
THEN IPERllJ=IPIY,. /*PERMUTATIONS +/HGB 1430 
IF IPIV= I /*IS INTERCHANGE NECESSARY */HGB 1440 
TH!:N GO TO FSUB,. HGB 1450 
SLI IPIVl=SLC I J t• /•RESTORE SCALING ELEMENTS */MGB 1460 

END1. 

DO J =1 TO NB,. MGB 1470 
W =ACI,Jlr• /*INTERCHANGE ROWS IN GIVEN */MGB 1480 
ACl,JJ=ACIPIV,J),. /*MATRIX A •IMGB 1490 
AIIPIV1JJ=H,. MGB 1500 
END,. MGB 1510 

00 J =1 TO LLM,. 
W =RI I 1JJ •• 
Rl I, JJ=RI I P.IV,JI,. 
RIJPIV,Jl=W,. 
ENDr • 

DO J =I+l TO INL,. 
IF IND= 0 
THEN OD,. 

KL -=Kl+lr. 
W ""LCKLJ •• 
GO TO DIVL,. 
ENO,. 

W =AIJ111/91V1• 
IF IND= 2 
THEN DO,. 

KL =KL+.l t. 
LCKll=W,. 
END,. 

/*INTERCHANGE ROWS IN RIGHT 
!•HANO SIDE MATRIX R 

HGB 1520 
•IMGB 1530 
+/MGB 1540 

MGB 1550 
MGB 1560 
MGB 1570 

l•HODIFY OPTIONALLY ROWS JN */MGB 1580 
/*MATRIX A AND IN RIGHT HAND •IMGB 1590 
/*SIDE MATRIX R */MGB 1600 

MGB 1610 
MGB 1620 
MGB 1630 
MGB 1640 
MGB 1650 

l*W IS AN ELEMENT OF THE LONER •/MGB 1660 
/•TRIANGULAR FACTOR L •IMGB 1670 

MGB l6BO 
MGB 1690 

!•STORE W INTO L IF REQUESTED */MGB 1700 

OD K ,.2 TO NB,. /•MODIFY AND SHIFT ROWS OF A 
MGB 1710 

*/HGB 1720 
MGB 1730 
MGB 17~0 

*/MGB 1750 
*/MGB 1760 
•/MGB 1770 

AIJ ,K-1 )•AC J,KJ-W•AI I ,KJ r • 
ENO,. 

AIJrNBJ=Or. /*LAST TERM IS SET TO ZERO 
/*MODIFY ROWS OF R TO COMPUTE 

DO K =l TO LLM,. /*INVERSEIL.J+R 
RCJ ,KJ=RI J,KJ-W•R( I rK1,. 
ENO,. 

ENO,. 

IF IND= 2 

MGB 1780 
MGB 1790 
MGB 1800 
MGB 1810 
fllGB 1820 
MGB 1830 
MGB 1840 

THEN [PERI LNJ=LN,. 
IF IBAC NE 1 
THEN GO TO RETURN,. l*******************************IHGB 1850 

/*BACKSUBSTITUTION •/MGB 1860 
l*******************************IMGB 1870 

BACK •• 

RETUPN •• 
ENDr • 

00 I =LN TO 1 BY -1,. 
PJV =ACJ,lJ,. 
IF P[V:11 0 
THEN 00,. 

ERROR= 1 S 1 ,. 

GO TO RETURN,. 
ENDt. 

INL =I-1,. 
00 J =l TO LM,. 
SUM •RCJ,JJ,. 

/+TEST FOR ZERO PIVOT 

/+PIVOT ELEMENT IS ZERO 

f4GB 1880 
*IMGB 1890 

MGB 1900 
•/MGB 1910 

MGB 1920 
MGB 1930 
MGB 1940 

/*LOOP OYER ALL COLUMNS OF R •IMGB 1950 

DD K =2 TO IBAC,. /*CALCULATE SCALAR PRODUCT 
MGB 1960 

*/MGB 1970 
MGB 1980 
flllGB 1990 

*/MGB 2000 
MGB 2010 
MGB 2020 

/+UPDATE ENO OF INNERMOST LOOP +/MGB 2030 

SUH =SUM-MUL TIPLYUll,KJ 1 RllNL+K,JJ 1 53J,. 
ENO,. 

RI I, J J=SUM/PIV,. 
ENDr. 

IF 113AC LT NB 
THEN IBAC =IBAC+lr. 
END,. 

/*COMPUTE NEW ELEMENT IN R 

/*END OF PROCEDURE MGB 

MGB 2040 
MGB 2050 

*/MGB 2060 

Purpose: 

MGBl performs the folloWing operations on an 
equation system A . X = R with general band 
matrix A= L • U, depending on the character of 
an input parameter OPT: 

OPT 'L' 

OPT = 'U' 

OPT 'B' 

otherwise 

U replaces A and L -1 R 
replaces R 
U replaces A and u-1 R 
re~laces R 
lJ R replaces R for a given 
U on storage locations of A 
U replaces A and the solution 
X = A-lR replaces R 

Mathematics--Matrix Operations--Linear Equations 49 



The following tab.le shows input and output depending 
~o~ - . 

MGBl -OPT 'L' 'U' 'B' otherwise. 

INPUT A R A R UR A R 

OUTPUT 
-1 

UL ··R U u-1·R UU-1·R U A-l.R 

Usage: 

CALL MGBl (A, R, N, NLD, NUD, M, EPS, OPT); 

A(N, NB) -

R(N, M) -

N-

NLD-

BINARY FLOAT [(53)] 
Given N by N band matrix A con
sisting of the main diagonal, NLD 
lower codiagonals, and NUD upper 
codiagonals. A is stored rowwise 
and left-adjusted so that A(i, 1) con
tains· the first nontrivial element in 
the i-th row of matrix A, i=l, 
2, ••• , N. Thus, the maximum 
number of elements in the rows of 
array A is: 

NB= min (N, NLD + NUD + 1) 
Resultant upper band factor U stored 
rowwise and left-adjusted so that 
A(i, 1) contains the diagonal element 
in the i-th row of the upper factor 
lJ', i=l, 2, ... , 'N, If OPT= 1 B1 , 

A contains U~ 
BINARY FLOAT [(53)] 
Given right-,hand-side matrix with N 
rows and M columns, which implies 
that M sets of -right-'hand-side vec
tors are given. 
Resultant solution depending on the 
option parameter OPT (see 
"Purpose"). 
BINARY FIXED 
Given row dimension of matrix A . . . : . ' 

and number of rows of right-hand 
side :R. 
BINARY FIXED 

MGB2 -.OPT 'L' 'F' 

INPUT A R A 

OUTPUT u L L-1·R u L 

R 

R 

u 

u 

Given number of lower codiagi:mals· 
of matrix A. 

NUD- BINARY FIXED 
Given number of upper codiagonals 
of matrix A. 

M- BINARY FIXED· 

EPS-

Given number. of columns of R, that. 
is, number of right-hand-side vectors. 
BINARY FLOAT 
Given relative tolerance for test on 

loss of significant digits. 
OPT- CHARACTER(l) 

Given option parameter for selection 
of operation (see" Purpose"). 

Purpose: 

MGB2 performs the following operations on an 
equation system A·• X = R with general band ma
trix A = L • U, depending on the character of an 
input parameter OPT: 

OPT = 1 L' A is repiaced by upper band factor 
U, R is replaced by L-1 • R, and 
lower band factor L is stored in 
a one-dimensional array L omit
ting the unit diagonal. 

OPT = 'F' A is replaced by the upper band 
factor U and the lower band factor 
L is stored in the array L. . The 
right-hand side R remains U.n-

OPT = 'A' 

OPT= 1 C 1 

otherwise 

changed, · 
R is replaced by L -l. R for the 
given upper factor u in array A 
and the lower ·factor L in vector 
L. 
R is ref laced by the solution 
X= A- ·Rfor given U and L.. . 
A is replaced by the upper factor 

· U. The lower factor Lis calcu
lated and stored in L, and R is 
replaced by the solution 
X= A-1.R. 

The following table shows input and output depending 
on OPT: 

-
'A' 'C' otherwise 

L R u L R A R 

L L-1·R u L A-1·R u L 
-1 

A ··R 
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Usage: 

CALL MGB2 (A, R, L, IPER, N, NLD, NUD, M, 
EPS, OPT); 

A(N, NB) -

R(N, M) -

BINARY FLOAT [(53)] 
Given an N by N band matrix A con
sisting of the main diagonal, NLD 
lower codiagonals, and NUD upper 
codiagonals. A is stored rowwise and 
left-adjusted so that A(i, 1) contains 
the first nontrivial element in the i-th 
row of' matrix A. Thus, the maxi
mum number of elements in the rows 
of the array A is: 

NB= min (N, NLD+ NUD+ l)i 
Resultant upper band factor U stored 
rowwise and left-adjusted so that 
A(i, 1) contains the diagonal element 
in i-th row of U, i = 1, 2, ••• , N. 
If OPT= 1 A1 or 'C 1 , the array A 
contains u. 
BINARY FLOAT [(53)] 
Given right-hand-side matrix with N 
rows and M columns, which implies 
that M sets of right-hand-side vectors 
are given. 
Resultant solution dependi.ng on the 
option parameter OPT (see 
"Purpose"). 

L(N• NLD-NLD· (NLD+l)/2) 
BINARY FLOAT [(53) J 
Resultant one-dimensional array con
taining the lower factor L. If OPT= 
'A 1 or 1 C' , array L contains the 
lower factor L, obtained by sub
routine MGB2 with any other option 
parameter. 

IPER(N) - BINARY FIXED 

N-

NLD-

NUD-

M-

Resultant integer vector containing 
the permutations of rows of the ma
trix A in the factorization steps. 
If OPT= 1 A1 or 1 C1 , permutation 
vector IPER must be given, obtained 
by MGB2 with OPT= 1 A1 , 1 C1 • 

BINARY FIXED 
Given row dimension of matrix A and 
number of rows of right-hand side R. 
BINARY FIXED 
Given number of lower codiagonals 
of the matrix A. 
BINARY FIXED 
Given number of upper codiagonals 
of the matrix A. 
BINARY FIXED 
Given number of columns of R, that 
is, number of right-hand-side vectors. 

EPS-

OPT-

Remarks: 

BINARY FLOAT 
Given relative tolerance for test on 
loss of significant digits. 
CHARACTER(l) 
Given option parameter for selection 
of operation (see" Purpose"). 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes' the possible error conditions 
that may be detected: 

ERROR='P' means error in specified parameters: 

ERROR='S' 

M s; 0 or NLD < 0 or N s: NLD 
orNUD<OorNS:NUD 

means all elements in a row of the 
given matrix A are zero, or the 
calculated pivot in a factorization 
step is zero. This is possibly due to 
an ill-conditioned or singular matrix 
A. 

ERROR='W' is a warning indicating possible loss 
of significance., 

The storage mode for band matrices is a natural 
generalization of the normal two-dimensional 
storage scheme: any row is stored with NB=min 
(N, NLD+l+NUD) elements, but only the nontrivial 
elements (that is, those within the band) must be 
specified. The remaining elements are set to zero 
automatically within procedure MGB1/MGB2. 

Note that a fully populated N by N matrix would 
require exactly N • N storage locations if stored as 
band matrix in compressed form. However, the 
unit lower triangular factor L would need additional 
N • (N-1)/2 storage locations. 

Method: 

Calculations of the lower and upper band factors L, 
U are done using a standard Gaussian elimination. 
technique. Columnwise pivoting is built in, com
bined with scaling of rows (equilibration). 

The lower band factor L is normalized such that 
the diagonal contains all ones, which are not stored 
(Doolittle factorization). 

The procedure gets the required solutions by 
means of forward and/or backward substitutions, 
where the interchange information is combined with 
the lower band factor L. 

For reference see: 

R. s. Martin and J. H. Wilkinson, "Solution of 
Symmetric and Unsymmetric Band Equations on the 

Mathematics-.-Matrix Operations.-~ Linear Equations 51 



Calculation of Eigenvectors of Band Matrices", 
Numerische Mathematik, vol. 9, 1967, pp. 279-301. 

Mathematical Background:. 

Let A be an N by N nonsingular real band matrix 
with NLD lower codiagonals and NUD upper codiag
onals. In general, it can be factorized into a 
product 

A=P• L• U 

where L and U are lower and upper .band factors 
respectively. L can be normalized so that it has a. 
unit diagonal. P means the row-permutation matrix, 
that is, an N by N unit matrix with interchanged 
rows resulting from partial pivoting in the factoriza
tion steps. 

Then X = L -1. p-1. R = L -1 R is calculated 
using forward substitution to obtain X from L • X = 
p-1. R = R, where R .is obtained from R by inter- . 
changing rows in the same way that rows of matrix 
A are interchanged during columnwise pivoting in 
factorization. 

Calculation of Y = u-:1. R is done using backward 
substitution to obtain Y from U• Y=R. 

Calculation of Z = u-l •. L -l. p-1. R = u-1. L -1. R 
is done by first solving L• X = R and then solving 
U• Z = X. 

Programming Considerations: 

1. Storage Mode 
The following is an example of a 7 by 7 matrix with 
two lower and three upper codiagonals which shows 
the storage compression of band matrices and the 
storage allocation of upper and lower triangular 
factors U and L. 

Fully stored matrix: 

.. 

Compressed stored band matrix: 

all a12 al3 a14 

a21 a22 a23 a24 

a31 a32 a33 a34 

a41 a42 a43 a44 

a51 a52 a53 a54 

a61 a62 a63 x 

a71 a72 a.73 x 

Elements marked X need not be specified. They get 
filled up with zeros automatically. 

Resultant upper triangular factor U and unit lower 
triangular factor L: 

u12 ul3. u14 ul5 

u23 u24 u25 u26 

u33 u34 u35 u36 

u u44 u45 1146 0 

u55 u56 0 0 

0 0 0 

0 0 0 0 

L= 
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The band-shaped upper triangular factor U is stored 
rowwise and left-adjusted, so that A(i, 1) contains 
the diag-onal element for i = 1, 2, ••• , N. The · 
band-shaped lower unit triangular factor L is 
stored in a one-dimensional array. Only the non
trivial subdiag-onal elements are stored columnwise 
in successive storage locations. 

2. ·Computational remarks 
In order to improve numerical stability, partial 
pivoting is used combined with an equilibration of 
rows. In each row i of the given matrix A the 
element aiji of greatest absolute value is found • 
The absolute values Vi= 1/ j aij. j are used as 
weights for pivoting: 1 

At the first step of Gaussian elimination that 
element akl is used as pivot element piv for which 

If necessary, rows k and I are interchanged in A, 

R and V = l·~' and lPER(l) is set to k. 

VN 

The elements in the first NLD rows are trans
formed by means of 

(1) 
a .. 

l] 

=an 
piv 

i = 2, ••• ,NLD+l 

= 2, .•• ,NB 

k= 1, ... ,M 

If specified, the elements In are stored in 
successive locations within L. 

Transformed rows of A get shifted to the left 
by one position, and zero is inserted in the last 
location. 

Repeating this process (N-1) times gives 
triangular factors U and Land the product L-1R, 
in permuted form. 

If at an elimination step the value of piv be
comes zero, then ERROR is set to 181 and further 
calculation is bypassed. 

ERROR is set to 'W' if, at elimination step j, 
vj · piv ~ EPS. 
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***'*-Al********* 
•PR:UCt:DURE MGtH * 

•.• ··:· S1:T JNO= l : 

···•••********** 

••••bl********* * . EIHR Y MG82t * * PRE:iET INO=Z * • • 
*************** 

FUR AN EQLAT!n~ SYSTEM MX=R WITH BAND MATRIX A=L•U 

MGBl CPTIO~ALLY COl'PUTF.S X1 U, (NVEF!SEIL~*R~ INVERSFCUJ*R 

MGB2 CPTIONALLY CO,..PUTES Xr Ur INVERSEILJ*Rt AND L 

•••• • • t AZ * • • •••• 
x . .. 

A2 *• *****A3********** •* IS •. * SWITCH OFF * •* OPT=•F •, *• VES * INDICATOR FOR* 
•.J.E. COMPUTE • *••••••••X.* BACK- * 

*•FACTORS•* *SUBSTITUTION,* 
*•LtU•* * IBAC=O * 

•.. * ••*************** * ~D 

• ~- x 
•• 62 1 s *· •• :;:r·r~~:t·~:~~e: 

**** • * * A't * • • **** 

x .•. 
A4 *• 

•* TEST *• NO .•FOR: LOSS OF*• 
••••*• SIG,,,TFTCANT •* 

•.OtGITS IN.• •• w •• 
*· ·* * LO SS 

x .•. 
84 *· 

·* *· . •* *• YES •* OPT=•U•, *• YFS * FOR NUMBER OF* 
•.I.E. COMPUTE •*••••••••X.* CCLUMNS OF R *•••• • • w = 0 ·*· ... 

*• 1 N'Yl UI *R • * * LLM=O * 
•.ANO U. * * * •• • * ***** ************ 

*· •* *· ·* *· ·* x 

•••• • • 
: .A5 : 
•••• 
x 

*****AS*****•**** * TRANSFORM AND * *SHIFT .A MAXI r-'IUM* 
•nF NLO ROWS OF * * A, filVJNG * * MATRIX U •· 
***************** 

ic 
*****BS ***'U***** • • • SET LliST TERM * * TO ZERO * • • • • **********••••••• * NO 

: •.•.•.•... x: 
* NO **** • • * H7 * . . 

ic **** 
SOili X 

**•**Cl********** * !>TUKE CALL JNG * 
*PARAMETERS INTO* * LOCAL ONES, * * PRESET LLH=H, * * ERROR = tp• * 
***************** 

x .•. 
01 *• 

·* *· •* IS H *• NO *. POS JTJVE •*• •·. 
*. ·* *. ·* •. ·* * YES 

x ... 
Cl *• 

.•IS NLO *• • 
.•GREAT. THAN*• NO X *. OR = 0 ANO •*• ••• 
*·LESS THEN.• 

*·• N •* *. ·* * YES 

x .•. 
fl •• 

·*IS NUO *• 
YE~ •*GREAT. THAN*• 

•• ••*. OR = 0 AND •* 
*.LESS THAN.• 

*• N •* 
*• ·* * NO • 

**** • )( • • .x ••••••••••• 

.•. 
C2 *• • * IS *• • * OPT= •B '1 *• Yt:'S 

*•I.E. COM PU TE • *- ••• 
•.INVIUJ:OR •* *· •• *· .• * NO 

ic . .. 
x •••• • • * GS * • • 

**** 
02 •• *****03********** 

•* IS *• * SWITCH OFF * •* OPJ='L't *• YES * JNOICATOR FOR* 
•.I.E. COMPUTE •*••••• ••• x.o BACK- O< 

*·\~vi~L*~i·* : sualLlt~~ION,: 
•• • .. ***************** * ND 

:x •...•...•. : 
:x .•.....•...........•.... : 
x 

*****E2********** * INSERT ZEROS * 
• INTO nm * * TRIANGULAR * 
*AREAS OF GI VEN * * MATRIX A * ••••••••••••••••• 

x 
****"'F2 ********** * CALCULATE * * ABSOLUTELY * * GREATEST TERM * *PT V IN EACH RC!W* 
t OF A * 
****•************ 

*****E3********** 
* STORE THE * * RECIPROCAL OF * 

•••••X* EACH PIV IN * 
t VECTOR SL * • • ··············••ti .... . . . . 
* F3 *•X• • • **** • 

GAUSS X 
*****F3********** 
*INITIALIZE l=l• *AS LCOP COJNf ER* 

.... X* FOR GAUSS * . * ELIMINATION * • • ·········•******* 

x 
*****C 4***** ***** • • *SFT FRROR= 1 W1 , * 
*W ~ fAN S WARN ING• • • * . • 
***·************** 

: •.•••....• x: 

x 
........ 04********** 
•STORE rNFORMA- * * TID'1 FOR q,ow • 
*PERMUTATIONS IF* 
•REQUESTED I.E. * 
:t: 1~0=2 • 
***************** 

x .•. 
E4 *• .• *· •* TS *• NO .... !~~~~~~:~~~ •.•.... 

•• •* 
*· ·* * YES 

*****F4*:******** 
• INTERCHA~GE * 
*SCAL'E· El 'EHENTS * * ANO ROWS IN * 
•GIVE"I MATRIX A * • . * 
***************** 

* Gl *•X• • • • **** 
.RETURN x 

x .•. J. INTR i 
****Gl********* * ENO OF * * PROCEDURE HGB * • • *************** 

x 
*****Hl********** •scT ERROR =•o•,• 
•COMPUTE MAXIMUM* 

:~rr°ium WlA : 
*BACK~UBSTITUT. * 
***************** 

x .•. 

G2 *• •* TESY *• • • * FOR ANY *• NC • 
•.ZERO-ROW,J .E •• •. ••• 

*• IS ANY •* 
•·Pt ~=O. * ..... 

* YFS 
**** • . . . 

* H2 *• X.. . . . •••• x 
••••*H2 ········'*· • • • * SET ERROR '* ..... ···: p~~~a~!~~= : 
• • ·······•*•······· 

J 1 •• ••••"ICJ2 •••••••••• 
•* IS *• * SWITCH OFF * 

.:i.~~TCQ~~~TE ·:.!~~ ..... x: INDI~:l~~ F C:R : 
•.INV(LJtR •* *SUBSTITUTION,* 

*• •* * JRAC=O * *. ... • ................ . 
* NO 

J. ic 1(.1 *· •••••K2••········ 
·· •• ·~PTJ~c• *·•··YES :sET ·~~ai'ot.E.: . 
•.r.c. CDHP~TE •••••••••• x• TRIANGULAR ••••••• 

•.JNV(AJ*R •* *FACTORS LANO ·u• 
*• •* * ARE GIVEN * . . .. . ................ . 

* ND 

x •••• • • * A2 * • • •••• 

G3 *. *****G4********** 
.•TR!AN- *• * INT~RCHANGF. * 

.:·x~~A~~v~~~ *:.~~~ ..... x!M~~~~ A~~ r~op: 
*• I.E. •* tQF 1 UP TO lLM * 

•. INO=O.• * (LLM=M OR 0) * 
*· •• ***************** * NO 

x 
*****H3********** * HULT !PLY * 
* ELEMENTS WITH * * CORRESPONDING t· * SCALE FACTORS t: • • .................... 

x 
*****J3********** * SEARCH • * ABSOLUTELY *' * GREAT EST * * PROD.JCT ANO * *STORE IT INTO W* 
***************** 

x 
*****K3********** • • *SAVE ROW INDEX * * OF H * . . . . . ................ . 

',; 
•••• • • * A4 * • • 
**** 

:x ....•....• : 
• x 

FSUB •*• 
H4 *• •*TR IAN- *• • 

.•GULA~S L,U *• YES. 
*• ARE GIVEN, •*•••• 

·*• J.E. •* •.INO=O.• 
*· ·* • NO 

x 
*****J 4********** 
*CALCULATE TFRMS* * OF LOWER * * T~ IANGULAR * * FACTOR L * * • ***************** 

x 
*****< 4********** * STORE TERMS •· * l'iTO L tf * 
*REQUF.STED 1 .F. * * IND=2 * • • ***************** 

x • ••• • • * A5 * 
* * .... 
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L'l VL X 
*****C5••········ *TRANSFORM RCWS * •m= R HI TH LC:OP • 

••• X* FROM l UP TO * 
*LLM I=" OR 0) I • 

*I NC REASE 1=1+1 * ••••••••••••••••• 

x .•. 
05 *· • • *· . * IS T *• YES 

*• LFSS THAN N • *• ••. •• . * .. . . 
*· ·* • ND 

ic ••••ties •••••••••• 
*STORE I M'OR"A- * * TIDN FOR RCW * 
•PERHUTATI ONS IF* 
*REQUE STEn 1. E. • * IND=2 * • •••••••••••••••• 

ic .•. 
F5 *• 

•* WITH *• 

x •••• • • * F3* • • •••• 

• :f:BACKSUBSTl-41. NO 
*· l~H D~~A~:.i: ...... : 

•• • * .... x * YES .... . . . . 
* GS *• X. . . . •••• • • * GI* • • . .... . 

.RACK X 
*****G5********** 
*INITIAUZE l•N * 
*AS LOOP COUNTER* * FOR BACK- * 
*SUBSTITUTION * • • ············*···· 

x ... 
... 5 *· •*.TEST *• 

• ••• 

. * FOJ~ ZERO *• YES 
••• x•.PIVOT IN I-TH•*•••• 

··~?~lv~1b·* 
•• •* * ND 

x 
*****J5 •••••••••• 
•TRANSFORM TERMS* 
*IN I-TH ROW CF * * R GIVING * * JNVERSEIUl•R, * •DECREASE I=I-1 * • •••••••••••••••• 

x .•. 
KS *• 

• *IS LOOP*• 
• NO •*COUNTER I *• 
•• •• *• LESS THAN • * 

*• ONE • * .. . . . ... 
* YES •••• 

x 
**** • • * H2* • • •••• 

. * • -
•• X* Gl * • • •••• 



Eigenvalues and Related Topics 

Note: The following example illustrates a way to 
link subroutines MATE, MEAT, MVAT, MVEB 
(which follow) for the computation of the eigenvalues 
and eigenvectors of a real nonsymmetric matrix. 
(Subroutines MATE and MVEB can be replaced with 
MATU and MVUB,) 

Description of the parameters used: 

A-

N-

Real array containing the given matrix 
(this matrix is not preserved) 
Order of the matrix 

N = 50, • 
BEGIN, 
DECLARE 

(A(N, N), RR(N), RI(N), H(N, N)) 
(CH(N, N), EIG, EV(N, N/2)) 
(IP(N), I, J, K, M) 
ANA(N) 

CALL GEN(A, N), • 
CALL MA TE (A, N, IP) , • 
H =A, • 
CALL MEAT(A, N,RR, RI, ANA), • 
I= O, • 

DO M = 1 TO N BY 2, • 
I= I+ 1, • 
EIG=:C OMPLEX(RR(M), RI(M)), 
CH(l, *) = H (1, *), • 

DO J = 2 TON, • 
DO K=J-1 TON,. 
CH(J, K) =H (J, K), 
END, • · 

END, • 

H - Real array in which the Hessenberg matrix 
will be saved together with the elements of 
the transformations involved in subroutine 
MATE 

CH - Complex array containing the Hessenberg 
matrix for the computation of the eigen
vectors 

EV - Complex array where the eigenvectors are 
stored 

The other parameters are defined in the descrip
tions of the subroutines. 

All the eigenvalues are assumed to be complex in 
this example, so that only N/2 eigenvectors are 
computed. 

I* MAIN PROGRAM */ 

/* BEGIN BLOCK */ 

BINARY, 
COMPLEX BINARY, 
BINARY FIXED, 
BIT(l), • 

I* GENERATE THE MATRIX */ 
I* REDUCTION TO HESSENBERG FORM */ 
/* SAVE HESSENBERG MATRIX */ 
/* COMPUTE THE EIGENVALUES */ 

/* COMPUTE N/2 EIGENVECTORS */ 

/* PUT THE HESSENBERG MATRIX */ 
/* INTO A COMPLEX ARRAY. */ 

CALL MVAT (CH,N,EIG,EV(*,I)), • /*EIGENVECTORS OF THE */ 
*/ 
*/ 

/ * HESSENBERG MATRIX 
CALL MVEB(H, N, IP, EV(*, I)), • /*VECTORS OF THE GIVEN MATRIX 
END, • 

PUT EDIT • / * PRINT THE RESULTS 
END, • / * END BEGIN BLOCK 

/ * MAIN PROGRAM 

Note that the eigenvalues of the original matrix A are equal to the eigenvalues of the corresponding 
Hessenberg matrix, so that no back transformation of the eigenvalues is required. 

*/ 
*/ 
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• Subroutine MA TE 

MATE... ~ATE 10 
/*********************************************************************/MATE 20 
I* */MATE 30 
I* REDUCE A REAL MATRIX TO HESSENBERG FORM */MATE 40 •1• ELIMINATION TECHNIQUES */MATE 50 
I* */MATE 60 
/*********************************************************************/HATE 70 · 

PROCEDURElA1N11PJ 1 • MATE 80 
DECLARE MATE 90" 

' IAl•1 •J,C,U1 YJ MATE 100 
BINARY, MATE llO 

, S MATE" 120 
BlNARYl53) 1 MATE 130 
IN1IPC*ltK1KPlrKltHtl1J1NlJ HATE lltO 
BINARY FUEO,. MATE 150 

IF N LT 3 THEN GO TO EMATE 1 • HATE 160 
IP(N).,,N 1 • MATE 170 
Nl=N-lr• MATE-180 

DO K=Nl TO 1 BY -1,. MATE 190 
KPl•K+l1. MATE 200 
Kl ... K-1 1 • MATE 210 
M=K 1 • MATE 220 
U=ABSCAIKPl1K)J,. MATE 230 

DO l=l TO Klr• I* PIVOTING */MATE 240 
V•ABSIAIKPltIU,. MATE 250 
IF V GT U MATE 260 
THEN OD,• MATE 270 

U=Vt. MATE 280 
M=lt • MATE 290 
END,. MATE 300 

ENO~. MATE 310 
IP(Kl=Mt• MATE 320 
JF H NE K MATE 330 
THEN 00,. I• INTERCHANGES •/MATE 340 

. DD l=l TO Nr. I• COLUMNS */MATE 350 
C=All1Kh• MATE 360 
AII1Kl•AOrMl1. MATE 370 
AUrMJ=C,. MATE 380 
ENDt. MATE 390 
00 l•l TD Nr. I• ROWS •/MATE 400 
C•AIK,1) 1 • MATE 410 
A(K 1 ll=AIM,IJ,. MATE 420 
AIMrlJ=Ct• MATE 430. 
ENDt • MATE 440 

f:ND,. MATE 450 
IF AIKP1 1KI NE 0 MATE 460 
THEN DO J•l TD Klt• I* COEFFICIENTS OF ELIMINATION •/MATE 470 

ACKPL ,1 l=AlKPL11.l /ACKPl1Kl ,. MATE 480! 
ENDr • MATE 490 
DO l•N TD l BY -1, • I'- K-TH ROW OF THE HESSENBERG •/MATE 500 
S=AIK1IJ1• I• MATRJX •/MATE 510 

DD J•l TO Klt• MATE 520 
S=S+MULTIPLYIACKPltJlrAIJril153J,. MATE 530 
END,• MATE 540, 
DO J11MAXII+l1KI TO. NL,. MATE 550 
S11S-MULTIPLYCACK,Jl;AfJ+lrlJ153),. MATE 560 
EN Dr. MATE 570: 

ACK1U•S1. MATE 580 
EN0 1• MATE 590 

ENO,• MATE .600 
EMATE.. MATE 610 

RETURN,• MATE 620 
ENO,. I• END OF PROCEDURE MATE •/MATE 630 

Purpose: 

MATE reduces a given real matrix to upper almost 
triangular (Hessenberg) form by means of a se
quence of similarities. 

Usage: 

CALL MATE (A, N, IP); 

A(N, N) -

N-

IP(N) -

BINARY FLOAT 
Given real matrix •. 
Resultant upper almost triangular ma
trix. 
BINARY FIXED 
Given order of the matrix. 
BINARY FIXED 
Resultant vector containing information 
about the interchanges operated on rows 
and columns of the matrix. 

56 Mathematics--Matrix Operations--Eigenvalues 

Remarks: 

The elements defining the transformations applied . 
to the matrix are store~ in place of the lower tri
angular part of the matrix on return. These ele
ments and the vector IP will be used in the com;.. 
putation of the eigenvectors of the original matrix 
(Procedure MVEB). 

Method: 

Each row of the matrix is reduced in turn, starting 
from the last one, by applying a suitable elimination, 
and similarity is achieved by applying the left 
inverse transformation. A Crout-like algorithm is 
used to take advantage of the accumulation of the 
inner products in double precision. 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue Prob
lem, Clarendon Press, Oxford, 1965. 

Mathematical Background: 

Let us consider a matrix A of order n and the 
similarity 

(1) 

where H is a Hessenberg matrix associated with A, 
and T a lower triangular matrix with unit diagonal. 
Equation (1) can be written as 

TA= HT (2) 

Matrices H and T will be determined row by row, 
according to the algorithm described below. 

If rows (k+ 1) to n of H and rows k to n of T are 
assumed to be known, . row k of H a:nd row (k-1) of 
Twill be determined as follows. 

From equation (2) we get 

k-1 n 

ak. = .E 
l j=l 

tk. a .. = h.- • + .E hk. t .. 
J Jl -kl j=i+l J Jl 

and 

k-1 n 

hk. = ak. + .E tk. a .. - .E bk. t .. 
l l j=l J Jl j=i+ 1 J J.l 

(3) 



If we apply equation (3) for i = n, n-1, ... , k, 
we will obtain recursively the terms of the k-th 
row of H, excepting the subdiagonal term. 
(When the upper bound of a summation is less 
than the lower bound, the value of the sum is 
taken as zero.) 

Let us determine now the (k-l)st row of T and 
the subdiagonal term 

\ k-l of H. 

From equation (2) we get 

k-1 n 

ak. + :E tk. a .. = :E hk. t ..• lSi:>:k-1 
l ·-1 J Jl "-k 1 J Jl J- J- -: 

Defining 

k-1 n 

mk. = ~· + :E tk. a .. - .:E \· t .. , l:>:i:>:k-1 (4) 
l l j=l J Jl j=k J Jl 

we finally obtain 

· . mki 
hk k-l = mk k-l' t = l:>:isk-2 (5) 

k-1 i hk k-1· 

To ensure stability, a technique of pivoting is in
corporated in .this algorithm. 

After the computation of the mki' s, the sub
script j is determined for which 

l:>:i:>:k-1. 

Then the elements mki and mk k-l are interchanged. 
So are columns j and (k-1) of T. Similarly, the 
columns and the rows of matrix A are also inter
changed. Then equations (4) and (5) are applied. 

The algorithm is initialized by taking 

h =a 
nn nn 

m. =a. l Ill Ill 

t = 0 
ni 

t = 1 
nn 

When mki = 0 for i = 1, . . . , k-1, \ k-l = 0 and 

tk-l i = O for i = 1, ... , k-2. 

Programming considerations: 

1. The interchanges determined by the pivoting 
are stored in vector IP. This vector will be used 
in the computation of the eigenvectors (subroutine 
MVEB). 

2. The matrix Tis stored in the lower part of 
the array A, overwriting the terms of the original 
matrix: 

t1 J -+A (I+l, J), 
' 

2~I~N-1, l~J~I.,.1 

These elements t1, J will be used in the computation 
of the eigenvectors (subroutine MVEB). The last 
row and the diagonal of T are not stored. 

3. The inner products involved in equations (3) 
and ( 4) are computed in double precision. 
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• Subroutine MATU 

HATU.. MATU 10 
/*********************************************************************/HATU 20 
I* *IHATU 30 
I* REDUCE A REAL MATRIX TO HESSENBERG FORM *IMATU 40 
I* HOUSEHOLDER'S TRANSFORMATIONS *IMATU 50 
I* */HATU 60 

l*********************************************************************/HATU 70 
PROCEDURE CA,N,BI,. MATU 80 
DECLARE MATU 90 

IAl*t*), B(*l rEPS,T,C,UJ BINARY, HATU 100 
S BJNARYC531 r HATU 110 

, ll1J1K,KPltKP21NI BINARY FIXED,. HATU 120 
EPS=l.OE-14r. MATU 130 
BUI =O,. HATU 140 

DO K=l TO N-2, • HATU 150 
KPl =K+lt. HATU 160 
KPZ .. KPl+lr. HATU 170 
S =Ot. I* PREPARE K-TH TRANSFORHAT ION */HATU 180 

DO I=KP2 TD Nt. HATU 190 
S=S+MULTIPLYCAIIrKJ,AII1Kl1531t• HATU 200 
ENO,. HATU 210 

T =ACKP1 1 KJ•ACKP1 1 KJ,. HATU' 220 
IF S GT EPS*T HATU 230 
THEN DO,• HATU 240 
S ,..SQRTCS+TI,. HATU 250 

T ,..5, • I* CHOOSE SIGN FOR STABILITY •/HATU 260 
IF AIKPl,KI GT 0 THEN T=-T,. MATU 270 
C =AIKPl,KJ-f,. HATU 280 

DO J=KPl TO Nr. I* ROW OPERATION *IHATU 290 
S .:10,. HATU 300 

OD l=KPl TO N,. HATU 310 
S=S+MULTIPLVCAII,J),A(l,K),53),. HATU 320 
ENO,• HATU 330 

U =AIKPltJJ,. MATU 340 
AIKPltJJ=SIT,. MATU 350 
U •tAIKPl1JJ-UJ/C,. HATU 360 

OD l=KP2 TO N,. MATU 370 
All,JJ•AII,JJ+U•Atl,Klt• MATU 380 
ENO,. HATIJ 390 

ENO,• HATU 400 
00 J:al TO N, • I• COLU.MN OPERATION *IHATU 410 
S .:1Q,. HATU 420 

DO J=KPl TO Nr. MATU 430 
S:aS+MULTIPLVIAIJrlJ,AII,KJ,53J,. HATU 440 
END,. HATU 450 

U =AIJ,KPllr • HATU 460 
AIJ1KP1>=S1T,. MATU 470 
U =<AlJrKPll-UJ/C,. MATU 480 

DO J=KP2 TO N,. MATU 490 
AIJ,IJ=AIJ,IJ+U•All,KJ,. HATU 500 
ENO,. MATU 510 

END 1 • MATU 520 
B(KPlJ=AlKPl,Kl 1• HATU 530 
A( KPl,KJ=T,. I* TRANSFORM SUBDIAGONAL TERM */MATU 540 
ENO,. HATU 550 

ELSE B(KPlJ=O,. I* BYPASS K-TH TRANSFORMATION */HATU 560 
ENO,• HATU 570 

RETURN,. HATU 580 
ENO,. I* END Of PROCEDURE HATU •IMATU 590 

Purpose: 

MATU reduces a given real matrix to upper almost 
tri~gular (Hessenberg) form by means of a sequence 
of orthogonal transformations. 

Usage: 

CALL MATU (A, N, B); 

A(N, N) -

N-

B(N) -

Remarks: 

BINARY FLOAT 
Given real matrix. 
Resultant upper almost triangular 
matrix. 
BINARY FIXED 
Given order of the matrix. 
~INARY FLOAT 
Resultant vector containing information 
about the transformations applied to 
the original matrix. 

Other elements defining the transformations are 
stored in place of the lower triangular part of the 
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matrix on return. These elements and the vector 
B will be used in the computation of the eigenvectors 
of the original matrix (Procedure MVUB). 

Method: 

Each column of the matrix is reduced in turn by 
means of orthogonal similarities (Householder's 
transformations). 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue Problem, 
Clarendon Press, Oxford, 1965. 

Mathematical Background: 

For a given real matrix A of order n, let us con
sider the sequence of similarities 

A(i+l) = P. A(i) P,-l i = 1, 2, ... , n-2 
l l 

with A (1) =A (1) 

Assuming that A (i) is of almost triangular form in its 
first (i-1) columns, we will determine a trans
formation Pi such that A (i+ l) is of almost triangular 
form in its first i columns. Among the matrices 
Pi, let us consider those of the form 

T 
P = I - 2 u u (Householder's matrices) (2) 

i 

where I is the unit matrix and u a vector of order n 
such that 

< u, u> = 1 (3) 

·These matrices are orthogonal and symmetric, and' 
equation (1) can be written as 

A(i+l) = p A(i) p 
i i 

Let us now define a vector v by 

T 
v 

with 

vk = O fork 1, 2, ... ' i 

(i) 
a k . fork 

' l 

+ 1, ... , n 

(4) 



and try to determine the transformation P. so that 
l 

1/2 P. v = be. 1 where b = ::1: < v, v> (5) 
l i+ 

ei+l is a vector whose components are zero, 
except for the (i + 1) st which is one. 

The combination of equations (2) and (5) gives 

pi v = v - 2 < u, v > u 

= be. 1 i+ 

Putting< u, v > = s, u is given by 

u 
v - bei+l 

2s 

From equation (3) we get 

Then the matrix Pi can be written as 

1 T 
P. =I+ b( -b) (v - be. 1) (v - be1.+ 1) 

i vi+l i+ 

The sign of b will be such that the magnitude of 
the denominator is maximum, that is, 

sign (b) = - sign (v. 1) 
l+ 

in order to ensure stability. 
If we now form the product PiA (i), the resulting 

matrix, according to (5), will have zeros in posi
tions (k, i), k = 1 + 2, ... , n, and the term in 
position (i+l, i) will be b. The (i-1) first columns 
and rows remain unaltered. 

The right transformation (PiA (i)) Pi, completing 
the similarity, will leave this structure unchanged. 
Thus, after (n-2) transformations according .to (1) 
and (4), the matrix will be reduced to almost 
triangular form. 

When the matrix is symmetric, it is interesting 
to note that the resulting almost triangular form is 
symmetric also (that is, tridiagonal). 

Programming Considerations: 

A transformation Pi for which I vi+l + b I < 10-7 1 b I 
is bypassed, All the scalar products involved in 
the computation are calculated in double precision. 

o Subroutine MSTU 

"'STU.. MSTU LO 

J ** **** ** ****** *** * • * •• •.:t•• ** **** ** ** ** * ** * ** ** **** ** ** ** ** ***********I HS TU 20 /* •/MSTU 30 
I* REDUCE A COMPRESSED SYMMETRIC MATi:lX TO SYMMETRIC TRIDIAGONAL FORM*/HSTU 4C 
I* */MSTU 50 
!***************************************'°'********•******"'*************/HS TU 60 , 

1 PROCEDURE IA,N1D1CO),. MSTU 70 
OECLAPE MSTU 80 

lAl•J,Ol•l,CD(•J,T,EPSI BINAl=V, MSTU QC 
(N,N21ICD1MP2,M,HP,J,l,LrLK,KI BINARY FIXED, MSTU 100 
(5,0TI BINAR'fl53lr. MSTU 110 

N2 =N-2,. f'ISTtJ l20 
IF N2 LE 0 THEN GO TO EHSTU, • HSTU 130 
OllJ =All),, MSTU 140 
EPS =l,OE-14,, MSTU 15(' 
ICD =01. MSTU 160 
HP2 =2,, MSTU 170 

00 M=l TO N2,, I* COMPUTE NEW SU601AGONAL TEF.M*/f'ISTU 180 
MP =HP2,. MSTU 190 
MP2 =MP+ 1, • MSTU 200 
ICD =ICD+HP,. r~STU 210 
J =ICD 1 • MSTU 220 
S =O,. HSTU 230 

DO J=MP2 TO N;. MSTU 240 
J =J+I-1,, HSTU 250 
0111 =AIJI,. MSTU 260 
S=S+HULTIPL'flDllltD(l),531,, MSTU 270 
ENO,, MSTU 280 

T =AllCDl*AIICDI,. MSTU 290 
IF S GT T*EPS THEN GO TO TRANS,, /llSTU 300 
CDIMl=A( ICD),, I* BYPASS T?ANSFO?HATION */~STU 310 
GO TO BYPASS,. MSTU 320 

TRANS., MSTU 330 

BYPASS •• 

CDIMl=SQRHS+T),, MSTU 340 
IF AIJCDJ GT 0 THEN CDIHl=-COIHI,. HSTU 350 
DIHPl=AllCDl-CD(MI,. MSTU 360 
J =ICO-M,. MSTU 370 
OT =O,. I* COMPUTE VECTORS DEFINING */MSTU 380 

OD L:oHP TO N,, I* THE TRANSFDRHATtoN •IMSTU 390 
J =J+L-lt• HSTU 41)0 
S =O,, MSTU 410 
LK =J,, HSTU 420 

00 K=HP TO Lr, l'STU 430 
LK =LK+l 7 , HSTU 440 
S=S+HULTIPL'f(AILK),D(KJ,53),, MSTU 450 
ENO,. MSTU 460 
00 K=L+l TO N,. MSTU 470 
LK =LK+K-1,, MSTU480 
S=S+MULTIPLYIAllKI ,0(10 ,53),, MSTU 490 
END 1 , MSTU 500 

OT =DT+S*O(l) 1 • MSTU 510 
CO(lJ:S,. MSTU 52C 
END,, MSTU 530 

OT =C.5*DT,. MSTU 540 
T =OIMP)*COlM),, MSTU 550 

00 L=MP TO N,. MSTU 560 
OIL) =Dill /"I,. MSTU 570 
COILl=CD(ll+DT*Dlllt• MSTU 580 
END,. HSTU. 590 
=ICO-M,. I* PERFORM SIMILARITY */MSTU 600 
DO K=MP TC' N,, MSTU 610 
J =J+K-1,, MSTU 620 
lK =J,. MSTU630 

DO L=MP ·TO K, • MSTU 640 
lK =LK+l,.. HSTU 650 
S =AtlKJ,. MSTU 660 
S=S+MUL TI PLY( Dll l ,CO( Kl ,53 l+MULT I Pl 'f I DC KI, COIL), 53),. "1STU 670 
AILKJ=S,, MSTU 680 
END,, MSTU 6qQ 

ENO,, MSTU 700 

D(MPJ=AlICD+lJ,. 
fND,. 

MSTU 7l0 

JCO =ICD ... N,. 
CDll':O=.AI ICDI,. 
OINJ =AIICD+ll,. 

MSTU: 720 
'°'STU 730 
MSTU 740 
MSTU 750 
MSTU 760 
MSTU 770 
MSTU 780 
MSTU 790 

DO J=~!-1 TO 2 fiY-1,. 
CD(JJ=COCJ-l),. 
END,• 

COllJ=C'r· 
EMSTU •• 

RETURN,. 
ENOt, 

Purpose: 

I* ENO OF PROCEDURE MSTU 

MSTU 800 
,.,,STU 810 
MSTU 820 

*/MSTU 830 

MSTU reduces a given real symmetric matrix to 
tridiagonal form by means of a sequence of 
orthogonal transformations. 

Usage: 

CALL MSTU (A, N, D, CD); 

A(N*(NH)/2) - BINARY FLOAT 
Given matrix in compressed storage 
mode. 

N - BINARY FIXED 
Given order of the matrix. 
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D(N) -

CD(N) -

Remarks: 

BINARY FLOAT 
Resultant vector containing the 
diagonal terms of the tridiagonal 
matrix. 
BINARY FLOAT 
Resultant vector containing the co
diagonal terms of the tridiagonal 
matrix in positions 2, 3, ... , N. 

The elements defining the transformations applied 
to the matrix will replace the given matrix in array 
A. These elements will be used in the computation 
of the eigenvectors of the original matrix (subroutine 
MVSU). 

Method: 

Each row and column of the matrix is reduced in 
turn by means of orthogonal similarities (House
holder's transformations). 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue 
Problem. Clarendon Press, Oxford, 1965. 

Mathematical Background: 

We know that a matrix A of order n can be reduced 
to almost triangular form by means of (n-2) suc
cessive unitary similarities (see description of 
subroutine MA TU). Furthermore, when A is 
symmetric, these transformations preserve the 
property of symmetry; and the resulting matrix is 
symmetric and tridiagonal. Let us consider the 
sequence of such similarities that reduces A to 
the tridiagonal form A (n- l). 

P. A(i) P., A(l) =A, 
i i 

i = 1, 2, ... , n-2 

where A (i) is assumed to be of tridiagonal form in 
its first (i-1) rows and symmetric, !ind where Pi is 
the Householder matrix such that A(i+l) is of tri
diagonal form in its first i rows. We know that Pi 
is defined by 

1 T 
P. = I + b( b) (v -be1.+ 1) {v - bei+ 1) 

I vi+l~ 
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where: 

T 
v 

b 

0, for k = 1, 2, ... , 

(i) 
ak . , for k = i + 1, ... , n 

'i 

1/2 . b) . . 
± < v, v > , sign ( = - sign (vi+ l) 

and where ei+l is a vector whose (i+1)st compo
nent is one, the others being zero (see mathematical 
description of subroutine MA TU). 

[ 1l -l Putting x = v - bei+l and a. = b (vi+l - b)J 

we have 

2 (") T 
+ a. < x, A 1 x > xx 

Ci. x] Ci. XT 

+ a. x [x T A {i) + 1/2 

<x, A(i) x>axT] 

Since A (i) = A (i) T this can be written as 
' 

where 

y = [A (i) + !!:... < x, A (i) x > 1] x 
2 

Z=a.x 

Programming Considerations: 

(1) 

(2) 

In the subroutine each. similarity is performed on 
the upper part of the matrix according to equations 
(1) and (2). 

The scalar products needed by the process are 
computed in double precision. 



• Subroutine MEAT 

HEAT•• HEAT 10 
/*********************************************************************/MEAT 20 
I* */MEAT 30 
I* EIGENVALUES OF A REAL HESSENBERG MATRIX */MEAT 40 
I* */HEAT 50 
/*********************************************************************/HEAT 60 

PROCEDURE IA,M,RRtRlrANA> t • MEAT 70 
DECLARE . MEAT 80 

ANAC*J BITIUt MEAT 90 
IAl*t*J, RRI*) 1RI l*lt PRRIZI ,PRI 12) 1PANIZ)1R1SrEPS1E61E11E121HrT 1HEAT 100 
U1V1Gl,G2tG31PSI11PSI 21PHI 1ETAI BINARY, HEAT 110 

11,u, l21IPl1IP21 IP3rl r, JTHAX,J1K ,N,Nl 1NZ1P1 Q,H) BINARY FIXED, .HEAT 120 
E6 •l.OE-61 • I* CONSTANTS */MEAT 130 
E7 •1.oe-1,. MEAT 140 
El2 ... 1.oe-12,. HEAT 150 
H •0.5,. MEAT 160 
ITMAX::o3Q,. HEAT 170 
N •Ht. MEAT 180 

BEG.• I* INlTIALlZATIDN •/MEAT 190 
Nl =N-lt • HEAT 200 
IF NlaO THEN GD TD ONE,. MEAT 210 
R1 S aO,. MEAT 220 

OD 1=1121• HEAT 230 
PANCil1PRRU J.PRIUJ•O,. HEAT 240 
END,• MEAT 250 

N2 =Nl-11 • MEAT 260 

ZIH •• 

FOP •• 

QRT •• 

DO IT=l TO ITHAXt• I• START LOOP FOR ITERATION •JHEAT 270 
IF ABSIACN,NllJ LE El2*ABSIACN,NJ J THEN GO TO ONE,. MEAT 280 
T =ACNl1NlJ-ACN1Nlt • I* ROOTS OF THE LOWER HAIN •/HEAT 290 
U =T•Tt. I• SUBMATRIX OF ORDER TWO •/MEAT 300 
V •4•ACNL1Nl•AIN1Nll1• MEAT 310 
IF ABSCVI LT U*El HEAT 320 
THEN oa,. MEAT 330 

RRCNl J•ACNl1NlJ 1. HEAT 3it0 
RRCNJ •ACN,NJ,. HEAT 350 
GO TD ZIMt • HEAT 360 
ENO,. MEAT 370 

ELSE 001. MEAT 380 
T •U+V,. MEAT 390 
IF ABSIT) LT E6*MAXIUrABSIVJI THEN T::1Q,. HEAT itOO 
U oztACNL1NlJ+AIN1Nlll2.. HEAT 410 
V =SQRTIABSITJ )/2, • HEAT 420 
IF T LT 0 MEAT 430 
THEN 00 1 • I* COMPLEX ROOTS •/HEAT 4it0 

RRINl1RRCNU=U1. HEAT 450 
RI INl=-v,. HEAT 460 
RI (NlJ•V,. HEAT 470 
ENO,• MEAT 480 

ELSE 001. I* REAL ROOTS •/HEAT 490 
RRINl=U+V, • MEAT 500 

RRCNU•~Y,. =~:~ ;~g 
RI 1NltRJINU•01• HEAT 530 
IF ABS(RRINlJJ LT ABSIRRINJ) MEAT 5it0 
THEN DO 1 • MEAT 550 

T =RRlNl J 1 • MEAT 560 
RRCNU=RRINJ,. MEAT 570 
RRINI •T,. MEAT 580 
ENO, • MEAT 590 

END,• HEAT 600 
END,• MEAT 610 

IF N2•0 THEN GO TO TWO,• I* TESTS OF CONVERGENCE •/MEAT 620 
EPS •El2•CRllNlJ+ABSCRRCNllJJ,. HEAT 630 
IF ABS.IACN1,N2JJ LE EPS THEN GO TD TWO,. HEAT 6""0 
IF ABSIAIN1,N21-PANl1JJ LT ABSIAlNl1N2U•E6 THEN GO TO CHP,. HEAT 650 
IF ABSIACN,NlJ-PANUJJ LT ABSIACN,Nlll*E6 THEN GO TO CHP,. MEAT 660 
K =Ot. HEAT 670 

DO 1•112,. I* DETERMINE THE SHIFT */HEAT 680 
J=HM21 • HEAT 690 
IF ABSCRRCJJ-PRRll IJ+ABSIRI IJJ-PRUU I HEAT 700 

LT H•CABSCRRCJJJ+ABSIRl CJ>JJ THEN K=K+I,. HEAT 7LO 
PRRUJ=RR(JJ,. MEAT 720 
PRIUJ=RllJJ,. MEAT 7.30 
PANII J=AIJ1J-1J •• HEAT 740 
ENO,. MEAT 750 

IF KaO MEAT 760 
THEN R,S =0 1 • HEAT 770 
ELSE IF K=.3 HEAT 780 

THEN DO 1 • HEAT 790 
S =AIN1NJ+A1Nl1Nl>r• HEAT 800 
R =AlN1NJ•A(Nl1NlJ-ACNl1Nl*AIN1Nllr• HEAT 810 
ENO,• HEAT 820 

ELSE DO,• HEAT 830 
R =PRRIKl*PRRIKJ,. HEAT 840 
S aPRRIKJ+PRRIKJ,. HEAT 850 
ENDr. HEAT 860 

IF N LT 4 I* SEARCH FDR A PARTITION */HEAT 870 
THEN P 1Q =Lt• HEAT 880 

ELSE DOt • DD Q•N2 TO 2 BY -1, • =~:~ :~~ 
IF ABSIA(.Q,Q-U J LE EPS THEN GO TD FOP,. HEAT 910 
END,• HEAT 920 

Q =1 r. MEAT 930 

IF Q LT N2 
THEN DO P=N2 TO Q+L BY -L,. 

IPL =P+lr • 
IF IABSIAI P,PJ+AI IPl,IPll-SI +ABSIAUPl+lt IPLI J) 

*ABS( AIPrP-L >*Al IPl1PI I 
LT EPS•ABSIAIP 1Pl*IAlP1PJ-SJ+AIP 1 IPlJ•AI IPl1P1+RI 

THEN GO TD QRT •• 
ENO,. 

p =Q,. 
ENO,. 

HEAT 940 
HEAT 950 
HEAT 96q 
HEAT 970 
MEAT 980 
HEAT 990 
HEATIOOO 
HEATlOLO 
HEAT1020 
HEATl0.30 
HEAT10'40 
HEAT1050 

DO l•P TD NL,. 
I Pl =l ... L1 • 
IP2 =IPl+l, • 

I• START QR TRANS~ORMATICW •l:~:~~g;~ 

11 =1-11. 
IF l=P 
THEN 001 • I* INITlALIZE TRANSFORMATION 

· Gl =Allril•IAll1Il-SJ+All1IPll*AllPL1Il+R,. 
G2 =Al lPlt I l•IACIPl, IPLl+A.11, II-SI t • 
G3 •AllPl1ll* AIIP21IP1J1• 
AllP21Il=01• 
ENO, .. 

ELSE DD,. 
Gl =Al 111111• 
G2 =Al IPl1IU t• 

IF I GT N2 
THEN G3 =O,. 

HEAT1080 
MEAT1090 
MEATUOO 

•/MEATlllO 
MEATU20 
MEAT1130 
HEATllltO 
HEAT1150 
HEAT1160 
HEAT1170 
HEAT1180 
HEATU90 
HEAT1200 
HEAT12LO 

ROW •• 

CMP •• 

ELSE 63 zzACIPZ, Il I 1. 

END,. 
U =SQRT IGL•GL+G2•G2+G3•G31 t • 
IF U=O 
THEN 001 • 

PHI a2,. 
PSl1,PSI2=0,. 
ENO,. 

ELSE DO,. 
IF GL · LT 0 THEN U•-U1 • 
T =Gl+U,. 
PSll =-G2/T,. 
PSI2 =G3/T,. 
PHI =2/C L+PSIL•PSll+PSI2•PSI211 • 
ENO,. 

IF 1=0 THEN GO TO ROW,• 
IF I=P THEN All1Ill=-All1lllr• 

ELSE AII1I1J=-u,. 

OD J=I TO N,. 
T =PSil*AllPl1JJ,. 

I• 

IF I LT Nl THEN T=T+PSIZ•AIIP2,Jlr• 
ETA •PHI•IT•AI l1JJ It. 
Al I ,J J•AI I 1JJ-ETAr. 
Al IPl1J l•AI IPL,Jl-PSI l•ETA1. 

ROW OPERATION 

IF I LT NL THEN AllP21JJ•AIIP21JJ-PSIZ•ETA,. 
ENO,. 

IF I LT Nl ,. COLUMN OPERATION 
THEN K =IP21. 
ELSE K. •N, • 

DO J.1:1Q TO Kt• 
T •PSIL*AIJ.IPLJ,. 
IF I LT Ml THEN T•T+PS12*AIJ11P2),. 
ETA =PHl•IT•AI J, II J,. 
AIJ,I J=AIJ, I l-ETA1 • 
AIJ,IPL l•AIJ1 IP1J-ETA•PSl11 • 
JF I LT Nl THEN ACJ,JP21•AIJ,IP2J-ETA•PSJ2 1• 
END,. 

IF I LT N2 
THEN DO,• 

END,. 
ENO,. 

IP3 =IP2+1,. 
ETA •PHl*PSIZ•AC IP31IPZJ,. 
Al IP3, I J=-ETA,. 
411P3.1Pll=-ETA•PSI Lr. 
U IP31 IP2J=AI IP31 IPZJ-ETA•PSl21• 
END,. ,. ,. END QR TRAHSFORMATJDN 

END LOOP OF ITERATION 

MEATL220 
HEAT1230 
HEATL240 
MEATL250 
HEAT1260 
MEATL270 
MEATL280 
MEATL290 
MEAT1300 
HEAT1310 
MEAT1320 
MEAT1330 
MEAT1340 
HEAT 1350 
MEAT1360 
MEAT1370 
MEATL380 
MEAT1390 
MEATl'i>OO 

*/MEAT14LO 
MEAT1420 
HEATL4'30 
MEATL440 
HEAT1450 
MEAT1460 
MEAT1470 
HEAT1480 

*IMEATlit90 
HEAT1500 
MEAT1510 
MEAT1520 
HEAT1530 
MEAT1540 
MEAT1550 
HEAT1560 
HEAT1570 
MEAT1580 
HEAT1590 
HEAT1600 
HEAT1610 
HEAT1620 
MEAT1630 
HEAT1640 
HEAT1650. 
MEAT1660 
MEAT1670 

•IMEAT1680 
*IMEAT1690 

IF ABSCAINrNllJ GT ABSIAINL,N2JJ 
THEN 

HEAT1700 
HEAT17LO 
HEAT1720 
HEAT1730 nm •• 

ELSE 
ONE •• 

oo, •. 
ANAIN1J• 1 1 1 8t• 
ANAINl••o•e,. 
N •NZ •• 
~No,. 

DD,. 
ANAINl=' 1'81 • 
RRINI =AIN,NJ,. 
RllNJ =O,. 
N =Nl,. 
ENO,. 

I• TWO EIGENVALUES HAYE BEEN *IMEAT1740 
I* FOUND */MEAT 1750 

MEAT1760 
MEAT1770 
MEAT1780 
MEAT1790 
HEATlBOO 

IF N GT 0 THEN GO TO BEG,. 
RETURN,. 

/*ONE EIGENVALUE HAS BEEN FDUND*IMEATlBlO 
MEAT1820 
MEAT1830 
MEAT1840 
MEAT1850 
HEATL860 
MEAT1870 
MEAT1880 

*/HEAT1890 END,. I• END OF PROCEDURE MEAT 

Purpose: 

MEAT computes the eigenvalues of a real upper 
almost triangular matrix (Hessenberg form --
see subroutines MA TE and MA TU) using the double 
QR iteration. 

Usage: 

CALL MEAT (A, M, RR, RI, ANA); 

A(M,M) 

M-

RR(M) -

Ri(M) -

ANA(M) -

BINARY FLOAT 
Given almost triangular matrix. 
BINARY FIXED 
Given order of the matrix. 
BINARY FLOAT 
Resultant vector containing the reai 
parts of .the eigenvalues. · 
BINARY FLOAT 
Resultant vector containing the imaip
nary parts of the eigenvalues. 
BIT(l) 
Resultant vector containing information 
for checking the results (see "Program
ming Considerations", below). 
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_Remarks: 

The original matrix is destroyed. 

Method: 

Double QR iteration of J. Q; F. Francis 

For reference see: 

J. G. F. Francis, Computer Journal, October i96i, 
4-3; January i962, 4-4. 
J. H. Wilkinson, The Algebraic Eigenvalue Problem, 
Clarendon Press, Oxford, i965. 

Mathematical Background: 

1. Definition of the QR iteration 

Let A be a real or complex nonsingular matrix of 
order n. Then a decomposition of A exists of the 
form 

A=QR 

where Q is unitary and R is upper triangular. If 
the diagonal elements of R are real and positive, Q 
is unique. Consider now the sequence of matrices 
A (p) defined recursively by 

Note that A (p+i) = Q(p)* A (p) Q(p) for p :<: O; hence, 
A (p) is similar to A for all p. 

Furthermore, if A satisfies certain conditions, 
it can be proved that A (p) tends to an upper triangu
lar matrix as p -+ 00 ; thus the eigenvalues of A are 
the diagonal elements of this limit matrix. 

2. Convergence 

If the moduli of tJle eigenvalues are distinct, the 
elements a(J?) below the main diagonal of A(P) tendr 
to zero, as 1h.o I A. i IP! I ;\j IP, the eigenvalues being 
subscripted· so that I A i I >I Ai + i I . 

Thus, in general, the eigenvalues appear on the 
main diagonal, starting from the last position, in 
increasing order of moduli. 

So, when the smallest eigenvalue An has been 
found, we can reduce the order of the· matrix by 
negle!'.ltiilg the last row and column and find An-i 
by the same process, without any special deflation. 

Note that the speed of convergence is consider
ably improved when the origin of the· eigenvalues is 
shifted close to An· 
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Such a shift -- say, s (p) -- can be introduced 
before an iteration and the opposite one afterwards. 
Then the iteration can be written as: 

A (p+i) = R(p) Q(p) + s(p) I 

In general, A~:~, for p large enough, can pro
vide an efficient value for s(P). 

3. Use of the Hessenberg form 

The Hessenberg form is preserved under the QR 
iteration. Thus, a reduction of the initial matrix 
to the Hessenberg form can give a significant 
saving of computation in each iteration for the QR 
decomposition, the lower part of the matrix con
sisting only of the codiagonal terms. 

Before each iteration, the codiagonal terms will 
be inspected. If some of these are zero, the matrix 
will be split according to this occurrence, and the 
iteration will be applied to the lower main subma
trix only. 

4. The double QR iteration 

Let A be a diagonalizable real upper Hessenberg 
matrix. Such a matrix must be expected to have 
complex conjugate pairs of eigenvalues. If these 
pairs are the only eigenvalues of equal modulus, it 
can be shown that they will appear as the latent roots 
of main submatrices of order 2. In this case, if a 
shift is close to one of these roots, ,it will be com
plex, and we will have to deal with complex ma
trices, although the initial one is real. The use of 
the double QR iteration avoids. this inconvenience. 

Taking s(p+i) = 5(P), consider the transforma
tion giving A (p+ 2) from A (p): 

A (p+2) = Q(p+i)* Q(p)* A (p) Q(p) Q(p+l) 

. It can be proved that the product Q(p)Q(p+i) de
rives from. the QR decomposition of the matrix M = 
(A(P) - s'{p) I) (A(p) - s(p+i) I), which is real. 

In fact, Francis (196i, 1962) showed that only 
the first column_ mi of M is necessary for determin

. ing the transformation which gives A (p+2) from 
· A (p), if they both have the Hessenberg form. · 

Practically, the first part of the _double iteration 
consists of the application of an faltial transforma
tion Ni A (p) Ni where Ni is unitary and such that 
Ni m1 = :I: II mi II ei. This leads to a matrix that 
no longer has the Hessenberg form. · · 



Thus, the remaining part of the iteration will 
involve the application of (n-1} successive trans
formations, which have the same form as the initial 
one whose matrices Ni are such that the resulting 
matrix A(p+2) has the Hessenberg_form. · 

This process can fail when a subdiagonal term of 
the given matrix is zero. In this case, the matrix 
can be split, and the iteration is performed on the 
lower main sub matrix only. 

In the subroutine, Ni are Householder's matrices. 

Programming Considerations: 

At each iteration, the latent roots x1 and x2 of the 
lower main submatrix of order 2 are computed. 
Then the following situations can occur: 

1. The term an-1, n-2 can be taken as zero. Then 
x1 and x2 are eigenvalues of the original matrix, 
and the order of the matrix is reduced by 2. ANA(N} 
and ANA(N-1) are set to 0 and 1 respectively. 

2. The term an, n-1 can be taken as zero. In 
this case, an, n is an eigenvalue of the original 
matrix, and the order of the matrix is reduced by 
1. ANA(N} is set to 1. 

3. One of the last two subdiagonal terms is stable 
through one iteration. Then the smaller one is con
sidered as zero. The corresponding components of 
ANA are set to 0 or 1, according to situation 1 or 2. 

4. The maximum number of iterations is reached. 
In this case the smaller of the last two subdiagonal 
elements is taken as zero. The corresponding 
components of ANA are set to 0 or 1, according to 
situation 1 or 2. 

The user can check the results by inspecting the 
subdiagonal terms of the matrix on return from the 
subroutine, according to the vector ANA, in the 
following way: If, for each ANA(I} containing 1, 

IA(I,I-1)1:::;10- 7 <IRR(I)I +I RI(I}I }, 

i = 2, ... , M 

then RR(I) and RI(I} were computed with a satisfac
tory accuracy. 

e Subroutine MEST 

MEST.. MEST 10 

I •.ic ""* * **** ** *"' *** ***** ** * **** ******* ************** ********************I HE ST 20 I* . •IHEST 30 
I* E IGENIJALUES OF A SYMMETRIC TRIDIAGONAL MATRU */MEST 40· 
I* */MEST 50 

/ ** ******* ** *** ** *** *** ****** ** ***** * ********************'*'"°***********/HE ST 60 
PROCEouq,F I A 1B ,M,O,NE IGJ '. MEST 70 
DECLARE HEST BO 

IMIT 1 M,N,NEIG,NPd,KtlT,J,JPJ BINARY FIXED, MEST qo 
(Cl ,c2,co1 NJ ,CDJ ..01 *I ,E7 ,ern,G,H, p, PD .. s,sH, T ,U,Al ., ,01 ., I MEST 100 
BINARY,, MEST 110 

ElO =l .CE-201. I* CONSTANTS *IHEST 120 
E"7 =1.ce-1,. HEST 130 
"41T =30,, MEST 140 
H =0.5,. HEST L50 
N :M,. I* INITIALlZAT'ION */MEST 160 
IF NE IG GE N ~EST 170 
THEN DO,• HEST lBO 

NEIG =N,. HEST 190 
NR =N-1,. HEST 200 
END,. HEST 210 

ELSE NR =NEIG,. HEST 220 
EHll=O,. HEST 230 

sn .. 

DEC •• 

DO I=l TO Nr. HEST 240 
O(ll=ACil,. HEST 250 
CD(ll=B(IJ*BlIJ,. MEST 260 
EHO, • MEST 270 
DO K:l TO NR,, I* LOOP FOR NR EIGENVALUES •/MEST 280 
Nl =N-1,. MEST 290 
PD =C,. MEST 300 

DO 1 f.:;l TO MIT,. I* START LOOP FOR ITERATION */HEST 310 
Cl =ABSIO(NJJ,. . MEST 320 
C2 :Cl*Cl,. I* TEST CONVERGENCE *IHEST 330 
IF CD(N) LE ElO•C2 THEN GO TD oec,·. MEST 340 
S =.A8S(D(NJ-PDI t• HEST 350 
IF s LE E7*Cl THEN GO TO oec,. MEST 360 
IF S GT H*Cl I* TEST FOR APPLYING A SHIFT */HEST 370 
THEN SH =O,. HEST 380 
ELSE SH =DINI,. HEST 390 
PD .:0 IN) t • ME ST 400 . 

DD J=Nl TO 2 BY -1, ./*TEST FDR SPLITTING THE MATRIX*/HEST 410 
IF CDIJJ LE ElO•C2 THEN GO TO sn,. MEST 420 
ENO,, l1EST 430 
=1 1 , MEST 440 

HEST 450 
S,U =C1. 
C2 = l,. 
G .:01 JJ-SH,. 
p =G•G,. 
COJ =CO(J),, 

DO l=J TO Nl, • 
IP =t+l, .. 
T =P+CDltP),. 
CD(l)=SV:T,. 
S =CDIIP)/T,. 
Cl =C2,. 
C2 =P/T,. 
DI lPJ=OC IPJ-SH, • 
U =S*IG+DIIPJJ,, 
01 I) =G+U+SH,, 
G =OlIP)-U,. 
IF C2=0 

/*INITIALCZE THE TRANSFORMATION•/HEST 460 
HEST 470 
MEST 480 
MEST 490 

,. QR TRANSFORHATrDN 
MEST 500 

*/HEST 510 
MEST 520 
MEST 530 
MEST 540 
MEST 550 
M!:ST 560 
MEST 57C 
H~ST 580 
MEST 590 
MEST 60Q 
MEST 610 

THEN P =COIIPl*Cl,, 
MEST 620 
..,EST 630 
MEST 640 ELSE P =G*G/C2,. 

END,, 
COi J l=COJ, .. 
CD(Nl=S*P1• 
DIN) =G+SH,. 
ENO,, I* 

MEST 650 
MEST 660 
MEST 670 
,..,EST 680 

END LOOP FOR ITERATION */~EST 690 
lilEST 700 

N =Nl,, 
ENO,. 

IF NEIG LT M 
THEN OD,. 

I* DEFLATE ORDER OF THE HATRlX */MF.ST 710 
MEST 720 
Mt::ST 73{1 
ME ST 740 

J=H-NEIG,. 

END,. 

DO 1-=l TO NEIG,. 
J=J+l,. 
DI I J=OIJI,. 
ENO,. 

ME ST 75C 
MEST 76C 
MEST 77C 
MEST 780 
ME ST 190 
MEST 800 

RETURN,. 
END,, ,. END OF PROCEOUf!E MEST 

f>IE<;T 810 
*IMEST 620 

Purpose: 

MEST computes the eigenvalues of a real symmetric 
tridiagonal matrix (see subroutine MSTU). 

Usage: 

CALL MEST (A, B, M, D, NEIG); 

A(M) - BINARY FLOAT 
Given vector containing the diagonal terms 
of the matrix. 

B(M) - BINARY FLOAT 
Given vector containing in positions 2, 
3, ... , M, the codiagonal terms of the 
matrix. 
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M - BINARY FIXED 
Given order of the matrix. 

D(M) - BINARY FLOAT 
Resultant vector containing the eigenvalues. 

NEIG - BINARY FIXED 
Given number of eigenvalues required 
(see "Remarks '1 · 

Remarks: 

When the eigenvalues are well separated, this pro
cedure generally gives the NEIG eigenvalues of 
smallest moduli in the first NEIG positions of 
vector D. 

Vectors A and Bare preserved. 

Method: 

QR iteration modified by Kaiser and Ortega. 

For reference see: 

J.M. Ortega and H.F. Kaiser, "The LLT and QR 
methods for symmetric tridiagonal matrices", 
Computer Journal, Volume 6, 1963, pp. 99-101. 
J. H. Wilkinson, The Algebraic Eigenvalue Problem, 
Clarendon Press, Oxford, 1965. 

Mathematical Background: 

The general properties of the QR algorithm are 
given in the description of subroutine MEAT 
("Mathematical Background", items 1 and 2). We 
recall them briefly here. 

For a given diagonalizable matrix A of order n, 
the QR iteration is defined by: 

where Q(P) R(P) is a unitary-triangular factorization 
of A (p). A condition on R(p) is assumed to ensure 
the uniqueness of the faotorization. If the eigen
values have distinct moduli, for example, I Ai I > 
I Ai+1 I for i = 1, .. ., n-1, then we have the 
following properties: 

1. When p tends to infinity, A (p) tends to a tri
angular matrix and the eigenvalues of A appear on 
the main diagonal of A (p) , starting from the last 
position in increasing order of moduli. 

2. The symmetry and the tridiagonal structure 
of a matrix are preserved under the QR iteration. 

3. If the origin of the eigenvalues is .shifted close 
to An before an iteration and shifted back afterwards, 
then the rate of convergence of ~~) n to An -- that is, 
the rate of convergence of ajP,>i to zero for i = 1, 
... , n-1, can be considerably improved. 
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From the second property we can see that a 
preliminary reduction of .a symmetric matrix to a 
similar tridiagonal form will give a sigriificant 
saving of computation for each QR iteration. 

From the first property we note that no special 
deflation is needed when >-n. has been found to suf
ficient accuracy; the last row and column of the 
matrix are neglected and the iteration is applied 
to the reduced matrix to obtain Axi-l · 

Let us consider a step of the iteration, denoted 
by 

A= QR, A'= RQ 

where A' is the iterate of A, the iteration super
script being dropped for clarity of notation. A and 
A 1 are symmetric tridiagonal matrices of order n. 
A will be fully defined by its diagonal terms 
~ , i = 1, ... , n and its subdiagonal terms 
bi , i = 2, . . . , n. The terms of A' will be denoted 
by a~ , i = 1 . . . , n and ht , i = 2, ... , n. 

The reduction of A to R can be completed by prEl
multiplication by (n-1) orthogonal matrices (Plane 
Rotations) Q. , i = 1, ... , n-1 of the form 

l . 

Q. = 
1 

1 

1 
c. s. 

1 l 

1 

i=l,. .. ,n..:1 

c. ands. are the cosine and sine of an angle such 
tffat 1 

Then: 
t t 

Q = Ql • • · Qn-1 

c. and s are given by 
l i • 

Pi 
c =------

i (p~ + b2 )1/2 
l i + 1 



with 

and 

b. 1 l+ s = ----,,..--------:~ 
i (p2 + b )1/2 

i i+ 1 

i = 1, ... , n - 1 

p. = c a - s c. 2 b. l l i-1 i i-1 1- l+ 

c -1 = 0 ' co = 1 ' so = 0 

R will be defined by: 

r .. =c. P. + s. b. 1 , i = 1 , .•. , n - 1 
1,1 l l l l+ 

r -p 
n,n n 

(1) 

(2) 

r. . 1 = c. c b. 1 + s 1. a1.+l , 
1, l+ l i-1 l+ 

i = 2, ... , n-1 

ri, i+ 2 = si bi+ 2' i = 1, ... , n - 2 

r. . = 0 for j > i+ 2 
l,J 

The post-multiplication of R by Q will provide A1 , 

according to: 

a:= c. 1 c. r .. + s 1• r .. 1 l 1- l 1,1 1,1+ 

i = 2, ... , n - 1 

a1 - c r 
n n-1 n,n 

(3) 

I 
b. 1 = s. r. 1 . 1 l+ l l+ 'l+ 

i=l, ... ,n-1 

Formulas (2) and (3) can be combined in order to 
get A1 directly from A. This avoids the computa
tion of the square roots appearing in the expres
sions of ci and si . 

Then the final algorithm can be expressed as 
follows: 

u0 = 0, c0 = 1, bn+l = 0, an+l = 0 

2 2 
=c. 2 b. 

1- l 

when ci-l f. O 

when c. 1 = 0 
1-

for i > 1 

2 2/o 2 2 c.= p. (p. + b.+ 1> l l l l 

i=l,2, ... ,n 

Programming Considerations: 

(4) 

The iteration is performed according to equations 
(4). A shift of the origin of the eigenvalues is intro
duced in order to accelerate convergence. This 
shift is based on the last diagonal term of the matrix; 
it is applied only when convergence begins appearing. 

When several eigenvalues are of same magnitude, 
codiagonal terms are close to zero. Then the matrix 
is split according to this occurrence and the itera-:
tion is performed on the lower main submatrix only. 
The. iteration is stopped and the last diagonal term 
is taken as an eigenvalue when one of the following 
situations occurs: 

1. The last subdiagonal term can be taken as 
zero. 

2. The last subdiagonal term is stable through 
one iteration. 

3. The maximum number of iterations is reached. 
Then the order of the matrix is reduced by one and 
the process is repeated on the resulting matrix. 
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• Subroutine MEBS 

MEBS • • MEBS 10 
l*********************************************************************/MEBS 20 
I* •/HEBS 30 
I* BOUNDS FOR THE EIGENVALUES. OF. A SYMMETRIC MATRIX */MEBS 40 
I* •IMEBS 50 
l*********************************************************** .. **•*****/HEBS 60 

PROCEDURE (A,NtBl,82J,. HEBS 70 
DECLARE MEBS 80 

11,J,K,L,NJ BINARY FIXED, MESS 90 
CAl•>.s1,e2,P,SQ) B[NARY, \ MEBS 100 
1s,s1,s2> BINARYl53),. . MESS 110 

J =2r • HEBS 120 
Sl =Al Ur• MEBS 130 
52 =O,. MESS 140 
S •Sl*Sl,. MESS 150 
1 .. 1,. MESS 160 

DO K=2 TO Nt • MESS 170 
I =l+Kr • MESS 180 
Sl =Sl+ACI),. I* SUM OF THE ROOTS •/MESS 190 
S=S+MULTIPLYIAU),ACU,53),. MESS 200 

00 L=J TO 1-lt. MESS 210 
5z,,.5z+MULTlPLYfAI LJ,ACL) r53J r• MESS 220 
END,• MESS 230 

~ o:l+l, • MEBS 240 
END,. MEBS 250 

S2 =2•S2+S, • I• SUH OF THE SQUARES OF ROOTS */HEBS 260 
SQ •SQRTICN-l)*ABSIN*S2-Sl*Sl)I,./* ITERATE FROM INFINITY •IMEBS 270 
p =Cl-NJ•S2+s1•s1,. MEBS 2BO 
IF Sl LT 0 MEBS 290 
THEN DO,• MEBS 300 

Bl ~Sl"'!"'SQ, • MEBS 310 
B2 •P/Bl, • MEBS 320 
Bl =81/N, • MEBS 330 
END,. MEBS 340 

ELSE DO,• MEBS 350 
B2 =Sl+SQ,. MEBS 360 
Bl •P/B2,. MEBS 370 
82 =B2/N,. HEBS 380 
END,• MEBS 390 

RE'rURN, • MEBS 400 
END,. I* END OF PROCEDURE MEBS *IHEBS 410 

Purpose: 

MEBS computes a lower and an upper bound for the 
eigenvalues of a real symmetric matrix. 

Usage: 

CA.LL MEBS (A, N, Bl, B2); 

A (N*(N+l) /2) - BINARY FLOAT 
Given real symmetric matrix in 

N-

Bl -

B2-:-

Method: 

compressed storage mode. 
BINARY FIXED . 
Given order of the matrix. 
BINARY FLOAT 
Resultant lower bound. 
BINARY FLOAT 
Resultant upper bound. 

Laguerre's iteration is applied to the points at 
infinity. 

For reference see: 

B. Parlett, "Laguerre's Method Applied to the 
Matrix Eigenvalue Problem", Mathematics of Com
putation, 18, 1964. 

Mathematical Background: 

1. Lague:r:.re's iteration. 
Let P(x) be a polynomial of ·degree n. The 
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Laguerre iterate of a point x for the poly
nomial P can be expressed by 

L (x)=xP . 

n P (x) 

P1 (x) ±V(n-1) [(n-1) P' (x) 2 - nP (x) P" (x)] 

(1) 

Letting 

I n 
S (x)_P(x) ="' 

1 - P(x) .l-1 
i=l 

1 
x-x. 

l 

I 2 
S (x) = P (x) - P(x) P"(x) 

2 P(x)2 

1 
2 

(x-x.) 
l 

where x1, • . . , XU are the roots of P(x), formula 
(1) can be written as 

n 
L (x)=x-

p sl ± v<n-1) (nS2 -S~) 

The sign of the square root is chosen so that the 
magnitude of the denominator is maximum. 
When P(x) has real roots, we have the following 
properties: 

a. Let us consider a partition of the real 
line defined by the points at infinity and , . 
the zeros of P (x). Starting from an 

(2) 

initial point in any interval of the parti
tion, the successive Laguerre iterates 
converge monotonically to the root there
in. If the root is simple, convergence is 
asymptotically cubic. 

b. · Laguerre's iterations are invariant under 
Mobius transformations. 

2. Iterates of the points at infinity. 
From the first property of monotonic con
vergence, we can see that the iterates of the 
points at infinity will provide bounds for the 
roots. The second property gives the rela
tion. 

1 = ---,.---
L Q (~1 (3) 



where Q is the polynomial reciprocal of P, 
the roots of which are 

1 
x. , i = 1, ... , n. 

l 

Thus 

L ("°) p 
1 (4) 

Now, if we combine equations (2) and (4), we 
can obtain the final formula 

L (cc) =!.__[(] :I: Vcn-1) 
P n 1 (5) 

where a is the sum of the roots and a 2 the 
sum of t1e squares of the roots of polynomial 
P. 

Programming Considerations: 

We can note that equation (5) does not require the co
efficients of polynomial P but only the values of a 1 
and cr2· If we apply this formula to the character
istic polynomial of a symmetric matrix (real roots), 
01 will be obtained by computing the trace of the 
matrix and a 2 the sum of the squares of the terms 
of the matrix. Then, equation (5) will give the 
bounds of the eigenvalues. 

• Subroutine MVST 

MYST.. HVST 10 
/*********************************************************************/MYST 20 
I• •/HVST 30 
I* EIGENVECTORS OF A SYMMETRIC TRIDIAGONAL MATRIX •/MYST 40 
I* •/MYST 50 
/*********************************************************************/MYST 60 

PROCEDURE co,co,N,EIG,YJ'. MYST 70 
DECLARE MYST 80 

IDl•l,CDC*ltEIG1Yl•J,E7,T,EPS1Wt MYST 90 
XINl,PINJ,QINJ,AINJ,RINJ,u,v,s.c1,c1PJ BINARY, MYST 100 

IN1l1IPl1Nl1ITrllJ BINARY FIXED, MYST 110 
CHIN) encu.. MYST 120 

Nl=N-1,. HVST 130 
E7=1.0E-7t• MYST 140 
T=ABSIOIUI,. I* NORM OF THE MATRIX +/MYST 150 

DD l-a2 TD Nt • MYST 160 
W=MAXIABSlD([Jt1ABSCCOllJJ)1• MYST 170 
IF W GT T THEN T=W1. MYST 180 
END 1•• MYST 190 

EPS=T*E7 1• MYST 200 
U=DCLJ-EIG,. MYST 210 
IF ABSCCOl2)J LT EPS MYST 220 
THEN V1 CIP:::EPS,. MYST 230 
ELSE Y,CJP=CD 12),. MYST 240 

DO I=l TO Nl,. I* START FACTORIZAJIDN •/MYST 250 
IP1=1+1 1 • MYST 260 
CI•CIP,. MYST 270 
IF 1 "" Nl MYST 280 
THEN ClP=0 1 • MYST 290 
ELSE IF ABSICDCIPl+ll J LT EPS MYST 300 

THEN CIP=EPS1• MYST 310 
ELSE CIP:COllPl+lJ,. MYST 320 

IF ABSCCIJ GE ABSIUJ I• PIVOTING */MYST 330 
THEN DO,. I* INTERCHANGE */MYSf 340 

IF U NE 0 MYST 350 
THEN AIIPlJ=U/CI,. MYST 360 
ELSE IF CI=EPS MYST 370 

THEN ACIPU=l,.. MYST 380 
ELSE ACIP1J=0 1• MYST 390 

PCIJ=CI,. MYST 400 
QIIJ=OCIP1J-ElG 1 • MYST 410 
RIIJ=CJP,. MYST 420 
U=V-AIIPU•QII) 1 • MYST 430 
V= -AIIP1J•R(IJ 1 • HVST 440 
CHUP1'='1'B 1 • MYST 450 
ENO,. MYST 460 

ELSI: 00 1 • I* NO INTERCHANGE */MYST 470 
ACIPlJ=Cl/U,. MVST 480 
P(I J=U.., MYST 490 
QII )::my,. MVST 500 
RII'l=O,. MVST 510 
U.::iDIJPU-EIG-Y*AIIPU ,. MYST 520 
Y=CIP 1 • MYST 530 
CH( IPU=•o•e.. MYST 540 
END,. MYST 550 

IF ABSIPIIJJ LT EPS THEN PllJ=EPS,. MVST 560 
XCl)=l,. I* INITIAL GUESS Of ElGENVECTDR•fMYST 570 
END 1 • MYST 580 

JF ABSIUJ LT EPS THEN U=EPS,. MYST 590 
PIN)=U,. I* END FACTORIZATION •/MYST 600 
XINJ=lr• MYST 610 

DO JT=1 1 2 1 • I* START LOOP FOR ITERATION •fMYST 620 
IF IT GT 1 MVST 630 
THEN 00 1 • I* SOLVE WITH LOWER FACTOR *IMYST 640 

Y=ABSI XI U J 1,. MYST 650 
00 I=2 TO N1. I* NORMALIZATION •fMYST 660 
U::.ABSIXCU),. MYST 670 
IF U GT V THEN Y=U,. MYST 680 
ENO,. MVST 690 

XllJ=XllJfV,. MYST 700 
DO 1=2 TO N1. MYST 710 
XUJ=XCIJ/V,. MYST 720 
IF CHI I) MYST 730 
THEN DO,. MYST 740 

Il=I-1,. MYST 750 
U=XliLJ,. MVST760 
XUlJ=XCIJ ,. MYST 770 
XUJ=U-AIIJ•XIIlJ,. MYST 780 
END,. MYST 790 

ELSE XllJ=XU)-AllUXH-111• MYST 800 
ENO,. MYST 810 

END1. MYST 820 
XINl=XINJIPCNI t• I• SOLVE WITH UPPER FACTOR •/HYST 830 
X(Nll=tx1Nl1-Q(NlJ$XINJ J/PINLJ,. MYST 840 

OD I=N-2 TO 1 BY -t,. MYST 850 
XIIJ=CXllJ-QIIJ*Xll+ll-RIIl•XII+211/Pll),. MVST 860 
ENO,. MYST 870 

ENO,. I* ENO LOOP Of ITERATION *fMVST 880 
S.,.O,. MVST 890 

DO l=l TO N,. I* NORMALIZE SOLUTION */MYST 900 
S==S+XllUXIIJ,. HVST 910 
END,. MYST 920 

S=SQRTlSJ,. MYST 930 
DO I=l TO Nt• MYST 940 
YI IJ=XI IJ/S,,. MYST 950 
ENO,. MYST 960 

RETURN,. MYST 970 
END 1 • I* END Of PROCEDURE MVST •/MYST 980 

Purpose: 

For a given symmetric tridiagonal matrix, MVST 
provides the eigenvector corresponding to a given 
. eigenvalue • 

. Usage: 

CALL MVST (D, CD, N, EIG; Y); 
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D(N) - BINARY FLOAT 
Given vector containing the diagonal terms 
of the matrix. 

CD(N) - BINARY FLOAT 
Given vector containing in positions 2, 3, 
••• , N the codiagonal terms of the matrix~ 

N - BINARY FIXED 
Given order of the matrix. 

EIG - BINARY FLOAT 
Giv.en eigenvalue. 

Y(N) - BINARY FLOAT 
Resultant vector containing the eigenvector. 

·Remarks: 

Vectors D and CD remain unaltered. 

Method: 

Wielandt's inverse iteration is applied to the matrix, 
using the given eigenvalue as a shift. 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue Problem 
Clarendon Press, Oxford, 1965. · ' 

J. H. Wilkinson, "Calculation of the eigenvectors of 
the symmetric tridiagonal matrix by inverse itera
tion", Numerische Mathematik, 4 (1962), pp. 368-376. 

Mathematical Background: 

Let us suppose that we know an approximation >.. of an 
eigenvalue of a symmetric tridiagonal matrix A. A 
corresponding eigenvector V can be obtained by using 
Wielandt's inverse iteration (see the description of 
procedure MVAT), defined by the iterative process: 

where V(O) is an arbitrary vector, not deficient in the 
eigenvector V. 

Considering a triangular factorization of A-AI, 

A - A I = LR, 

V(p+l) will be provided by solving successively the 
following equations: 

LW = V(p) 

RV(p+l) = W 

(1) 

(2) 

When A is close to an eigenvalue of A, vCP> tends very 
rapidly to V. Most of the time, two iterations are 
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quite sufficient to provide an accurate approximation 
of V. 

Programming Considerations: 

A technique of partial pivoting by row interchange is 
used for the triangular factorization. This factoriza
tion is performed before starting the iterative process. 

The two iterations are then carried out according 
to formulas (1) and (2). · 

The initial vector v(O) is chosen so that . 
v(O) = Le, with eT = (1, 1, ... , 1). Then the first 
iteration will consist of solving equation (2) only: 

RV(l) = e 



• Subroutine MSDU 

MSOU.. ""sou 10 
I******************************************************************** •IMS DU 20 
I* */MSOU 30 
I* TD COMPUTE EIGENllALUES ANO EIGENllECTORS OF A REAL SYMMETRIC •IMSOU 40 
I* MATRIX */MSDU 50 
I* •/HSDU 60 
I********************************************************************• IMS OU 10 

I* 
I* 

,. ,. 
I* 

I* 
I* 
I* 

PROCEDURE (A,R1NrMV),. l'ISOU SC 
DECLARE '1SDU qQ 

([,INQ,J,L,11,MVrNJ HSOU 100 
FIXED BINARY, ,_.SOU llO 
ERROR EXTERNAL CHARACTER I 11 r f'ISDU 120 
I Al•,•) ,R (., •l ,A NORM, ANRHX' THR ,u, 'f rSINX,S INX2,COSX, cosx2, SINCS, MSOU 13C 
FNJ "'ISOU 140 
BINA~Y FLOAT,. /•SINGLE PRECISION l/EPSION /*S*/MSOU 150 
BINARY FLOAT 153),. /•DOUBLE PRECISION VERSION /*D*/HSDU 160 

*/MSOU 170 
f'ISOU 180 ERROR= 10'1• 

IF N LE 1 
THEN DO,. 

I* THE ORDER OF HATR.IX A. IS */MSOU lqQ 
I* LESS THAN OR EQUAL TO ONE. */MSDU 200 

ERRC1R='l'1• 
GO TO FIN,. 
ENO,, 

FN =N,. 
IF MV= 0 
THEN 00,. 

ENO,, 

DO I = l TO N, • 
DD J = 1 TO N, • 

R ( l ,JJ=O,. 
END,. 

P 11 r IJ=l,. 
END1 • 

COMPUTE INITIAL ANO FINAL NORM 

ANDRM=O, • 
00 I = l TO N-1, • 

I* GENERATE IDENTITY MATRIX 

00 J = l+l TO N,. 
ANORH=ANORM+AI I ,JI *Al I ,JJ,. 
ENOr.• 

ENO,. 
IF ANORH LE C .C 
THEN GO TO SORT, • 
ANO RM= 1. 4 l 4*SQR T< ANO RM J, • 
ANRMX=ANORM*l • OE-6/FN t. 

INITIALIZE lNOICATOR ANO COMPUTE THRESHOLD, THR 

"'ISOU 211".' 
Msnu 220 
MSDU 230 
MSDU 240 
MSDU 250 
HSOU 260 

*/"!SOU 270 
HSDU 280 
MSOU 290 
MSOU 300 
JotSOU 310 
HSOU 320 
MSOU ·330 

*/HSDU 340 
*/MSDU 350 
*/!-!SOU 36C' 

MSDU 370 
MSOU 380 
MSOU 390 
MSOU 400 
MSDU 410 
"!SOU 420 
HSOU 43C 
MSOU 440 
/'!SOU 450 
MSOU 460 

*/MSDU 470 
*/HSDU 480 
*/"1SOU 490 

IND 
THR 

SlO •• 
THR 

S20 •• 

=C, • 
:ANORM, 0 

=THR/FN,. 

HSDU 500 
HSOU 510 
MSDU 52(" 
MSDU 530 
HSDU 540 
HSOU 550 
MSOU 560 

L 
530 •• 

=l,. 

M 
S40 •• 

I* 
I• ,. 

IF ABSIA{L,H)1 GE THR 
THEN DO,• 

IND =lr. 
U =0.5*( Al L,LJ-A(H,H) J,. 

I* COMPUTE SIN AND COS 

Y =-Al L rM J /SQRT( A( Lr HJ *Al L ,M J+U*U I,. 
IFULTO.D . 
THEN Y =-Y,. 
SINX =Y /SQRT< 2. O*U .O+I SQRT( l .O-Y*Y) JI J,. 
SI NX:2= S INX*S I NX,. 
COSX =SQRT( l.1-SINX2J I. 
COSX2=COSX*COSX,. 
SINCS=SINX•COSXr. 

OOI=lTDN,. 
IF I LT L 

I* ROTATE L ANO H COLUMNS 

THEN DO,. 
IF I LT H 
THEN oa •• 

U =AIJ,l)*COSX-AII,Hl*SINX,. 
A 11, MJ =Al J ,L l *SI NX+A{ I ,Hl*COSXt. 
Alt, LJ=u,. 
ENO,• 

END,. 
ELSE IF I GT l 
THEN DO,. 

IF I LT H 
THEN 00 1 • 

U =All1Il*COSX-AII,MJ*SINX,. 
Al I 1Ml =A(L, I l*SINX+A( I 1Ml*CDSX1 • 
ENO,, 

ELSE IF I GT M 
THEN DO,. 

U =AIL1ll*COSX-AIH1Il•SINX10 
ACM, lJ =A I Lt I J*S I NX+AUt, I l•COSX, • 
END,. 

IF I NE M 
THEN ACL~Il=U,, 
END1. 

IF Mii= 0 
THtN DO,. 

END,. 

U =RII1Ll*COSX-r<II,Ml*SINX,. 
RI I, M)=RC Ir U *SI NX+R CI ,Ml *COSX, • 
R<I,U=U,. 
END,. 

=2 ,C*A CL ,M) *SINC S,. 
::AC L tl J *COSXZ+AI Mr MJ *SI NX2-U, • 

U ""A ( L, L) *S INX2+ Al M, Ml *COSX2+U t • 
A( LIM}= I AC L, LI-A( M,MJ) •SINCS+A{ l rHJ •ccosx2-s INX2 I'. 
A{l1Ll=Y,. 
A(M,Ml=U,. 
ENO,. 

IF H NE N 
THEN DO,. 

M =M+l t• 

GO TO S40, • 
ENO,• 

I* TEST FOR H = LAST COLUMN 

TEST FOR L = SECOND FROM LAST COLUMN 

IFLNEN-1 
THEN DO,. 

L =l+l,~ 

MSOU 570 
MSOU 580 

*/MSOU 590 
f.l SDU 600 
HSDU 610 
HSDU 620 
MSDU 630 
HSDU 640 
HSOU 650 
HSOU 660 
HSOU 670 
HSDU 680 
MSOU 690 
MSDU 700 

*/MSDU 110 
HSDU 120 
MSDU 730 
HSOU 740 
MSOU 750 
HSDU 760 
MSOU 770 
MSDU 78C 
~sou 790 
MSDU 800 
MSOU 810 
MSOU 820 
HSDU 830 
MSDU 840 
MSOU 850 
MSOU 860 
MSDU 870 
MSDU 880 
MSOU 890 
MSDU 900 
MSOU 910 
HSDU 920 
HSOU 'BO 
MSOU q4Q 
MSDU 950 
11SDU 960 
MSDU 970 
MSOU 980 
MSOU 990 
MSOUlCOO 
MSOU1010 
MSOU1020 
HSDU1030 
/1SDU1040 
HSDU1050 
HSOU1060 
HSDU1070 
MSDU1080 
11sou1oqo 

*/HSDUl 100 
MSDUl 110 
HSDUl 120 
MSOUl 130 
HSDUl 140 

•/MS DUI 150 
:t/HSDUl 160 
•/HSOUl 170 

HSDUl 180 
HSOU1190 
H5DU1200 

I* 

GO TO 530, • 
END,• 

IF IND= 1 
THEN on,. 

IND =O,. 
GO TO 520, • 
ENO,. 

I* COMPARE THRESHOLD WITH FINAL NORM ,. 
I• 

IF THI' GT ANF HX 
THEN GO TO SlO,. 

I* SORT EIGENVALUES AND EIGENVECTOPS ,. 
SORT. 0 

DOI=lTON,. 
DO J = I TO N, • 
IF All,II LT ACJ,J) 
THEN' OQ, • 

U =All ,J J,. 
A(I,IJ=A(J,JJ,. 
AC J ,JI =U,. 
IF MV= 0 
THEN oa,. 

ENO,• 
ENO,. 

00 l = 1 TO N,. 
U =R(L,l),. 
RI L ,I J =RC L, JI , • 
RIL,JJ=U,. 
ENO,• 

ENO,• 
END,. 

FIN.• 
RETURN,• 
END,• 

Purpose: 

/*ENO OF PROCEDURE MSDU 

HSDU1210 
HSOU1220 
HSOU1230 
HSDU1240 
11SDU1250 
HSOU1260 
MSOU1270 

.ji:/HSDU1Z80 
*/HSOU1290 
*/MSOU1300 

HSDU1310 
1'1SDU1320 

*/MSOU1330 
*/HSDU1340 
*/HSDU1350 

MSOUl 360 
HSOU1370 
MSOU1380 
HSDU1390 
MSOU1400 
MSOU1410 
HSDU1420 
MSOU1430 
MSDU1440 
MSDU1450 
MSOU1460 
MSOU1470 
HSOU1480 
MSDU1490 
MSDU1500 
MSOU1510 
MSOU1520 
MSDU1530 
HSOU1540 
MSDUl 550 
MSOU1560 

*/HSDUl 510 

MSDU computes eigenvalues and eigenvectors of a 
real symmetric matrix. 

Usage: 

CALL MSDU (A, R, N, MV); 

A(N, N) -

R(N, N) -

N-

MV-

Remarks: 

BINARY FLOAT [(53)] 

Given matrix (symmetric), destroyed in 
computation. 
Resultant eigenvalues are developed in the 
diagonal of matrix A in descending order. 
BINARY FLOAT [(53)] 
Resultant matrix of eigenvectors (stored 
columnwise, in the same sequence as 
eigenvalues). 
BINARY FIXED 
Given order of matrix A and R. 
BINARY FIXED 
Given code containing the ·ronowing: 

0--compute eigenvalues and eigen
vectors. 

!--compute eigenvalues only. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR=l - The order of the matrix is one or less. 

Note: If the initial norm is equal to zero, the matrix 
is diagonal. 
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.Method: 

Diagonalization method originated by Jacobi and 
adapted by Von Neumann for larger computers as 
found in Mathematical Methods for Digital Computers, 
edited by A. Ralston and H. s. Will, John Wiley and 
Sons; New York, 1962, Chapter 7. 

Mathematical Background: 

This subroutine computes the eigenvalues and eigen
vectors of a real symmetric matrix. 

Given a symmetric matrix A of order N, eigen
values are to be developed in the diagonal elements 
of the matrix. A matrix of eigenvectors R is also 
to be generated. 

An identity matrix is used as a first approxima
tion of R. 

The initial off-diagonal norm is computed: 

III = ~ :2: 2A.~ { 1/2 li < k l ) 

(1) 

VI = initial norm 

A = input matrix (symmetric) 

This norm is divided by N at each stage to produce 
the threshold. 

The final norm is computed: 

-6 
III x 10 

N 

This final norm is set sufficiently small that the 
requirement for any off-diagonal element Aim to · 
be smaller than VF in absolute magnitude defines 
the convergence of the process. 

(2) 

An indicator is initialized. This indicator is 
later used to determine whether any off-diagonal 
elements have been found that are greater than the 
present threshold. 

Each off-diagonal element is selected in turn and 
a transforniation is performed to. annihilate the off
diagonal (pivotal) element, as. shown by the following 
equation~: 

A= -~m (3) 

(4) 
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w sin 0 

V2c1 + v1 - w2> 

cos 0= Ji -sin2 a 

B Ail cos El -Aim sin El 

C Ail sin El + A. cos El 
im 

B = R.1 cos El - R. sin El 
i rm 

R. = Ril sin El +R. cos El im im 

= B 

A.1 cos2 El+ A sin2 El 
i mm 

- 2~ sin e cos e 

Amm = ~l sin2 0 + Amm cos2 0 

+ 2~ sin e cos e 

~ = (~l - Amm) sin 0 cos 0 

2 2 
+ ~m (cos e - sin 0) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

The above calculations are repeated until all of the 
pivotal elements are less than the threshold. 

Programming Considerations: 

Matrix A cannot be in the same location as matrix 
R. If the eigenvectors are not calculated, the 
matrix'.,R does not need to be dimensioned in the 
declare statement, but R must appear in the argument 
list of the procedure. 



• Subroutine MGDU 

HGDU.. HGOU 10 
I ****************************************(!****************************IHGDU 20 
/* */MGDU 30 
I* TD COMPUTE EIGENVALUES AND EIGENVECTORS OF A REAL NONSYHM- */HGDU 40 
I* ETRIC MATRIX OF THE FORM B INVERSE TIMES A. */HGDU 50 
I* *IHGDU 60 
l*********************************************************************IHGDU 70 

,. ,. ,. ,. ,. ,. 

,. ,. ,. ,. 

I* 
I• 
I* 

I* ,. 
I* 

I• 
I• 
I• 

PROCEDURE IH,A,B,XL,X),. MGOU BO 
DECLARE MGDU 90 

II ,J,H,HVrKI MGDU 100 
FIXED BINARY, MGDU 110 
ERROR EXTERNAL CHARACTER'1l 1 MGDU 120 
IAl*1*l 1Bl*1*l ,X(*1*J rXLl*l ,SUHVJ HGDU 130 
BINARY FLOAT,. !•SINGLE PRECISION VERSJON /*S•/HGOU 140 
BINARY fLOATl53J 1e /*DOUBLE PRECISION VERSION /*D*/MGDU 150 

COMPUTE EIGENVALUES AND EIGENVECTORS OF B 

THE MATRIX B JS A REAL SYMMETRIC MATRIX. 

MV =O,. 
CALL HSDU 1a,x,11,MV),. 
lF ERROR NE 1 0 1 

THEN GO TO Flf.41 • 

•/HGOU 160 
*/HGOU 170 
*/HGDU 180 
*/MGOU 190 
*/MGDU 200 

HGOU 210 
MGDU 220 
MGOU 230 
HGOU 240 

*/HGOU 250 
FORH RECIPROCALS OF SQUARE ROOT OF EIGENVALUES. THE RESULTS */HGDU 260 
ARE PREMULTIPLIED BY THE ASSOCIATED EIGENVECTO~S. =~~~g~ ~~g 

OOl=lTOHro 
XLI I l=l.O/SQRTIABS( Bl J, l) I},. 

00 J = l TO M,. 

END,. 

8 I J, I I =XI Jr I} *XLI I),• 
ENO,. 

FORM (B**l-1/2) J PRIME * A * IB••l-1/2)) 

DO l = 1 TO Mr• 

ENDr. 

00 J = 1 TO M,. 
X(lrJl=O.O,. 

END1. 

DO K = 1 TO M,. 
XI I ,JJ=XI I ,J} +BIK,I l*AlK,JJ,. 
ENO,. 

00 I = 1 TO Hr. 

ENO,. 

00 J : 1 TO Hr. 
All,J}=O.O,. 

ENOr. 

DO K = 1 TO Hr• 
A( I ,JJ =A( I ,JI +XII ,K} *B(K,Jl, • 
ENO,. 

COMPUTE EIGEN"IALUES ANO EIGENVECTORS OF A 

CALL HSDU u,x,H,H"IJ •• 
DO I = 1 TO H,. 
Xllll=Atl,IJ,. 

COMPUTE THE NORMALIZED EIGENVECTORS 

DO J = l TD M,. 
AII,J>=o.o,. 

DO K = 1 TO H ,., 
Al I ,JJ=AI I ,J)+.BC I ,KJ *XIK,J Ir. 
ENO,. 

ENDr • 
ENO,. 
DO J = l TO Hr. 
SUHV =o.o,. 

DO K = 1 TO H, • 
SUHV =SUH"l+AIK,J)*AIK,J},., 
END,. 

SUHV =SQRTlSUMV) ,., 
DO K = l TO Hr. 

END,• 

X( K, Jl=AIKrJl/SUMV ,. 
ENO,. 

MGOU 290 
MGDU 300 
HGOU 310 
MGOU 320 
HGOU 330 
HGOU 340 

•/MGDU 350 
*/HGDU 360 
•/HGDU 370 

HGOU 3BO 
MGOU 390 
HGDU 400 
MGOU 410 
HGDU 420 
MGDU 430 
HGDU 440 
MGDU 450 
MGDU 460 
HGDU 470 
HGOU 480 
MGOU 490 
HGDU 500 
HGDU 510 
MGDU 520 
HGOU 530 

•IHGOU 540 
*/HGOU 550 
*/MGOU 560 

MGDU 570 
HGDU 580 
HGOU 590 

•/HGDU 600 
*/HGOU 610 
*/HGDU 620 

FIN ... 

MGOU 630 
HGDU 640 
HGDU 650 
HGDU 660 
HGOU 670 
MGOU 6BO 
HGDU 690 
HGDU 700 
MGOU 710 
HGOU 720 
HGDU 730 
HGDU 740 
MGDU 750 
MGOU 760 
HGOU 770 
HGDU 780 
HGDU 790 
HGOU 800 
HGOU 810 RETURN,• 

ENO,. 

Purpose: 

/*END OF PROCEDURE MGDU */MGOU 820 

MGDU computes eigenvalues and eigenvectors of a 
real matrix of the form B-inverse times A, where 
A is symmetric and B is positive definite. 
Usage: 

CALL MGDU (M, A, B, XL, X); 

M- BINARY FIXED 
Given order of square matrices A, B, 
and X. 

A(M,M) - BINARY FLOAT [(53)] 
Given symmetric matrix. 

B(M,M) - BINARY FLOAT [(53)] 
Given positive definite matrix. 

XL(M) - BINARY FLOAT [(53)] 
Resultant vector containing eigenvalues 
of B-inverse times A. 

X(M,M) - BINARY FLOAT [(53)] 

Remarks: 

Resultant matrix containing eigenvectors 
columnwise. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero by the 
called subroutine MSDU. The following constitutes 
the possible error condition that may be detected: 

ERROR=l MSDU has been called and an error 
has occurred (see MSDU). 

Subroutines and function subroutines required: 

MSDU 

Both matrices A and B are destroyed. 

Method: 

Refer to W. W. Cooley and P. R. Lohnes, 
Multivariate Procedures for the Behavioral 
Sciences, John Wiley and Sons, 1962, Chapter 3. 

Mathematical Background: 

This subroutine calculates the eigenvalues and the 
matrix of eigenvectors of the matrix B-1 A. 

First the subroutine MSDU is used to calculate 
the eigenvalues and eigenvectors of the matrix B. 
The eigenvalues bii are stored in the main diagonal 
of the original matrix B and the eigenvectors are 
stored columnwise in the matrix X. Next the square 
roots of the reciprocals of the eigenvalues bii are 
formed and stored in XL 

XL. = 1/. ~ 
1 'V -ii 

Then each eigenvector stored in Xis multiplied by 
the corresponding value XLj. The matrix of 
results is again stored in B. Next the matrix 
BT AB is generated and stored in A. Then the sub
routine MSDU is used to calculate the eigenvalues 
and eigenvectors of BT AB. The eigenvalues are 
stored in XL and the eigenvectors are stored in x. 
Next the matrix product BX is formed and stored in 
A. The eigenvectors are then normalized to the 

form a../ V SUM.a .. 2 to form the desired output 
lJ J lJ 

matrix of eigenvectors. 
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• Subroutine MV AT 

HVAT • • MVAT 10 
l•********************************************************************/HVAT 20 
I* */MVAT 30 
I* EIGENVECTORS OF A COMPLEX HESSENBERG MATRIX */MVAT 40 
I* •IHVAT 50 
l*********************************************************************/HYAT 60 

PROCEDURE IA,N,EIG,V),. MVAT 70 
DECLARE HVAT 80 

PfNl HYAT 90 
enc 1J' HYAT 100 
1e1,u,r,EPSJ HYAT 110 
BINARY, HVAT 120 
CAC•1•),EIG1C1Yl•J), HVAT 130 
COMPLEX BINARY, HVAT 140 
S MVAT 150 
COMPLEX BINARYC53J, HVAT 160 
fN1ISIN)1hl11J1Nl1K1Kl,KPltlTJ HVAT 170 
BINARY FIXED,• . HVAT 180 

E7=1.oe-7,. MYAT 190 
All1ll""AC11U-EIG,. I* MODIFY DIAGONAL ELEMENTS */MVAT 200 
JS( 11•11 • MVAT 210 
U•ADSlAC11lJJ,. /*COMPUTE A NORM OF THE MATRIX */MVAT 220 

DO 1=2 TO ~' • MVAT 230 
11=1-l, • MVAT 240 
ISUJ .. 11,. MVAT 250 
ACJ1IJ=A([,JJ-EJG,. HYAT 260 
T•AOSlAU,IJJ,. MVAT 270 
JF T GT U THEN U=T.. MVAT 280 

DO J..,11 TO N,. MVAT 290 
T .. ABS(AllrJJJ,. MVAT 300 
JF T GT U THEN U=T,. MVAT 310 
END,• MVAT 320 

END,. MVAT 330 
EPS=U*E71 • MVAT 340 
Nl=N-lt • I• START FACTDRIZATJON •IMVAT 350 
PllJ=•o•e,. MVAT 360 
IF ABSIAl2,U I GT ABS(Afl,111 /* INITIALIZATION •IHVAT 370 
THEN DO,. MVAT 380 

P( 11= 1 l' Bt • MVAT 390 
DD J= 1 TO N,. MVAT 400 
C=AU,IJ,. MVAT 410 
AC1,U=AC2tllt• MVAT 420 
A.C21 l>=C1 • MVAT 430 
END,• MVAT 440 

EN01 • MVAT 450 
IF ABS<Alltlll LT EPS THEN All1ll=EPS,. MVAT 460 
AC21ll=At21ll/AU1ll1• MVAT 470 

DD K=2 TO Nl 1. MVAT 480 
KPl•K+l,. MVAT 490 
Kl=K-1,. MVAT 500 
S=AIK,K),. I* COMPUTE THE LOWER FACTOR */MVAT 510 

DO l=ISIKI TO Klr. MVAT 520 
S=S-HULTIPLYIAIKrll,AlltK),51),. MVAT 530 
ENDt • MVAT 540 

AIKrKl=S,. MVAT 550 
IF ABS(AlKrKI I LT ABS( AIKPl1KI I MVAT 560 
THEN DO,. ,. Pl VOTING •IMVAT 570 

PlKl .. 1 1'8,. MVAT 580 
DD J .. K TO N, • MVAT 590 
C•AI Kt J) 1 • MVAT 600 
A(K,U=AIKPlrllt• MVAT 610 
AIKPlrll=C,. MVAT 620 
ENO,. MVAT 630 
DD l=JSIKJ TO Klr• MVAT 640 
ACKPl,J)=AIKrflr. MVAT 650 
END,• . MVAT 660 

I .. JSIK) t • MVAT 670 
ISIKl=ISIKPU,. MVAT 680 
ISCKPU•lr• MVAT 690 
END,• MVAT 700 

ELSE OD,• MVAT 710 
PIKJ=•o•e,. MVAT 720 

DD J=KPl TO N,. I* COMPUTE THE UPPER FACTOR */MVAT 730 
S=AlKrJJ,. MVAT 740 

DO l•ISIKt TO Kl,. MVAT 750 
S=S-HULTJPLYIAllrJlrAIK,llr53J,. MVAT 760 
END,• MVAT 770 

AIK,JJ=S,. MVAT 780 
END,• MVAT 790 

ENO,. MVAT 800 
I* NORMALIZE THE LOWER FACTOR •IMVAT 810 

IF ABSIA(K,KJJ LT EPS THEN AIK,Kl=EPS,. MVAT 820 
ACKPl,KJ=AIKPl,K)/ACKrKJ,. MVAT 830 
END1 • MVAT 840 

S=A(N,NJ, • MVAT 850 
DO [:o[SI NJ TO Nlr. MVAT 860 
S=S-HULTIPLYfACN,JJ,AClrNl,531r• MVAT 870 
ENO,• MVAT 880 

ACN,Nl=St • I• END FACTORIZATION •IMVAT 890 
·IF ABSIA(N,Nll LT EPS THEN AfNrNl=EPS,. MVAT 900 

DD I=l TO Nr. I• INVERSE ITERATION */MVAT 910 
YUJ=lr• I* STARTING VALUE */HVAT 920 
END,• MVAT 930 
DO IT=l,z,. MVAT 940 
K•Nr • JlllVAT 950 
IF IT GT 1 MVAT 960 
THEN DO,. MVAT 970 · 

DD J.:1 l TO Nl r • I• INTERCHANGES •IMVAT 980 
IF Pill MVAT 990 
THEN DO,• MYATlOOO 

11=1+1, • MVATlOlO 
C=VI I),• MVAT1020 
V(]J,..V( llJ, • MVAT1030 
YtllJ=C.. MVAT1040 
ENO,• HYAT1050 

END,• PWAT1060 
DO 1=2 TO Nt.• I• SOLVE WITH LOWER FACTOR •IMVAT1070 

S=YU I,•. MVATlOBO 
DD J=ISllJ TO 1-1,. MVAT1090 
S•S-MULTIPtYlAC I 1J) ,y(JI 1531 t• MVATUOO 
END1 • MVATlllO 

YC I J=Sr • MVAT1120 
END,. MYAT1130 

END,• MVATllltO 
YINl=Y(NJ/ACN,NJ,. I* SOLVE WITH UPPER FACTOR *IMVAT115D 

; U=ABSIVINJ J, • , MYAT116D 
DO I•Nl TO 1 av -1,. MVAT1170 
S=Yll ), • MYAT1180 

DO J=l+l TO Nr • MYAT1190 
S•S-MULTIPLY lA( I 1JlrVCJ lr53),. MYAT1200 
ENO,. MVAT1210 
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VIJJozS/ACI,[),. 
T=ABSCVllJJ,. 
IF T GT U 
THEN DO,. 

K=lr • 
U=T,. 
ENDr. 

END,. 
=YCKlr• 

MVAT1220 
MVAT1230 
HVAT1240 
MVAT1250 
MVAT1260 
MVAT1270 
HVAT1280 
MVAT1290 
MVAT1300 

END,. 
RETURN,. 
END,. 

DO 1=1 TD N,. 
VII) ""Vll)/C,. 
END,. 

I* NORMALIZE RESULTING VECTOR •IHVAT1310 
HVAT1320 
MVAT1330 

I* ENO OF LOOP FOR ITERATION •IMVAT1340 
MVAT1350 

!• END OF PROCEDURE MVAT */MYAT1360 

Purpose: 

For a given almost triangular complex matrix 
(Hessenberg), this procedure provides the eigen
vector corresponding to a given eigenvalue. 

Usage: 

CALL MVAT (A, N, EIG, V); 

A(N,N) 

N-

EIG-

V(N) -

Remarks: 

COMPLEX ffiNARY FLOAT 
Given almost triangular matrix. 
BINARY FIXED 
Given order of the matrix. 
COMPLEX BINARY FLOAT 
Given eigenvalue. 
COMPLEX ffiNARY FLOAT 
Resultant vector containing the eigen
vector corresponding to EIG. 

rhe original matrix is destroyed. 

Method: 

Wielandt' s inverse iteration is applied to the matrix, 
using the given eigenvalue as a shllt. 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue 
Problem, Clarendon Press, Oxford, 1965. 

Mathematical Background: 

For a given nonsingular matrix A, the inverse 
iteration is defined by the following process: 

vCP+l) = A -i vCP> 

where vCO) is an arbitrary starting vector. We 
know that when P ... "' , under certain conditions 
V(P) tends to an eigenvector V associated with the 
smallest eigenvalue Ao of the matrix A. 

VVhen converging to V, the speed of convergence 
can be substantially improved by shifting the origin 



of the eigenvalues close to Ao• Then the iteration 
can be written as 

v<P + 1) = (A - A.I) -1 v<P) (1) 

where >.. is the value of the shift. 
When we know an approximation>.. of A.0, the 

above properties of the inverse iteration can be 
used for finding the corresponding eigenvector V 
by means of equation (1). 

The closer A. is to A.0, the faster y(P) converges 
to V. If>.. has been obtained with good accuracy, 
V can be obtained using only a few steps of inverse 
iteration. 

Each step of iteration is equivalent to finding the 
solution of the equation 

(A - x I) v(p+l) = v(p) (2) 

Considering a triangular factorization of A - A. I, 
A - XI = LR, the solution of equation (2) will be 
provided by solving successively 

LW = V(p) (3) 

RV(p+l) = W (4) 

where L and R are lower and upper triangular 
matrices. The triangular decomposition has to be 
performed only once before starting the iterative 
process, and the iteration is carried out by solving 
equations (3) and (4). 

Programming Considerations: 

A technique of partial pivoting by row interchange 
is included in the process of triangular factoriza
tion. 'This pivoting is obviously convenient in two 
ways; it is economical and does not modify the 
special structure of the matrix. Thus, it will be 
possible to take advantage of this structure in the 
factorization of the matrix, as well as· in the 
solution of equation (3). 

Since the starting vector is arbitrary, we choose 
it so that 

V(O) = Le,·w = e, 

where: 

T 
e = (1, 1, ••• , 1) 

Then the first iteration will consist of solving 
equation (4) only: 

RV(l) = e 

Only two iterations are performed. Most of the 
time they are quite sufficient to provide an accurate 
approximation of the eigenvector V. 
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• Subroutine MVSU 

MVSU •• MVSU 10 
l••***********************************t*******************************/MVSU 20 
I* *IHVSU 30 
I* BACK TRANSFORMATION OF THE EIGENVECTORS •IMVSU ltO 
I* SYMMETIUC CASE *IMVSU 50 
I* */MYSU 60 
., ..................................................................... , .. vsu 70 

PROCEDURE (A,N,co,v>.. HVSU 80 
DECLARE HVSU 90 

IAC•l,CDlOtVl•J,r,cJ BINARY, MVSU 100 
CM,N1ICO,K,KPl1KP21J1I1U BINARY FIXED, MYSU ·uo 
lS1DPJ BINARYl53J,. MVSU 120 

ICD=lN•lN+l J J/2-lt • MVSU 130 
DO K=N-1 TO 2 BY -1 1 • MVSU 140 
KPlaK+lt • MVSU 150 
ICD•ICD-KPlt • MYSU 160 
C=AI IC DI-CD( K), • MYSU 170 
IF C NE 0 HVSU 180 
THEN DO,• I* ORTHOGONAL TRANSFORMATION •IHVSU 190 

ENO,• 
S=O,. 

S•O, • MVSU 200 
J=ICD-K+lt. MVSU 210 

ENO,. 

DO l=K TO Nr. HVSU 220 
J=J+I-1,. HVSU 230 
S•S+MULTJPLYlA(Jl,VlJJ,5311• HVSU 240 
ENO,. HVSU 250. 

S•S/COlKJ,. HVSU 260 
T•IS-Y(KJ>/C,. HVSU 270 
VI Kl =51 • MVSU 280 
J= lCO,. MYSU 290 

DO l=KP l TO N, • MYSU 300 
J•J+l-1,. MVSU 310 
Vlll•Y( ll+T•ACJI,. .MVSU 320 
ENO,• MVSU 330 

MVSU 340 
MVSU 350 ,. NORMALIZE 

DD l.cil TO N,. 
DP•VI U, • 
5 .. s+OP•DP1 • 
ENO,. 

· S•SQRTISJ,. 

•IMVSU 360 
MVSU 370 
HVSU 380 
MVSU 390 
HVSU 400 
MVSU 410 
MVSU 420 
MVSU 4-30 
MVSU 440 
HVSU 450 RETURN,• 

END,. 

Purpose: 

DO l• l TO N1 • 

Vlll-Vlll/S,. 
ENO,. 

I• END OF PROCEDURE HVSU •IHVSU 460 

For a given symmetric matrix M that has been 
reduced to a similar tridiagonal symmetric matrix 
H by procedure MSTU, MVSU gives the eigenvector 
of M corresponding to a given eigenvector of H. 

Usage: 

CALL MVSU (A, N, CD, V); 

A(~*(N+l)/2) - BINARY FLOAT 
Given vector whose elements are 
set up by procedure MSTU. 

N - BINARY FIXED 

CD(N) -

V(N) -

Remarks: 

Given order of the original matrix 
M. 
BINARY FLOAT 
Given vector containing in positions 
2, 3, ••• , N the codiagonal terms 
of the tridiagonal m._atrix. 
BINARY FLOAT 
Given eigenvector of the tridiagonal 
matrix. Resultant eigenvector of 
the original matrix. 

See procedure MSTU. 
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Method: 

The eigenvector of the almost triangular matrix 
H is transformed according to the unitary similar
ities applied to matrix M in procedure MSTU. 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue Problem, 
Clarendon Press, Oxford, 1965. 

Mathematical background: 

For a symmetric matrix M of order n that has been 
reduced to the tridiagonal matrix H by similarities, 
we have a relation of the form 

H=P-1 MP 

and an eigenvector of M, X(M) corresponding to an 
eigenvector of H, X(H) according to 

H(M) = P • X(H) 

In procedure MSTU, P consists of the product of 
(n-2) Householder's matrices: 

(1) 

where the vector v and the scalar b have been .defined 
in the transformation of the i-th column of the 
given matrix in procedure MSTU. 

P will thus be applied to X(H) by means of (n-2) 
successive transformations, Pn_2, Pn-l• ••• , P 1, 
according to equations (1) and (2). 

The elements v and b defining each Pi are trans
mitted to MVSU through the parameters A and B. 



o Subroutine MVUB 

MVUB.. HYUB 10 
I••"'*************************************************************** ***I HVUB 2 0 
I* */MVUB 30 
I• BACK TRANSFORMATION OF THE EIGENVECTORS */HVUB 40 
I• HOUSEHOLDER'S TRANSFORMATIONS .*/HVUB 50 
I• */HVUB 60 

/*********************************************************************/MVUB 10 
PROCEDURE (A,NrBtVJ,., MVUB BO 
DECLARE MVUB 90 

CAl•,•J.BC•),T,Ul BINARY, HVUB 100 
ll1K1KlrKPl1NJ BINARY FIXED, HVUB 110 
(V(•),XJ COMPLEX BINARY, MVUB 120 
S COMPLEX BINARY I 531,. MVUB 130 
DO K=N-l TO 2 BY -1,. MVUB 140 
IF BIKJ NE 0 MVUB 150 
THEN DO,. I* ORTHOGONAL TRANSFDRMATICN *IHVUB 160 

KPl=K+l,. HVUB 170 
Kl=K-1,. HVUB 180 
S=MULTIPLY(BlKJ1VIK)153J,. HVUB 190 

DO I=KPL TO N,. HVUB 200 
S=S+HULTIPLY(AC I,KlJ ,VI IJ,53) ,. MVUB 210 
END,• MVUB 220 

S=S/AIK,KlJ,. MVUB 230 
X=IS-VIK))/IBCKJ-A'(K,Kl)),. HVUB Z40 
VI K)=S,. MVUB 25_0 

DO I=KPl TO N,. MVUB 260 
VIIl=VCU+X•All,Kl),. HVUB 270 
ENO,. HYUB 280 

END,. HVUB 290 
ENO,• HVUB 300 

K=l,. MVUB 310 
T=ABS(Vllll,. I• NORMALIZE •IHVUB320 

DO 1=2 TO N,. HVUB 330 
U=ABSIVCJ)),. MVUB 340 
IF U GT T HVUB 350 
THEN 00, • HVUB 360 

T=Ur. MVUB 370 
K=(,. HVUB 380 
ENO,. MVUB 390 

ENO,• HVUB 400 
=VIKI t. HVUB 410 
00 l=l TON,. MVUB 420 
VCIJ =VIIJ/X,. - HVUB 430 
END,• HVUB 440 

RETURN,• HVUB 450 
ENO,• I* END OF PROCEDURE HVUB •IHVUB 460 

Purpose: 

For a given matrix M that has been reduced to a 
similar almost triangular matrix H by procedure 
MATU, MVUB gives the eigenvector of M cor
responding to a given eigenvector of H. 

Usage: 

CALL MVUB (A, N, B, V); 

A(N, N) - BINARY FLOAT 

N-

B(N) -

V(N) -

Remarks: 

Given two-dimensional array whose 
elements are set up by procedure MATU. 
BINARY FIXED 
Given order of the matrix. 
BINARY FLOAT 
Given vector whose components are 
provided by procedure MATU. 
COMPLEX BINARY FLOAT 
Given eigenvector of the almost triangular 
matrix. 
Resultant eigenvector of the original 
matrix. 

See procedure MA TU. 

Method: 

The eigenvector of the tridiagonal matrix H is 
transformed according to the unitary similarities 
applied to the matrix Min procedure MATU. 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue Problem, 
Clarendon Press, Oxford, 1965. 

Mathematical background: 

For a matrix M of order n that has been reduced to 
the almost triangular matrix H by similarities, we 
have a relation of the form 

and an eigenvector of M, X(M) corresponding to an 
eigenvector of H, X(H) according to 

X(M) = P • X(H) (1) 

In procedure MATU, P consists of a product of (n-2) 
Householder's matrices: 

p = p . 
1 

(2) 

where the vector v and the scalar b have been defined 
in the transformation of the i-th colwnn of the given 
matrix in procedure MATU. 

P will thus be applied to X(H) by means of (n-2) 
successive transformations, Pn-2• Pn-1• ••• , P1, 
according to equations (1) and (2). 

The elements v and b defining each Pi are trans
mitted to MSTU through the parameters A and B. 
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• Subroutine MVEB 

MYEB.. . MYES 10 
/*********************************************************************IMYEB 20 
/* •IMYEB 30 
I* BACK TRANSFORMATION OF THE EIGENVECTORS •IMYEB 40 
I* EUMJNATJON TECHNIQUES •IMVEB 50 
I• •IMYEB 60 
/*********************************************************************/MYES 70 

PROCEDURE (A,N,IP,VJ,. MVEB 80 
DECLARE MYES 90 

IAl•1•J ,r,ua BINARY, MVEB 100 
IVl•l.CI COMPLEX BINARY, MYES 110 
ClPl•Jrl1K1Kl1NJ BINARY FIXED, MVEB 120 
S COMPLEX BINARYl53J,. MYES 130 
00 K=2 TO N-1 1 • MYES 140 
Kl•K+lt• MYES 150 
IF AIKL,KJ NE 0 lillYEB 160 
THEN 00 1 • I* ELEMENTARY TRANSFORMATION */MYES 170 

S=YIKI.. MYES 180 
DD l""l TO k-1,. MVEB 190 
S:oS-MULTI PLY CAI Kl, I I, VI JI, 531 ,. "MYEB· 200 
END1 • MYES 210 

VIKt•S,. MVEB 220 
END,. MVEB 230 

ENO,. MYEB 240 
00 K=2 TO N-1,. MYES 250 
JF IP(KJ NE K I• INTERCHANGES •/MYES 260 
THEN DO,. MYES 270 

J•IP(KJ,. MYES 280 
C•Y(KJ,. MYES 290 
VI KJaVI I J,. MYES 300 
VC IJ•C,. MYES 310 
ENO,. MVEB 320 

END,. MVEB 330 
K•l t. MYES 340 
T=ABSI VC 11 J,. I* NORMALIZE •IMVEB 350 

DO !=2 TO N,. MYES 360 
U-ABS(YCJIJ,. MVEB 370 
IF U GT l MVEB 380 
THEN DO,. MYES 390 

T•U,. MYES 400 
K•It• MVEB 410 
END,. MVEB 420 

END,. MVEB 430 
•VI KJ , • MYES 440 
DO I=l TO N,. MVEB 450 
VCIJ =VCIJ/C,. MVEB 460 
END,. MVEB 470 

RETURN,. MVEB 480 
END,• I* END OF PROCEDURE MVEB *IMVEB 490 

Purpose: 

For a given matrix M that has been transformed to 
a similar almost triangular matrix H by procedure 
MATE, MVEB gives the eigenvector of M cor
responding to a given eigenvector of H. 

Usage: 

CALL MVEB (A, N, IP, V); 

A(N, N) - BINARY FLOAT 

N-

IP(N) -

V(N) -

Remarks: 

Given two-dimensional array whose 
elements are set up by procedure MATE. 
BINARY FIXED 
Given order of the almost triangular 
matrix. 
BINARY FIXED 
Given vector whose components are 
provided by procedure MATE. 
COMPLEX BINARY FLOAT 
Given eigenvector of the almost triangular 
matrix. 
Resultant eigenvector of the original 
matrix. 

See procedures MATE and MVAT. 
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Method: 

The eigenvector of the almost triangular matrix is 
transformed according to the similarities applied to 
the matrix M in procedure MATE. 

For reference see: 

J. H. Wilkinson, The Algebraic Eigenvalue Problem, 
Clarendon Press, Oxford, 1965. 

Mathematical background: 

We know that a given matrix M of order n can be 
reduced by similarity to an almost triangular matrix 
H. This can be written as 

-1 
H = SMS 

Then, for a given eigenvalue of both M and H, the 
corresponding eigenvectors V of M and W of H are 
related by the equation 

v = s-1w 

The transformation S is defined here as the product 
of a triangular matrix T with unit diagonal by a 
permutation matrix P which was operating on the 
rows of M according to the pivoting used in procedure 
MATE. 

The elements of the matrix T· are transmitted to 
the procedure through the array A. The permuta
tion matrix P is defined by the information contained 
in vector IP. 

Then V is provided by 

V = PX 

where the vector X is the solution of the equation 

TX= W 



Polynomial Operations 

• Subroutine POV 

POV•. POV 10 
l*********************************************************************IPOV ZO 
A Q~V ~ 
I* CALCULATE VALUES OF FIRST N ORTHOGONAL POLYNOMIALS •/POV 40 
I• */POV 50 
f*********************************************************"'***********IPOV 60 

PROCEOUREC X,N,OPT rY) t. POV 70 
DECLARE POV BO 

{LICtHtHC,HltH2,FNI BINARY FLOATC531 t POV 90 
CVl•JtXI POV 100 
BINA.RY FLDATt /*SINGLE PRECISION VERSION /*S*/POV 110 

I* BINARY FLOATI 531, /*DOUBLE PRECISION VERSION l•D•/POV 120 
(N,l) BINARY FIXED1 POV 130 
OPT CHARACTER I U t • POV 140 

LX =Xt • POV 150 
IF N GE 1 /•BYPASS OPERATION If N LE 0 •/POV 160 
THEN DO,• POV 170 

IF OPT= 1 T 1 l•CHEBYSHEV POLYNOMIALS TIXJ •/POV 180 
THEN HO •LX;. l•INIT. STARTING VALUE */POV 19C' 
ELSE DO,• POV 200 

FN •It• l•INtT. INTEGER FACTOR TERM •/POV 210 
HO =Ot. l*INIT • STARTING VALUE */POV 220 
END,. P.ov 230 

Yll>rHl•l,. !•STORE AND SAVE FIRST RESULT */POV 240 
DO I = 2 TO N,. POV 250 
HZ •LX•Hl r • /*PERFORM COMMON CALCULATION •/POV 260 
H =HZ-HO,. POV 270 
IF OPT NE 'l' /tCHEBYSHEV POLYNOHtALS TIXJ •/POV 280 
THEN 00,. POV 290 

IF OPT:::. 1 H1 /•HERMITE POLYNOMIALS HlXJ •/POV 300 
THEN DO,. POV 310 

HZ =HZ+FN•t-tC· r • P!lV 320 
FN =FN-2,. /•STEP INTEGER FACTOR +/POV 330 
END,• POV 340 

ELSE oa,. POV 350 
IF OPT• 'L 1 /*LAGUERRE POLYNOMIALS LCX• */POV 360 
THEN DOr • POV 37C 

HZ =Hl-Ui+l-ill/FN, • POV 380 
H =Hl-HO,. POV 390 
ENO,• POV 400 

ELSE HZ =l-i2 /*LEGENDRE POL'f'NOMIALS PU• •/POV 410 
-H/FNr • POV 420 

FN ... fN+lr• /*STEP INTEGER DENOMINATOR •/DOV 430 
ENO,. POV 440 

END,• /•CONTINUE COMMON CALCULATION •/POV 450 
HO •Hl,. !•SAVE PRECEDING RESULT VALUE */POV 460 
Hl1YII>=H+HZ1. /*STORE ANO SAYE I-TH RESULT •/POV 470 
EN01 • POV 480 

ENO,• POV 490 
ENDr • /*ENO OF PROCEDURE POV •/POV 500 

Purpose: 

POV computes the values of the first n orthogonal 
polynomials. The user has the choice of 

Chebyshev polynomials (T0, Ti, ••• , Tn-i> with 
OPT = 'T' 
Legendre polynomials (Po, Pi, ••• , Pn-i> with 
OPT = 'P' 
Laguerre polynomials (Lo, Li, ••• , Ln-i> with 
OPT = 'L' 
Hermite polynomials (H0, Hi, ••• , l\i-i> with 
OPT = 'H' . 

Usage: 

CALL POV (X, N, OPT, Y); 

X-

N-. 

BINARY FLOAT [(53)] 
Given argument of the orthogonal polynomials 
BINARY FIXED 
Given number of orthogonal polynomials to be 
calculated. 

OPT - CHARACTER (1) 
Given parameter of choice (see "Purpose"). 

Y(N) - BINARY FLOAT [(53)] 
Resultant vector containing the values of the 
first N orthogonal polynomials. 

Remarks: 

Operation is bypassed if N is not positive. Any input 
value of OPT other·than 'T', 'L', or 'H' is treated 
as if it were 'P'. The values of the shifted poly
nomials of Chebyshev or Legendre for argument 
x are obtained as values of non-shifted polynomials 
for the argument (2 • x - 1). 

Method: 

Evaluation is based on the three-term recurrence 
relation for orthogonal polynomials. 

For reference see: 

Jahnke-Emde-Loesch, Tables of Higher Functions, 
B. G. Teubner, Stuttgart, 1960, pp. 96-114. 
M. Abramowitz and I. A. Stegun, Handbook of 
Mathematical Functions, Applied Mathematics 
Series 55, National Bureau of Standards, 1964, 
pp. 771-803. 

Mathematical Background: 

The orthogonal polynomials are defined by the fol
lowing iteration scheme: 

Chebyshev polynomials 

Laguerre poiynom1als 

.. 

fork= 1, 2, ••• 

Laguerre polynomials 
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(k+l)Lk+l (x) = (2k+ 1 - x) Lk (x) - kLk- l (x) 

fork= 1, 2, ••• 

Hermite polynomials 1\(x) 

H1(x) = 2x 

I\+1(x) = 2xl\(x) - 2kl\_1(x) , fork= 1, 2, ••• 

Programming Considerations: 

For reasons of programming efficiency and for 
diminishing roundoff errors' the recurrence rela
tions are modified to the folloWing forms: 

Chebyshev polynomials 

fork= 0, 1, 2, ••• , n-2 

Legendre polynomials 

fork= 0, 1, 2, ... , n - 2 

Laguerre polynomials 

L -l = 0, LO = 1, 

for k = O, 1, 2, ••• , n - 2 

Hermite polynomials C> 

R = xR - H_ - (2k-l)R + xR k+l -K. k-1 k-1 -K. 

fork= 0, 1, 2, ••• , n-2 
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e Subroutine POSV 

POSV •. PO SV 10 
I ********************"'***U:************U**************'***************I POSY 2 0 
!* *IPOSV 30 
I• EVALUATE N-TERM SERIES EXPANSION IN ORTHOGONAL POLYNOMIALS >l:/POSV 40 
/* */POSY 50 

/****************************** U*************************************I PO SV 60 
PROCEOUREfX,CrNrOPT,SUHJ,. POSY 70 
DECLARE Pl'.t SV 80 

(LXrHrHOrHl1HZ,FNJ BINARY FLC1AT(53J, POSY qo 
CX,Cfil<J,SUMJ POSY 100 
BINARY FLOAT r !•SINGLE PRECISION VERS JON l•S•/POSV 110 

I* BINARY FLOATf53J, /*DOUBLE PRECISION VERSION /*D*/POSV 120 
CN,JJ BINARY FIXEDt POSY 130 
OPT CHARACTER I I),. POSV 140 

I =N, • POSV 150 
If I GE l /*BYPASS OPERATlON IF N LE 0 •IPOSV 160 
THEN DO, • PO SV 170 

LX =X,. POSV 180 
IF OPT='L 1 !•LAGUERRE POLYNOMIALS LCXJ •/POSV 190 
THEN LX =1-LX,, POSV 200 
H2,Hl.,.O,, /*ZERO UCN+l), U(N+2J OR V(N+21*/POSY 210 
FN =It, POSV 220 

ITER., /•LOOP OVER I "" N TO 1. BY -1 !Ir/POSY 230 

END,• 

IF OPT= 'T • 
THEN 00,, 

HO =LX*Pl,, 
H =HO-H2+HO,, 
ENO,, . 

ELSE oo,, 
IF OPT= 1 H' 
THEN DDt, 

H =LX*Hl-FN*H2,, 
H =H+H,. 
ENO,, 

ELSE DO,. 
HO 11Hl,, 
H •Hl/FN,, 

/*CHEBYSHEV POLYNOMIALS TOO •IPOSV 240 

/*H = 2*X*UIJ+ll-UIJ+2J 

/*HERMITE POLYNOMIALS H(XJ 

POSV 250 
POSY 260 

•/POSY 270 
POSV 280 
POSV 290 

•/POSY 300 
POSY 310 
POSY 320 

*/POSV 330 
POSY 340 

/*LAGUERRE OR LEGENDRE POLVNOH,•/POSV 350 
!•SAVE Ult+lJ */POSY 360 

HL •Hl-H,, /*COMPUTE YCI+lJ 
POSY 370 

•/POSV 380 
•/POSY 390 
*/POSY 400 
*/POSY 410 
*/POSY 420 
*/POSV 430 
•/POSY 440 

IF OPT .. 1 L 1 !•LAGUERRE POLYNOMIALS UX1 
THEN H =Hl+LX*H+Hlt .f*H .. 2•VC I+lJ+(l-X1*UC J+lJ 
ELSE H •LX*tHl+HCJ, ,/*LEGENDRE POLYNOMIALS LC XI 

H =H-H21, l•H • X•CYCI+ll+UC t+lJ I 
ENOr. /*FOR BOTH H • H-V( J+2J 

FN =FN-1,. /*OECRE.&SE INTEGER FACTOR 
END,. 

H2 .. Hlt • 
Hl ""H+CIIJ,, 
I =J-1,, 

/*SAVE U(J+l) RESP. VCI+L) 
/*COMP. U(JJ • ·H+C( I) 
/•DECREASE COUNTER I 

PClSV 450 
*/POSY 460 
*/POSY 470 
•/POSY 460 

IF I GT 0 
THEN Gtl TO HER t, 
If OPT= 1 T' 
THEN Hl 2Hl-HO,. 

SUM =Hl, • 
ENDt • 

/*ENO CF LOOP OVER I 
POSV 490 

•/POSV 500 
POSY 510 

!•MODIFY UllJ IN CHEBYSHEV CASE•/PDSV 520 
/*RETURN VALUE OF SERIES. •/POSV 530 

l*ENO OF PROCEDURE POSY 
PDSV 540 

•/POSY 550 

Purpose: 

POSV computes the value of the sum 

N 
I: ckfk_1(x) for a given vector C = (cl'c2 , ••• ,cN)' 
k=l 

and a specified set of orthogonal polynomials (~). 

The user has the choice of 

Chebyshev polynomials (T0 , T1 , 

with OPT= 1 T1 

Legendre polynomials (P 0 , P 1, 

with OPT = 'P' 

Laguerre polynomials (L0, L 1, 

with OPT =:" 'L' 

Hermite polynomials (H0, H1, ••• , HN_1) 

With OPT= 1H1 



Usage: 

CALL POSV (X, C, N, OPT, SUM) ; 

X - BINARY FLOAT [(53)] 
Given argument of orthogonal polynomials. 

C(N) - BINARY FLOAT [ (53) ] 
Given coefficient vector of series expansion. 

N - BINARY FIXED 
Given dimension of coefficient vector. 

OPT - CHARACTE~ (1) 
Given parameter of choice (see "Purpose"). 

SUM - BINARY FLOAT r (53)] 
Resultant value of series expansion for 
argument X. 

Remarks: 

Operation is bypassed if N is not positive. Any in
put value. of OPT other than 1 T', 'L', or 'H' is 
treated as if it were 'P'. 

The sum of an expansion in shifted Chebyshev or 
Legendre polynomials for argument x is obtained 
as the value of the expansion in non-shifted poly
nomials for argument (2 • x - 1). 

Method: 

Evaluation is based on the three-term recurrence 
relation for orthogonal polynomials, using a back
ward iteration scheme. 

For reference see: 

M. Abramowitz and I. A. Stegun, Handbook of 
Mathematical Functions, Applied Mathematics 
Series 55, National Bureau of standards, 1964, 
pp. 771-803. 

Mathematical Background: 

Evaluation is based on the following iteration 
schemes: 

Chebyshev expansion 

Set Un+l= Un+2 = O and use the recurrence 

relations: 

successively fork = n, n-1, ••• , 2. 

Then 

n n 
L c. T. 1 = L c. T. 1 + u +lT . - u l-2. T 1 
i=l i i- i=l i i- n n n· n-

n-1 
= L c. T. 1 + (c + 2xU +l - u +2> T 

i=l 1 1- n n n n-1 

- U T n+l n-2 

n-1 
= L c. T. 1 + u T 1 u lT 

1 1- n n- - n+ n-2 
i=l 

Legendre expansion 

Set U 1 = U 2 = 0 and use the recurrence relations 
n+ n+ · 

kPk = x(2k-l) Pk-l - (k-l)Pk_2 

successively fork= n, n-1, ... , 2. Then: 

n 

LC.P. 
i=l 1 1-1 

n 
= L c.P. 1 +u 1 . nP -nu 2 i=l 1 1- n+ n n+ 

n-1 

p 
n-1 

L c.P. 1 + (c +x(2n-1)U 1 -nUn+2> Pn-1 1 1- n n+ · i=l . . 

- U (n-l)P 
n+l n-2 

n-1 
= L c.P. 1 + U (n-l)P 1 -(n-1) 

i=l 1 1- n n-. 

u . p 
n+l n-2 

Laguerre expansion 

Set Un+l = Un+2 = 0 and use the recurrence 
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relations kLk = (2k-1-x)Lk-l -(k-l)Lk_2 

(k-l)Uk =ck+ (2k-1-x)Uk+l - kUk+2 

sucessively fork = n, n-1, ••• , 2. Then: 

n n 

L ciLi-1 = f::: ciLi-1 + Un+l • nLn - nUn+2Ln-1 
i=l 1=1 

n-1 
= :E c.L. 1 + (c + (2n-1-x)U +l . 1 1 1- n n 

l= 

-nUn+2> Ln-1 - (n-l)Un+lLn-2 

n-1 

= :E c.L. 1 + U • (n-l)Ln-l 
i=l 1 1- n 

- (n-1) U L 
n+l n-2 

=cl LO+ U2Ll - u3 Lo 

= c1 + u 2(1-x) - u 3 

Hermite. Expansion 

Set Un+l = Un+2 = 0 and use the recurrence re-

lations I\= 2xl\-i - 2(k-1)1\_2 

successively fork= n, n-1, ••• , 2. Then: 

n n 

L c.H. ·1 = L c.H. l + U +l H - 2nU +2• H l . 1 1 1- . 1 1 1- n n n n-
1= l= 

n-1 
= L c.H. l +(C + 2xU +l - 2nU +2)H . 1 1 1- n n n n-1 

l= 

- 2(n-l)U • H 
n+l n-2 

n-1 
= :E c.H. 1 + U • Hn-l 

i=l 1 1- n 
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= c + 2xU - 2U 
1 2 3 

Programming Considerations: 

For reasons of programming efficiency the follow
ing modifications of the backward iteration scheme 
are used for evaluations: 

Chebyshev expansion 

Set: 

U. = xU.+l -u.+2 +xU. 1 + c. for i = n, ••• , 1 
l l l l+ l 

Then: 

n 
:E ciTi_1(x) =U1 -xu2 
i=l 

Legendre expansion 

Set: 

vi+l = ui+l - ui+l/i l 
ui = x(Vi+l - ui+l) -vi+2 \for i = n, ••• , 1 

Then: 

n 
:E c.P. 1(x) = u1 
i=l 1 1-

Laguerre expansion 

Set: 

U =V =O 
n+l n+2 

for i = n, ••• , 1 

I 



Then: 

n 
I: c.L. 1(x) = u1 i=l I 1-

Hermite expansion 

Set: 

for i = n, , 1 

Then: 

n 
I: c.H. 1(x) = u1 
i=l I I-

• Subroutine PEC/PTC 

PEC.. PEC 
/***********•*•*******************************************************IPEC 
I* ~PEC 
,. POLYNOMIAL ECONOHIZATION OVER THE ~ANGE co,A> IF OPT =· s• •IPEC 
I* ANO OVER THE R ... ANGE C-A,A) IF OPT ='O' •IPEC 
I* *IPEC 
/******************·***************************************************IPEC 

PROCEDURE IC ,N, H1 TOL1EPS1 A,QPT) , • PEC 
DECLARE PEC 

CCl*l1AtFV1FX1FM1lj,1YrWJ PEC 
BINA~V FLOAT 1 /*SINGLE PRECISION VERSION /*S*/PEC 

I* BINARY FLOAH53J, /•DOUBLE PRECISION VERSION l*D*/PEC 
ITDL1EPSl6INARY FLOAT, PEC 
I N1~1,NH,NT 1 JE1 I, lC1NOD,JST, IST ,JI PEC 
BINA(l.V FIXED, PEC 
LN BINARY FI XEDC 311 t PEC 
IOPT,SW1ERROR ene~NAU CHARACTERlll ,. PEC 

SW ='E' ,. /•HARK ENTRY ECONOMIZATION */PEC 
EPS,H .,. o,. PEC 
GO TO COH,. PEC 

PTC.. PEC 
/•••••••••••••••••*****************************"'********************•*IPEC 
~ N~ 
I• TRANSFORMATION OF POLYNOMIAL TO AN EXPANSION JN TERHS OF •IPEC 
I* CHEBYSHEV POLYNO~JALS OVEP THE PANGE C-A,A1 IF DPT='O' AND +/PEC 
I* SHIFTED CHEBYSHEV POLYNOMIALS OVER THE RANGE I01A) IF OPT='S'*IPEC 
I* *IPEC' 
I************************************ *********************************IP EC 

ENTRYIC1N1A10PT1,. PEC 
SW ='T' ,. /+HARK ENTRY TRANSFORMATION •/PEC 

COH.. PEC 
LN =~h. PEC 
IF LN LF. 0 PEC 
THEN GO TO EXIT,. /*GIVEN N IS NOT POSITIVE +/PEC 
IF OPT NE 15' PEC 
THEN 00,. PEC 

FV =11. PEC 
NH =LN/ ll)B,. PEC 
JST =2,. PEC 
NOD =LN-fllH-N!-11. PEC 
END,. PEC 

ELSE DCl,. PEC 
FV =o.s,. PEC 
NH =LN-1,. PEC 
JST,NOD=l,. PEC 
ENO,. PEC 

FH 1FX=FV*ABSIAJ,. PEC 
IF FX=O . PEC 

.THEN GO TO EXIT,. /•GIVEN A EQUALS ZERO,ERROR= 1 P 1 +/PEC 
FY :o.S•Fx,. PEC 
NT =N .. *Nt4,. /+DIMENSION OF ARRAY T */PEC 

,. 

TELE •• 

SUBT •• 

BEGIN,. PEC 
DECLARE PEC 

T(NTJ PEC 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/PEC 
BINARY FLOAT153),. /•DOUBLE PRECISION VERSION l*D*/PEC 

ERRDR= 1 Q 1 ,. PEC 
JE =01. t•INJT. CALCULATION OF T-ARRAY */PEC 
W =21. PEC 

DO I =l TO NT BV NH,. PEC 
U,V,TIIJ=l.,. /~INSERT ONE JN DIAGONAL */PEC 
IC -=I 1 • PEC 
JE =JE+NH1 • PEC 
I =I+l,. PEC 

DO J =I TO JE,. !•INSERT REMAINING ELEMENTS OF •IPEC 
IF I GT 2 t•SUBRON AND SUBCDLUHN •IPEC 
THEN W =Tl 1c..:.11, • P'EC 
V1HJl=V+W1• PEC 
IC =IC+NH, • P EC 
U1TIICJ=U+V,. PEC 
ENO,. !'EC 

ENO,. a PEC 
DO 1 =2 TO LN,. /*SUBSTITUTION OF VARIABLE */PEC 
CIIJ =Clt>•Fx,. PEC 
FX =FX*FV1 • PEC 
ENO,. PEC 

IC =NT,. l•INIT. FIRST TELESCOPING STEP */PEC 

IST =l,. 
I =i:JC,. 
IF NOD NE 1 
THEN IST =NH,. 
J =LN,. 
IF J =O 

?EC 
•EC 
PEC 
•EC 
PEC 
PEC 

THEN GO TO ENO,• 
PEC 
PEC 
•EC U =C(LNi,. 

IF sw,.•e 1 

THEN 00, • 
PEC 

W .:::EPS+ABStul,. 
PEC 
PEC 
PEC 
PEC 

IF W GT ABSCTOLJ 
THEN DO,. 

M =LNt• /*DIMENSION ECONOHJZED POLYNOM.•/PEC 
00 I =2 TO LN,. PEC 
CCII =C(IJ/FM,./•BACKSUBSTITUTION OF VAl::IABLE •IPEC 
FM =FV+FM,. P EC 
ENO,. PEC 

GO TO END,. PEC 
ENO,. PEC 

EPS =W 1 • PEC 
ENO,. PEC 

1 =1-IST,. 
J ::J-JST,. 
IF J GT 1 

!•SUBTRACT MULTIPLE OF CHEBY- */PEC 
/*SHEY POLYNOMIAL */PEC 

•EC 
PEC 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
no 
380 
390 
400 
410 
420 
430 
4'40 
450 
460 
470 
480 
490 
500 
510 
520 
530 
540 
550 
560 
570 
580 
590 
600 
610 
620 
630 
640 
650 
660 
670 
680 
690 
100 
710 
720 
730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
830 
840 
850 
860 
870 
880 
890 
900 
910 
920 
930 
940 
•SO 
960 
970 
98C 
990 

1000 
1010 
1020 
1030 
1040 

THEN DO,. 
CIJJ =CIJJ+U*T(IJ,. 

PEC 1050 
PEC 1060 

EXIT•• 

U =-U,. 
GO TO suer,. 
ENO,. 

IF J = l 
THEN Cl 1) =C ( l)+U, • 
IF OPT NE 1 S 1 

THEN NOD =I-NOD,. 
IF NOD•l 
THEN IC =IC-Ntrlt • 
LN =LN-11·• 
GO TC TELE,• 
ENO,. 

ERROR .. 1 P 1 t• 

END .. 
END, I 

/*ALTERNATE SIGNS rn T •IPEC 1070 
PEC 1080 
PEC 1090 
PEC 1100 

/+ADJUST CONSTANT TERM •IPEC 1110 
PEC 1120 

/+JNIT • NEXT TELESCOPING STEP •IPEC 1130 
PEC 11~0 
PEC 1150 
PEC 1160 
PEC 1170 
PEC 1180 
PEC 1190 
PEC 1200 
PEC 1210 

/•ENO OF PROCEDURE PEC */PEC 1220 
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Purpose: 

PEC approximates a given polynomial by a poly
nomial of lower degree, using a telescoping tech
nique, so that the error does not exceed a user
specified tolerance TOL. Range of approximation 
is (-a,a) if OPT='O' and (O,a) if OPT='S'. 

Usage: 

CALL PEC (C, N; M, TOL, EPS, A, OPT); 

C (N) - BINARY F L9AT [ (53)] 
Given coefficient vector of the polynomial 
P(x) = c1 + c2x + •••• +cnxn-1 

Resultant coefficient vector of the econo
mized polynomial Pm-1 (x) =cl+ c2x 

__ m-1 
+ • • • + Cmx---

N - BINARY FIXED 
Given dimension of given coefficient vector. 

M - BINARY FIXED 
Resultant dimension of economized coef
ficient vector. 

TOL - BINARY FLOAT 
Given tolerance specified by the user. 

EPS - BINARY FLOAT 
Resultant bound for the absolute difference 
between the given and economized poly
nomial over the specified range. 

A - . BINARY FLOAT [(53)] 
Given value defining the range of approxima
tion, 

OPT - CHARACTER(!) 
Given option for selection of operation 

Purpose: 

PTC transforms a given polynomial into an expansion 
of Chebyshev polynomials if OPT= 'O' and of shifted 
Chebyshev polynomials if OPT = 'S'. 

Usage: 

CALL PTC (C, N, A, OPT); 

C(N) - BINARY FLOAT [(53)] 

N-

Given coefficient vector of the polynomial 
P(x) = c1 + c2x + •••• + cnxn-1 
Resultant coefficient vector of Chebyshev 
expansion 
P(x) = c1 + c2 t1 (t) + ••• + c t _1 (t) 
with t = XI A n n 

-{ Tk (t) if OPT='O' 
and tk (t) - Tk (t) if OPT='S' 

BINARY FIXED 
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Given dimension of the coefficient vector; 
A - BINARY FLOAT [(53)] 

Given value defining the range of expansion. 
OPT - CHARACTER (1) 

Given option for selection of operation. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR= 'P' means invalid parameters: 
either N ~ O or A = O 

A value of OPT different from 'S' is interpreted as 
if it were 101• 

On return from PEC the locations Cm+i • ••• , en 
contain the coefficients of the Chebyshev expansion 
of the difference between the given polynomial P(x) 
and the economized polynomial Pm_1(x): 

P(x) = P 1 (x) + c +lt (t) + • • • c t 1(t) m- m m n n-

Therefore, using PEC with a very large tolerance 
TOL (say, 1075)has the same effect as the applica
tion of PTC. 

Method: 

In the first telescoping step a multiple of the 
Chebyshev polynomial 

tn-l (x/a) = Tn_1(x/a) if OPT= '0' 

T~-l (x/a) if OPT = 181 

is subtracted from given P(x), so that the difference 
is a polynomial of degree n-2. 
Set: 

P n-l (x) = P(x) 

then: 

P 2(x) = P 1(x) - b t 1 (x/a) 
n- n- n n-

(1) 

Telescoping Pn_2(x) again results in a polynomial 
Pn_3(x) of degree n-3, and by iteration 

(x/a) (2) 



This means that calculated b' s form the coefficient 
vector of the expansion in terms of Chebyshev 
polynomials. If telescoping steps are performed 
only as long as 

then Pm_1(x) is the economized polynomial. For the 
Chebyshev polynomials 

I tk(x/a) I s: 1 for I x I s: a: 

and for all values of k; therefore, 

+ b t 1(x/a) l nn-

s: .I bm+l I + I bm+2 I 

+ ••• + I bn I s: I TOLi 

(3) 

Mathematical Background 

Calculation of the coefficients of Tk(t) 

Set Ck(z) = 2Tk (z/2) or Tk(t) =jlck(2t), with t=? 

(4) 

Then Ck (z) = 8- (z) - S (z) -k k-2 (5) 

. (k) k (k-1) k-1 (0) with Sk(z) = 0 z - 1 z + - ••• ± k ~ (6) 

T~e binomial coefficients(k;v) are easily generated 
using Pascal's triangle. · 

An analogous calculation scheme exists for the 
coefficients of Ck (z): 

C ( ) =! (k) k _ __!__ (k-1) k-z 
k z k 0 z k-1 1 z 

+-- z -k (k-2) k-4 
k-2 2 ••• (7) 

The coefficients of successive Ck (z) are easily found 
by the calculation scheme 

2 

1 

2 1 

3 1 

2 4 1 

2 
C (z) =z -2 

2 

. 4 2 
C 4(z) =z -4z +2 

2 
C (z) =z -3z 

3 

5®1 c5(z) =z5-5z3+5z 

20 6 1 
6 4 2 

C6(z) =z -6z +9z -2 

7@7 1 

2 16 20 8 1 

(8) 

The above calculation scheme means that the first 
column is all two's and the diagonal elements are all 
ones. The remaining elements are obtained by ad
ding the two elements above in the same column and 
in the adjacent left-hand column. For example, . 
circled element 14 is obtained by adding the two 
circled elements 9 and 5. 

The shifted Chebyshev polynomials are reduced to 
ordinary ones using the identity 

2Tk (u/4) = 2T2k (Vu/2) = c 2k ('l/U) (9) 

or 

Programming Considerations: 

The triangle (8) may be stored more compactly in the 
rectangular scheme: 

2 1 3 5 7 

2 4 1 5 14 
(10) 

2 9 6 1 7 

2 16 20 8 1 
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The coefficients of c2k- l form subcolumns and those 
of c2k corresponding subrows. In order to be able 
to use the coefficients of-the auxiliary array (10), the 
given polynomial 

must first be transformed substituting x = I a I t, 
which gives 

(11) 

1;3y this the argument range gets reduced to the 
standard interval (-1, +1) if OPT = 101 and (0, 1) if 
OPT = 181• 

The next step is to introduce z=2t if OPT= 101 and 
u=4t if OPT= 'S' and to divide all coefficients so 
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obtained by two, except the first one. Naturally the 
two substitutions may be applied simultaneously: 

The sequence of calculations performed is as 
follows: 

(13) 

1. The auxiliary array (10) is set up calculating 
row and column simultaneously. 

2. The given coefficient vector gets replaced by 
the coefficient vector with variable z or u. 

3. In case PTC, performing n-1 successive teles
coping steps gives the expansion in terms of Chebyshev 
polynomials. In case PEC, the iterative telescoping 
is stopped as soon as the tolerance TOL is exceeded. 

4. The economized polynomial must be back
transformed to the original variable x. 



PRUCEiJUIU: PFC '=.CONl.lMI ZE S A POLYNOMIAL USING TRUNCAJ ION IN COARE~Pn\IDING CHFBYSHEV E xPA'-' SION 
ENJl(Y PTC WANSFGRfi'S A POLYr-.Cfi'IAL TC AN EXP11r-.s10N IN TER~S OF CHEBYSHEV PnLY..,nMIALS 

***•Al**•****** . . *** •A2 *****"*** . . *****A 4****'°'***** . . * ALLOCATE * 
t: PRLi..t.OUA f: PEC * . . * E~TRY PTC t: ••••••••••••••••• x• STnRAGE FOR • 

•••••••••••••o• 

x 
*****o !********** 
*rlArirf, FNHY PFCr* * INlT JAL IZE * * t:f..l(nR-dOUND * * t:PS=C * . . 
·~··············· 

. . 
•••••:c••······· 

x 
!****B2 t•tt:tt•••: . . 
tMAR K E t\TRY PfC * . . . . .... ,. ....... ,.,. .. . 

:x ••.•...•..•...•......•.. : x .~ 
COM •* • •*• 

Cl *• ***•*C2********** C3 *• ·* *• * INITIALIZE * •* *· •* IS *• YES t NORMALIZATION t .t IS A=O *• 
*·.~J~~~~f~~ ~ •. • ........ x:Af[o~:~~iNA~ T:· ..••... x•·.! 0 ~~~~HAT;.·• 

• . ·* • • •• •• . . ... .. ... ,................. . ... 
O NU * YES 

* AR"-A Y T * . . ................. 
x 

*****84********** * PRESET * * FRR OR= I C1 , t 
*INIT. COMP. OF t * T-MA.AY * • • .................. 

x •••••c "*********• * GENERATE * 
•COEFFICIF.NTS OF* 
t CHfBYSHfV t 
*POLYNOMIALS IN* * ARRAY T t •••••t=••········· 

x •••••n4•••••••••• . . 
•NORMALIZE ~ANGE• 
• I"l GIVE"l • * POLYNOMIAL * . . .................. 

x 
*****F4•********• . . * INIT .. FIRST t * TR.FSCOPING * 
* STEP * . . ••••••••*:•••••••• 

TELE i 
*****Flt********** * SELECT FRr'IM T * * COEFFICIENT t: 

: ~~~~~~H~t :x• • • 
* POL Yf.IOMIAL * ................... 

:x ..................................................... : x 

EX11 X 
*****Hl**'°'******* . . * MAt..i\ Ill EGAL * * t'AKtt.METERIS), * * t:RROR='P' * . . ........ ,,,. ......... . 

.•. . .. 
****"G2 :tu'°'****** Gl *• G4 *• * RETURN * •* WILL *• •* *• 
*DIMENSION M OF * NO .•El\ROR BDJNn•. YES •* WAS *• * ECONOMIZED •x ........... EPS REMAIN .•x ........... E'4TRY PEC •• * PCLYNCMIAL * *• SUFFIC. •* *• USED •* * * •.SMALL.• *• •* ........................ .. .. .. ... 

ic 
****'°H2*f******** 
t SUBSTITUTE * * NOR,,.AU ZED * *RANGE BACK TO * * CfUGI NAL * . . 
****"*•e•t••••••• 

*YES *Nrl 

x x 
*****H3********** **** *H4** * ** ***** 
t * * SUBTRACT * * UPOITE ERROR * * '"Ill. TIPLE OF t * HWND EPS AND * ••• •••••X* CHEBYSHF Y * * DIMENSION M * * POLYNOMIAL * • • * • ................... . ................ . 

:x ......................... : x 
x J 4 ••• •• 

****J l**'°'****** .•FUR THEQ. *• 
* ENO OF * NO •*TELESCOPING•. 

: P~~€~~~c :x .. · ·•· ··· · ·· ........ · ·· ···· ·· ·· ··· · ········ ···· ·· ···· ···· ····*·•. N~i~~o .• ·* ................. .. . . 
•. ·* 

• YES 

x 
*l=***K 4********** . . 
* INJT. NEXT * • * TELESCOPING *• ••• * STEP * . . ................... 
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• Subroutine POST 

PCST.. POST 10 
/*****•***************************************•***********************/POST 20 
I* */POST 30 
I* TRANSFORM N-TERfi' SERlES EXPAfiSION IN CRTHOGONAL POLYNOfillIALS */POST 40 
!• •/POST 50 
/*******:U***************************************•********************/PGST 60 

PROCEDUREtxo,x1,c,N.OPT,POLI ,. POST 70 
CHLARE POST 80 

1xo,x1,c1•1, PCLl •J ,F,FI ,At ,SI ,ct ,u,u1,u2,u3,HIN+NJ I POST 90 
BINARY FLCATr !•SINGLE PRECISION VERSION l•S•/POST 100 

I• BINARY FLCAT(531r /*DOUBLE PRECISION VERSION l•O•/POST UC 
tNrlrJrKrKPU· BINARY FIXED, POST 120 
CPT CHARACTER 11),. POST 130 

IF N GE 1 /•BYPASS OPERATION IF N LE 0 */POST 140 
THEN OO,. l•INITIALIZATJON */POST 150 

Al =XO+xo,. l•INIT. CDNSTANT HULTIPLJERS •/POST 160 
CI =Xl+Xl,. POST 170 
IF OPT= 1T 1 /*CHEBYSHEV POLYNOMIALS HXJ */POST 180 
THEN Bl =0.5,. /:tHOOJFY FIRST CHEB. POLYNOMIAL*IPOST lii;O 
ELSE oo,. POST 200 

Bl =l,. l•INIT. FIRST ORTH. POLYNCMIAL */POST 210 
FI =O,. l*INIT. INTEGER FACTOR */POST 220 
ENO,. POST 230 

1-:(2) :BJ,. /*STORE FIRST ORTH. POLYNOMIAL */POST 240 
t;(lJ =O,. /*INIT. PSEUDO POLYNOMIALl-11 */POST 250 
POlll)=Clll,. /*INIT. JIESULTING POLYNOMIAL */POST 260 

DO I = 2 TO N,. /*CALCULATE COEFFICIENT VECTOR */POST 270 
F =CIJJ,. /*OF I-TH CRTHOGONAL POLYNOM. */POST 280 
IF OPT NE 1 T' POST 290 
THEN DO,. /*MODIFY MULTIPLIERS AI1BI,CI */POST 300 

BI =FI,. POST 310 
FI =FI+l,. /*FOR */POST 320 
IF OPT NE 'H' /*HERMITE POLYNOMIALS H(X) */POST. 330 
THEN DO,,• POST 340 

8I =BI/Fl•• /*FOR */POST 350 
IF OPT='L' /*LAGUERRE POLYNOMIALS LIX) */POST 360 
THEN DO,• POST 370 

AI =1-XO/FI+BI,. POST 380 
CI =-Xl/FI,. POST 390 
END,. /*FOR */POST 400 

ELSE DO,. /*LEGENDRE POLYNGHIALS PIX) !)/POST 410 
AI =XO+Bl*XO,.. POST 420 
CI =Xl+Bl*Xlt• POST 430 
END,,. POST 440 

ENC,. POST 450 
ELSE BJ =Bl+BI ,. POST 460 
END,. POST 470 

ELSE IF I = 3 !•READJUST CHEBYSHEV PDLYNOHIAL*/POST 48C 
THEN HI 11 =l,. POST 490 
U =O,. /*INIT. PSEUOC! TERM FOR RECURR.•/POST 500 
K =l,. POST 510 
J<Pl =2,. POST 520 

00 J = 1 TO t-1,. /*APPLY flECURRENCE RELATION •/POST 530 
Ul =HIKJ,. POST 540 
Hll<ltUZ=H(J<Pl),. POST 550 
IF CPT NE 1 1' /*IN CHEBYSHEV CASE */POST 560 
THEN Ul =Bl*Ul,. /*BYPASS MULTIPLICATION WITH 1 •/POST 570 
H(KP1),U3=Al*U2-Ul+CI•U,. POST 5E!O 
U =l2,. POST 5CJO 
POL(JJ=PClllJl+F*U31 .. /*UPDATE PCLYNCHIAL VECTOR */POST 600 
K =KPl+l, • POST 610 
KPl =!C+l, • POST 620 
ENO•• POST 630 

HIKJ =O,. /*lNIT. PSEUDO TERM FOR RECURR.•/POST 640 
U3,H(KPll=U2*CI,. /*COMPLETE I-TH ORTH.POLYNOMIAL•/POST 650 
POLIIJ=F*U3,. /*INIT. I-TH TERM OF POLYNOHIAL*/POST 660 
ENO,• /*COEFFICIENT VECTOR •/POST 670 

ENO,• POST 680 
ENO'• /*END OF PROCEDURE POST •/POST 690 

Purpose: 

POST transforms a given series expansion in 
orthogonal polynomials to a polynomial. The 
independent variable of the given expansion is as
sumed to be x0 + x1 x; that is, a linear transforma
tion of the range is built in. The coefficient vector 
C = (c1, ••• , cu) is given. Procedure POST cal'
culates POL = (pol1 , ••• , poln) satisfying 

n i-1 I: poli· x 

i=l 

For the specified set of orthogonal polynomials (fk) 
the user has the choice of: 

Chebyshev polynomials (To, T 1' ••• , Tn_1) 
with OPT = 'T' 
Legendre polynomials (P0, P1 , ••• , Pn-1> 
with OPT = 'P' 
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Laguerre polynomials (Lo, Li, ••• , Ln-1> 
with OPT = 'L' 
Hermite polynomials (H0, H1, ••• , Ifu-1> 
with OPT= 'H' 

Usage: 

CALL POST (XO, Xl, C, N, OPT, POL); 

XO -

Xl-

C(N) -

N-

OPT-

POL(N) 

Remarks: 

BINARY FLOAT [(53)] 
Given constant term of argument 
transformation. 
BINARY FLOAT [(53)] 
Given linear term of argument trans
formation. 
BINARY FLOAT [(53)] 
Given coefficient vector of expansion, 
with coefficients ordered from low to 
high. 
BINARY FIXED 
Given dimension of coefficient vector. 
CHARACTER (1) 
Given parameter of choice (see "purpose"). 
BINARY FLOAT [ (53)] 
Resultant coefficient vector of resultant 
ordinary polynomial, with coefficients 
ordered from low to high. 

N must be positive, or operation is bypassed. 
Any input value of OPT other than 'T', 'L', or 

'H' is treated as if it were 1 P'. 
Transformation of an expansion in shifted 

Chebyshev or Legendre polynomials is obtained 
using the linear transformation (2x0 - 1) + (2x1) x. 

The resultant vector POL may occupy the same 
storage locations as the given vector C. 

Method: 

The coefficient vector POL is calculated from the 
coefficient vectors of the orthogonal polynomials, 
which are generated successively using the re
currence relation. 

fk+l = (~+ckx) ~ - bkfk-l fork::::: 0 

with f _1=o, fo=l. 

For reference see: 

M. Abramowitz/I. A. Stegun, Handbook of Math
ematical Functions, Applied Mathematics Series 55, 
National Bureau of Standards, 1964, pp. 771-803. 



Mathematical Background: 

The coefficient vectors of the orthogonal polynomials 
for argument z = x0 +x1 x are generated using the 
three-term recurrence relation: 

Chebyshev polynomials 

Tk+l (z) 

fork:<?: 1 

Legendre polynomials 

P_1 = 0, P 0 = 1 

.Pk+l(z) =(l. +k!1) xOPk(z) -(k!1) Pk-l(z) 

+ (1 + k!l) x1x Pk(z), fork~ O 

Laguerre polynomials 

L_l = 0, L 0 = 1 

Lk+l(z) = ( 1 + k~l 

- ( k:~) xLk(z), fork~ 0 

Hermite polynomials 

fork~ 0 

Programming Considerations: 

Using To/2 instead of T0, the above recurrence 
relation for Chebyshev polynomials is also valid for 
calculation of the coefficient vector of Ti (z) with 
k = O. The coefficient vectors of two successive 
orthogonal polynomials are combined in an auxiliary 
linear array H with coefficients of the lower poly
nomial in H(l), H(3), ••• , ruid those of the higher 
polynomial in H(2), H(4), •••• 

Both coefficient vectors are ordered from low 
to high. 

• Subroutine PRTC 

UiOUNDERFLDWl •• PRTC.. PRTC 10 

l•••••••••••••********************************************************/PRTC 20 
I* */PRTC 30 
I* CALCULATE ALL RCCTS OF A COMPLEX PCLY~OIAL */PRTC 40 
I* •/PRTC 50 
l*********************••••*****************•**************************IPRTC 60 

PRDCEDUREIC,NJ r• PRTC 70 
CECLAfl:E PRTC eo 

Cftl COJ4PLEX PRTC qo 
BINARY FLCATt /tSINGLE PRECISION VERSION /*S*/PRTC 100 ,. BINARY FUlATC53), /*DOUBLE PRECISlDN VERSION l•D•/PRTC 110 
IDINJ,BIN)1Z1DZr"•w,u,zc1 CO ... PLEX PRTC 120 
BINARY FLOAT, /*SINGLE PRECISION YERSlDN /*S*/PRTC 130 ,. BJNARY FLDATl53), /•DOUBLE PRECISION VERSION /*D*/PRTC HO 
INrLNtlrKtKDrJ1JEI PRlC 150 
BINARY FIXED, PRTC UO 
111,lN DEFINED R,IO DEFJNEO AWrIR1IRl11R21 PRlC 110 
BINARY FlXEDl3l>t PRTC lSO 
lAV1AVDrTCL1AZ1Ah1R,ROrRK"rARG,ARGYI PRTC 190 
BINARY FLOAT, /*SINGLE PRECISION VERSION l•S•/PRTC 200 

I• BINARY FLDATl53J, /*DOUBLE PRECISION VERSION l•O•/PRTC 210 
ERROR EXTERNAL CHARACTERl11 1 • PRTC 220 

11 :sl091567616,. PRlC 230 
LN =Nr. /•NUMBER CF MISSING ROOTS */PRTC 240 
Z =Cr. PRTC 2'50 
ERRCR= 10't• PRTC 260 

ZERO.. PRTC 270 
AVO =lE75 1 • /•FORCE SHIFT Cf ORIGIN •/PRTC 280 
IF LN LE 0 PRlC 290 
THEN GD TO EXJT,. /*All RCCTS CALCULATED */PRTC 300 
IF CCLNl=O PRTC 'HO 
THEt<i DO,. /•EXTRACT ZERO ROOT •/PRTC ?20 

U.1 =LM:--1,. PRTC 330 
GD TD ZERO,. PR TC 340 
END,. PR TC 350 

cz,z :1CONJGtzl ,.. PRTC 3it:O 
DD I "" 1 TD LN,. PRTC 310 
DCll.BCll=CCJJ,. /•MOYE CCEFFlCIENt VECTOR •/PRTC 380 
END,. PR TC 3'90 

VALUE •• 
TOL =0.2,. 
AZ =ABS IZ), • 
v ..:1,. 

DO I -= 1 TD LN, .. 
W =DCIJ,. 
v.c1 u ... w+v•z,. 
TDL =ABSIWl+AZ*TCL,. 
END,. 

TOL =ITOL•4•1 TDL-. .t.e501J J) 
*l.DE-61. t• · 

1• •o.25E-15,. 
AV =ABSCVJ t • 

If AV= 0 THEN GO lC RCDT ,. 
lf AV LE TOL 
THEN IF AV GT AYO 
THEN DO,. 

ROOT •• 
CILNl=Z,. 
LN =LN-1, • 
GO TO ZERO,. 
ENO,. 

ARGY =ATANC-IHAGOJ ,-REAL IVI J ,. 
IF AV LT AYO 
THEN DO,. 

SttlFT ... 

R ::aAY,. 
RD,U =It• 
IR =<IN-llJ/LN,. 
KD1JE•LN,. 

::111,. 
DO J•l TO JE,. 
Bl J) ,W=B IJ)+h•oz,. 
END,. 

If LN NE JE 
THEN DO,. 

AW .::ABSllilJ,. 
K =Lf.l-JE,. 
IRl =IIN-IDJ/K,. 
IF IRl LT IR 
THEN DO,. 

IR =IR!,. 
RD =.IW,. 
u ... ,. 
KO =Kt• 
END,. 

ENO,. 
JE =JE-1,. 
IF JE GE 1 
ltiEN GO TC SHIFT,. 
RJC.M •l/FLDATIKDI,. 
R =IAV/ROJ••RK)l,. 

/*INJT. ROUND CFF BOUND 

l•CDHP. RCUNO-CFF BOUND 
/*ANO PCLVNCMIAL VALUE 

PRTC 400· 
•/PRTC 410 

PRTC 420 
PRTC 430 

•/PRTC 440 
*/PRTC 450 

PRTC 460 
PRTC 47C 
PRTC 480 
PRTC 4'90 

/*SINGLE PRECISION VERSION l•S*/PRTC 500 
/*DOUBLE PRECISION VERSION /*D*/PRTC 510 

PRTC 520 
PRTC 530 
PRTC 540 

/•STORE CALCULATED ROOT 

/•HAS VALUE DECREASED 

/*SHIFT CF ORIGIN 

PRTC 550 
$/PRTC 560 

PRTC 570 
PRTC 580 
PRTC 590 
PRTC 600 
PRTC 610 
PRTC 620 

•/PRTC 630 
PRTC 640 
PRTC 650 
PRTC 660 
PRTC 670 
PRTC 680 
PRTC 690 
PRTC 7CO 

*/PRTC 710 
PRTC 720 
PRTC 130 
PRTC 740 
PRTC 750 
PRTC 760 
PRTC 770 
PRTC 780 
PRTC 7'90 
PRTC 800 
PRTC 810 
PRTC 820 
PRTC 830 
PRTC 840 
PRTC 850 
PRTC 860 
PRTC 810 
PRTC 880 
PRTC 890 
PRTC 9CO 

ARG =URGV-ATA~I IJlllAGCU J ,REAL (UJ I t•RKli!,. 
PRTC 910 
PRTC 920 
PRTC 930 

INCR •• 

ZO =Z,. 
no -=Av,. 

REAL CDZJ=R•CDS I ARGJ , • 
IHAGCDZl=R•SlhURGI ,. 
z =zo+oz,. 
IF ZD NE Z 
THEN GO TO VALUE,. 
IF AV GT TDL 
THEN ERROR-='C',. 
GO TO ROOT,. 
Ef.lO,. 

ELSE CO,. /*MODIFY STEPSIZE TO DECREASE 
l•PCJLV~Ofl.IAL VALUE R =R/2,. 

IR2 =I IN-llJ/lCOOOC000081. 
KO =LN, • 
IJ =I,. 
IR =Iltiocccoccoce,. 

• =O,. 
DO J = L"-1 lO 1 BY -1,. 
K =K+l,.• 
W =BIJ),. 
AW =ABSUd,. 
IRl =I D/lOOCOCOOOOB-ILN-KJ *lR2 ,. 
tFIRLTlfH 
THEN DC,. 

KO :K,. 
u =h,. 
IR =IRl,. 
ENO,. 

ENDt. 

PRTC 940 
PRTC 950 
PRTC 960 
PRTC 970 
PRTC 980 
PRTC 990 
PRTCIOOO 
PRTC1010 
PRTC1020 
PRTC1030 
PRTC1040 

•IPRTC1050 
*/PRTC1060 

PRTC1070 
PRTCIOBO 
PRTC1090 
PRTCl 100 
PRTClllO 
PR1Cll20 
PRTCl 130 
PR1Cll40 
PR1Cll50 
PRTCl 160 
PRTCll 70 
PR1Cl 180 
PRlCl 190 
PRTC1200 
PRTC1210 
PRTC1220 
P:RTC1230 
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ARG =I ARGV-ATAr-.1 IHAG IUI ,REAL IUJ J J/FLOiHIKDI,. 
GC TO INtR,. 
ENO,. 

EXIT •• 

PR1Cl240 
PR1Cl250 
PRTC1260 
PRTC1270 

ENC,. !•END CF PROCEDURE PRTC •IPRTC12SO 

Purpose: 

PRTC calculates all roots of a given complex 
polynomial. 

Usage: 

CALL PRTC (C; N) ; 

C(N) - COMPLEX BINARY FLOAT l(53)] 
Given coefficient vector of normalized 
polynomial 

N-

N N-1 
P(Z)=Z +C1 Z + ••• + CN 

Resultant N complex roots of given poly
nomial. 
BINARY FIXED 
Given dimension of coefficient vector. 
N is also the degree of the polynomial and 
the number of roots to be calculated. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected. 

ERROR='C' means that calculated roots are possibly 
inaccurate. The polynomial must be given in 
normalized form -- that is, the coefficient of zN 
should be one (and is not stored). The coefficient 
vector is replaced by the calculated roots, begin
ning with C(N). The coefficient vector must be 
complex. In the real polynomial case, the hnag
inary part of the coefficients must be set to zero 
before using PRTC. PRTC will compile with error 
message IEM 11051. However, the generated 
object code executes correctly. 

Method: 

The method used was proposed by K. Nickel. It is 
a generalization of Newton's method and is not 
sensitive to multiple roots. 

For reference see: 

K. Nickel, "Die numerische Berechnung der 
Wurzeln eines Polynoms", Numerische Mathematik, 
vol. 9 (1966), pp. 80-98. 
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K. Nickel, "Die Nullstellen eines Polynoms", 
Algorithmus 5, Computing, Vol. 2 (1967), iss. 
3' pp. 284-290. 

Mathematical Background: 

Generalized Newton step 

Let z. be an approximation to a root of 
1 

n n-1 
P(z) = z + c1 z + ••• +en (1) 

The next approximation is calculated from the co
efficients of the shifted polynomial: 

n n-1 
P (z) = b0 (z - z.) + b. (z - z.) 

1 1 1 

+ ••• + bn with b0 = 1 

= z + (n
i 

where k is chosen so that 

MIN 
j = 0, 1, ••• 

\nmj) bn =(nm-) bn 
n-1· b b 
' j k 

Fork = n-1, (3) is the Newton 'iteration method, 
which requires bn-1 f. 0. The above iteration 
method works in case of multiple roots. 

Bisection step 

The iteration method (3) does not guarantee 
monotonic convergence. If the condition 

fails for some i, then a new approximation ~ is 
found such that m 

(2) 

(3) 

(4) 

(5) 

(6) 

The existence of a~ satisfying (6) follows from 
I P(zi) I > 0 and the maximum modulus principle. 

In fact, a suitable ~m can be found in the sequence 

-b bl 
n -1n 

bl bn 
m 

" z 
m 

m =l, 2, ... 
(7) 



where Im is chbsen so that 

1 l ~ j :s: n-1 m-

The proof of this is given in the first reference 
above. 

Stopping criterion 

(8) 

The iteration method (3) is terminated if, at some 
step, the polynomial value does not decrease and 
the value itself is already less than an estimate of 
the roundoff error. If the estimated roundoff bound 
cannot be met by the polynomial value because of 
failure of the bisection method, the iteration is 
stopped with error indication ERROR='C'. 

Estimate for roundoff error 

The polynomial value 

n n-r 
P(Z) = L ar z (9) 

r=O 

is evaluated using nested multiplication: 

b _1 = 0, bk = zbk-l = \: for k = O, 1, 2, 

with P(z) = b • 
n 

(10) 

Since all arithmetic operations are performed with 
floating point arithmetic~ instead of the numbers bk, 
internal approximations bk will be generated that 
do not satisfy P(z) = b • 

n 

The following calculation will give an estimate of 

I P(Z) - bn I · 
The approximate values 

,. ,. ,.. 
bk = rbk + i cbk' 

/\ /\ 

w~re r?i~ and cb~ are the real and imaginary parts 
of~. satisfy the equations, 

(11) 

where z =; + i71, ~ = r!h? + ic!!-ic, and ai,k , 'fl'i, k 
are relative errors of adOition and multiplication 
respectively. 

Solving (10) for ak and inserting into 

n n-r 
P(z) = L a z 

r=O r 

gives 

/\ 

P(z) - b 
n 

/\ 

- irj rbk-1 (w4,k + a3,k + '"4,k cr3,k)) 

or 

(12) 

(a+311)+a\bo\ \z \ n 

(13) 

n-1 

IP(z)-bn\:s: El \z\n-klbkl(2cr+37r) 

= E 
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E may be generated using the iteration scheme 

eo = 2a ~ awl bo, , ~ =I~ I+ I z I ~-1 for 

k.=1,2, ••• ,n 

giving 

E = (20' + 3 11) en - (a + 3 'IT) I bn I 

In single precision, a = 'IT = 10-6 • 

In double precision, a = TT = o. 25. • 10-15. 
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(14) 

Programming Considerations: 

The polynomial must be given in normalized form; 
that is, the coefficient of zn must be unity. Co
efficients are ordered in decreasing order. 
Calculated zeros replace the coefficient vector; 
that is, the root stored in C(n) is calculated first 
and the root stored in C(l) is calculated last. 

The iteration scheme starts with z = 0 initially. 
As soon as the root z1 has been calculated, P(z) 

is divided by z - zv giving P1(z). The complex 
conjugate z1 is used as the initial guess for a root 
of P1 (z). Finally Zn is obtained as the root of 
Pn_1(z), a linear polynomial. 

No attempt is made to refine the approximated 
zeros with the original coefficient vector. 



PROCCOIJRE PRTC CALCUl.ATES ALL Rl"JCTS OF A CO"IPLE'( PrJLV~'l'Ufil 

••••Al**••••••• . . INCR •••••A2•uouu• • • •COMPUJE CC!"'IPLEX• 
•PA.i.JC!:OURC PR TC * . . : INl~~M~~~ ~z :x·············································~··································· ............... • • . ................ . 

x 
•••••Dl********** . . . x 

ez" •· •· VAL~S•••B3•••••u••• B4 ••·• •• 
,t IS *• •CCMP. Rll.JNO-OFFt •* IS *• * IN 1 T • F IR ST * . * 1 hCRE ME NT *• NC * BOJ flO T CL AND * •* FUNC T fnN *• NO 

• GUESS .z.:110 * • • ••• ~EG~~XttLV ............ x =~~~~lr~h ~12r~R= •....... le* ·~~1.U~F~nF3 u~;· •••••••••••••••••• : 

• • ................. t, , t * IN C * *• •* .. . . ................. . .. . 
•YES x •vi:s 

x 
*****'1••········ • • * PRESET * * EH.ROH.•' O• O • • • • ................. 

ic 
•••••CZ*"******** • • * St:T ERROR=•C• * * lhARNJM>) * . . • • . ................. . 

ZER~••••ol•:........ ROOJ •••• n2•~········ . . . . . 
*FUKCC SHIFT OF * * SAVE FACTORED * X 

· :oa1v_1~tigErAKE :x •• x .. ···! n~g~f ~:m~lF. :x ••••••••••••••• 

• • • • ................. . ................ . 
•••••EZH•••uu• 

• : EXTRACT ZERO :-
• ..... : RWB~f' ~G~~fE' : 

• • ................. 
x 

X • YES 
~. .~ 

Fl *• F2 •• 
•*ARE ALL*• • * HAS *• •* ROOTS *• NO •* CURRENT *• *• 'ALCULATE::D •*•••••oo•X*• FACTOR ZERO•* *. •* *• RCCT • * 
·~ .. .. . . . . .. . ... 

* YES * ND 

fXlT x 
****Gl*****•*** * ENO OF * 

•PROCcOURE PRTC * . . ............... 
i< •••••G2 *""******* . . 

*CONJUGATE FJRSJt 
•GUESS z, JNIT. * 
•INCREl'ENT OZ=Z * . . . ................ . 

ic 
****"'HZ********** * flOW: • 

.· 

. • 

• COEFFJClF.NT * .. * 'VEC lOR C. TC 8 *• •, •,.,, • •,, •, .... • * ANO 0 * . . 
••*••:t••••******* 

x .•. cs •• 
•• J s v •• 

YES .•ABSOLUTELY *• •••••••••••••••••• •.v=ss OR EQUAL •• 
•• TOL I. .. . . 

*· *~o 

.t x n4 •· •••••n5•••••••••• •* HA 5 *• * C nMPUTF. t 
ND •* FUNCTION *• YE:S * ARGUMENT ClF * 

•••••••••••••••••• •• o~~~~Ks¥o.•·*········x:FUNCTIO~ VALUE : .. .. . . .. .. . ............... . • 
i< 

SHIFT • t, 
t••t•E 4ttt••••ttt F'i *• 
• PERFORM SHIFT * • * HAS *• 
:c8~F~~E1~~~~E1N:x ••••• ~::.:· FU~lri~N ·: • 
• B • •.nFCREASFn •• . . .. . . ................. . ... 
*****F4*i******** * COlilP. INDEX * 
OWHICH f11NJMIZES• 
:RllCJ l~~UATJON: . . . ............... . 

i< 
*****G4***** ***** . . 
* SAVE GUESS l * * A'ln ABSOLUTF * 
tFLNCTION VALUE * . . 
***************** 

i< 
***'°'*H4***** ***** . . 
•CO~PUTE Mn:> ll. us• 
* OF NEXT * * tNCR F.~F.N T * . . 
**********••••••• 

x 
•••••J 4********** . . 

' NO 

x 
t*$tOF5 ********** • • *HALVE PREVIOUS • * MOnULUS OF .* * I NC RE ME NT t . . .................. 

i< 
*****GS*•******** • si::u::cr • * COEFFICIE~T * * WI TH MAXI HAL * * CONTRI BUTI Cl\ * 
:.~~~~!!~~~.~~*.: 

* CO~PUTE * • 
o ARGUMENT OF • .. •• ••• , 0 111 • 1 • 0 • ••••••• • 1 1 , 1 •• 

:t'-.IEXT JNCPFMF.NT * . . 
***************** 
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Nwnerical Quadrature 

Quadrature of Tabulated Functions 

e Subroutine QTFG/QTFE 

QTFG.. QTFG 10 

l••••••••••*******"'**************************•******************:t'*****/QTFG 20 I* */QTFG 30 
I* lNTEGRATION CF A f'OhOTONJCALLY TABULATED FUNCTION BY */QTFG ~O 
I* TRAPEZOIDAL RULE •IQTFG 50 
I* */QTFG 60 
l*******************••************************************************/QTFG 70 

PRDCEDURECx,v,z,0110,.. QTFG 80 
CECLARE QTFG 90 

1Xt•l ,Y1•l 1Z(:tJ, SUM,XC1XN1YO,YNrHrHHI QTFG 100 
BINARY FLOAT, /*SINGLE PRECISION VERSION /:tS•/QTFG llO 

/:t BINARY FLCATl.S31 r /*DOUBLE PRECISION VERSION /:tQ:t/QTFG 120 
CDIHr I) BINARY FIXED, QTFG 130 
CERRDR EXTERr..IAL,S .. )CHARACTERUJ,. QTFG 140 

SW =1 1',. QTFG 150 
XO =Xll11. QTFG 160 
GOTO COM r • QTFG 170 

QTFE.. QTFG 180 
/************************"'*•***•**************************************/QTFG lt;O 
I* •IQTFG 200 
/t Jt.TEGRATICN CF At-ii EQLIOISTANTLV TABULATED FUNCTION BY +/QTFG 2lc' 
I• TRAPEZOIDAL RULE •IQTFG 220 
/t •IQTFG 230 
f****"'********************•*******************************************/QTFG 240 

ENTRYIH,v,z,DIMI'. QTFG 250 
SW • 1 0'r• QTFG 260 
MH =O. 5*H, • QTFG 270 

CCH.. QTFG 280 
ERROR= 1 l 1 ,. /*PRESET ERROR PARAMETER +/QTFG 290 
IF DIM GT 0 /+NO ACTJON IN CASE DIM LT 1 */QTFG 300 
ThEN OOr. QTFG 310 

ERROR~•o•,. QfFG 320 
SUH =01 • QTFG 330 
VO =-VI 11 r. QTFG 340 

DO I=l TC OJfl',. QTFG 350 
IF Sh=' II QTFG 360 
THEN DO,. /*CALCULATE LENGTH OF INTERVAL +/QTFG 370 

XN •XU l·r• QTFG 380 
HH :C.S•IXN-XOJ,. QTFG 390 
XO =XN,. QTFG 400 
ENO,. QTFG 410 

YN =Viti,. QTFG 420 
SUI' =SUJll+HH•CYN+YOI,. /*ACCUMULATE INTEGRAL VALUE •IQTFG 430 
l( t J =SUP',• QTFG 440 
VO =n,. QTFG 450 
END1. QTFG 460 

END,• QTFG 470 
END,.. /•END Of PROCEDURE QTFG *IQTFG 480 

Purpose: 

QTFG computes a vector Z of integral values for a 
given vector X of argument values and a given vector 
Y of function values. 

Usage: 

CALL QTFG (X, Y, Z, DIM); 

X(DIM) - BINARY FLOAT [(53)] 
Given vector of argument values. 

Y(DIM) - BINARY FLOAT [ (53)] 
Given vector of function values. 

Z(DIM) - BINARY FLOAT [(53)] 
Resultant vector of integral values. 

DIM - BINARY FIXED 
Given dimension of vectors X, Y,. Z. 

Purpose: 

QTFE computes a vector Z of integral values for a 
given vector X of equidistantly tabulated argument 
values and a given vector Y of function values. 

Usage: 

CALL QTFE (H, Y, Z, DIM); 

H- BINARY FLOAT [(53)] 
Given difference of two successive 
arguments: 

H = ":i - Xi-1 
Y(DIM) - BINARY FLOAT [(53)] 

Given vector of function values·. 
Z(DIM) - BINARY FLOAT [(53)] 

DIM-
Resultant vector of integral values. 
BINARY FIXED 
Given dimension of vectors Y, z. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR=1 11 - means DIM is less than 1. 
The vectors Z and Y may be identically allocated, 
which me!:lDB that the given function values are re
placed by the resultant integral values. 

Method: 

The integral values are obtained by means of the 
trapezoidal rule. 

For reference see: 

F. B. Hildebrand, Introduction to Nwnerical 
Analysis, McGraw-Hill, New York-Toronto-London, 
1956, pp. 75. 

Mathematical Background: 

Let xi, Yi be the given table of arguments and func
tion values. 

The vector of integral values 

f_ x. 

zi = i y(x) ~ 
xl 

is calculated using the trapezoidai rule 

(xi - xi-1) 
z. = z. 1 + 2 (y. + y. 1> l I- l 1-

for i = 2, ••• , DIM 
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with Zl = 0. 

In case of equidistant arguments: Xi - ~-l = h. 

The local truncation error at each step is 

assuming that y(x) has continuous derivatives up to 
the second order. 

The total truncation error is the accumulation of 
the local errors at the previous step. 

• Subroutine QSF 

QSF... QSF 10 
l*•*******************************************************************IQSF 20 
I* •/QSF 30 
I• lhTEGRATION CF /it, ECUIOISTANTLY TASULATEU FU~CTION BY •/QSF 40 
I* SIMPSON'S RULE •/CSF 50 
I• */QSF 60 
/t•****************************************************************'***/QSF 10 

PROCEDURE<H,Y,Z1Dil'I,. QSF BO 
DECLARE QSF qo 

lhY(•J1Zl*l1AUX,SU/llll1SUM21HH,Fl,F2J QSF LOO 
BINARY FLOAT, /*SINGLE PRECISION VERSION l•S•/QSF 110 

I* BINARY FLOAT 15311 !•DOUBLE PRECISION VERS IGN /*D*/QSF 120 
ERROR EXTERNAL CHARACTER Ill, QSF 130 
ll1DIH) BINARY FIXED,. CSF 140 

ERROR='l'1• !•PRESET ERROR PARAMETER •/CSF 150 
IF CIH GE 4 /*NO ACTION IN CASE DIM LT 4 */CSF 160 
lHEN DO,. QSF 170 

ERROR='O't• QSF 180 
HH =H/3, • QSF 190 
Fl =YI 11 r. QSF 200 
f2 =Yt2J,. QSF 210 
SUHL,Z(lJ=O,. CSF 220 
SUM2,Z(2)=HH•0.125•(9*Fl+ /•COMPUTE ZIZI BY COMBINATION */QSF 230 

19*F2-5*'1'13J+Yl41J r• /•OF SIHPSCl'-l'S WITH 3/8-RULE •/QSF 240 
00 1=3 1IJ DI Mr. QSF 250 
AUX =F2H2,. QSF 260 
AUX =AL);+A\J)Hfl,. QSF 270 
fl =F2,. CSF 280 
f2 =Yll),.. QSF 290 
AUX =HH*IAIJX+F211.. QSF 300 
SUHl ==SU/":l+ALX,. /•ACCUto'ULATE INTEGRAL VALUE */CSF 310 
AUX,ZII)=SU ... l,. QSF 320 
SUHL =sun,. QSF 330 
SUH2 =AUX I.. QSF 340 
ENO,. QSF 350 

ENO,. QSF 360 
ENO.- /•END CF PROCEDURE QSF •/QSF 370 

Purpose: 

QSF computes a vector Z of integral values, given 
a vector Y of function values corresponding to a 
vector X of equidistantly tabulated arguments. 

Usage: 

CALL QSF (H, Y, Z, DIM); 

H-

Y(DIM) -

Z(DIM) -

DIM-

REMARKS: 

BINARY FLOAT [(53)] 
Given difference of two successive 
arguments: 

H =xi - xi-1 
BINARY FLOAT [(53)] 
Given vector of function values. 
BINARY FLOAT [(53)] 
Resultant vector of integral values. 
BINARY FIXED 
Given dimension of vectors Y and Z. 

If no errors are detected in the processing of data, the 
error indicator, ERROR, is set to zero, The follow
ing constitutes the possible error condition that may 
be detected: 

ERROR=' 11 - means DIM is less than four. 

Method: 

Vectors Y and Z may be identically 
allocated, which means that the given 
function values are replaced by the 
resultant integral values. 

The integral values zi are obtained by Simpson's rule 
together with Newton's 3/8 rule. 
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For reference see: 

F. B. Hildebrand, Introduction to Numerical Anal
ysis, McGraw-Hill, New York-Toronto-London, 
1956, pp. 71-76. 

R. Zurml.i.hl, Praktische Mathematik fur Ingenieure 
und Physiker. Springer, Berlin/GOttingen/ 
Heidelberg, 1963, pp. 214-221. 

Mathematical Background: 

Let Y = (V1, y2, ••• , YnIM) be the given vector of 
function values corresponding to equidistant 
arguments xi• 

The vector of integral values 

z. 
1 

y(x) dx 

is calculated from Simpson's rule 

h 
+3(yi_2 + 4yi-l + yi) for i = 3, .•• , DIM 

(1) 

where the value of z2 is obtained using a combination 
of Simpson's rule and Newton's 3/8 rule 

z. = z. 3 + 3/8 h (y. 3 + 3y. 2 + 3y. 1 + y.) (2) 
1 I- 1- I- I- 1 

resulting in 

h 
z2 = zl + 24 (9Y 1 + 19Y 2 - 5Y 3 + Y 4) (3) 

with z1 = O. 

The local truncation errors of the above formulas 
are: 

Rl. 
,1 

R2 . ,1 

3 h5 (4) 
80 y 

(I;. E' [x. 2 , x.]) 
1 1- 1 

However, these truncation errors may accumulate. 

e Subroutine QHFG/QHSG/QHFE/QHSE 

Qt":FG.. QHFG 10 
l***"'*****************************************************************/OHFG 20 
I* •/CHFG 30 
I• INTEGRATJClN CF A l'IC"'-OTONICALLY TABUL/ITEC FUNCTICN WITH •/Qt<FG 40 
I* FIRST OERJVATI\IE BY A HERMITIAN FORMULA OF FIRST CROER */OHFG 50 
I* */CHG 60 
f***********************:l*********************************************/CHFG 7C 

PROCEOURE(X,Y,FOY,Z,01,._), OHFG 80 
DECLARE 011FG qQ 

( x l*h Yl* J 'z (.),FOY (•J:, SOY, .. , .xc,xN, YlhYN, FDYD ,FDYN I sovo, SDYN, QHFG lCC 
SUMl' su.-2 ,FACT ,H ,HH,HHHJ QliFG 110 
BINARY FLGAT, /*SI~GLE PRECISION VERSION /*S*/OHFG 120 

I• BINARY fl0AT(53J, /*DOUBLE PRECISION VERSION /*D*/OHFG 130 
I I,DH'I BINARY FJXEO, 01-'FG 140 
(ERROR EXTERN~lrSldCHARACTER( lJ,. O~FG 150 

Sk =='l',. 01-'FG 160 
GOTCJ 1"CNO,. QHG 170 

0'"'SG. • 01-!FG 180 
l•••**************•••••>•••••••********•*******•**********************/OHFG 190 
I* */OHFG 200 
I* INTEGRATION OF A JllCt.CTONlCAlLY TABULATE[: FUNCTJON WITH •/OHFG 210 
I• FIRST ANO SECCNO OERllJATIVES BY A HER.WITIAN FORMULA OF •/QHFG 220 
I* SECOND ORDER •/Qt<FG 230 
I* */Ot<FG 240 
l**•*****************************••••••••******•**********************/01-'FG 250 

ENTR'l'IX,Y,FOY,SDYrZ1DIPO,. QHFG 260 
Sk ""'2'r• OHFG 27C 

MONO.. 01-'FG 2eo 
XC =X(l),. QHFG 290 
GOTO ,_.ONEQ,. OHFG 3CO 

Qt-FE.... CHG 310 
l*******••••••••****••••••*********************•***•*"'**••************ICll-'FG 320 
I* */OHFG 330 
I• lhTEGRATlON CF ~t\ El;;LJOISTANTLY TABULATED FUt\CTION kITH */Cll-!FG 340 
I• FIRST DERIVATIVE BY A HERPHTlAN FORMULA OF FIRST OROER •/QHFG 350 
I• */Ct-FG 360 
/*****•*•******•****•**** •*•*"***********"'**••• •******************°'***/QHFG 37C 

ENTR't(H,Y,FOY,Z,OU'J ,,. QHFG 380 
S\oi ='3' ,. Ol-IFG ~90 
GOTO ECUI,.. 01-FG 4CO 

QHSE. • QHFG 410 
I••******•*** .. ******•*•••*************••**********•**************•**** IQ H FG 4 20 
I• */QHFG 430 
I* It.TEGRATIGt-; CF "'" El;;UIDISTANTLY TABULATEC FUNCTION WITH •IQl-'FG 440 
I• FIRST AND SECCND DERIIJATIVES BY A HERt.:ITIAN FORMULA OF •/QHFG 450 
I* SECO~O CRDER .t:/Q ... FG 460 
I* •IOHFG 4 70 
l••••*******•*********•**********•*****•***********•******************/CHFG 480 

ENTRYIH,Y,FOY,SOY,Z,DI,_.>,. QHFG 490 
S._ ='4'r• Qf-IFG 500 

EQUI.. QHFG 510 
1111 ==C.5•1-!,. QrFG 520 

HONEQ.. Q.HFG 530 
ERROR==' l',.. !•PRESET ERROR PARAMETER */OHFG 540 
FACT ==3.333333333333333E-Ol,.. QHFG 550 
IF CIM GT 0 /*NO ACTION IN CASE DIH LT 1 •/QHFG 560. 
THEN CO,. QHFG 570 

ERROR=' 0',. QHFG 580 
IF SW NE 'l' QHFG 5'90 
THEN 00,. QHFG 600 

IF SW NE •31 QHFG 610 
THEN DO,. QHFG 620 

FACT =0.4,. QHFG 630 
SOYC =-SOY I U,. QHFG 640 
END,. Qf1FG 650 

ENO,. QHFG 660. 
YO :-YI 1), • QHFG 670 
FOYO =FOY ( l),. QHFG 680 
SUM l, SU~2=0r. QHFG 690 

DO l=L TCl DIM,. QHFG 7CO 
YN =Y (I J, • QHFG 110 
FOYN =FOY I I l, • QHFG 120 
IF Sk NE 131 QHFG 730 
THEN DO,. QHFG 740 

IF S\oi NE '4' l•SW =1 L' OR SW == 1 2' •ICIHFG 750 
THH CC,. /*FOR NONECUICJISTANT ARGUMENTS 6/QHFG 760 

XN =XII),. !•COMPUTE LENGTH OF INTERVAL */OHFG 770 
HH =O.S•IXN-)(0),. QHFG 780 
XO =XN,.. QHFG 790 
HO,• QHFG 800 

IF SW NE 'l' l•SW • 1 2 1 CR SW == 1 4 1 */OHFG 810 
THEN DO,. QHFG 820 

SOYN ==SOYIIJ,.. QHFG 830 
sun =rH•HH• /•MODIFY TO SECOND ORDER •/QHFG 840 

I SOYC+ /•FORMULA :O:/QHFG 850 
SOYf\)/15,. QHFG 860 

SO"<fO =SDYN,. QHFG 870 
E"C'. QHFG 880 

ENC,.. QHFG 890 
HHH :HH*FACT,. QHFG 900 
sun =SUPH-+HH*(YC+YN+ /*ACCUMULATE INTEGRAL VALUE •/QHFG 910 

HHH*( FDYO-FOYN hSUM2} r. CIHFG c:120 
ZCIJ =SIJptll,. 01-<FG •no 
YO =Yt-.,. QHFG 940 
FDYO =FOH,. QHFG 950 
ENO,.. QHFG 960 

ENDr. QHFG 970 
ENO,.. /*ENO OF PROCEDURE QHFG •/QHFG 980 

Purpose: 

QHFG computes a vector Z of integral values for 
given vectors X, Y, and FDY of argument, function, 
and first derivative values respectively. 

Usage: 

CALL QHFG (X, Y, FDY, Z, DIM); 
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X(DilVI) - BINARY FLOAT [(53)] 
Given vector of argument values. 

Y(DilVI) - BINARY FLOAT [(53)] 
Given vector of function values. 

FDY(DilVI) - BINARY FLOAT [(53)] 
Given vector of first derivative values. 

Z(DilVI) - BINARY FLOAT [(53)] 
Resultant vector of integral values. 

DIM - Given dimension of vectors X, Y, 
FDY, Z. 

Purpose: 

QHSG computes a vector Z of integral values for 
given vectors X, Y, FDY, and SDY of argument, 
function, first derivative, and second derivative 
values respectively. 

Usage: 

CALL QHSG (X, Y, FDY, SDY, Z, DilVI); 

X(DilVI) - BINARY FLOAT [(53)] 
Given vector of arguments. 

Y(DilVI) - BINARY FLOAT [(53)] 
Given vector of function values. 

FDY(DilVI) - BINARY FLOAT [(53)] 
Given vector of first derivative values. 

SDY(DilVI) - BINARY FLOAT [(53)] 
Given vector of second derivative 
values. 

Z(DIM) - BINARY FLOAT [(53)] 

DilVI -

Purpose: 

Resultant vector of integral values. 
BINARY FIXED 
Given dimension of vectors X, Y, FDY, 
SDY, Z. 

QHFE computes a vector Z of integral values for 
given vectors Y and FDY of function and first 
derivative values respectively, corresponding to a 
vector X of equidistantly tabulated argument values. 

Usage: 

CALL QHFE (H, Y, FDY, Z, DIM); 

H - BINARY.FLOAT [(53)] 
Given difference of two arguments: 
H = ~ - xi-1 

Y(DilVI) - BINARY FLOAT [(53)] 
Given vector of function values. 

FDY(DilVI) - BINARY FLOAT [(53)] 
Given vector of first derivative values. 

Z (DilVI) - BINARY FLOAT [(53)] 
Resultant vector of integral values. 

DilVI - BINARY FIXED 
Given dimensions of vectors Y. FDY, z. 

Purpose: 

QHSE computes a vector Z of integral values for 
given vectors Y, FDY, SDY of function values, 
first derivative values, and second derivative 
values respectively, corresponding to a vector 
X of equidistantly tabulated arguments. 

Usage: 

CALJ,, QHSE (H, Y, FDY, SDY, Z, DIM); 

H - BINARY FLOAT [(53)] 
Given difference of two argument 
values: H =xi -.~-1 

Y(DilVI) - BINARY FLOAT [(53) J 
Given vector of function values. 

FDY(DilVI) - BINARY FLOAT [(53)] 
Given vector of first derivative values. 

SDY(DilVI) - BINARY FLOAT [(53)] 
Given vector of second derivative 
values. 

Z(DilVI) - BINARY FLOAT [(53)] 
Resultant vector of integral values. 

DilVI - BINARY FIXED 

Remarks: 

Given dimensions of vectors Y, FDY, 
SDY, Z. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 
ERROR ='1' means DilVI is less than 1. 

The storage allocation of vector Z may be identical 
to one of the given vectors, which means that the 
given values are replaced by the resultant integral 
values. · 

Method: 

The calculation of integral values is done using 
Hermitian formulas of the first and second order. 

For reference see: 

F. B. Hildebrand, Introduction to Numerical 
Analysis, McGraw-Hill, New York-Toronto
London, 1956, pp. 314-319. 

R. ZurmUhl, Praktische Mathematik far 
Inf?7nieure und Physiker. Springer, Berlin/ 
Gbttingen/Heidelberg, 1963, pp. 227-230. 
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Mathematical Background: 

Let X, Y, FDY, SDY denote the vectors of argu
ments Xi, function values Yi, first derivative values 
Yi' and second derivative values Yi" respectively. 

The vector of integral values 

zi = Ixi y(x) dx 

xl 

is calculated from one of the following: 

Hermitian formula of first order: 

z. = z. 1 + 
1 1-

x - x. 1 i 1-
[Y. 1 + y. 

1- 1 
2 

xi - xi-1 
+---- (y'. -y'.>] 

1-l 1 

6 

with z1 = O. (i = 2,3, ••• , DIM) 

Hermitian formula of second order: 

xi - xi-1 
z. = z. 1 + ___ _ 

1 . 1- 2 

xi - xi-1 + ___ _ 
5 

with z1 = o. 

[ 
I_ y I 

yi-1 i 

(y. " + y. ")l } 
1-l 1 J 

(i = 2,3, ••• , DIM) 

Corresponding formulas for equidistant argu
ments (meaning x. - X; 1 = h): 

1 1-

(1) 

(2) 

(la) 

+ lL (y'. - y. ')l 
6 1-l 1 J 

(i = 2,3, ..• , DIM) 

with z1 = 0, and 

z. 
1 zi-1 +~ {yi-1 + Yi 

+ ...!:.. [y'. - y'. + ....!!__ (y". 
5 1-l 1 12 1-l 

(i = 2,3, ••• , DIM) 

with z1 = O. 

(2a) 

Assuming that y(x) has continuous derivatives up 
to the sixth order, the local truncation error at 
each stepis 

Rl . 
'1 

and 

R2. = 
'1 

5 
(x. - x. 1) 

1 1-

120 

7 
(x. - x. 1) 

1 1-

100800 

(4) 
y 

The total truncation error is the accumulation of 
the local errors at the previous step. 

For equidistant arguments, this leads to: 

__ l_ 4 (4) 
Rln - 120 h y W, 

and 

(~ € [ xl ' x n J ) 
where 1 is the length of the integration interval. 
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Quadrature of Nontabulated Functions 

• Subroutine QA TR 

QATR. • QAlR 10 
I•••••••*********************•* ***************************************/QA TR 20 
I* •/QATR 30 
I* IHEGRATICN CF A GJ\IEr-; FUNCTION BY THE TRAPEZOIDAL RULE */QATR 40 
I* lDGETHER ~l TH RCMBERG 1 S EXTRAPOLATJ ON METHOD •/QATR 50 
I* */CATR 60 

I************ 'O*** *** * *'°' •*** **** * *********** **** ****** ** ** ** ***********IQ A TR 70 
PROCEDURE (Xl,XU,EPS,OJM,FCT,YJ ,. QATR 80 
DECLARE QATR <JO 

IXL,XUrEPS,Y,AUXIOlf4J,H.,HH,E,YY, QATR 100 
DELTL,OELT21P1HD,x,s,..,Q,AN,AOl QATR 110 
BINARY FLOAT t /*SINGLE PRECISION VERSION l•S•/QATR 120 

I* BINARY FLOAT(531, /*DOUBLE PRECIS(ON VERSION /*D*/CATR 130 
ERROR EXTERNH CHARACTER!lJ, QATR 140 
(DJM,JJ,I ,JJ BINARY FIXED, QATR 150 
FCT ENTRY QATR 160 
<BINARY FLCATI /•SINGLE PRECISION VERSION /*S*/QATR l70 

I* tBINARV FLOATl53J I /*DOUBLE PRECISION VERSION /*D*/QATR lBO 
RETURNSIBINARV FLOAT),.. /•SINGLE PRECISION VERSION /*S•/QATR l90 

I* RETURNSIBINARV FLCAH531) ,.. /*DOUBLE PRECISION VERSION /*D*/QATR 200 
AN,VV,AUXllJ=0 .. 5*1FCTCXLl+FCTIXlJIJ,. QATR 210 
11 =XU-XLr. QATR 220 
ERROR= 1 0 1 ,. /*PRESET ERROR PARAMETER */QATR 230 
IF CI~ GT 1 QATR 240 
THEN CO,. QATR 250 

IF H =O QATR 260 
THEN GOTO VENO,.. QATR 210 
hl1 =H,.. /*NORl'IAL CASE,OIM GREATER THAN •/QATR 280 
E · =ABSIEPS/h) r. /*l ANO XL NOT EQUAL TO XU */QATR 290 
DEL 12=0,.. QATR 300 
P =I,.. QATR 310 
JJ =l,.. QATR 320 

DO 1=2 TC our.,. QATR 330 
DEL1l=OEL12r.. QATR 340 
HD =HH,.. QATR 3'50 
HH =0.5*HH,.. QATR 360 
P =O.S•P,.. QATR 370 
X =Xl+HH,.. QATR 300 
SM =O,.. QATR 390 

DO J=l TO JJ,.. /*REFINE STEPSIZE IN */QATR 400 
SM =SM+FCT<XJ ,. /*TRAPEZOIDAL RULE •/QATR 410 
X =X+HO,.. QATR 420 
ENO,.. QATR 430 

AN,AO,AUXIIl=0 .. 5*AN+P•SM,. QATR 440 
Q =I,.. /*APPLY RCMBERG' S EXTRAPOLATJON*/CAlR 450 

DO J=l 10 1-1,,. /*METHCO */CATR 460 
Q =4•Q,. QATR 470 
AO,AUXIJ-J)=AC+IAO-AUXll-J))/IQ-1),. QATR 480 
ENO,.. CATR 490 

DELT2=ABSIVY-ACJJ ,. /*TEST ACCURACV •IQATR 500 
IF I GE 5 QATR 510 
THEN no,.. QAlR 520 

IF OELT2 GE OELTl QATR 530 
THEN no,.. !•TERMINATE SINCE LAST STEP •IQATR 540 

IF DELll GT E /*DID t\OT H'!PROVE •JQATR 550 
THEN ERRCR='l't• QATR 560 
GOTO YENO,.. QATR 570· 
ENO,.. QATR 560 

YV =AC,.. QATR 590 
IF CEL12 LE E QATR 600 
THEt\ GOTO YENO,. QATR 610 
ENO,.. QATR 620 

ELSE YV =AO,. QATR 630 
JJ =JJ+JJ r.. QA TR 640 
ENO,. QATR 650 

ENO,. 'QATR 660 
ERROR='2't• QATR 670 

VENO.. QATR 660 
v -=H*YV I.. QATR 6'90 
ENO,. /*ENO OF PROCEDURE QATR */QATR 100 

Purpose: 

QA TR computes the integral value 

y !.XU 

FCT(X) dX 
XL 

for a given function FCT(X), defined in the closed 
interval [XL, XU], by the trapezoidal rule 
together with Romberg' s extrapolation method. 

Usage: 

CALL QATR (XL, XU, EPS, Dil\1, FCT, Y); 

XL- BINARY FLOAT [(53)] 
Given lower bound of the interval • 

XU -

EPS -

DTh'I-

FCT -

Y-

Remarks: 

BINARY FLOAT [(53)] 
Given upper bound of the interval. 
BINARY FLOAT [(53)] 
Given upper bound of the absolute 
error. 
BINARY FIXED 
Given maximum number of extrapola
tion steps + 1 (for details see 
"Programming Considerations"). 
ENTRY 
Given procedure for calculation of the 
function values, which must be sup
plied by the user. 

Usage: 
FCT(T) 
T- BINARY FLOAT [(53)] 

Given argument. 
FCT(T) - BINARY FLOAT [(53)] 

Resultant function value. 
BINARY FLOAT [(53)] 
Resultant approximation for the 
integral value. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR = '1' means that it is impossible to reach 
the required accuracy because of 
rounding errors. 

ERROR = '2' means that it was impossible to check 
accuracy because DTh'I is less than 5, 
or the required accuracy could not be 
reached within DTh'I-1 steps. 

Method: 

Evaluation of the approximation Y to the integral 
value is done by means of the trapezoidal rule 
combined with Romberg1 s extrapolation method. 

For reference see: 

S. Filippi, "Das Verfahren von Romberg-Stiefel
Bauer als Spezialfall des allgemeinen Prinzips 
von Richardson" , Mathematik-Technik
Wirtschaft, vol. 11, iss. 2(1964), PP• 49-54. 

Bauer, Algorithm 60, CACM, vol. 4, 155. 6 
(1961), pp. 255. 
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Mathematical Background:. 

· The problem is to compute an approximation for 

b· 

y~ [ f(x) dx 

Successively dividing the interval [a, b] 
into 2i equidistant subintervals (i = 0, 1, 2, .•. ) 
and using the following notations: 

b-a 
h =

i 2i 
x k = a + k • h., i, 1 

f. k = f(x. k) (k = 0,1,2, .. .,2~ 
1, 1, 

the trapezoidal rule gives approximations T0 , i 
to the integral value y: . . 

TO . 
'1 

2i 

= hi ~ L: fi,k - ! (f (a) + f <6> > l 
l k=O ~ 

Then the following can be written: 

ex> 

TO,i = y+ 2: 
r=l 

2r co 2 • h. , r 1 

with .unknown coefficients c 0, 2r that do not 
depend on i. Thus there is a truncation error 
of the order hi2. 

(1) 

(2) 

Knowing two successive approximations, T 0, i 
and T . , we can generate an extrapolated value: 

0,1+1 

Tl . 
'1 

To · 1 - To · , l+ ,1 
TO, . 1 + 

l+ 22 - 1 
(3) 

This is a better approximation to y because: 

ex> 

1 '°"" · 2 2r 2r 
T . = y + -- L.J c0 2 (2 h. l - h. ) 

1, 1 22 _ 1 r=l , r · l+ 1 

c = 1,2r 
1 

2 
2 -1 

- h.2 
1 

0 and setting: 

T1 . becomes: 
'1 

Tl. ,1 
y+ I: 

r=2 

C h 2r 
1, 2r i+l 

This gives a truncation error of the order h! 1. 

Knowing T0, i+2 also, TI, i+l can be generated 
(equation 3), and: 

Tl,i+l - Tl,i 
T2 · = Tl . 1 + 4 

, 1 ' i+ 2 - 1 

Thus: 

T2. = y+ 
'l r=3 

1 
with c2 2r = -4--

• 2 -1 

c 2,2r 

(4) 

6 
with ·a truncation error of the order h.+ 2 Observe 
that the order of truncation error incfeases by 2 at 
each new extrapolation step. 

Programming Considerations: 

The subroutine uses the scheme shown in Figure 1 
for computation of T values and generates the 
upward diagonal in the one-dimensional storage 
array AUX, using the general formula: 

Tk-1,j+l -Tk-1,j 
T =T + ---..,,.,----

k,j k-1,j+l 22k_l 
(5) 

(k+j = i, j = i-1, i-2, .. ., 2, 1, 0) 

and storing: 

T0 . into AUX (i+l) 
'1 

Tl,i-l into AUX (i) 

Tk, O into AUX (1) 
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O(h~) O(h~) O(h~) 8 
Truncation error O(h.) ... 

I I I I 

step length 

~ h. 
0 l 2 3 ... 

I 

b-a 0 T 
o,O 

T 
l# 1,0 

T 
1.#2,0 

T 
~3,0 

... 
b-a 

1 T T T 
2 0 I 1 ..#'1 , 1 .2_11 

b-a 
2 T Tl 2 4 o,2 

...!£_I 

b-a 
3 T 

8 o,3 

Figure 1. Computation of T-values (QATR) 

The procedure stops if the difference between two 
successive values of AUX (1) is less than a given 
tolerance, or if the values of AUX (1) start oscillat
ing, thus showing the influence of rounding errors. 

• Subroutine QGn (n = 2, 4, 8, 16, 24, 32, 48) 

QG2.. QG2 10 
!•*•••••************"'***************************°'*********************ICG2 20 
I* */CG2 30 
I* INTEGRATION CF GIVEf\. FU1'1CTICN BV 2-POIP\l G~USSIAN •/QG2 '40 
I* i;:UAORATURE FORHULA */CIG2 50 
I* •IQG2 60 

! •••••***** *********************************'°'**•**********************/ QG2 70 
PROCEOUREIXL1XU,FCT1Y),. QG2 BO 
CECLARE 0G2 c;o 

(XlrXU,Y,ArBJ QG2 100 
BINARY FLOAT, /*SINGLE PRECISlON VERSION l•S•IQG2 110 

I* BINARY FLOAT t53J, /•DOUBLE PRECISION VERSION /*D*/OG2 120 
FCl ENTRY REHRl'>S QG2 130 
(BINARY FLOAT),. /*SINGLE PRECISION VERSION /*S*/CG2 140 

I* CBINARY FLOAT 153)),. /•DOUBLE PRECISIDN VERSION !•D•IQG2 150 
A .. O.S*IXU+XLJ.. QG2 160 
8 =XU-XL,. QG2 17C 
Y =2.886751345<;1481Z8E-Ol*B,. QG2 180 
Y =O.S•B•IFCHA+YJ+FCHA-YJJ.. OG2 190 
ENO,. /*END OF PROCEDURE CG2 •IQG2 200 

CG4 •• QG4 
I**•*****••* u * ** *** * * ** ** * * * ** *** ** ********** ** *** ** *****************I CG 4 
I* */QG4 
I* lf'ITEGRATICN OF A GI\IE,._. FUNCTION BY 4-POINT GAUSSI.AN •IQG4 
I* CUAORATURE FORMULA •/QG4 
I* •/QG4 
I**"'******************************************************************! QG4 

PROCEDURE tXL,XU,FCT,YI,. 
DECLARE 

IXL,xu,Y,A,B,CJ 
BINARY FLGAT, /*SINGLE PRECISION VERSION 

I* BINARY FLCAT 153), /*DOUBLE PRECISION VERSION 
FCT ENTRY RET~RNS 
(BINARY FLOATI,. /•SINGLE PRECISION VERSION 

I* IBINARY FLOAT 1531) ,. /•DOUBLE PRECISION VERSION 
A =0.5*(XU+Xll t• 
8 =XU-XL,. 
C =4.3C5681557'ilC263E-Ol•B,. 
Y = 1. 1 ~9274225 f:8726<iE-O l* I FCf( A+C I •FCT IA-CJ I,• 
C =l.699905217924281E-Ol•B,. 
Y =B• IY+3.260725114312731E-Ol* ffCJ( A+C I +FCT IA-CJ I J,. 
ENO,. /•END CF PROCEDURE CG4 

QG4 
QG4 
QG4 

/*S*/CG4 
/*D*/CG4 

QG4 
/*S*/CIG4 
/*D*/OG4 

QG4 
QG4 
QG4 
QG4 
QG4 
QG4 

*/QG4 

QG8.. CGS 
1 *** * * * ** * ** ** * ** * *** *** ** ** * ** ** *** ** ***** * ** ** ***** ** ****** ** * ******I QG B 
I* */CG8 
I* lf'-..TEGRATION OF A GI\IH FUl\CTION BY 8-PCINT GJIUSSIAN */CGf! 
I* l;UADRATURE FCR~ULA */CIG8 
I* •IQGB 
I**•*****•*********************"****************•********************** I QG 8 

PRGCECUREIXL,XU,FCT,Yl,. QGf! 
CECLARE CGe 

IXL,)(U,'f,A,B,C) QGB 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/QGB 

I* BINARY FLCAT 153), /*DOUBLE PRECISION VERSION /*D*/CGe 
FCT ENTRY RETLR~S CGB 
teINARY FLOAT>. /*SINGLE PRECISION VERSION /*S*/CIGS 

I* CBINARY FLOAT 15311, /*DOUBLE PRECISION VERSION /*D*/QGB 
U' BINARY FLOAT I 53l, QGS 
XI 8) BINARY FLOJIT 153) STATIC INITIAL QGB 
I 4. 80 l 4492 f!24 f7681E-Cl t 5. 061426814518813E-OZ, CIGB 
3. 98 3332387068 l34E-Cl, l. 111905172266872E-Ol, QGe 
2. t:21662C495E164 5E-C l t 1. 5685332 29389436E-0 l, QGB 
9. l 71732124 7 f!24<:i CE-02 r l. 8 l3418cn689 l 81 OE-Oil , • CGB 
=0.5*{XU+XU t• QGS 

B =XU-.lll,. QGB 
LY :o,. QGB 

CO I=l TO 1 BY 2,. QGB 
C =X( 11•8,. QG8 
LY =LY+Xll+U*CfCHA+CJ+fCTIA-C)J,. CIG8 
ENO,. QGf! 
:LY•B,. QGE 

ENO,. /•ENO CF PROCEDURE QG8 */QGB 

10 
2( 

3 
40 
50 
60 
70 
80 
90 

LOO 
LLO 
L20 
130 
L40 
150 
160 
170 
L80 
LOO 
200 
210 
220 

10 
20 
30 
40 
50 
60 
70 
BO 
qo 

LOO 
llO 
L20 
L30 
140 
150 
L60 
170 
LBO 
lOO 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 

CGlt:.. QG 16 10 
I**"******************************"****** *****************C<*************I QG 16 · 20 
I* */QG16 30 
I* Ir-.TEGRATICN CF JI Gl'wEI\ Ft..;f'-..CTION BY 16-PCINT CAUSSIAN •/QG16 40 
I* CUAORATURE FORl-!ULA */QG16 SO 
I* *!CG 16 i::O 
I***'*****************************************••********************** *I QG 16 70 

PROCEOUREIXL,XU,FClrYl,. QG16 80 
DECLARE QG 16 90 

IXL,)(U,Y,A,B,C> CG16 100 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/QGlt: 110 

I* BINARY FLOAT 1531, /*DOUBLE PRECISION VERSIO/\, /*D-*/QG16 120 
FCT ENTRY RE HR NS QG 16 130 
IBINARY FLOAT), /*SINGLE PRECISION VERSIO/'\ /*S*/CG16 140 

I* IBINARY FLCAT 15311, /*DOUBLE PRECISION VERSICN /*C*/OG16 150 
LY BINARY FLCAT (531, OG16 160 
Xll61 BINARY FLOAT 1531 STATIC INITIAL OG16 170 
l4 .. 947004674<:i5825CE-Ol, I .. 357622570581705E-02t QG16 180 
4. 7 22 87 51153l:C l63E-O l 1 3. l 12t76l %<;32395E-02, QG 16 190 
4.3281560Ll~3515%-0l, 4.757925584124639E-02, QG16 200 
3. 7 7702204 l 7_7 50 l 5E-C l, 6. 23144€5 62776694E-02, QG 16 210 
3.C893812220132l<;E-Ol, 7.479799440828837E-02, QG16 220 
2.290C83888286131E-Cl, 8.457825969750127E-02, QG16 230 
1.4080l7753896295E-C1, 9.1301707522461 79E-02 t QG 16 240 
4. 7 5062549188187 2E-G2, 9 .4 72530522753425 E-02) r. QG 16 2 50 

A =0.5*(XU•Xl),. QG16 UO 
B =XU-)(L t • QG 16 270 
LY =O, • QG16 280 

DO I=l TO 15 SY 2ro QG16 290 
C =XIJ)•S,. QG16 300 
LY :LY+Xll•U•IFCTtA+Cl+FCTIA-CJJ,. QG16 310 
ENO,. QG16 320 
=LY:tB.,. QG16 330 

ENO,. !•ENO CF PROCEDURE QG16 */0Gl6 340 
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QG24.. QG24 10 
l•****•**************••••••••••••••*********••••••••••****************IQG24 20 
I* •IQG24 30 
I* U.TEGRATJCN CF A Gl\IEN flJ1'CTICN BY 24-PCltl;T GAUSSIAN •IQG24 40 
I* C:UADRATURE FGR!i!ULA •IQG24 50 
I* •IOG24 60 
l••••••*•******••••••••*****•**'***********•******'*********************IOG24 70 

PRCCECUREIXL,XU1FCT1YJ.,. QG24 RO 
CECLARE CG?4 c;o 

()CL,xu,v,A,B,CJ QG24 lCO 
BINARY FLCAT, l•SJNGLE PRECISION VERSION l•S•IOG24 110 

I* BINARY FLCAT (53), !•DOUBLE PRECISION VERSIO~ l•D•IQG24 120 
FCT ENTRY RETUR1'S QG24 130 
IBINARY FLOAT), !•SINGLE PRECISION VERSIOh /*S*/OG24 HO 

I* (BINARY FLCAT t53JJ, /*DOUBLE PRECISION VERSION /*D•/QG24 150 
LY BINARY FLCAT 1?:3), QG24 160 
Xl24J BINAR'i FLCAT 153) STATIC INITIAL QG24 170 
14.975'S36C99'iB5107E-011 6.170614899993600E-031 QG24 180 
4.B7364277'ii856547E-C11 l .426569431446683E-02, QG24 l 90 
4.6913727600136t:4E-Cl, 2.213871940870990E-02t QG24 200 
4.'i32017635C220C5E-Cl, 2.964929245771B39E-02t QG24 210 
4.100009929B6'S515E-Olt 3.667324070554Cl5E-02, QG24 220 
3. 70062095 7892172E-Cl I 4. 30950B 076597664E-02' QG24 230 
3. 21io1t6e2596E4e7 ee-c l, 4 .eB09326052056'i4E-02, oc21t 240 
2 .121107356'i'i41 c;0E-c1, 5. 3122uso51902B2E-02, oc24 2so 
2.168967538l3C226E-C11 5. 7752B3402686280E-021 QG2'i 260 
t.5752133'9B48CE1 7E-Ol1 6.0B3523f:'t6390170E-02t OG24 270 
c;.55594337368C815E-021 6.291872817341415E-021 QG24 280 
3 .20284464313C281E-C2' 6 .396909767337608E-02 J I. QG24 290 

.A =0".5-*lXU+XLJ ,. QG2'i 300 
B =XU-XL,. QG24 310 
L V :o:O,. QG24 320 

CO I=l TO 23 B'f 2,. QG24 330 
C =X( I J•B,. QG24 3'i0 
LY =L'i+XII+lUCFCTCA+CJ+FCTIA-CI lt. QG24 350 
END,. QG24 3t:O 

Y =LY•B,. QG24 370 
ENO,. /•END OF PROCEDURE QG24 •IQG24 380 

QG32 •• QG32 10 
l•••••*************•••••••••••••*****•****************•***************/QG32 20 
I* •IQG32 30 
/t Ifl:TEGRATlON C:F A GI\IH FUt.CTION BY 32-PCINT GAUSSIAN *IQG32 40 
I* l;;UADRATURE FOR~ULA •IQG32 50 
I• t/QG32 60 
l•••••••••************•*****"'********••••********•********************IQG32 10 

PftOCEDUFtElXL1XU1FCT1YJ,. ' QG32 80 
DECLARE QG32 90 

()CL,XUrY1A181CI QG32 100 
BINARY FLOAT, /*Slf<r!GLE PRECISION VERSION /tS•/QG32 110 

I* BINARY FUIAT J53J r !•DOUBLE PRECISION VERSION l•D•IOG32 120 
FCT ENTRY RETIJRNS OG32 130 
(BINARY FLOAT), /*SINGLE PRECISION VERSION l•S•IQG32 140 

I• lBINARY FLOAT C53JJ, /*DOUBLE PRECISION VERSION /tDt/QG32 150 
LY BINARY FLClAT 15311 QG32 160 
Xl32J BINARY FLOAT C53J STATJC INITIAL QG32 170 
14.9e63193092474CBE-Ol, 3.50930500473504BE-031 QG32 180 
4.9280515571263'i2E-Cl1 8.1371973t:5452835E-03, QG32 190 
4.823811277937532E-011 1.269603265463103£-02, QG32 200 
4.6H5303796E86"i8E-Olr l.713693145651072E-021 QG32 210 
ti.48160577883C26JE-011 2.14179490llll334E-02, QG32 220 
4.246838068662850E-Clr 2.549902963118809E-021 QG32 230 
3.97241E97983'i7l2E-Olr 2.934204613926777E-021 QG32 240 
3.66C9105937Cl'i4eE-Cl1 3.2911111388l8092E-02, QG32 250 
3.3152213346?:1Cl6E-Ol, 3.617289705442425E-021 QG32 260 
2.93E578l862C3812E-Olr 3.909694789353515£-02, QG32 270 
2.53'i499544661147E-Ol, 4.16559621134733BE-021 QG32 280 
2.10675f:380653177E-Cl1 4.382604650220191E-021 QG32 290 
l.65'i3430ll'tlC638E-Olr 4.55B693934788194E-02r QG32 300 
l.19643t:81126Ct:e5E-C1 1 4.692219954040228£-021 QG32 310 
l.22354:il807913'i82SE-C21 4.781936003963743E-02, QG32 320 
2.'il53832843E6'iil6E-C21 4.827004425736390E-021,. QG32 330 

A =C.5•1XL+XLJ,. QG32:340 
B =XU-XL,.. QG32 350 
LY :0 1 • QG32 3t:O 

DO I= l TO 31 BY 2 1 • QG32 370 
C =XI I >*81. QG32 380 
LY =LV+XCI+U•CFCTIA+CJ+FCTIA-CJJ,. QG32 390 
END,. QG32 400 

Y =L'i•B,. QG32 410 
ENO,. /*END CF PROCEDURE QG32 •IQG32 ,420 

<:G48.. QG'i8 10 
/t••*********************"'***•*******•********•******•****"'*********"'*/0648 20 
I• •IQG48 30 
,.. If\TEGRATIDN CF A GI'JEN FUf\CTICN av 48-PClf\T GAUSSIAN •IQG48 40 
I• C:UADRATURE FORMULA ·+/QG'i8 50 
I* •IOG48 6C 
I** t * ** ••••**'******* * •••••••••• ••••***********"'***•*************•*****/ QG48 70 

PRCCEDUREIXL1XlJ,FCT,YJ,. QG'i8 BO 
CECLARE QG4B 90 

UL1XU1'1'1A1B1CJ QG48 100 
BINARY FLCAT 1 /*SINGLE PRECISION VERSION l•S•IQG48 110 

I* BINARY FLCAT 153J, !•DOUBLE PRECISION VERSION /*D*/QG48 120 
FCT ENTRY RETURNS QG48 130 
(BINARY FLOAT>, /*SINGLE PRECISION VERSION l•S•/QG'iB 140 

I* (BINARY FLOAT (53Jl, !•DOUBLE PRECISION VERSION /*D*/QGliB 150 
LY BI NARY FLCAT ( ~3l 1. QGliS 160 

CECLARE QG'i8 l 7C 
)C(24J BINARY FLCAlC531 STATIC INITIAL ( QG48 180 
4.993855036262131E-Clt 4.967650861331754E-Ol, QG48 190 
4.9206229186l'i134E-Ol 1 4. 852957962731236E-Ol, QG4B 200 
Ii. 764938515802154E...:c1, 4.656'B3453532772E-Ol, QG48 210. 
4.5293956E35778'i8E-Clr 4.38286Cl0137123c;E-Ol, QG'iB 220 
4 .2ll'ii4130B121 ':;68E-O l, 4. 03533102014 7213E-Ol, QG4B 230 
3. 8351951625787C2E-Cl r 3 .620170654619073E-Ol 1 QG48 240 
3.3893H898U332CE-CL. 3.l44336983B82568E-011 QG48 250 
2.886123B04l'i864E-Olr 2.615804873611165E-Ol1 QG48 260 
2..3345145237547'i2E-Ol, 2. 04343240"i'i53584E-Ol 1 QG'iB 27C 
I. 74377943l4HBC'iE-C.l, 1. 43681243t:l77278E-Ol, QG4B 280 
l.123Bl8'751973445E-01 1 8.061117803444586E-021 QG48 290 
4 .85C2349604 l 3135E-C2 I l .6 l 9008548143468E-02) '. QG48 300 

CECLARE QG48 310 
h(24J BINARY FLCA11531 STATIC INITJAL ( QG'iB 320 
l.57t:673026152'719E-031 3.663776950638131E-03, QG'iB 330 
?:.7386172E96ll27CE-C31 7.7B965786l47l924E-03, QG4B 340 
':ii.80808022867176'iE-C31 l.17B538041966219E-OZ, QG48 350 
l.3713254E5417847E-CZ, t.558361391639904E-OZ, QG4B 360 
l.73886ll2823E522E..::c2, l.912067553291535E-02r 0G4B 370 

2 .07l254l4717323 lE-C2, 
z. 380832924624 52'iE-C2, 
2. 64450'i4 7'i2596B3E-C2, 
2. 863e646C502C 16 lE-021 
3 .0352219582'i'if:"i4E-C2 I 
3. 15570961431270 lE-C2 1 
3.22330E22179lSC4E-02, 

A =0.5+(XU+XLJ .. 
B =XU-XL,. 
L'i =Ct. 

CO J=l TO 24,. 
C =XII J>llB,. 

2. 233728042B34714E-OZ, 
2.s179517776'i2724E-02, 
2 .. 75997518499920BE-02, 
2 .9557419849l 9782E-02 1 
3. lC l 971157'794633E-02 t 
3. l962119292324C9E-02, 
3. 236884840634196E-02), .. 

LY =L'i+\odil•tFCTIA+CJ-+FCTU-CJJ, .. 
END,• 

'i =LY•B,. 

QG48 380 
QG48 390 
QG48 'tCO 
QG48 410 
QG48 420 
QG'iB 430 
QG4B 440 
QG'i8 45C 
QG48 46C 
QG48 41C 
QG48 480 
QG48 490 
QG48 500 
QG48 510 
QG48 520 

END,. /*END ClF PROCEDURE QG48 t/QG48 530 

Purpose: 
XU 

QGn computes the integral value Y J FCT(X) dX 
XL 

for a given function FCT (X) defined in the 
closed interval [XL, XU], using Gaussian 
quadrature formulas. 

Usage: 

CALL QGn (XL, XU, FCT, Y); 

XL-

XU-

FCT-

Y-

Remarks: 

BINARY FLOAT [(53)] 
Given lower bound of the integral. 
BINARY FLOAT [(53)] 
Given upper bound of the integral. 
ENTRY 
Given procedure for the computation of 
the function values, which must be supplied 
by the user. 

Usage: 

FCT(X) 
FCT(X) 

x-

BINARY FLOAT [(53)] 
Resultant function value. 
BINARY FLOAT [ (53)] 
Given argument value. 

BINARY FLOAT [(53)] 
Resultant integral value. 

The number n within the procedure name QGn 
indicates the number of nodes used for calculation 
of Y. 

Method: 

Gaussian quadrature formulas are used for the 
evaluation of the integral values. 

For reference see: 

V. I. Krylow, Approximate Calculation of Integrals, 
Macmillan, New York-London, 1962, pp. 100-111 
and 337-340. 
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Mathematical Background: 

Set: 

x1 lower bound of integral 
Xu upper bound of integral 
n = number of nodes used for the evaluation 

of the integral value. 

By means of the linear transformation 

x = t0 + t1 t 

x +x 
u 1 

2 

the argument range x s. x s: x is mapped onto 
1 u 

-1$t$+1 

and the integral 
x 

y = Ju f(x) dx 
x 
1 

is reduced to standard form 
+1 

y = f cp (t) dt 
-1 

(1) 

(2) 

(3) 

Gaussian quadrature formulas are used to compute 
(3). 

The integral value y is approximated by a weighted 
sum of function values: 

Y(n) = 2t 
1 
E Ak f(t + t ~(n) ) { 

(n) } 

k=l 2 0 1 k 

The value y{n) is exact whenever f{x) is a poly
nomial of degree less than or equal to 2n-1. 

The weights A~n) and nodes 1_n) are ~ymmetric 
with respect to the origin t = 0: 

= A(n) 
n-k+l 

= -t(n) 
n-k+l 

• Subroutine QLn (n = 2, 4, 8, 12, 16, 24) 

QL2.. QL2 10 

/ **** ****** **** ** **** ** ****************** ************ ****** ***********I QL; 20 I* *llll2 3C 
I* INTEGRATION OF A GIVEN FUNCTION BV 2-POINT GAUSSIAN-LAGUERRE */OL2 40 
I* QUADRATURE FORMULA */QL2 5C 
I* */CL 2 60 

/ ************** ***** ***************** ************** ** ****** ** ** ******* /QL 2 70 PROCEDURE IFCTrY) ,. QL2 eo 
DECLARE CL 2 90 

FCT ENTRY RETURNS Cl2 100 
IBIN~RY FLOAT), /•SINGLE PRECISION VERSION /*S*/Cl2 110 

I* (BINARY FLOAT 15311 1 /•DOUBLE PRECISION VERSION /*D*/CL2 120 
IX,YJ CL2 130 
BINARY FLOAT.- /*SINGLE PRECISION VERSION /OSO/QL2 140 

/O BlNARY FLOAT 1531 t• /*DOUBLE PRECISION VERSION /*D*/QL2 lSC 
X =3.4142135&2373095E+OO, • OL2 160 
Y =l.464466C94067262E-Ol*FCTIXJ • • QL2 110 
X =S.B57864376269050E-Ol,. QL2 lBO 
y =Y+B.5355339Q5q32738E-Ol•FCT(XJ I• QL2 190 
END,. /*ENO OF PROCEDURE ~L2 *IQL 2 200 

QL4.. . QL4 10 
/*********************************************************************/QL4 20 
/* •IQL4 30 
I• INTEGRATION OF A GIVEN FUNCTION BY 4-POINT GAUSSIAN-LAGUERRE */QL4 40 
I• QUADRATURE FORMULA */.QL~ 50 
/* •/QL4 60 
l**************************************** .. **********************°'****/QL4 70 

PROCEDURE CFCT,Yl t• QL4 80 
DECLARE QL4 90 

FCT ENTRY RETURNS QL4 100 
CBJNARY FLOATlt /•SINGLE PRECISION VERSION l•S•/.QL4 110 

I* (BINARY FLOAT C53Jt. /*DOUBLl: PRECISION VERSION /*D*/QL4 120 
lXtYI . QL4 130 
BINARY FLOAT,• /•SINGLE PRECISION VERSION l*S*/GL4 1'40 

I• BINARY FLOAT (531 t• !•DOUBLE PRECISION VERSION /*D*IQL4 150 
X =9.395070912301133E+OO,. QL4 160. 
y =5. 3929470556132;r5E-04•FCTI XJ I. QL4 170 
X •4.536620296921128E+OO,.. QL4 180 
Y =Y+3.8BB790851500538E-02*FCTIXI t• QL't 190 
X =l • 74576110ll58347E+00t • Qllt 200 
Y =-Y+3.574186924377997E-Ol*FCTIXJ ,. Qllt 210 
X z3.225476896193923E-011 • QLlt 220 
Y =Y+6,031541043416336E-Ol*FCTIXI,. QLlt 230 
ENDt. ./*END OF PROCEDURE QL4 */QL"t 240 

Ola.. QLB 
l*********************************************************************IOLB 
I• . •IQL8 
I* INTEGRATlON OF A GIVEN. FUNCTION BY ·a-POINT GAUSSIAN-LAGUERRE •IQLB 
I• QUADRATURE FORMULA •IQLB 
I* */QLB 
l*********************************************************************IOLB 

PROCEDURE IFCT,YJ ,. QL8 
DECLARE QLB 

FCT ENTRY RETURNS QL8 
l8INARY FLOATI, /*SINGLE PRECISION VERSION l•S•/QLB 

I* lBINftRY FLOAT l 53) J, /*DOUBLE PRECJSION VERSION l•D•IQLB 
1xx,v1 aL·e 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/QL8 

I* BINA~Y FLOAT 1531 t '/*DOUBLE PRECISION VERS"ION l•D•/QLB 
I BINARY FIXED, QL8 
LY BJNARY FLOAT 153), QL8 
X( 161 BINAPY FLOAT 153• STATIC· INITIAL QL8 
I 2. 286313173688926E+Olt l .04800ll74871510E-09, QLB 

~:g~:~~i!~~~!~~~~:g!: :::;~:~~=~~~~~~~~~r-g~: ~~= 
1. Olt5905402393466E+OO, 2. 794536235225673E-03t QL 8 
4. 266700170281659E+00t 3.334349226121565E-021 QLB 
2.251086629866131E+oo, l. 75794986637171BE-Olt QL8 
q.Q37017767993199E-Olt 4.187867808143430E-Olt QL8 
l. 7C2796323C5101DE-Ol t 3.691885893416375E-01),. QLB 

LY =O, I QLB 
DO Isl TO 15 BY 2,. QL8 
XX =Xll 11• QLB 
LY =LY+X(l+lJ*fCTCXXI ,. QLB 
ENO,. QL8 

Y ""LYt • QL8 
ENO,• /•END Of P.ROCEDURE QLB •IQL8 

10 
zo 
30 
40 
50 
60 
70 
BO 
90 

100 
110 
lZO 
130 
140 
150 
160 
170 
180 
190 
zoo 
ZlO 
zzo 
Z30 
z•o 
Z50 
Z60 
Z70 
ZBO 
Z90 
300 
310 
3ZO 
330 

Oltz.. OL12 10 
l*********************************************************************/OL 12 20 
I* •/QL 12 30 
I• INTEGRATION Of A GIVEN FUNCTION BY 12-POINT GAUSS1AN-LAGUEIHlE*/QL12 40 
I* QUADRATURE FORMULA */OL 12 SC 
I* *IOL 12 60 
/*********************************************************************IOL 12 70 

PROCEDURE CFCT,YJ,. QL12 80 
DECLARE QL 12 90 

IXX,YI OL12 100 
BINARY FLOATt /•SINGLE PRECISION VERSION /*S*/OL12 110 

I* BINARY FLOAT 153), /*DOUBLE PRECISION VERSION /*D*/QL 12 120 
FCT ENTRY RETURNS OL 12 130 
(BINARY FLOAT), /*SINGLE PRECISION VERSION l*S*IOL12 140 

I* IBJNARY FLOAT 153)11 /*DOUBLE PRECISION VERSION l*D*/QL12 15C 
1 BINARY FIXED, OL 12 160 
LY BINARY FLOAT 15311 QL12 170 
XC2o\J BJ NARY FLOAT l53J STATIC INITIAL QL 12 180 
t3.709912104446692E+Ol, 8.148077467426242E-161 QL12 190 
2.848796725098400E.t01, 3.C61601635035021E-12, OL 12 20C 
2.215109037939701E+Ol t l .342391030515004E-091 OL 12 210 
1. 7116BS518746226E+Ol t l .668493976540910E-071 QL 12 220 
l,.30060549933063SE+Olt 8,3b5055856819799E-06 1 QL12 230 
9e6213168421t56867E+00t 2.C 32315926629994E-04, Ol 12 240 
6.B445251t53115177E+OO, 2.663973541865316E-03, OL 12 250 
4.599227639418348E+oo, 2.ClC238115463410E-02t QL12 260 
2.83375l3377435C7E+OO·, 9.044922221168093E-02 1 QL12 270 
l.512610269776419E+oo, 2.44(1820113198776E-Ol, QL 12 280 
6. ll 7574845 l 51307E-Ol, 3. 7l75927587313BOE-:-Dlt QL 12 290 
1.157221173580207E-Ol1 Z.647313710554432E-OU,. QL12 300 

LY =O,. QL12 310 
00 l=l TO 23 BY 2,. QL 12 320 
XX =XllJr. Qll2 33(1 
LY =-LY+XU+lJ•FCTIXXI t• CL12 340 
ENO,• QL 12 '350 

Y =LYt• Qll2 360 
ENO,. /*END OF PROCEDURE QL12 *IOL12 370 
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QL16.. Ql 16 10 
l************************"'*"'*******"'**"'*****************'**************ICL 16 20 
I* . . */Ql 16 30 
I* INTEGRATION OF A GIVEN FUNCTION BY 16-POINT GAUSSU~LAGUEPRE*/OL 16 40. 
I* QUADRATURE FORMULA */Ql 16 50 
I* •/QL16 60 
/*********************************************************************/CL 16 70 

PROCEDURE CFCTtYJ ,. Qll6 80 
DECLARE Qll6 90 

FCT ENTRY RETURNS QL16 100 
CSINAPY FLOATlt /*SINGLE PRECISION VERSTON l*S*/Qll6 110 

I* CBINARY FLOAT C53J) t /*DOUBLE PRECISION VERSION /*D*/QL16 120 
(XX,Y) QL16 130 
BINARY FLOAT, !•SINGLE PRECISION VERSION /*S*/OL16 140 

I* BINARY FLOAT C 531., /*DOUBLE PRECISION VERSION /*D*/QL 16 150 
I BINARY FIXED, Qll6 160. 

~r3~~N:~~A~~0:~0!~3 ~;3) STATIC .INITIAL ~ti: ~~g 
C 5.170116033954332E+Ol., 4.161462370372855E-22t OL 16 190 
4.194C45264768833H01., 5 .050473700035513E-l8t .QL 16 2CO 
3.458339870228663E+Ol, 6.297967002517868E-15t QL 16 210 
2.857872974288214E•Ol, 2.127079033224103E-12, QL 16 220 
2.35159C569399191E+Ol, 2.862350242973882E-10, QL 16 230 
l.918Cl5685675313E+Ol, 1. Bfil02't841079673E-08, Ql 16 240 
1.544152736B78162E+Ol, 6.B2B319330B71200E-07, ·QL16 250 
1. 2214223368tl6616E+Ol, 1.484458687398130E-05, QL 16 260 
'9.438314336391939E+OO, z·.o"°2719153082785E-04t QL16 270 
1. 070338535048234E+OO, t. 84907094352631 lE-03, OL 16 280 
5.078C'1861454Ci768E+OO, 1.129990008033945E-02, Qll6 290 
3.'t370866338932C7E+OO, 4. 732892869412522E-02t QL 16 30C 
2.129283645098381E+OO, l.362969342963775E-Ol, QL16 310 
l.141057774831227E+OOt 2 .657957776442142E-Ol, OL 16 320 
4.626963289150808E-Ol, 3 .310578549508842E-Ol, Qll6 330 
8.76'4941047892784E-02, 2.06151714'9578010E-Ollt• QL16 3'40 

LY =O,. OL16 350 
00 I=l TO 31 BY 2,. Qll6 360 
XX ""XU),, QL16 370 
LY =LY+X(]+l)*FCT(XXJ ,, QL16 380 
ENO.,, . Qll6 390 

Y .aLY,. OL16 400 
END.,. /*END OF PROCEDURE QL 16 *IOL 16 410 

QL24.. QL24 10 
l*******************************************************************••IQL24 20 
I* */OL24 30 
I* INTEGRATION OF A GIVEN FUNCTION BY 2+.POINT GAUSSIAN-LAGUERRE•/Ql24 40 
I* QUADRATURE FORMULA . *IOL 24 50 
I* */OL24 60 
I************** ********************•**********************************/QL 24 70 

PROCEDURE CFCT,YJ,. ' QL24 80 
DECLARE QL24 90 

cxx,vJ OL24 loo 
BINARY FLOAT, /*SINGLE PRECISION VERSIDN /*S*/OL24 110 

I* Bl NARY FLOAT (53J., /*DOUBLE PRECISION VERSION /*D*/OL24 120 
FCT ENTRY RETURNS OL24 130 
CBJNARY FLOATlt !•SINGLE PRECISION VERSION /*S*/OL24 140 

I* (BINARY FLOAT ( 531J1 /*DOUBLE 'PRECISION VERSION l*D*/OL24 150 
I BINARY FIXED, QL24 160 

DECLA~~ BINARY FLOAT ( 53) i. ~~~: ~~~ 
XC241 BINARY FLOATC53J STATIC INITIAL ( OL24 190 
8. l49827923394889E+Ol, 6.9%224003510503E+Ol, OL24 200 
6.105853144721876E+Ol, S.360857454469507E+Ol1 OL24 210 
4. 715310644515632E+Ol, 4.1451720484870.77E+Ol, OL24 220 

.3.6358405BOl65162E+OLt 3.L77604135237472E+Ol, QL24 230 
2.7635'B717433272E+Ol, 2.3B8732984Bl6973E+Olt Ql24 240 
2.049146008261642E+Ol, l.74l199264650898E+Olt QL24 250 
l.46427322B959667E+Ol, l.214610211172977E+OI, QL24 260 
9.912098015077706E+OO, 7.927539247172152E+OO, QL24 270 
6.1Bl535ll8736765E+OO, 4.665083703467171E+OO, QL24 280 
3. 370774264208998E+oo, 2.292562058632190E+OO, Ql24 290 
l.425597590803613E+oo., 7.66C969055459366E-Ol, QL24 300 
3.112391461984837E-Ol, 5.9Cl985218150798E-02J,. QL24 310 

DECLARE QL24 320 
WC241 BINARY FLOATC53J STATIC INITIAL ( QL24 330 
5,575345788328351E-35, 4.0B83.0159368065BE-30, QL24 340 
2.451818845878403E-26, 3.605765864552959E-23, Ol24 350 
2.0l0517464555503E .... 20, 5.350188813010038E-18t QL24 360 
7.819800382459448E-16, 6.894181052958086E-14t QL24 370 
3.917736515058451E-12t t.5Q7008226292585E-10t QL24 380 
4.072858987550000E-09t 7.960812959133630E-08, QL24 390 
l.151315812737280E-06, l.254472197799333E-05, Ql24 400 
1.0446121465Cj2752E-04., 6. 721625640935479E-04, Ol24 410 
3. 3693't9058478304E-03t l.322601940512016E-02, OL24 420 
4. 117324 78 l 5140865E-02, 9. 816627262991889E-02 1 Ql24 't30 
l .B33226889777780E-Ol, 2.5aB067072728698E-Ol, QL24 440 
2.587741075174239E-Ol, l.428119733347819E-OU,. QL24 450 

LY =O,. QL24 460 
DO I=l TO 24,. QL24 470 
XX =XlI),~ QL24 480 
LY =LY+Wtll*FCTIXXJ,. Ql24 490 
ENDt. Ql24· 500 

Y =LY,• Ql24 510 
ENO,•. /*ENO OF PROCEDURE QL2ft *IOL24 520 

Purpose: 

QLn computes the integral value Y.= { e -:-X FC T(X)dX 
·for a given function FCT(X), by Gaussian-Laguerre 
quadrature formulas. 

Usage: 

CALL QLn (FCT, Y); 

FCT-

Y-

Remarks: 

ENTRY 
Given procedure for the c.omputation of 
the function values. 
This procedure must be supplied by the 
user. 

Usage: 
FCT(X) 
FCT(X) 

x-

BINARY FLOAT [(53)] 
Resultant function value. 
BINARY FLOAT [(53)] 
Given argument value. 

BINARY FLOAT [(53)] 
Resultant integral value. 

The n in the name QLn indicates the number of nodes 
used for the calculation of Y. 

Method: 

Quadrature formulas of Gauss-Laguerre are used 
for the evaluation of the integral values. 

For reference see: 

H. E. Salzer, R. Zucker, "Table of Zeros and 
Weight Factors of the First Fifteen I,aguerre 
Polynomials", Bul. Amer. Math. Soc., vol. 55 
(1949), pp. 1004-1012. 

V. I. Krylow, Approximate Calculation of Integrals, 
Macmillan, New York-London, 1962, pp 130-132 and 
347-352. 

Shao, Chen, Frank, "Tables of Zeros and Gaussian 
Weights of Certain Associated Laguerre Polynomials 
and the Related Generalized Hermite Polynomials", 
IBM Technical Report TR 00.1100, ·March 1964, 
pp. 24-25. 

Mathematical Background: 

Formulas of Gauss- Laguerre are used to compute 
co 

y=/ -x 
e f(x) dx 

0 
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Let n denote the number of nodes used for the 
calculation of the integral value y. The value y 
is approximated by a weighted sum of function 
values: 

(n) 
y 

n 

L: 
k=l 

[Ak (n). f (~ (n) ) ] 

The value y(n) is exact whenever f(x) is a poly
nomial of degree less than or equal to 2n-1. The 
nodes xk (n) are the roots of the Laguerre poly
nomials Ln(x) of degree n. 

• Subroutine QHn (n = 2, 4, 8, 16, 24, 32, 48) 

CiH2 •. QH2 10 

I***************************************'°'****************** *******"'***IOH 2 20 
I* •IQH2 3C 
I* INTEGRATICN OF A GIVEN FUNCTION BY·2-POINT GAUSSIAN-HERMITE */OH2 40 
I* QUADPATURE FOPHULA */OH2 50 
I* •IQH2 60 

I*********************** **IOI******************************************* I QH 2 70 
PFOCEDUPE (FCT,YJ,. QH2 80 
OEClARE OH2 90 

FCT ENTRY RETURNS• QH2 100 
(BINARY FLOAT), /*SINGLE PRECISION VERSJON /*S*/OH2 110 

I* IBINARY Fl!JAT l53)J, /*DOUBLE PRECISION VERSION /*D*/OH2 120 
1x,v,z1 OH2 130 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/0H2 140 

I* BPJAR.Y FLOATl53l t• /•DOUBLE PRECISION VERS.IQN l•D•/OH2 150 
X =7.071C67811B65475E-Ol,. QH2 160 
Z =-X,. QH2 110 
Y =8.8622692545275SOE-Ol*IFCTIXl+FCTIZ)J,. QH2 180 
ENO,. />:<ENO OF PROCEDURE QH2 */QH2 190 

QH4.. QH4 10 
I****************************************************************** ***I OH 4 ZC 
I* •/OH4 30 
I* INTEGRATJON .OF A GIVEN FUNCTION BY 4-POINT GAUSSIAN-HERHITE */OH4 40 
I* QUADRATURE FORMULA */OH4 50 
I* */OH4 60 
I*********************************************************************! QH 4 70 

PROCEOU!lE (FCT ,YI'. OH4 ac 
DECLARE OH4 90 

FCT ENTRY RETUl'NS QH4 100 
lBINARY FLOAT), /*SINGLE PRECISION VERSION f*S*/QH4 110 

I* !BINARY FLOAT 15311, /*DOUBLE PRECISION VERSION /*D*/OH4 i20 
W BINARY FLOAT(531, OH4 130 
1x,y,z1 OH4 140 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/OH4 150 

I* BINARY FLOAH53),. /*DOUBLE PRECISION VE~SION l*D*/OH4 16(' 
X =-1.650680123885785E+OO,. QH4 170 
Z =-X,. QH4 lSO 
W =S.13128354472451SE-02:0:IFCTIXl+FCTIZJI,. QH4 lqo 
X =5.2464762327529q3E-Ol,. QH4 200 
Z =-X,. QH4 210 
Y =W+-S.049140900055128E-Ol*tFCTIXJ+FCTCZIJ,. OH4 220 
ENO,. /*END OF PROCEDURE QH4 :O:/QH4 230, 

QHB • • QH8 iC 
I*************************************>:<***************************** **I QH 8 20 
I* */QHB 30 
I* INTEGRATIOf~ OF A GIVEN FUNCTl(lN BY 8-POINT GAUSSIAN-HERMITE */OHS 40 
I* QUADRATUf:"E FORMULA */OHS 50 
I* */CHS 60 
I :ti:********°'*""*******************°'* i!t******* ****************************I QHB 70 

PROCEDURE IFCT 1Y) 1 • OHS BC 
DECLARE QHS 90 

FCT ENTl'.Y i:tETUPNS CHS .100 
!BINARY FLOAT}, /*SINGLE PRECISION VERSION /*S*/CHB 110 

I* (BINARY FLOAT 1531), /*DOUBLE PRECISION VERSION /*D*/CHS 12C 
IXX,YI CHS 130 
BINARY FLOAT, /*SINGLE PRECISION VERSION /:O:S:O:/QH8 140 

I* BINARY FLOAT (53), /*DOUBLE PRECISION VERSION f*D*/0H8 150 
I BINARY FIXED, CHS 160 
LY BINARY FLOAT 153), QHB 110 
XI Bl BINARY FLOAT l53J STATIC INITIAL( CHS 180 
2. 9 306374202 57244E+OC, l .9960407 221136 76E-04, OHS 190 
l.981656756695843E+OO, l.707798300741348E-02, CHS 200 
l.1571937124467BOE+001 2.07B02325Sl48919E-Olt CHS 210 
3•S118699020732 2 lE-01, 6. 6114701255S2413E-O11, • CHS 220 

LY =O,. QHS 230 
00 I=l TO 7 RY 2,. CHS 240 
XX =XIII,. OHS 250 
LY =LY+X{l+lJ*CFCTIXXl+FCTt-XX}),, QHB 260 
ENO,• QHB 270 

Y =LY,, CHS 280 
END.. /*ENO OF PPOCEDURE QHB */OHS 290 

QH16.. QH16 10 
I**************•*********************************************** ******.*IQH 16 20 
I* *IOH16 30 
I* INTEGRATION OF A GIVEN FUNCTION BY 16-POINT GAUSSIAN-HERMITE */QH16 'tO 
I* QUADRATURE FORMULA *IQH16 50 
I* · */OH16 -60 
I*********************************************************************! QH16 70 

PROCEDURE (FCT,Y),. QH16 80 
DECLARE QH 16 90 

FCT ENTRY RETURNS QH16 100 
!BINARY FLOAT), /*SINGLE PRECISION VERSION /*S*/CH16 110 

I* I BINARY FLOAT {531J, /*DOUBLE PRECISION VERSION /*D*/QH16 120 
IXX,YI QH16 130 
BINARY FLOAT, /•SINGLE PRECISION VERSION l•S•/QH16 140 

I* BINARY FLOAT 1531, /*DOUBLE PRECISION VERSION l•D•/QH16 150 
I BINARY FIXED, QH16 160 
LY BINARY FLOAT ( 531 r QH16 170 
X( 161 BINARY FLOAT 153) SUTIC INITIAL( QH16 180 
4. 6SB 738939305Sl BE+OO, 2. 65480741't01l182E-10r QH16 190 
3. S69447904860123Ei-OO, 2.-32098084486521 lE-07, QH16 200 
3.176999161979956E+OO, 2.711860092537882E-05, QH16 210 
2.546202157847481E+00r 9.322840086241805E-O't1 QH16 220 
1. 95 l 7B 79909 l6254E+00t 1. 2880 31153550997E-02, QH16 230 
l.380258539198S81E+oo, B.381004139898583E-02, QH16 240 
B.229514491446559E-Ol, 2.B06474585285337E-011 QH16 250 
2. 734810461381525E-Ol t 5.079294790166137E-OU,. QH16 260 

LY =O,. QH16 270 
DO I=l TO 15 BY 2,. QH16 280 
XX =XI I It• QH16 290 
LY =LY+Xtl+ll*CFCTtXXJ+FCTt-XXIJ,. QH16 300 
ENDt• QH16 310 

Y =LY,. QH16 320 
ENO,• !•END OF PROCEDURE QH16 •IQH16 330 
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OH24 •. QH24 10 
I******************************************************************** *I QH 24 20 
I* •/QH24 30 
I* INTEGRATION OF A GIVEN FUNCTION BY. 24-POINT GAUSSIAN-HERMITE •/QH24 40 
I* QUADRATURE FORMULA */QH24 50 
I* +/OH24 60 
I**********************•**************************************** ******I QH24 70 

PROCEDURE ( FCT, V),. 0H24 80 
DECLAl<E CH24 90 

FCT ENTRY RETUF!NS. CH24 100 
(BINARY FLOAT I, /+SINGLE PRECISION VERSION /+S•/OH24 110 

I* IBINAev FLOAT 153))' /1(1:0QU8LE PRECISION VERSION l•D•/QH24 120 
(XX,YJ QH24 130 
SlNARY FLOAT, /*SINGLE PRECISION VERSION /*S*/OH24 140 

I* BINA-RY FLOAT 153J 1 /•DOUBLE PRECISION VERSION /*D*/CH24 150 
I BINARY FIXED, 0H24 160 
LY BINARY FLOAT ( 531 r QH24 170 
X(24) BINARY FLOAT 153J STATIC INITIAL( OH24 180 
ti.Ol592556l425740E+OO, l.664368496489109E-16, QH24 lq() 
5. 25938292 7668044E+OO, 6. 584620 2430181 lOE-131 QH24 200 
4. 625662756423 78 7E+OO, 3 .C-46254269987564E-l O, OH24 210 
4.053664402448150E+OO, 4.ClB97ll74941430E-08, QH24 220 
3.S20C06813034525E+OO, 2.l58245704902334E-06, QH24 230 
3,0l2546137565565E+OO, 5.6886916364C4380E-05, CH24 240 
2.52388l017011427E+OO, 8.236924826884175E-04, CH24 250 
2.04Q003573661699E+OO, 7,('48355810072671E-03, QH24 260 
1. 58 4250010961694E+OO, 3. 744547050323075E-021 QH24 270 
1. 126 76C8 l76 ll 245E+OO, l, 27 73%2 l7845592E-0 l, QH24 2130 
6,7t.1711070372122E-Ol, 2.861795353464430E-Ol, QH24 2'90 
2. 2441454 74 725l 56E-Ol, 4. 2693l l 638686992E-01) r , QH2'4 300 

LY =Cr, QH24 310 
00 I=l TO 23 BY 2,. QH21t 320 
XX =X(IJ,. QH24330 
LY =LY+X(l+lJ*(FCTIXXJ+FCT(-XXJ),. QH24 340 
ENO,, QH2o\. 350 

Y =LY,, QH24 360 
ENO,. /*ENO OF PROCEDURE QH24 */QH24 370 

QH32. • CH32 10 
I*****************.**•************************************************ *I QH3 2 2 0 
I* •/c:!H32 30 
I* INTEGRATION OF A GIVEN FUNCTION SY 32-POINT GAUSSIAN-HERMITE */0H32 40 
I* QUADRATURE FOR,..ULA *IOH32 50 
I* */OH32 60 
I********** *1(1: **** **** ** **************** ****************** **•********•*I 0 H3 2 70 

PROCEDURE IFCT,YJ,. OH32 80 
DECLARE QH32 qo 

FCT EMTRY RETURNS OH32 100 
IBINARY FLOAT), /*SINGLE PRECISION VERSION l*S*/CH32 110 

I* (BINARY FLOAT (53JJ, /*DOUBLE PRECISION VERSION /*D*/QH32 12(1 
(XX,YI OH32 130 
BINARY FLOAT, /*SINGLE PRECISION VERSION l•S•IOH32 140 

!* BINARY FLOAT {53), /*DOUBLE PRECISION VERSION /*0*-/0H32 150 
I BINARY FIXED, QH32 160 
LY BINA PY FLOAT I 53 h 0H32 170 
Xl32J 8IN.dRY FLOAT (5"3) STATIC INITIALI QH32 180 
7.125813909830728E+oo, 7.31C676427384162E-23t OH32 190 
6.40949814926 9660E+OC, 9, 2 3173653651829ZE-l9, QH32 200 
5.Bl22259495159f4E+OO, l.1973440170cn849E-15, OH32 210 
5.27555C986515880E+OC, 4.215C1021132644BE-l3, OH~2 22{'1 
4. 777164503502596E+Cl01 5.<:?33291463396639E-l1, CH32 230 
4o3Cl554795335ll98E+OO, 4.CQR832164770897E-Oq, QH32 240 
3. a 537554854 71445E+oc, i. 574167792545594E-07, QH32 2sc 
3,417167492818571E+OO, 3.65C585129562376E-06, CH32 260 
2.99249C8250C2314E+oo, 5.4lf584061819983E-05, OH32 210 
2.5772495377323l 7E+oo, 5.362683655279720E-04, QH32 280 
2. 1694<J91836061 l2E+OO t 3. 6548q0326654428E-03' OH32 2qc 
1. 76 76541C94632 02E+OO, 1 ·, 7°55 3428 83157343E-0 2, OH32 300 
l.370376410952872E+OO, 6.C45813095591261E-02, OH32 310 
9. 765004635 896828E-Cl , l. S l 2697340766425E-01, CH32 320 
5, 849787654359324E-011 2. 774581423025299E-01 t 0H32 33{'1 
l.94840741.5693993E-Ol, 3. 752383525928024E-01), • OH32 34(1 

LY =O,. QH32 350 
00 l=l TO 31 BY 2,. CH32 360 
XX =XIJJ,. OH32 37C 
LY =LY+Xll+lJ*IFCT{XXl+FCTl-XXll r• QH32 380 
ENO,. OH32 390 
=LY 1 • OH32 4CO 

END,• /*ENO OF PROCEDURE QH32 */CH32 410 

QH48. • OH4B 10 
f ************ ************ ********* ***** ** *** ********* *****************I QH48 20 
I* */QH48 30 
I* INTEGRATION OF A GIVEN FUNCTICN BY 48-POINT GAUSSIAN-HERMITE */CH48 40 
I• QUADRATURE FORMULA */Ql-!4B 50 
I* */OH48 60 
I********************************************************************* I OH 48 70 

PROCEOUR E I FCT, Y), • QH48 80 
DECLAPE QH48 90 

FCT ENTRY RE7URNS QH48 100 
!BINARY FLOATJ, /*SINGLE PRECISION VERSlON /*S*/OH48 110 

I* '81NAPY FLOAT (5311, /*DOUBLE PRECISION VERSION /*O*/CH48 120 
IXX 1 YJ OH48 130 
BINARY FLOAT, /*SINGLE PRECISION VERSJ(IN /*S*/OH48 140 

I* BINARY FLOAT 153) r /*DOUBLE PRECISION VERSION /*D*/OH48 150 
I BINARY FIXED, QH48 160 
LY BINARY FLOAT 153),. QH48 170 

DECLARE OH48 180 
X(24) BINARY FLOATl53) STIHIC INITIAL ( QH48 1qo 
8.975315081931687E+001 8.31C752190704784E+001 QH48 200 
7. 759295519765775E+OO, 7 .U6046554164350E+oo, OH48 210 
6.810C64578C74141E+Co, 6.380564096te6411E+OO, QH48 220 
5. 9710712250 13545E •OO' 5. 5 7731698 l 223729E+OO I QH48 230 
5.196287718792365E+OO, 4.825757228133209E+OO, CH48 240 
4.464014546934459E+OO, 4 .1C9704603560590E+-00, QH48 250 
3. 76 l 72649022 8358E+OC, 3 .4191659 69363885E+-OO, OH48 260 
3.0B1248988645106HOO, 2.?47308624822383E+OO, OH48 270 
2 .416 76C9C4813216E+OO, 2 .oaqc 86660944276Ei·OO t -QH48 280 
l • 7 638175798953 DOE+ OC, I .440525220137565E+OO, OH 48 290 
1. 1180 1215240215 7E+OC, 7. 983C46277785622E-Ol, OH48 : 3 CO 
4. 7864633 75 944961E-Ol, l. 5S492935848B625E-O l), • CH48 310 

DECLARE QH48 320 
W(24J BINARY FLOATl53) STATIC INITIAL I OH48 330 
7.9355514607739Cf1E-36, 5.984612693313878E-:3l, QH48 340 
3.685036080150670E-271 5.564577468902285E-24, QH48 350 
3.188387323505l 38E-21 r 8. 73015%0ll86677E-l 9, QH48 360 
l .3 l 5159622658409E- l6, 1. l 97589865479119E-141 QH48 370 
7.046q3258154588qE-13, 2.815296537838169E-llt QH48 380 

1. 9 3046 749516 53B2E- l 0 t 
2. 468658993669750E-07 r 
2. 5 2859902774848%-05 t 
9.5639231981 q4153E-04, 
1.4444961574981 lOE-02, 
9 .182 22970792 851 SE-02, 
2, 5 3961542664 7591E-Ol, 

LY =01. 
DD I=l TO 24,. 
XX =X(I),. 

1~6225 Hl 35895770E-08, 
2 .841258691734848E-06 1 
l. 7515043180 11728 E-04, 
4. l 530C49 l l 977552E-03, 
4. C\4796 7698460385E-0.2, 
l. 6q2C447l94564l1E-Ol, 
3. llC01030377963lE-Oll r. 

LY =LY+Wlll*IFCT{XXl+FCTl-XX)),. 
END,, 

Y =LY,. 
END,. /*ENO OF PROCEDURE OH48 

Purpose: 
+co 

QH48 390 
QH48 400 
OH48 410 
QH48 -lt20 
OH48 430 
QH48 440 
OH48 450 
OH48 460 
QH48 470 
QH48 480 
QH48 490 
OH48 500 
QH48 510 

•IQH48 520 

f -x2 
QHn computes the integral value Y= -we FCT(X) dX 
for a given function FCT(X), using Gaussian-Hermite 
quadrature formulas. 

Usage: 

CALL QHn (FCT, Y); 

FCT-

Y-

Remarks: 

ENTRY 
Given procedure for the computation of the 
function values, which must be supplied 
by the user. 

Usage 
FCT(X); 
FCT(X) - BINARY FLOAT [(53)] 

Resultant function value. 
X - BINARY FLOAT [(53)] 

Given argument value. 

BINARY FLOAT [(53)] 
Resultant integral value. 

The number n in the name QHn indicates the number 
of nodes used for the calculation of Y. 

In case of an even function f(x) = <P (x2), f(x) may 
be changed by means of the transformation t = x2 into: 

CXl -t 
e <P (t) 

\[t 
dt y = J 

0 

This is a form suitable to subroutines QAn, the use 
of which saves approximately half of the computation 
time. 

Method: 

Quadrature formulas of Gauss-Hermite are used for 
the computation of the integral values. 

For reference see: 

H. E. Salzer, R. Zucker, R. Capuano, Table of 
Zeros and Weight Factors of the First Twenty 
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Hermite Polynomials, F. Res. Nat. Bur. Standards, 
vol. 48 (1952), pp. 111-116. 

V. I. Kry low, Approximate Calculation of Integrals, 
Macmillan, New York-London, 1962, pp. 129-130 
and 343-346. 

Mathematical Background: 

Quadrature formulas of Gauss-Hermite are used to 
compute 

f<>O 

y f 
-co 

2 -x 
e f(x) dx 

Let n denote the number of nodes used for the 
calculation of the integral value y. The value y is 
approximated by a weighted sum of function values: 

(n) 
y f ~ (n) f(~ (n» 

k=l 

The value y(n) is exact whenever f(x) is a polynomial 
of degree less than or equal to 2n-1. 

The nodes xk (n) are the roots of the Hermite 
polynomials ~(x) of degree n. 

The weights Ak (n) and the nodes xk (n) are 
symmetric with respect to the origin x=O: 

A.(n) = A (n) 
-K n-k+l 

(n) 
-x 

n-k+l 

o Subroutine QAn (n = 2, 4, 8, 12, 16, 24) 

OA2.. QAZ 
I****************************************************************** ***I QA 2 
I* •IQA2 
I* INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED 2-POINT •/QA2 
I* GAUSSIAN-LAGUERRE QUADRATURE FORMULA •/QAZ 
I* •IQA2 
I*********************************************************************/ QA 2 

PROCEDURE (fCT,YJ ,. QAZ 
DECLARE QA2 

FCT ENTRY RETURNS QA2 
(BINARY FLOAT), /*SINGLE PRECISION VERSION l•S•/QA2 

I* CBINAPY fLOAT (53JJ 1 /*DOURLE PRECISION VERSION l•D•/QA2 
(X,YJ OA2 
BINARY FLOAT,. /*SINGLE PRECISION VERSION l•S•/OA2 

H BINARY FLOAT 153) ,. /*DOUBLE PRECISION VERSION /*D+/QA2 
x ,,,z.724744B71391589E+oo,. QAZ 
Y = 1. 626256 708944903E-Ol*FCTt X) r • QA2 
X =2. 75255l 286084109E-Ol, • QA2 
Y =Y+l.60982818001.1026E+OO+FCTIX) ,.. QA2 
END,. /*END OF PROCEDURE QA2 •/QA2 

QA4.. QA4 
/*:6:***************************"'***************************************/CA4 
I* *1QA4 
I* INTEGRAHON OF A GIVEN FUNCTION BY ASSOCIATED 4-POINT +/QA4 
I* GAUSSIAN-LAGUERRE QUAORATUflE FORMULA +/QA4 
I* */CA4 
I***************** il<**** ********** ** ***********************************/CA 4 

PROCEDURE IFCT,YI,. QA4 
DECLARE QA4 

FCT ENTRY PETUPNS, QA4 
IBINa.RY FLOAT), /*SINGLE PRECISION VERSION /+S•/QA4 

I* IBINARY FLOAT 1531), /*DOUBLE-PRECISION VERSION /*D*/CA4 
(X,YI OA4 
BINARY FLOAT,. /*SINGLE PRECISION VERSION l*S+/QA4 

I* BINARY FLOAT (53) ,, /+DOUBLE PRECISION VERSION l*D*ICA4 
X =8.588b35689012034E+OO,. QA4 
Y =3. 9'12081444227352E-04*FCTC XJ,. QA4 
x =3.9269b35CLJ5a2a1e+oo,. ::JA4 
Y =Y+3,4l559660l482695E-02•FCHXJ t• QA4 
x =l. 339097288126361E+oo,. QA4 
Y =Y+4.l560465l629783SE-Ol*FCHXJ t• QA4 
X = l. 453C352150331 71E-Ol t. QA4 
Y =V+l. 322294025116483E+OO*FC Tl X) , • QA4 
ENO,. /+END OF PROCEDURE QA4 *IOA4 

QAS., OAS 
I*************"*******************************************************/ QA 8 
I* */OAS 
I* INTEGRATION OF A "GIVEN FUNCTION BY ASSOCIATED 8-POINT */QA8 
I* GAUSSIAN-LAGUERRE QUADRATURE FORMULA >!</QAS 
I* *IQA8 
I****************************************************************** ***I QA 8 

PROCEDURE lFCT,YJ,, QAB 
DECLARE QA8 

FCT ENTRY RETURNS QAS 
(BINARY FLOAT), /*SINGLE PRECISION VERSION l•S•IOAB 

I* !BINARY FLOAT (53)), /*DOUBLE PRECISION VERSION /'l'<O•/QA8 
(XX, Y) QA8 
BINARY FL(lAT, /*SINGLE PRECISION VERSION l•S*/OAB 

I* BINA?.Y FLOAT 153) r /*DOUBLE PRECISION VERSION /*D*/QAS 
LY BINARY FLOAT (53lt QAS 
I BIMARY FIXED, QAB 
XC16J BlNARY FLOAT (531 STATIC INITIAL OAS 
12, l98427284096265E+Ol, S .30961494S022364E-1C r QAB 
l o4'H262706842639E+Ol, 4. 64 l 96168973042 lE-07, OAS 
l. 0093323675 22134E+Ol, 5 .42 37 20 lS 5075763E-C5, QAB 
6. 483145428621170E+ 001 l. 86456801724S36 l E-03, QA 8 
3. 8094763 61484907E+ 00, 2. 576062301l01995E-C2, OAS 
L. 9('511363503142 BE+oo, l .6 76200S279797l 7E-C 1, QA 8 
6 • 772490876492892E-Ol r 5. 6129491105 706 74E-O l r QA8 
7.479188259681S27E-02r l.Ol5858958033227E+OOI,. QAS 

LY ::::Q,. OAS 

ENO,. 

OD J.:l TO 15 BY 2,. CAB 
XX ::::X(IJ,. QAS 
LY =LY+XI I+ll*FCTIXXJ r• OAS 
ENO,. 
=LY,. 

/*END ·oF PROCEDURE QA8 

QA6 
OAS 

*/OAS 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
llO 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 

10 
20 
3C 
40 
50 
6C 
70 
80 
90 

100 
llO 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
24C 
250 
260 
270 
280 
290 
300 
310 
320 
330 

QA12.. QA 12 10 
I*********************************************************************! QA 12 20 
/* */QA 12 30 
I* INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED 12-POINT */OA12 40 
I* GAUSSIAN-LAGUERRE QUADRATURE FORMULA */Q.612 50 
I* *IOA12 6C' 
I******************** il<* ******** ****** ** ***** ****** *** **** ** * * ** *•*****I QA 12 7C 

PROCEDURE (FCT,YI,. QA12 SC 
DECLARE QA12 90 

FCT ENTRY RETURNS QA 12 lOC· 
(BINARY FLOAT>, /*SINGLE PRECISION VERSION l*S*/0Al2 110 

I* tBINA?Y FLOAT l 531}, /*DOUBLE PRECISION VERSION /*O*/QA 12 120 
IXX,Y) 0Al2 130 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/OA12 140 

I* .BINAl<Y FLOAT (53), /*DOUBLE PRECISION VERSION l*O*/OA12 150 
LY P.INARY FLOAT 153), QA12 16C 
I BINAR't FIXED, OA12 110 
X{241 BINAPY FLOAT (53) STATIC INITIAL QA12 !.BC 
(3,619136C360.61560E+Ol, 3.32813699297S218E-16r OA12 190 
2.766llC8779846C:;iE+Ol, l."316924048615634E-12, QA12 200 
2.l.396755936l66llE+Cl, 6.<'9250853997512BE-l0t OA12 2IC 
l.64321950S767531E+Ol1 8.C37942349882S59E-OS, QA12 220 
1.2 39044 796380947E+ Ol , 4. 3 l649 l409SC466 7 E-06, QA 12 230 
9.075434230961203E+oo, l .1377383272S0876E-04, ('IA12 240 
6.369975388030635E+oo, l.b47384965376835E-03, QA12 250 
4.198415644878413E+OO, l.409671162014534E-02, QA12 260 
2. 509848097232128E+OO, 7 .489094100646149E-02, QA 12 210 
1. 2695899401C3961E+OC t 2. 554792.435691 l83E-O lt QA 12 2SO 
4. 54506681563 7803E-Ol , 5, 723 5qQ70692S860E-C 1 t OA 12 290 
5.036188911729395E-02, 8~53A623277373985E-OlJ, • OA12 300 

LY =C,. OA12 310 
00 1:::1 TO 23 BY 2to QA12 320 
XX =XIIJ,. QA12 330 
L't =LY+X(l+lJ•FCT(XXJ,. OA12 340 
ENO,. OA12 350 
:LY,. QA12 36('1 

END,• /*ENO OF PROCEDURE QA 12 *IOAI2 370 
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OA16.. OA16 10 
l•**********•***·******************************************************IQA 16 20 
I* •IQA16 30 
I* INTEGRATION OF A GIVEN FUNCTION BY ASSOCIATED ·t6-P01Nl •IOA16 40 
I* GAUSSIAN-LA.GUERRE QUADRATURE FORMULA •IQA16 50 
I* •IQA16 60 
l******·******************************************************.*********IOAL6 10 

PROCEDURE CFCT,YJ,. QA16 BO 
DECLARE QA 16 90 

FCT ENTRY RETURNS QA 16 100 
(BINARY FLOATlt /*SINGLE PRECISION VERSION /*S*/OA16 110 

/.* (BJNARV FLOAT (53J), /*004.BLE PRECISION VERSION 1•6•/QA16 120 
CXX,YJ QA16 130 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S•/QA16 140 

I* BINARY FLOAT (53), /*DOUBLE PRECISION VERSION l*D*/OA16 150 
LY BINARY FLOAT C 53J, QA 16' 16(1 
I BINARY FIXED, QA16 1'70 
XI 32) BINARY FLOAT 1531 STATIC INITIAL QA16 180 
(S.C777223877537CBE+Ol, t.462135285476832E-22t QA16 190 
4.10816665254912CE+Ol r t .846347307303658E-1Bt QA16 200 
3.378197048822617E+Ol, Z.394688034185697E-15, QA16 210 
z. 78314382l l32868E+Ol t S.4300Z0422652895E-13r QA16 220 
2.282130069352521E+Olt t.186658292679328E-10t QA16 230 
le 85377431786('669E+Ol t 8. t 97664329541793E-09t QA 16 240 
t.485143l34180125E+Olt 3.l4833558509ll88E-071 QA16 250 
lo l67703367397596E+Ol, 1o301170259l24752E-06, QA16 260 
S.955001337723390E+OOt t.083316812363997E-04t QA16 270 
6.642215l 7974l444E+00t l.072536731055944E-03t QA16 280 
4. 706726707667587E+OO I 7 .309780653308856E-03t QA16 290 
3.l24601050702144E+OOt 3.Sl0685766314686E-02t QA16 300 
le8779315C7696074E+OO, l.209162619118252E-Olt QA16 310 
9 • 53553l 553908655E-Ol t 3. C25394681532850E-Ol 1 QA 16 320 
3.4220015601094 77E-Ol 1 5 • 549162846050598E-Ol t QA 16 330 
3.79629l457531345E-oz, 7o504767051856048E-OU,. QA16 340 

LY =O,. QA16 350 
DO 1 .. 1 TCI 31 BY 21e QA16 360 

· XX :)((] J, • QA 16 370 
LY .=LY+XCJ+ll*FCTIXXJ t• QA16 380 
END1. QA16 39D 

Y =LYt • QA16 400 
END,• /*END OF PROCEDURE QA16 +,IQA16 410 

OA24.. OA24 10 
l*********************************************************************/OA24 20 
I• +/QA24 30 
I* INTEGRA.TJ(tN OF A GIVEN FUNCTION BY· ASSOCIATED 24-POINT ·•/QA24 40 
I* GAUSSIAN-LAGUEFPE QUADRATURE FORMULA •IQA24 50 
I• •IQA24 60 
l****••••*********************************************************••••IQA24 70 

PROCEOUOE CFCT,Y),. QA24 80 
DECLARE QA24 90 

FCT ENTRY RETUFNS• QA24 100 
(BINARY FLOAT), /•SINGLE PRECISION VERSION /*S*/QA24 110 

I* I BINARY FLOAT I 53J), /*DOUBLE PRECISION VERSION l•D•/QA24 120 
CXX,YI QA24 130 
elNARY FLOAT, /*SINGLE PRECISION .VERSION /*S•/QA24 lltO 

I• SINA·R.Y FLOAT (53J 1 /+DOUBLE PRECISION VERSION /*D*/OA24 150 
LY BINARY FLOAT (53), QA24 160 
I BlNARY FIXED,. QA24 170 

DECLARE OA24 180 
X(24J BINARY FLOATt53J STATIC INITIAL I QA24 190 
e.o5562808l995C41E+Ol, 6.906860197530437E+Olt QA24 200 
6. 020666696305722E+Ol, 5.279543252728J63E+Ol, QA24 210 
4. 6376979557540.13E+Ol r 4.07l15981S554311E+Ol1 .. QA24 220 
3.56537035163ZB21E+Ol, 3 .110646470904657E+Olt OA24 230. 
2.7C-Ol406C'5647'236E+Olr 2.32B793282487992E+Ol, QA24 240 
t .992742587524246E+Ol 1 1.68896719285271 lE+Ol, QA24 250 
t.415058618728576E+Ol, lo 169069592605607E+Olt QA24 260 
9.494095330026488E+oo, 7.547704680023454E+OO, QA24 270 
s.S40733271323608E+OOr 4.364Z83076935306E+oo, QA24 280 
3. t 1105245514 7713E+OO, 2. 07511Z909852381E+OO, OA24 290 
l. 25l 740632362746E+00t 6. 3729027873Z6688E-Ol, QA24 300 
2.291023164926243E-Ol r z. 543799658568936E-02),. OA24 310 

DECLAPE QA24 320 
we 241 BINARY FLOAT( 53J STATIC INITIAL ( OA24 330 
le587ll0~92154799E-35t lel969Z2538662776E-301 QA24 340 
7 .370072160301340E-27 t l. ll2915493780457E-23f QA24 350 
6.376714647Dl0277E-21 t l. 746031920237335E-l81 OA24 360 
2.6303192453l6817E-:-l6t z. 3q5179730958359E-14, QA24 370 
t.4C·9386516309178E..:lz1 5.63059307567633BE-llt QA24 380 
l • 5E6093499C 33076E-09 1 3 • 2450282717915'tOE-08, QA 24 390 

.4.937317987339501E-07, 5.694517383469696E-06, QA24 400 
5.057198C55496978E-05t 3.503C08636023457E-04t QA24 'tlO 
l.912784639638831E-03t 8.3C6009823955105E-03, QA2'4 't20 
2.eaa99231499622oe-02, a.o9593539692011oe-02, QA2'4 430 
l.836445941585704E-Olt 3.384089438912822E-Ol, QA24 440 
5 .C79230853295182E-Ol, 6. 220020607559262E-Cl l >,. QA 24 450 

LY :cQ,. QA24 460 
DO I=l TO 24,. OA24 470 
XX =XI I),. QA24 480 
LY =LY+WCIJ*FCTIXXJ,. QA24 490 
ENO,• OA24 500 
o:LY,. OA24510 

ENO,. /•END OF PROCEDURE OA24 */OA24 520 

Purpose: 

. j e-x FCT(X) -
QAn computes the integral value Y = 0 -rx dX 
for a given function FCT(X), using associated 
Gaussian-Laguerre quadrature formulas. 

Usage: 

CALL QAn (FCT, Y); 

FCT- ENTRY 
Given procedure for the computation of the 

Y-

Remarks: 

function values. This procedure must be 
supplied by the user. 

Usage 
FCT(X); 
FCT(X) 

x-

BINARY FLOAT [(53)] 
Resultant function value. 
BINARY FLOAT [(5~)] 
Given argument value. 

BINARY FLOAT [(53)] 
Resultant integral value. 

The n in the name QAn indicates the number of nodes 
used for the calculation of Y. 

Method: 

Quadrature formulas of Gauss-. Laguerre are used 
for the evaluation of the integral value. 

For reference see: 

Concus, Cassatt, Jaehnig, Melby, "Tables for the 

Evaluation of {co .i/' e-x f(x) · dx by Gauss-Laguerre 
Quadrature, MTAC, vol. 17, No. 83 (1963), pp 245-
256. 

Shao, Chen, Frank, "Tables of Zeros and Gaussian 
Weights of Certain Associated Laguerre Poly
nomials and the Related Generalized Hermite 
Polynomials", IBM Technical Report TR 00.1100, 
March 1964, pp. 15-16. 

Mathematical Background: 

Formulas of Gauss- Laguerre are used to compute 

-x e f(x) 
y = f dx 

0 ...rx 
Let n denote the number of nodes used for the 
calculation of the integral value y. 

The value y is approximated by a weighted sum of 
function values: 

(n) 
y 

n 
L c{n> £ <{n> > J 
k=l 

The value y(n) is exact whenever f(x) is a poly
nomial of degree less than or equal to 2n-1. 

The nodes xk (n) are the roots of the associated 
Laguerre pelynomials r,J-1/2)(x) of degree n. 
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Numerical Differentiation 

Differentiation of Tabulated Functions 

• Subroutine DGT3 

DGT3.. DGT3 10 
l**********************************"'**********************************/DGT3 20 
I* *IDGT.3 30 
I* DIFFERENTIATE A TABLED FUNCTION USING LAGRANGIAN */DGT3 4.0 
I* INTERPOLATION FORHULAr DEGREE 2 •IOGT3 50 
I* */DGT3 60 
f*********************************************************************/DGT3 70 

PROCEOUREIX,v,z,01HJ,. DGT3 80 
DECLARE DGT'.3 90 

IXl•J,Yl*J.Zl•J,XA,xe,xc, OGT3 100 
XBA,XCB,YA,YB,YC,QBA,QCBJ OGT3 lLC 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/DGT3 120 

I* BINARY FLOATl53J, !•DOUBLE PRECISION VEPSION /*D*/DGT3 130 
IDIH, I )BINARY FIXED, CGT3 140 
LER.R CHARACTER Ill r DGT3 150 
ERROR EXTERNAL CHARACTER I l),. DGT3 160 

IF DIM GE 3 /*TEST SPECIFIED DIMENSION •IDGT3 170 
THEN DO,. DGT3 180 

LERR ='C'r• l•INIT. LOCAL ER!l'OR INDICATOR •IOGT3 190 
XS =X 13 1, • DGT3 2DO 
YB =Yl3J.o DGT3 210 
XC =XI 11 r • DGT3 220 
YC =YIU,. DGT3 230 
XC8 =XB-XC, OGT3 240 
IF XCB,.O /*TEST MONOTONY OF ARGUMENTS •IDGT3 25C 
THEN 00,. OGT3 260 

LERR =' 1',. !*NON-MONOTONIC ARGUMENTS \\/OGT3 270 
XCB =lE-30, o /*CHANGE XCB TO 10**1-301 */DGT3 2BO 
END,. OGT3 290 

QCB =IYB-YCJ/XCB,. /*COMPUTE DIVIDED DIFFERENCE •IDGT3 300 
DO I =2 TO DIM,. OGT3 310 
OBA :11QCB,. /*SAYE DIVIDED DIFFERENCE */DGT3 320 
XBA =XCB,. /•REPLACE XBA BY XII-U-XIJ-2J */DGT3 330 
XA =XS,. /*REPLACE XA BY X 11-2 J •/OGT3 340 
XB :axe.. /*REPLACE XB BY XII-1) •IDGT3 35~ 
XC =X([) ,. /*SET XC TO XIIJ •IDGT3 360 
YA =YB,. l•f;.EPLACE YA QY Yf I-2) *IOGT3 370 
YB =YC,. !*REPLACE YB BY Y (J-1) *IDGT3 380 
YC ""VII 1 r. /*SET YC BY YI JJ */DGT3 390 
XCB =Xc-xs,. /*REPLACE XCB BY XI [J-X(l-11 •IDGT3 400 
IF XCB*XE'i'i LE 0 DGT3 410 
THEN LERR ='l' ,. /*MARK NON-MONOTONIC ARGUMENTS */DGT3 420 
IF XCB=O DGT3 430 
THEN xce =lE-30,. /•CHANGE XCB TO lO••l-301 */DGT3 440 
QCB =I YC-YBl/XCB,. /*COMPUTE DIVIDED DIFFERENCE *IDGT3 450 
XA =XC-XA,. /*REPLACE XA BY XCIJ-X(l-:lJ *IOGT3 460 
IF XA=C DGT3 47C 
THEN XA =lE-30,. /*CHANGE XA TO lO••l-3CI */DGT3 480 
YA =IYC-YAl/XA,. /*COMPUTE DIVIDED DIFFERENCE */DGT3 490 
ZCI-U=QBA-YA+QCB,. /*STORE DERIVATIVE VALUE Z(I-ll*/DGT3 500 
ENDt. . DGT3 510 

ZCDIMl=QCB-QBA+YA,. />OcSTORE DERIVATIVE YA.LUE Z(DIMl•IDGT3 520 
ENO, • DGT3 530 

ELSE LERR :s•z•,. /*ERROR IN SPECIF'IED DIMENSION •IDGT3 540 
ER~OR.,.LERR,. OGT3 550 
ENO,. /*END OF PROCEDURE OGT3 */DGT3 560 

Purpose: 

DGT3 computes a vector Z = (z1, ••• , zn™) of 
derivative values, when vectors X = (x1, ••• , xDIM) 
of argument values and Y = (y1, y2, ••• , YnmI) of 
corresponding function values are given. 

Usage: 

CALL DGT3 (X, Y, Z, DTh!I); 

X(DIM)- BINARYFLOAT [(53)] 
Given vector of argument values. 

Y(DTh!I) - BINARY FLOAT [(53)] 
Given vector of function values. 

Z(DTh!I) - BINARY FLOAT [(53)] 
Resultant vector of derivative values. 

DTh!I .BINARY FIXED 
Given dimension of vectors X, Y and z. 

Remarks: 

If no errors are detected in the processing of data, 
the data indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='l' means non-monotonic argument values; 
that is, for some i, (xi-xi-1)• (xi+l-xi) is 
less than or equal to zero. 

ERROR='2' means DTh!I is less than three. 

Vectors Z and Y may be identically allocated, 
which means that the given function values are re
placed by the resultant derivative values. 

Method: 

The resultant value zi is calculated as the derivative 
of the Lagrangian interpolation polynomial passing 
through points i-1, i, i+ 1, at argument xi. 

for i = 2, 3, ••• , DTh!I-1, and corresponding formu
las for z1, zDTh!I' 

For reference see: 

F. B. Hildebrand, Introduction to Numerical 
Analysis. McGraw-Hill, New York-Toronto
London, 1956, pp. 64-68. 

Mathematical background: 

For i = 1, ••• , n-2 we must find ai, bi'· and ci 
such that 

- 2 y.(x) = a.x + b.x + c. 
l l l l 

passes through (xi, yi)' (xi+l' Yi+l), and (xi+2' 
Yi+2). 

The desired derivative values z. are given by: 
l 

z.= 
l 

if i = 1 

= 2a. 1x. t b. 1 if i = 2, ••• , n-1 
1- . l 1-

y' 2(x ) = 2a 2x + b 2 if i = n 
n- n n- n n-
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An easy computation yields: 

Y3-Y1 Y3-Y2 
+--- ---- if i=l 

x3-xl x3-x2 

z.= 
l 

yi+l-yi-1 

xi+l-xi-1 
if i=2, ••• ,n-1 

yn-1-yn-2 
-----if i=n x -x 

n-1 n-2 
(1) 

Assuming that the vectors X and Y represent a por
tion of a three-times-differentiable function, z. in-

1 
volves a truncation error Ti where: 

if i=l 

1 ( "' ' T.= -6 x.-x. 1)(x.-x.+1)y (~.) if i=2, ••• ,n-1 
l 1 1- i 1 i 

1 Ill - (x -x )(x -x )y 
6 n n-2 n n-1 

if i=n 

and ~- is in the closed interval determined by the 
threeiargument values used in computing z., i = 

i 
1, ••• , n. 

Programming Considerations: 

The given table should represent a single-valued 
function. Non~monotonic arguments may cause du
bious derivative values. If any difference (xrxi-1), 
(xi+1-~), (xi+l-xi-1) is zero, it is replaced by 10-30. 

• Subroutine DET3 

DET3. • OET3 10 
l********"'***************•********************************************IDET3 20 
I* */DET3 30 
/f.c DIFFERENTIATE AN EQUIDISTANTLY TABLED FUNCTION USING */DET3 40 
I* LAGRANGIAN INTERPOLATION FORMULA, DEGREE 2 •/OET3 50 
I* */DET3 '60 
/**"'****"'*************************************************************/DET3 70 

PROCEOURElH1YrZ1DIMI t• OET3 80 
DECLARE DET3 90 

(H,Yt•J ;ll•) 1YA1YB,YC,HHI DET3 100 
BINARY FLOAT, /•SINGLE PRECISION VERSION /*S*/DET3 110 

,. BINARY FLOAT( 53)' /•DOUBLE PRECISION VEPSION 1•0•1oer3 120 
CDIM1 IJBINARV .FIXED, DET3 130 

. ERroOR EXTERNAL CHARACTER Cl),• DET3 140 
IF DIM GE 3 /•TEST SPECIFIED DIMENSION •/DET3 150 
THEN QO,. OET3 160 

IF H NE 0 /•TEST SPECIFIED INCREMENT •IDET3 170 
THEN oo,. OET3. 180 

HH -=H+H,. OET3 190 
YC -=YC lJ •• OET3 200 
YA =YC-Y(2J,. DET3 210 
YB =Y(3J+YA+YA+YA,. /*MOOIFICATJON YB = YIOJ •IOET3 220 

DO I =2 TO DI H,. OET3 230 
vt. =YB,• /*REPLACE YA BY Y( I-21 *IDET'3 240 
YB =YC,. /*REPLACE YB BY YCI-11 */DET3 250 
YC =YIJJ ,. /*SET YC TO YCIJ *IDET3 260 
ZCl-U=CYC-YAl/HH,. /*SET zn-u TO CYUl-YCl-2112H*/DET3 270 
ENO,. DET3 280 

YC =YC-YB 1 • DET3 290 
Z(DtHJ•IYA-YB+YC /*UDIMJ=lYCDIM-2J-4•YCDIM-U *IOET'3 300 

+YC+YCJ /HH, • 1*+3•YCDIMJ J 2*H *IDET3 310 
ERROR=' 0',. /*SUCCESSFUL OPERATION •/OET3 320 
ENO,• DET3 330 

FLSE ERROR= 1 l11 • l*ERROR IN SPECIFIED INCREMENT */DET3 340 
ENO,. DET3 350 

ELSE ERROR= 1 2 1 ,. /*ERROR IN SPECIFIED DIMENSION *IDET3 360 
ENO,. /*ENO OF PftOCEOURE DET3 */DET3 370 

Purpose: 

DE':3 c_omputes a ve.ctor Z = (z1, z2, •'•., zDIM) of 
derivative values, given a vector Y = (y1, y2, ••• , 
YDIM) of function values whose components Yi cor
respond to DIM equidistantly spaced argument 
values x. with x.-x. 1 = h for i = 2, ••• , DIM. i i i-

Usage: 

CALL DET3 (H, Y, Z, DIM); 

H - BINARY FLOAT [(53)] 
Given increment of argument values. 

Y(DilVI)- BINARY FLOAT [(53)] 
Given vector of function values. 

Z(DIM) - BINARY FLOAT [(53)] 
Resultant vector of derivative values. 

DIM - BINARY FIXED 
Given dimension of vector Y and Z. 

Remarks: 

If no errors are detected in the processing of data, 
the data indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='l' means DIM is less than three. 
ERROR=121 means H is equal to zero. 

storage allocation for the vectors Z and Y may be 
identical, which means that the given function values 
are replaced by the resultant derivative values. 
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Method: 

The resultant value zi is calculated as the derivative 
of the Lagrangian interpolation polynomial passing 
through the points i-1, i, i+l at argument xi. 

zi = ~ (yi+l - yi-l) for i = 2, 3, ••• , DIM-1 

and corresponding formulas for z1, zDIM" 

For reference see: 

F. B. Hildebrand, Introduction to Numerical 
Analysis, McGraw-Hill, New York-Toronto-London, 
1956, pp. 82-84. 

Mathematical Background: 

The procedure is described under subroutine DGT3, 
but here we have the additional relation x. -x. 1=h, 

l l-

a constant, for i = 2, ••• , n. This leads to the 
following expression for z.: 

l 

if i=l 

if i=2, ••• ,n-1 (1) 

if i=n 

Assuming that the vector Y represents the 
function values of a portion of a three-times
differentiable function, zi involves a truncation 
error Ti where: 

T.= 
l 

In addition to these truncation errors, roundoff 
errors may be of considerable magnitude. Supposing 
that each of the ordinates Yi can be in error by :1: E:; 

E:>O, the magnitude I Ri I of the corresponding error 
Ri in the calculation of zi can oe as large as: 

if i= 1, n 

if i= 2, ••• ,n-1 

Since small truncation errors generally require 
small I h I , while small roundoff errors generally 
require large I h I , it is reasonable to choose h so 
that I Ti I ~I Ril . 

If M =sup Y"' W, where~ E: [xl, Xu], and if 
we regard only the inner points x2, ••• ,xn-1• we 
find that 

h t• RI :I: 1. 8 3 ~ E:/M op imum 

and the magnitude I Ei I of the total possible error 
E. in z. is given by: · 

l l 

if i=l, n 

ifi=2, ••• ,n-1 
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• subroutine DET5 

DET5 • • DET5 10 
I************************************************************** *******IDET5 2 0 
!• */DET5 30 
I* DIFFERENTIATE AN EQUIDISTANTLY TAB~ED FUNCTION USING *IDET5 40 
I* LAGR4NGIAN INTERPOLATION FOR.MULA, DEGREE 4 */DET5 50 
I* */DET5 60 
I******************-******************************** *******************/DE T 5 70 

PROCEDURECH,v,z,DIMJ,. . DET5 80 
DECLARE DET5 'JO 

IH,Yl*hZl•> ,YA,va,vc,vo,ve,Hi-tl DET5 ioo 
BINARY FLOAT, /*SINGLE PRECISION VERSlON l*S*/DET5 110 

I* BINARY FLOATC531 t /*DOUBLE PRECISION VERSION /*O*/DET5 120 
IDIM,IJEHNARY FIXED, OET5 130 
EPi:QP EXTERNAL CHAPACTER{ll,. OET5 140 

IF DIM GE.5 /*TEST SPECIFIED DIMENSION */DET5 150 
THEN DO,. OET5 160 

IF H NE (' /*TEST SPECIFl~D INCREMENT *IDET5 170 
THEN DO,. DET5 180 

HH "=l2*Ht• OET5 190 
YD =YI 111~ DET5 200 
YE =Vl2J,. OET5210 
YA =YDl-YE,. DET5 220 
YB =V(4J1. OET5230 
YC =V( 5J l*HODIFICATION YC = Y(OI *IDET5 240 

+5*(VO-VB+VA+YAI •• DET5 250 
YB =S•·''IVC-YD+YE-YD-VAJ /*HODIFICATION YB"' Vl-lJ *IDET5 260 

+YB,. DET5 270 
DO I =3 TO DIM,. DETS 2BO 
YA =YB,. /*REPLACE YA BY YCI-41 *IOET5 290 
VB =YC,. /*REPLACE YB BY Yll-3) */DET5 300 
YC =YO,. /*REPLACE YC BY Yfl-21 *IDET5 310 
YD =YE,• /*REPLACE YD BY YI I-1) */DET5 320 
YE =YI I J,. /*SET YE TO YI t J *IDET5 330 
ZCI-21=1YA-YE+ /*ZII-21=1-YII-41-YllJ-t *IDET5 340 

IY0-YB1*81/HH,./*+8*fYII-lJ-Ytl-3JJ/12H •/DET5 350 
END,. OET5 360 

YA =YA-6*1 YB-YC DET5 370 
+YD-YC+Ya.:.vc1 '. DET5 380 

HOIM-lJ:CYE-YD+YE-YO /*COMPUTE LAST TWO DERIVATIVE */OET5 390 
•VE-YAl/HH,. /*VALUES */OET5 400 

i1DIM1=1YA+YA+YA+YB+Y6 OET5 410 
+VE-6*YC+l2*1 YE . DET5 420 
-VD•YE-YCJ I /HH,. OET5 430 

ERP.OR=' 0 1 ,. /*SUCCESSFUL OPERATION. *IDET5 440 
END,. OET5 450 

EL SE ERP.OR= 1 l', • /*ERROR IN SPECIFIED INCREl'IENT *IDET5 460 
P.JD,. OETS 470 

ELSE tRRDR= 1 2'1• /*ERROR IN SPECIFIED DIHENSION *IDET5 480 
END,. /*END OF PROCEDURE DET5 */DET5 490 

Purpose: 

DET5 computes a vector Z = (z1, z2, ••• , ZDilVI) of 
derivative.values, given Y = (y1, y2, ••• , YDJM) of 
function values whose components correspond to 
DilVI equidistantly spaced argument values x., with 

1 
x.-x. 1 = h. 

1 1-

Usage: 

CALL DET5 (H, Y, Z, DilVI); 

H 

Y(DilVI) -

Z(DilVI) -

DilVI 

Remarks: 

BINARY FLOAT [ (53)] 
Given increment for argument values. 
BINARY FLOAT [(53)] 
Given vector of function values. 
BINARY FLOAT [(53)] 
Resultant vector of derivative values. 
BINARY FIXED 
Given dimension of vectors Y and z. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR='l' means His equal to zero. 
ERROR='2' means DilVI is less than five. 

storage allocation for vectors Z and Y may be 
identical, which means that the given function 
values are replaced by the resultant derivative 
values. 

Method: 

The resultant value zi is calculated as the deriva
tive of the Lagrangian interpolation polynomial 
passing through the points i-2, i-1, i, i+l, i+2 at 
argument xi. 

1 
zi = 2h (yi+l - yi-1) for i = 3, 4, • • •' DilVI-2 

and corresponding formulas for z1, z2, zDilVI-l' 
ZDilVI 

For reference see: 

F. B. Hildebrand, Introduction to Numerical 
Analysis, McGraw-Hill, New York-Toronto
London, 1956, pp. 82-84. 

Mathematical Background: 

For i = 1, ••• , n-4 we must find ai, bi, ci, di, and 
e. such that 

1 

-( 4 b 3 2 y. x) = a.x + .x + c.x + d.x + e. 
1 1 1 1 1 1 

passes through (xi+k' Yi+k) for k = O, ••• , 4. 
The desired derivative values zi are given by: 

ifi=l,2 

z = 
i . 

-, 3 b 2 d y1._2 (x.) = 4a. 2x1. + 3 . 2x. + 2c. 2x. + . 2 1 1- 1- 1 1- . 1 1-

if i=3, ••• ,n-2 

- 3 2 
y' 4 (x.) =4a 4x. + 3b 4x. + 2c 4x. + .d 4. n- 1 n- 1 · n- 1 n- 1 · n-

if i=n-1, n 
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'Using the fact that x. - x. 1 = h, a constant, for 
1 1-

i == 2, ••• , n, we get: 

z. == 
1 

1 
12h (-25yl + 48y2 - 36y3 + 16y4 - 3y5) 

if i== 1 

ifi==2 

if i==3, ••• ,n-2 

1 
12h (-y 4 + 6y 3 - 18y 2 + 10 1 + 3y ) n- n- n- n- n 

if i==n-1 

(1) 

1 
12h (3y 4 -16y 3 + 36y 2 - 48y 1 + 25y ) n- n- n- n- n 

if i==n 

Assuming that the vector Y represents the func
tion values of a portion of a five-times-differentiable 
function, z. involves a truncation error T. where: 

1 1 

h4 v 5.Y (~1), 

h4 v ' 
- 20 y <~2>• 

h4 v 
T == 30 y (~i)' 1 

~1 dxl' x5] 

~2 dxl,x5] 

tE: [x. 2,x.+2] 
1 1- 1 

~· dx 4,x ] 
n n- n 

if i = 1 

if i = 2 

if i==3, ••• ,n-2 

if i==n 

In addition to the truncation errors, roundoff 
errors may be of considerable magnitude. Supposing 
that the ordinates y. can be in error by :!: E; E > 0, · 

I' 1 
the magnitude Ril of the corresponding error R. in 
the computation of z. can be as large as: 1 

1 

if i ,= 1, n 

19€ 

6Thi if i==2, n-1 

ifi==3, ••• ,n-2 

Since small truncation errors generally require 
small I h I • while small roundoff errors generally 
require large I h I• it is reasonable to choose h so 

that I T d Rl I Ri I· 
If M == sup yv (~) 

~ € [xl, xn] 

and if we regard only the inner points x3, ••• , Xn-2• 
we find that 

h . Rl 2.1 
optimum 

and the magnitude I Ei I of the total possible error Ei 
in zi is given by: 

9 511~ if i == 1, n 

I Ei1~ 2.5 5~ ifi==2, n-1 

1.4 5 .pi;; ifi==3, ••• , n-2 
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Differentiation of Nontabulated Functions 

• Subroutine DFEC 

OFEC •. OFEC 1C 
I*****************************************************************°'*** IO F EC 2 0 
I* */OFEC 30 
I* COMPUTE DERIVATIVE VALUE OF. A FUNCTION USING EXTRAPC1LAT ION */OF EC 40 
I* METHOD ON CENTRAL DIVIDED DIFFERENCES "(l"/OFEC 50 
I* >'.</QFEC 60 

I****************************•********* ** ** * ********* ** ** *************I 0 F EC 7C 
PROCEOU?E(X,H,OPT.,FCT,ZJ,. OFEr. 80 
DECLARE OFEC <;IQ 

tX1Z1H1HH,HK,V1LZ,Hl, OF'EC 100 
DA1DB1DZ,AUXl5JJ OFEC 110 
8INARY FLOAT, /*SINGLE PRECISION VERSION /*S*/DFEC 120 

I* BINARY FLOATt531 1 /*DOUBLE PRECISION VEqSION /*D*/DFEC 130 
(K,MJBINARY FIXED, DFEC 140 
FCT ENTRY OFEC 150 
(BINARY FLOAT) /*SINGLE PRECISION VERSION /*S*/DFEC 160 

I* (BINUY FLOATl53l J /*DOUBLE PRECISION VERSION /*IJ*/DFEC 170 
RETURNSIBINARY FLOAT), /*SINGLE PRECISION VERSION /*S*/OFEC 180 

I* RETURNSlBINARY FLOATl53J 1, /*DOUBLE PRECISION veRSION /*O*/DfEC 190 
IERPOP EXTERNAL.,OPTICHARACTEPll),. DFEr. 2CC 

IF H NE 0 /*TEST SPECIFIED INTERVAL */DFEC 21C 
THEN DO,• DfEC 220 

HK,Hl=ABS(H) 1. /*SET Hl TO ABS I HJ */DFEC 230 
IF OPT NE 1 0 1 /*SHOULD OPT I HUH STEPS IZE HI •/OFEC 240 
THEN 00,. /*BE GENERATED */DFEC 250 

V =sE-1,. /*SINGLE PRECISION VERSION /*S-""/DFEC 260 
I* V =5E-3,. /*DOUBLE PRECISJON VERSION f*D*/DFEC 270 

NEWK,, 

IF HK GT V DFEC 280 
THEN HK =V,. /*SET HK =MINIV1A8SIHJ I */DFEC 290 
DB = 11. OF EC 300 
DA =ABSIFCT(X+HK) DFEC 310 

-FCTlX-HKJ l/21e OFEC 320 
IF DA GT HK DFEC 33() 
THEN OB =DA/HK,. /*SET OB TO HAX<l,ABSITI) */DFEC 340 
IF DA LT 1 DFEC 350 
THEN DA =110 /*SET DA TO HAX(l,ABS(Yl */OFEC 360 
HK =V*DA/OB,. DFEC 370 
IF HK LT HI OFEC 380 
THEN Hl =HK,. /*SET Hl TO HINIV*DA/DB,ABSIHl l*/DFEC 3QO 
ENO 1 • OF EC 40C' 
=5,. OFEf' 410 
00 K =l TO 51. DFEC 420 
HK =IV/Sl*Hl,. /*SET HK TO Hl*l6-Kl/5 */DFEC 430 
LZ,AUX(K)=(FCTIX+HKJ- /*SET AUXIKJ TO TIO,K) */DFEC 440 

FCTIX-HKl}/IHK+HK},. OFEC 45C' 
HH =l/V,. DFEC 460 
HK =C',. OFEC 470 
DA =1E30,. OFEC 48C 

DO M :::K-1 TO 1 f.IY -I,• DFEC 49C 
OB .=DA,• DFEC 500 
HK =HK+HH,. DFEC 510 
DZ =ILZ-AUX(Ml I/ /*SET DZ TO· INCREMENT *IDFEC 52C 

(HK*(2+HKl),. 
DA =ASS{OZJ,. 
IF DB LT DA 
THEN GOTO NEWK,. 
LZ ,AUX! Ml=LZ+DZ,. 
ENO,, 

DFEC 530 
DFEC 540 

/*TEST FOR DECR. INCREMENTS t:/OFEC 550 
OFEC 560 

/*SET z,AUXIMJ TO T(K-M ,MJ t:/OfEC 570 

V =V-11. 

OHC 580 
OFEC 590 
OF EC 600 
DFEC 610 
DFEC 620 

END,. 
Z =LZ,. 
ERROR= 1 0 1 ,. 

END,. 
/*SUCCESSFUL OPERATIO~ */DFEC 630 

DFEf 640 
ELSE ERROR=' I',. 
END,. 

/*ERROR IN SPECIFIED INTERVAL */DFEC 650 
/*END OF PROCEDURE OFEC */DFEC 660 

Purpose: 

Given the argument X and the function F CT (X), 
defined in the closed interval [X-IHI, X+ IHI]. 
DFEC computes an approximation Z to the derivative 
of the function FCT(X). 

Usage: 

CALL DFEC (X, H, OPT, FCT, Z); 

X - BINARY FLOAT [ (53)] 
Given argument value. 

H - BINARY FLOAT [ (53)] 
Given radius of closed interval about X. 

OPT - CHARACTER (1) 
Given option for calculation of the stepsize. 

FCT - ENTRY 
Given procedure for calculating of function 
values, which must be supplied by the user. 

Usage: 
FCT(T) 
FCT(T) - BINARY FLOAT [(53)] 

Resultant function value. 
T - BINARY FLOAT [ (53)] 

Given argument value. 

Z - BINARY FLOAT [(53)] d 
Resultant approximation to dx FCT(X). 

Remarks: 

OPT= 101 means maximum stepsize is set equal to 
H; otherwise, it will be calculated within procedure 
DFEC (for· details see "Mathematical Background"). 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitutes the possible error condi
tion that may be detected: 

ERROR = 111 means given H is equal to zero. 

Method: 

The approximation Z of the derivative is obtained by 
applying Richardson's and Romberg' s extrapolation 
method to successively computed central divided 
differences, using function values in the closed 
interval [X-1 HI, X+ IHI]. 

For reference see: 

s. Fillipi and H. Engels, "Altes und Neues zur 
numerischen Differentiation", Elektronische 
Datenverarbeitung, iss. 2 (1966), pp. 57 - 65. 

Mathematical Background: 

Suppose, first, that y = y(t) is analytic at x; that is, 
y has a Taylor series expansion about the point x 
with radius of convergence R > O. Let h be such 
that 0 < I h I < R. For each positive integer n 
a step size hl with 0 < hl ~I hi is computed as de
scribed below, and a sequence hk of increments is 
generated, where 

for k=2, ••• , n 

From the sequence (x-hk, x+ hk) of point pairs 
(k = 1, ..• , n), the sequence of central divided 
differences 

y(x+hk) -y(x-\) fork=l, ••• , n (1) 

TO,k = 2hk 

is computed, which forms the first column of the 
triangular Romberg scheme. The central divided 
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differences To,k represent the slopes of the secants 
Sk in Figure 2. 

tangent 

t=x 

x-h5 x+h5 . . . x=h 1 

Figure 2. A sequence of secants for a given function y = y(t) and 
a given argument t=x for the case n=5,h > 0 

From the Taylor series expansions of y(x+ hk) 
and y(x-hk) it follows that 

. ~ i\ v 
T = y'(x) +-, y'"(x) +-, y (x) + 

O,k 3. 5. 

fork=l, ••. ,n 

so that, as an approximation to y'(x), To,k involves 
a truncation error of order h~ . 

Knowing the two divided differences To,k and 
To,k+l> we are able to generate the extrapolated 
value 

T -T 
T = T + 0, k+ 1 0, k 

l,k O,k+l -1 
al,k 

where 

1 2 
al,k = (l + n-k) 

T1,k is a better approximation to y'(x) since 

1 1 4 v 
Tl,k =y'(x) - 5! al,k Ilk y (x) 

1 1 1 6 vii 
- -7 I - (l+ -) h_- Y (X) - o • o 

· al,k al,k -k 

which involves a truncation error of order hf . 

(2) 

If we also know To,k+2, we can generate 
Ti k+l using equation (2), and further, we can com-

' pute the extrapolated value 

Tl k+l-Tl k 
T = T + --'-~--'-2, k l,k+l -1 

a2,k 

where 

2 2 
a2, k = (l + n-(k+ 1)) 

which involves a truncation error of order h~ • 
Generally, the order of the truncation error is 

increased by 2 with each ne\\'. extrapolation step; 
in particular, T. J. will involve a truncation error of 

1, 
order 

h2.i+ 2. 
J 

i = 0, ••• , n-1, j = 1, .•• , n. 

Figure 3 shows the arrangement of the T values 
in the triangular Romberg scheme. The T values 
are computed following the upward diagonals, using 
the general formula: 

T -T 
m-1 k-m+ 1 m-1 k-m 

T =T + ' ' 
m,k-m m-1,k-m+l m ( 2+ m ) 

n-(k+ 1) n-(k+ 1) 
(4) 

for m = 1, •.• , k-1 for fixed k, k=2, ..• , n 

Truncation O(h~) O(h~) O(h~) O(h~) O(hl~) 
error 

stepsize m 
0 1 2 3 4 

k 

hl 1 TO 1 T2,ll T3 1 T4 1 
' ' ' 

h2=0.8hl 2 TO 2 T2 2 T3 2 
' ' ' 

h2=0.6hl 3 T2 3 
' 

h4=0. 4hl 4 

h5=0. 2h1 5 

Figure 3. The triangular Romberg scheme of T-values for the 
e;.ise n=5 
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Numerical experience shows that the accuracy 
of the results depends heavily on roundoff errors in 
the central divided differences T 0 k• Therefore, 
the choice of the absolutely smallest step size, hn, 
is based on the following considerations. 
Let: 

~ 1 in single-precision computation 

v = { 3 in double-precision computation 

Set: 

1. ' 
Y =. 2 (y(x+ h0) + y(x-h0) ) 

and 

Y and T are approximations to y(x) and y' (x), 
respectively. 

Assuming that the errors in the function values 
y(t) fort f: [x-lh I, x+ I h I] are bounded by 

f: ={Y·lO-D 

10-D 

formula (1) shows that the roundoff error in the com
putation of To n is bounded by 

' 

( 
R(T ) =-= 

O,n h 
n 

where D is the number of significant digits in the 
floating-point representation of numbers. suppose, 
also, that we are willing to tolerate a roundoff error 

{ 

T·lO-D+v 

R'(T ) = 
O,n D+ 

10- v 

Then we must have R(To,n> :::R'(To,n» which is 
satisfied when 

h = max(l, I YI) olO-v 
n max(l, I Tl ) 

Finally we set 

h1 = min(n·hn, I h I)' 

guaranteeing that the evaluation of the function 
y = y(t) is restricted to the closed interval 
[x-1 hi, x+ lhl]. 

Programming Considerations: 

(5) 

(6) 

Numerical experience shows that, because of in
creasing roundoff errors, it is generally fruitless 
to perform more than five extrapolations. Thus, 
the subroutine uses n = 5, and it is therefore 
necessary only that y = y(t) be eleven-times dif
ferentiable, rather than analytic. It is easy to see 
that in the case n = 5, y = y(t) must be evaluated at 
twelve points in the closed interval [x-lhl, x+ lhl ]. 

As previously explained, the computation of the 
T values is performed along the, upward diagonals 
of the triangular Romberg scheme. Therefore, 
only a one-dimensional internal storage vector, 
named AUX, with five storage locations is necessary. 
Figure 4 shows the storage administration and the 
sequence Of computations (numbers in parentheses). 

AUX(l) TO 5(11) 
' 

AUX(2) T0,4(7) T 10 4 (12) 

AUX(3) TO 3(4) Tl 3(8) T2 3 (13) 
' ' ' 

AUX(4) TO, 2(2) Tl 2(5) T2, 2(9) , T3 2 (14) . . 
AUX(5) TO 1 (1) T 1 ~ (3) T2 1 (6) T3, l (10) T4 , 1 (15) J . . . 

Figure 4. Storage administration and order of computation 

Each extrapolation loop, the computation of the 
elements on an upward diagonal, is terminated as 
soon as the absolute values of the differences be
tween adjacent diagonal elements stop decreasing' 
showing the influence of roundoff errors. The com
puted T value that differs least in absolute value 
from its immediately preceding. diagonal neighbor is 
the desired value Z. 
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· o Subroutine DFEO 

OFEO • • DFEO 10 
I******************* **************************************************/DFEO 20 
I* •IDFEO 30 
I* COMPUTE OERJVATIVE VALUE OF A FUNCTION USING EXTRAPOLATION •/OFEO 40 
I* METHOD C:N ONE-SIDED DIVIDED DIFFERENCES •IDFEO 50 
I* *IDFEO 60 
l*********************************************************************/DFED 70 

PROCEOUREIX,H10PT,FCT 1 Z) ,. DFEO SC 
DECLARE DFED 90 

(X,Z,H1HK,HH1V1Y,Hl, DFEO 100 
DA,OB,Dl1AUX(lc-JJ DFEO 110 
BllllARY FLOAT, /*SINGLE PRECISION VERSION /*S*/DFEO 120 

I* BlNAF;Y FLOAT15.3J, /*DOUBLE PRECISION VERSION l*D*/DFEO 130 
(K,HJBINARV FIXED, OFEO 140 
FCT ENTRY DFEO 150 
(BINAPY FLOAT) /*SINGLE PRECISION VERSION /*S*/DFEO 160 

I* IBINARY FLOATC53IJ /*DOUBLE PRECISION VERSION /*D•/DFEO 170 
RETURNSCBlNARY FLOATI, /*SINGLE PRECISION VERSION /*S*/DFEO 180 

I* PETURNSlBtNARY FLOAH53J), /*DOUBLE PRECISION VERSION t•D•/DFEO 190 
(ERROR EXTERNAL,OPT)CHARACTER ( 1 J, • DFEO 200 

IF H NE 0 !•TEST SPECIFIED INTERVAL •/DFECI 21C 
THEN 001 • OFEO 220· 

Hl =H' • OFEO 230 
Y =FCTlXJ,. DFE0240 
IF OPT NE 'C 1 !•SHOULD OPTIHUH STEPSlZE HL •IDFEO 250 
THEN DO,• /*BE GENERATED */DFED 26C 

V =5E-lt• /*SINGLE PRECISION VERSION /•S•/DFEO 270 
I* V =5E-3,. /*DOUBLE PRECISION VERSION /*D*/DFEO 280 

NEWK. • 

IF H l LT C DFEO 290 
THEN V =-V,. DFEO 300 
IF ABS( VI GT ABS CHU DFEO 310 
THEN HH -=HI,. /•SET HH=SIGNCHJ•HINIV 1 ABSIH)) */DFEO 320 
EL SE HH =V,. OFEO 330 
DB =ABSICFCTlX+HHJ OFEO 340 

;-Y)/HHI,. DFEO 350 
IF OB LT 1 OFEO 360 
THEN DB =lt• /*SET DB TO HAX1l1ABSCTJ> •/DFEO 370 
HK =IV+V)/08,. DFEO 380 
IF i'iBSC YI GT 1 OFED 390 
THEN HK =HK*ABSIYI,. !•SET HK=Z•V•MAXll,ABSCYJ)/DB •IDFEO 400 
IF ABSCHK) LT ABSCHlJ DFED 410 
THEN Hl =HK,. /*SET Hl=SIGNCH)•HINCHKtABSCHlJ•/DFEO 420 
ENO,• DFEO 430 
=10,. DFEO 440 
DO K =l TO 10,. DFEO 450 
HK =lV/lOJ•Hl,. /*SET HK TO Hl*lll-KJ/10 •/DFEO 460 
z,AUXI K J=I FCTl X+HKJ-YJ /•SET AUXI K) TO TC o,K I •IOFEO 470 

/HK,• DFEO 480 
HH =l/V,. OFEO 490 
HK ::Ct• DFEO 500 
DA =1E301. DFEO 510 

DO H =K-1 TO l BY -1,. DFEO 520 
HK =HK+HH, • 
OZ =lZ-AUXIMIJ 

/HK,. 
DB =DA,. 
DA =ABS lDZ I , • 
IF DB LT DA 
THEN GOTO NEWK,. 
z,AUXIMJ=Z+oz,. 
ENO,. 

v =v-1,. 
ENO,. 

Ef:l'Ol<.= 1 C1 I. 

ENO,. 

DFEO 53C 
DFEO 540 

!•SET DZ TO INCREMENT •/OFEO 55Q 
DFEO 560 
DFEO 570 

/*TEST FOR DECREASING INCREMENH/DFEO 580 
DFEO 5qo 

/*SET Z,AUXlHI TO TCK-H,HI */DFEO 600 
DFEO 610 
OFEO 620 
DFEO 63C 
DFEO 640 

/*SUCCESSFUL OPERATION */DFEO 650 

E:LSE E~Q.OR= 1 1 1 ,. 

ENO,. 

DFEO 660 
/*ERROR IN SPECJFI ED INTERVAL */DFEO 670 
/*ENO OF PROCl;OURE DFEO •IDFEO 680 

Purpose: 

Given argument X and function FCT{X), defined in the 
one-sided interval [X, X+H], DFEO computes an 
approximation Z to the derivative. 

Usage: 

CALL DFEO (X, H, OPT, FCT, Z); 

X - BINARY FLOAT [ (53)] 
Given argument value. 

H - BINARY FLOAT [ (53)] 
Given length of interval. 

OPT - CHARACTER (1) 
Given option for calculation of the stepsize. 

FCT- ENTRY 
Given procedure for calculation of function 
values, which must be supplied by the user. 

Usage: 
FCT(T) 
FCT(T) BINARY FLOAT [ (53)] 

Resultant function value. 
T - BINARY FLOAT [(53)] 

Given argument value. 
Z - BINARY FLOAT [(53)] d 

Resultant approximation to dx FCT(X). 

Remarks: 

OPT= 'O' means maximum stepsize is set equal to 
H; otherwise, it will be calculated within procedure 
DFEO (for details see "Mathematical Background"). 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitutes the possible error condition 
that may be detected: 

ERROR= '1' means His equal to zero. 

Method: 

The approximation Z of the derivative is obtained by 
applying Richardson's and Romberg's extrapolation 
method to successively computed one-sided divided 
differences, using function values in the closed 
interval [X,X+H]. 

For reference see: 

S. Fillipi and Engels, "Altes und Neues zur 
numerischen Differentiation", Elektronische 
Datenverarbeitung, iss. 2 (1966), pp. 57 -65. 

Mathematical; Background: 

Suppose, first, that y=y(t) is analytic at x; that is, 
y has a Taylor series expansion about the point x 
with radius of convergence R > o. Let h be such 
that 0 < I h I < R. For each positive integer n, 
a stepsize hi with 0 <lh1I ~ lhl is computed as de
scribed below, and a sequence hk of increments is 
generated, where 

h_ = n-k+l h 
-K n 1 

fork= 2, ••• , n. 
From the sequence (x, x+ hk) of point pairs 

(k = 1, ••• , n), the sequence of one-sided divided 
differences 

y(x+ ~) - ;v<x) 

TO,k = ~ fork= 1, ••• , n (1) 
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is computed, which forms the first column of the 
triangular Romberg scheme. These one-sided 
divided differences To k represent the slopes of the 
secants sk in Figure 5 'in the case h > O. 

tangent 

t=x 
I 

t=x+h 

x+h10 ... x+h5 ... 

Figure 5. A sequence of secants for a given function y=y(t) and 
a given argument t = x for the case n = 10, h > O 

From the Taylor series expansion of y(x+ hk) it 
follows that 

hk ~ 
T =y'(x) + -y"(x) + -,-y"'(x) + 

O,k 2 3. 

for k=l, ••• , n 

so that, as an approximation to y'(x), To k involves 
a truncation error of order ~· Knowing the two 
divided differences To,k and To,k+l• we are able 
to generate the extrapolated value 

where 

T1 k is a better approximation to y'(x) since 
' 

1 
T 1,k = y'(x) - 3f 1 2 

- 11.- y"'(x) -1 -g: 
a. k l, 

1 __!_. (l + _1_ ) hk3 iv - 4'. Y (x) - ••• 
a. k a. k 1, 1, 

(2) 

which involves a truncation error of order h~ • 
If we also know To,k+ 2, we can generate 

Tl,k+l using equation (2), and further, we can com
pute the extrapolatEid value 

where 

Tl,k+l-Tl,k 
-1 

a2,k 

2 
a2,k = (l + n-(k+l» 

which involves a truncation error of order h~ • 
Generally, the order of the truncation error is 

increased by 1 with each new extrapolation step; in 
particular, Ti,j will involve a truncation error of 
order 

hi+ 1, i = O, ••• , n-1, j = 1, .••• , n. 
j 

Figure 6 shows the arrangement of the T values 
in the triangular Romberg scheme. The T values 
are computed following the upward diagonals, using 
the general formula 

T -T m-1 k-m+l m-1 k-m 
T =T + ' ' m,k-m m-1,k-m+l ~ 

n-k+l 

(3) 

form= 1, ••• , k-1 for fixed k, k=2, ••• , n 

Truncation 
O(hk) O(h~) O(h~) O(h~) O(h~) O(h~) O(h~) O(h~) O(h~ O(hl~ error 

Stepsize ~ 0 1 2 3 4 5 6 7 8 9 

hl 1 TO,l Tl,1 T T T T \ T T T T 2,1 3,1 4,1 5,1 VG,1 7,1 8,1 9,1 

h2=0. 9hl 2 T0,2 Tl,2 T T T l T T T T ~ 2,2 3,2 4,2 ~5,2 6,2 7,2 8,2 

h3=0,8hl 3 T0,3 Tl,3 T T I T T T T v 2,a a.a v4,a s,a s,a 7,a 
h4=0.7hl 4 T0,4 Tl,4 T\T TT T v 2,4 j/3,4 4,4 5,4 6,4 

h5=0. 6h1 5 T0,5 
Tl 51 

T T T T v J..--2,5 3,5 4,5 5,5 

b6=0, 5h1 6 
T0,6! i]'1,6 T2,6 T3,6 T4,6 v 

h7=0,4hl 7 T0,7 Tl, 7 T2,7 T3,7 v 
h8=0. 3h1 8 T0,8 Tl,8 T2,8v 

h9=o, 2h1 9 T0,9 Tl,9 v 
h10=0. lhl 10 TO, IO 

Figure 6. The triangular Romberg scheme of T values for the 
case n=lO 

Numerical experience shows that the accuracy 
of the results depends heavily on roundoff errors in 
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the one-sided divided differences To,k· Therefore, 
the choice of the absolutely smallest step size, hn, 
is based on the following considerations. 
Let: 

v 

Set: 

) 1 in single-precision computation 

l 3 in double-precision computation 

n -v I I h0 = sgn(h) • min (2 · 10 , h ) 

T is an approximation to y'(x). 
Assuming that the errors in the function values 

y(t) for tE" [x,x+h] are bounded by 

if I y<x> I > 1 

if 1y<x>1 ~ 1 

equation (1) shows that the roundoff error in the 
computation of To,n is bounded by 

R(T0 ) ,n 

2ly<x>I 10-n ifly<x>I > 1 

lhnl 

where D is the number of significant digits in the 
floating-point representation of numbers. If we are 
also willing to tolerate a roundoff error 

R'(T0 ) 
,n 

,~ 2T•l0-D+v 

? 2-10-D+v 

we must have R(To,n> ~R'(To,n» which is 
satisfied when 

h = max (1, jy(x)I). 10-v 
n max (1, IT I> 

Finally, we set 

(4) 

(5) 

guaranteeing that the evaluation of the function 
y = y(t) is restricted to the closed interval [x, x+ h]. 

Programming Considerations: 

Numerical experience shows that, because of in
creasing roundoff errors, it is generally fruitless 
to perform more than ten extrapolations. Thus, the 
subroutine uses n = 10, and it is therefore 
necessary only that y ,= y(t) be eleven-times differ
entiable, rather than analytic. It is easy to see that 
in the case n = 10, y = y(t) must be evaluated at 
twelve points in the closed interval [x,x+h]. 

As previously explained, the computation of the 
T values is performed along the upward diagonals 
of the triangular Romberg scheme. Therefore, 
only a one-dimensional internal storage vector, 
named AUX, with ten storage locations is neces
sary. Figure 7 shows the storage administration 
and the sequence of computations (numbers in 
parentheses). 

AUX(l) TO, 10(46) 

AUX(2) TO, 9 (37) T 1, 9 (47) 

AUX(3) T0, 8 (29) T 1, 8 (38) T2, 8(48) 

AUX(4) TO, 7 (22) Tl, 7 (30) T2, 7 (39) 

AUX(5) TO, 6(16) Tl, G(2:J) T2, 6(31) 

AUX(6) TO, 5(11) T1, 5(17) T 2, 5(24) 

AUX(7) TO, 4(7) T 1, 4 (12) T2, 4 (18) 

AUX(B) TO, 3(4) T1,/B) T 2, /13) T7 , 3 (53) 

AUX(9) TO, 2(2) Tl, 2(5) T2, 2(9) T7 , 2 (44) TB, 2(54) 

AUX(lO) TO, 1 (1) T 1, 1 (3) T2, 1(6) T7 , 1(36) TB, 1(45) 
T92:] 

Figure 7. Storage administration and sequence of calculations 

Each extrapolation loop, the computation of the 
elements on an upward diagonal, is terminated as 
soon as the absolute values of the differences be
tween adjacent diagonal elements stop decreasing, 
showing the influence of roundoff errors. The com
puted T value that differs least in absolute value 
from its immediately preceding diagonal neighbor 
is the desired value Z. 
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Interpolation of Tabulated Functions , 

• Subroutine ALIM/ ALIE 

ALIH. • ALI 
I***********************************************************·*· ~*******!AL 1 
I* */ALI 
I* AITKEN SCHEME FOR INTERPOLATION OF FUNCTION VALUE. */All 
I* FROM GIVEN MONf'TONIC TABLE */ALI 
I* */AL I 
I*******************************"'************************************•/ AL I 

PROCEOt.lR.E (X,V,0111,0RDER.,EPS,XVAL,YVALJ.,. . ALI 
DECLARE . Alt 

IDIM, I ,J,K 1Nt I I ,JL,JR,JJL,JJR,OIMS ,ORDER) AL I 
BINARY FIXED, 4.LI 
(XI* J ,y( *>, ARGIHINIDIM, ORDER I) ,YAU HIN(DJH,OROERJ I, XVAL, AL 1 
VVAL, XST, DX 1 EP S ~XS, Zl, lZ, O,IJO, VAL I , VAL I l t A, DIST, DIST 1, AL 1 
H,OELTlrDELT2,FACT1ARGlJ All 
81NAf<.Y FLOAT, /*SINGLE PRECISION VERSION /*S*/All 

I* SJNAP.Y FLOAT 1531t /*DOUBLE PRECISION VERSION /*D•/ALI 
I ERR!1R EXTERNAL, SWI ALI 
CHAR AC TEP ( 1),. AL I 

SW ='M',. l*HONOTONIC ARGUMENTS */All 
J =lr. AL I 
D =1E75,. All 

DO I "' l TO DI Hr• /*COMPUTE STARTING SUBSCRIPT J •/AL I 
00 =ARSfXVAL-XIJ)),·. All 
!FOOLED ALI 
THEN DO,. ALI 

0 =DO,. All 
J =JI• Al I 
l:NO,. Al 1 

ENO,. AL I 
A,ARG(Ll:)((JI,. Alt 
GO TO co11,. ALI 

ALIE.. AL I 

/****"'*********** ********** "'******** * ** ****************** *************I AL 1 
I* */All 
I* AITKEN SCHEME FOR INTERPOLATIJ)~ OF FUNCTION VALUE */AL I 
I* FROM GIVEN EQUIDISTANT TABLE */ALI 
I* */ALI 
1**** ******* ***** ********** ********* ********** **** ********************I Al I 

ENTFY CXST,OX,Y,OJM,OROER,EPS;XVAL.VVALJ,. ALI 
SW ='F.'1• All 
Zl =XST,. /*EOUIOISTANT ARGUMENTS ""IAU 
Z2 =DX,. All 
J =11. ALI 
A1ARGI lJ=Zl,. AL I 
IFZ2=0 All 
THEN GO TO COM,. Al I 
J =MAXll11XVAL-ZlJIZ2+1.51,. ./*COMPUTE STARTING SUBSCRIPT J */ALI 
J -=H,INfOIMrJJ,. ALI 
A,ARGI ll=Zl+FLOAT(J-1J*Z2,. AL 1 

C(IM. • ALI 
ERROR= 1 2 1 ,. All 
XS =XVAL,. ALI 
DIMS =DJH,. All 
N =HJNIOIMS10RDERJ t• All 
OELTl1Jl1JR=i:1 • All 
VALIL,VAU lJ=VIJI,. ALI 
FACT =XS-A 1 • AL I 
DISTl=ABSIFACT11. ALI 
N =MAXIN, 11 n AL I 

DO I =2 TON,. /*TABLE SELECTION */.II.LI 
JJR =J+JR,. /*TEST IF SUBSCRIPT IS GREATER */ALI 
IF JJR GE DIMS /*THAN DIM OR LESS THAN ONE */AL I 
THEN GO TO LAB2, • . ALI 
JJL :::J-JL,. AL I 
IF JJL LE 1 All 
THEN GO TO LAB3,. AL I 
IF SW= 1 E 1 ALI 
THEN A =-FACT*Z2,. /*A=IARGIJ-11-XVAlJ*DX ""/All 
ELSE A =ABS(XIJJR+ll-XSI ALI 

-ABSIX(JJL-11-XSJ,. ALI 
IF A LE 0 /*TEST IF THE NEXT STEP IS TO */All 
THEN GO TO LAB3,. /*THE RIGHT OR TO THE LEFT */All 

LAB2 •• !•STEP TO THE LEFT •/ALI 

LAB3 ... 

CONT •• 

,. 

JL :cJL+ 1,. 
K =J-JL,. 
GO TO CONT,. 

JR 
K 

=JR+l, .. 
=J+JR, • 

IF SW::: 'E 1 

THEN A =Zl+FLOAT(K-ll*Z2, • 
ELSE A =X(Klt• . 
FACT =XS-A,. 
IF SW= 1 M'' 
THEN DO,. 

DI ST =ABSI FACT1,. 
.IF DIST LT DtSTl 
THEN GO TO IOENT,. 
DlSTL=DIST,. 
END,. 

ARGC t l=A,. 
VALi ,VAL( I )=YIK) I. 

DO II =l.TD I-1,. 
ARGI ==ARGI I I J,. 
H =ARGJ-A 1 • 

IF H =O 
THEN GO TQ IDENT, • 
VALi =IVAUIIJ•FACT-VALI 

*I XS-ARGI J l/H,. 
END1. 

DEL T2=ABSI VALI-VALl 11, • 
VALI l rVALI I J-=VALI,. 
IF I GT 2 
THEN DO,. 

IF DEL T2 LE EPS 
THEN GO TO STDP 1 • 

IF I GE 5 
IF I GE 8 
THEN IF DEL T2 GE DEL Tl 
THEN GD TO OSCIL,. 
ENO,. 

DEL Tl=DEL rz'. 
END,. 

I =N,. 
GO TO ~ETURN1 • 

/*STEP TO THE RIGHT 

/*Al<GUMENTS NOT MONOTONIC 

1.•COHPUT E VAL I I I 

/*TEST ON ACCURACY 

ALI 
ALI 
ALI 

*/ALI 
ALI 
ALI 
ALI 
•LI 
ALI 
ALI 
ALI 
ALI 
ALI 
All 
All 

*/ALI 
•LI 
ALI 
ALI 
ALI 

*/All 
ALI 
All 
All 
All 
All 
All 
All 
All 
All 
All 
ALI 

•/ALI 
All 

/*SINGLE PRECISION VERSION l•S•IALI 
!•DOUBLE PRECISION VERSION l•D•/ALI 
/*TEST ON DSCILLAT ION •tALI 

/*END OF AITKEN-LOOP 

ALI 
ALI 
ALI 

•/ALI 
ALI 
All 

118 Mathematics--Interpolation 

LO 
20 
3C 
40 
50 
60 
70 
SC 
•c 

100 
110 
120 
130 
140 
150 
160 
170 
180 
100 
200 
210 
220 
230 
240 
zsr. 
260 
270 
280 
200 
300 
310 
320 
330 
340 
35t:: 
360 
370 
380 
300 
4CC 
410 
420 
430 
440 
450 
460 
470 
480 
4"C 
500 
510 
520 
530 
540 
55C 
56C 
570 
580 
5•c 
60C 
610 
620 
630 
640 
650 
660 
670 
680 
6•o 
700 
710 
720 
730 
740 
750 
760 
770 
780 
700 
aoc 
810 
B20 
830 
840 
850 
860 
870 
BBC 
B•O 
•OO 
010 
020 
931:' ••o 
950 
960 
970 
•BO 
.. o 

LOOC 
1010 
LOZO 
1030 
1040 
1050 
1060 
1070 
1080 
1090 
1100 
1110 
1120 
1130 
1140 
1150 
1160 

oscit .. 
ERROR='l'1• 
GO TO lDENTl, • 

I DENT•• 
ERROR= 1 3 1 ,. 

All 1170 
AL 1 ll80 
AL I 1190 
ALI 1200 
All 1210 
AL I 1220 
Al 1 1230 
AL I 1240 
AL I 1250 
All 1260 
All 1270 

.ALI 1280 

IDENTl •• 
I =I-11. 
GO TO RETURN,. 

STOP •• 
ERROR= 1 0 1 1• 

RETURN •• 
YVAL =VAU J),. 
END,. /*END Of PROCEDURE All "*/ALI 1290 

Purpose: 

ALIM interpolates the function value YV AL for a 
given argument value XV AL using a given table 
(X, Y) of argument and function values. 

Usage: 

CALL ALIM (X, Y, DIM, ORDER, EPS, XVAL, 
YVAL); 

x-

Y-

DTh'I-

BINARY FLOAT [(53)] 
Given vector of monotonic argumentvalues. 
BINARY FLOAT [(53)] 
Given vector of table-function values. 
BINARY FIXED 
Given dimension of vector X and Y. 

ORDER - BINARY FIXED 

EPS-

XVAL-

YVAL-

Purpose: 

Given number of points to be selected 
out of the given table (X, Y) 
BINARY FLOAT [(53)] 
Given constant used as upper bound for 
the absolute error. 
BINARY FLOAT [(53)] 
Given argument to be interpolated. 
BINARY FLOAT [(53)] 
Resultant interpolated function value. 

ALIE interpolates the function value YV AL for a 
given argument value XV AL using XST, the starting 
value of the arguments, DX, the increment of the 
argument values, and the vector Y of function values. 

Usage: 

CALL ALIE (XST, DX, Y, DIM, ORDER, EPS, 
XVAL, YVAL); 

XST-

DX-

Y-

DIM -

BINARY FLOAT [(53)] 
Given starting value of arguments. 
BINARY FLOAT [(53)] 
Given increment of argument values. 
BINARY FLOAT [ (53)] . 
Given vector of table-function values. 
BINARY FIXED 
Given dimension of vector X and Y. 



ORDER - BINARY FIXED 
Given number of points to be selected out 
of the given table (X, Y). 

EPS - BINARYFLOAT [(53)] 
Given constant used as upper bound for the 
absolute error. 

XV AL - BINARY FLOAT [(53)] 
Given argument to be interpofa.ted. 

YVAL - BINARY FLOAT [(53)] 
Resultant interpolated function value. 

Remarks: 

ERROR='O' - means required accuracy could be 
reached. 

ERROR='!' - means required accuracy could not 
be reached because of rounding 
errors. 

ERROR=121 - means accuracy could not be checked 
' because MIN (DThl; ORDER) is less 

than 2, or the required accuracy 
could not be reached by means of 
the given table (X, Y). ORDER 
should be increased. 

ERROR='3' - means two arguments in the argu
ment vector X are identical, or the 
arguments are not monotonic. 

In case ERROR='O' and ERROR=121 the last inter
polated value for YV AL is returned. In case 
ERROR='!' and ERROR='3' the value prior to the 
last interpolated value for YVAL is returned. If, 
by a user error, ORDER is greater than DThl, the 
procedure selects only a maximum table of DThl 
points. In order to avoid errors, the user should 
check the correspondence between the selected 
table and its dimension by comparison of DThl and 
ORDER. 

Method: 

Interpolation is done by means of Aitken's scheme of 
Lagrange interpolation. 

For reference see: 

F. B. Hildebrand, Introduction to Numerical Analysis, 
McGraw-Hill, New York-Toronto-London, 1956, 
pp. 49-50. 

Mathematical Background: 

Before starting Lagrange interpolation, a table 
(ARG, VAL) must be selected out of the given mono
tonic or equidistant table. This selection is done in 
two parts. In the first part, the subscript J of the 

argument next to the search argument XV AL is 
computed, using the following formulas: 

In case of equidistant table -

Subscript J = integer part of ~ A~~ST + 1. 5) 

In case of monotonic table -
Subscript J is searched for such that 

I XVAL - X(J) 1~ lxvAL - xcn I· 1 ~1 ~DIM 

At each of the N =MIN (DThl, ORDER) interpola
tion steps, the procedure decides by comparison of 
distances whether the next step has to go to the right 
or to the left within the dimension of the given table. 

It is assumed that I X(I) - XV AL I> I X(J) - XV AL I 
for all I >J. Otherwise, ERROR='3' is returned. 

Yi means V AL(i); xi means ARG(i). 
Using the formulas 

y. (x - XVAL) - y (x1 - XVAL) 
Y. = 1 n n 
i,n · xn - x1 

and 

Y1,2, ••• ,m,n= Y1,2, ••• ,m (x -XVAL) 
n 

-y 1,2, ••• , m-1,n (x -XVAL) m 

I (x - x > n m 

it is possible to generate, by row, the following 
triangular Aitken scheme: 

x y y y y 
4 4 1,4 1,2,4 1,2,3,4 . . . . . 

x y Y1 Y1 2 Y1 2 • " • " Y1 n n . ,n , ,n , ,3,n ,2,3, •••• ,n 
All resultant values of row I are stored in VAL(i): 

VAL(i) = VAL(ii) • (XV AL - ARG(i)) 

-V AL(i) (XV AL - ARG(ii)) / (ARG(ii) - ARG(i)) 
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(ii= 1,2, ••• , i - 1) for i = 2, 3, ••• , MIN(DThl, 
ORDER). 

Programming Considerations: 

The procedure stops under the following conditions: 
1. If the difference I (VAL(i-1) - VAL (i))I, with 

i ~ 3, of two successive values is less then a given 
tolerance EPS, ERROR='O' is returned. 

2. If the absoiute value of this difference stops 
diminishing, thus showing the influence of rounding 

120 Mathematics--Interpolation 

errors, ERROR='l' is returned. (Test starts at 
step i = 5 for single precision, step i = 8 for double 
precision.) 

3. If the procedure has worked through the whole 
triangular Aitken scheme, ERROR='2' is returned. 

4. If the procedure discovers that the arguments 
are not monotonic or that two arguments are identi
cal, ERROR='3' is returned. 



PRDCEDlRE ALIM uses Al TKEN•S SCHEMF FDR l~TERPDLAT ION IN GIVEN MONDTn~IC TABLE 

F.NTRY ALIE INTF.RFOLAHS IN EQUIOISTANT TABLE 

****Al********* • • *PROCEDURE ALIM * • • ••••••••••••••• 

x •••••a1•••••••••• 
•HARK ENTRY ALIM* 
* SEAACH FIRST * 
* TABLE ENTRY * 
* IL INEAR SCAN I * • • ••••••••••••••••• 

x 
*****Cl********** • • *SAVE INOE X J OF* 
* TABLE ENTRY * • • • • ••••••••••••••••• 

·····~1·! ....... . • • •FETCH ANO STOR:E* 
* CLOSEST * 
* ARGU'IENT * • • ••••••••••••••••• 

***•AZ*•******* • • * ENTRY AUE * • • ••••••••••••••• 

ic ••11••e2•••••••••• • • •MARK ENTRY ALIE* 
*CALCULATE FIRST* * TABLE ENTRY * • • ••••••••••••••••• 

ic •••••c2•••••••••• • • •SAVE INDEX J CF• * TABLE ENTRY * • • • • ••••••••••••••••• 

ic •••••02••········ • • : m~MLms~~~ : 
* ARGUHE NT * • • ••••••••••••••••• 

:x •.••••••.•.••••.....••.• : 
x 

*****El********** • • * PRESET * 

•••••e2•••••••••• 
*COMP~TE JJR me• * I NOEX CF NEKT * * ERROR~ 1 2• * ••••• x• RIGHT HANO •x .......................... . • • • • ••••••••••••••••• 

x •••••fl••········ • • *COMPUTE MAXIMAL* * DIMENSION OF * 
* AITKEN SCHEME * • • .................. 

x 
*****Gl********** * INH JAL IZE Jl * 
* AND JR ILEFT * 
*AND RIGHT INDEX* 
•~HPS IN TABLEI* • • •••••••••••••••••• 

x 
*****Hl********** * INSERT FIRST * * FUNCI ION VALUE * 

* TABLE VALUE * . • • • •••••••••••••••• 

ic ... 
F2 *• 

• *IS JJR *• • * WITH! N *• NC 
*• SUBSCRIPT • *• •• , •., ... ,. • •••• , 

*• RANGE • * .. . . . ... 
• YES 

x ••••tG2••········ *COMPUTE JJL THE* * INDEX OF NEXT * 
*LEFT HANO TABLE* 
* VALUE * • • ••••••••••••••••• 

x ... 
H2 *• 

, •IS JJL *• 
NO • * WIIHI N *• 

* IN AITKEN * ••• •• *• SUBSCRIPT • * 
* SCHEME * • • ••••••••••••••••• 

x •••••Jl••••······ . " * COMPUTE * 
* DIFFERENCE OF * 
*ARGUMENIS FACT * . " .................. 

·. 
x 

·····~1·•········ * INIT JAL IZE * 
•CALCULATION OF·• • 

: A~~~§jf~l~~S :•••• • • ••••••••••••••••• 

*• RANGE • * .. . . . .... 
* YES 

.l i J2 ... •••••Jl••········ . • * *• * UPDATE INDEX * . * SHOULD *• NO •STEP JL ANO S El* 
*• STEP BE TO •*• ....... xo UP INDEX OF * 

•.THE RIGHT.• * NEXT TABLE * 
*• • * * VALUE * •• • • • •••••••••••••••• * YES 

ic x 
*****K2********** *****K3********** * UPDATE INDEX * * FETCH * 

, •STEP JR ANO SET• * RESPECTIVELY * 
• • • X* UP INDEX OF *• • • • • • •• X *CAL CUL ATE 1\IEXT * 

• NEXT TABLE • • ARGUMENT us ea • 
* VALUE * * * ·······*········· ................ . 

... 
AS *• . . .. 

VF. S • * WAS *• 
•••• •• •••••••••• •• *• ENTRY VI A • •x ••• 

*· ALIM • * .. . . 
*· ... 

• NO 

.:. ic s 4 •. •••••sr; •••••••••• 
,•JS NEW *• * STORE NEW • 

•* POINT *•NO *ARGUMENT A~D * 
*• CLOSFR TO •*••••••••X* CORRFSPONOING • *• GIVEN .o •FUNCTION VALUE • 

*• XVAL • * * * •• •• • •••••••••••••••• * YFS 

x .l 
*****C4********** CS *• . . . . .. 
* SET ERROR= '3' * YFS • * ARF TWO *• 

••••••*!ARGUMENTS NOT *X••••••••*• ARGUMENTS •* 
* MONOTONIC I * •.IDENTICAL.* . . .. . . ••••••••••••••••• *· •• 

* NO 

ic •••••os •••••••••• * COMPUTE A~a • 
* STnRF Nl'W ROW * 
O OF AITKFN * * SCHE~E * • • ••••••••••••••••• 

x 
*****ES********** * CALCULATE * 
* DIFFFRF.NCF OF * 
* SUCCF SSI VE O 
*INTERPOLATION* 
* VALUES * ••••••••••••••••• 

• YES X 
••• • *• 

F4 *• F5 *• 
•* ARE *• • * AT *• 

• NO •" FURTHER *• NO , •LEAST THREE•. ... x .. •. POINTS .•x.......... POINTS •• 
*,AVAILABLE.* *• USED • * .. .. .. . . .. .. . .... * • YES x 

• NO X ... . .. 
G4 *• G5 *• 

.• DOES *• •* WAS *• 
.•OSCILLATION•. ND • OtllFFERENCE *• *. l~DICATE • •X ••• ••• •• *• SMALL • • 
*• ROUND- •* •·· ENOUGH • * 

*• OFF •* *• • * *· ·* •..• •YES •YES 

x 
*****H4********** • • * SET ERROR=•l• * 
* I RO UNO OFF * * FR~ORSI * • • • •••••••••••••••• 

x ic •••••J4•••••••••• •••••Js•••••••••• • • • • 
• • RFTURN * * SFT F.RROR=•O 1 • ••• x• INTERPOLATED •x ••••••••• !SUCCESSFUL • * VALUE YVAL * *I NTFRPOLATI CNI * • • • • ••••••••••••••••• • •••••••••••••••• 

x 
****K4********* * ENO OF * 

*PRJCEDUH ALIM * . .. 
••••••••••••••• 

*****KS********** • • * CALCULATE * • 
* ARGUMENT o,. •• 
*IJIFFERENCE FACT• • • ···········•***** x 
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• Subroutine AHIM/ AHIE 

AHIM. • AHi 
I********************************************************************* I AH I 
I* *fAHI 
I* AITKEN HERMITE SCHEME FOR INTERPOLATION OF FUNCTION VALUE */AHi 
I* FRO!>' GIVEN MONOTONIC TABLE */AHi 
I* >1</AHI 
I*****************'************************************************* t:>l<>I< /AH I 

PROCEDURE (X,Y,OY,DJM,OROER1EPS1XVAL,YVALI,. AHi 
DECLARE AHi 

( OIM,O IMS, I, I I, J ,·JJL,JJR ,JL,JR, K,N,OROERJ AHi 
BINARY FIXED, AHI 
lXI *l ,Yl•I ,ovt•I ,ARG( MI N(OJM,OROERI, 1VAU2•MINlOIM,ORDERI It AHJ 
EPS, XVAL, VVAL 'XST ,ox, A, o,oo ,oELTl ,oELT2rOIST' OISTl, H, AHi 
Hl' H2 'VALi 'VALI l ,VALJ ,VALJl ,xs.v1, VS ,z 1, Z2) AHi 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/AHI 

I* BINARY FLOAT 153) 1 /*DOUBLE PRECISION VERSION t•D•/AHI 
(Ei:<i:ioF EXTEflNAL,SWJ AHi 
r:'HAR.~CTERI 1),. AHi 

SW = 1 M•,. /*MONOTONIC ARGUMENTS *IAHI 
J =l,. AHi 
D =1E75,. AHi 

DO I = 1 TO DIM1. /*COMPUTE STARTING SUBSCRIPT J */AHi 
DD =ABSIXVAL-XlllJ,. AHi 
IF OD LEO AHi 
THEN OD,. AHi 

0 =DO,. AHi 
J =I 1. AHi 
END,• AHI 

END,. AHi 
ARG<ll=X{JJ,. AHi 
GD TO COM,. AHi 

fl HIE•• AHi 

I ** * *** •* *"' ****** *t<* * ** **** ****** =** * *** ** ************** *** * * *********I AH t 
I* */AHi 
I* AITKE"l HE RMI TE SCHEME FQD INTEFPOLATION OF FUNCTION VALUE */AHi 
I* FR'1M GIVEN EQUIDISTANT TABLE */AHi 
I* */AHi 

I***********************('******************************************* **I AH I ENTRY I XST ,ox, Y, DY 1DIH,ORDER ,EPS, XVAL ,YVALI,. 
SW =IE I I. 
Zl =XST,. /*EQUIDISTANT ARGUMENTS 
Z 2 ::OX,. 
J =l,. 
ARG( ll==Zl,. 
IF Z2= 0 
THEN GO TO COM,, 
J =MAX(l,CXVAL-Zll/Z"2+1.51u /•COMPUTE STARTING SUBSCRIPT J 
J =MINIDJM,JJ,. 
ARGI ll =Z l +FLOAT( J-11 *Z2, • 

COM •• 
ERROR= 1 2 1 ,, 

XS =XVAL1. 
YS =YVAL,. 
DIMS =DIM,. 
N =MINIOIMS,ORDERJ ,, 
JL1JR=01 • 
VALi, VALi lJ=YI J), • 
VALJ,VALI 21=DYI JI,. 
H2 =XS-ARGI lJ, • 
OISTl=ABSlH2l,. 
IF N LE 1 
THEN 00,. 

IF N = 1 
THEN VAUll::VAUil+VAL(Jl*H2,. 
ELSE VAl(l)::YS,. 
GO TO flETUl<Nto 
END.,. 
Q['I I =2 TON,. /*TABLE SELECTION 
JJR =J+JR,. 
IF JJR GE DIMS 
THEN GO TO LA82,. 
JJL =J-JL,. 
IF JJL LE 1 
THEN GO TO LA83,. 
IF SW= 1 E 1 

THEN A :(ARG(1-l)-XSJ*Z2,. /*A=(APG(l-11-XVALl*DX 

LA82,. 

LA83 •. 

CONT.• 

ELSE A =ABSI XI JJR+U-XS) 
-ABSI X( JJL-1 J-XSJ,. 

1F A LE C· 
THEN GO TO LAB3t. 

Jl =Jl+l,. 
K =J-JL,.. 
GO TO CONT,. 

JR =JR+l,. 
=J+JR, • 

IF Sitj:: 1 E I 

THEN A -=Zl+-FLOATU<-ll*Z2,. 
ELSE DO,. 

A =X( Kl,. 
DIST =ABS(XS-A), .. 
IF DIST LT DISTl 
THEN GO TO I DENT t. 
DI STl::OI ST,. 
ENO,. 

II =I+I,. 
VALJl=DYIKJ,. 
VALil=YtK),. 
ARGt Il=A,, 
VAL I I I-3J =VAL l+VALJ*H2, • 
Hl =H2,. 
H2 =XS-A,. 
H o::Hl-H2,. 
IF H = 0 
THEN GO TO IDENT,, 
VAL[ II-2l=VAlt+(VALil 

-VAlll*Hl/H,. 
VALi =VAL ll t. 
VALJ .:V.ALJl 1. 

ENO,. 
VALi 11- U=VALI +VAlJ*H2,. 
DEL T2=0 1 • 

Yl =VAL{ lJ,. 
OIJ I = 1 TO N+N-2,. 
YS =Vl1 • 
DEL Tl:DEL T2,, 
Hl =ARGtll+3)/2J,. 

/*STEP TO THE LEFT 

/*STEP TO THE RIGHT 

/*ARGUMENTS NOT MONOTONIC 

/*VALl2*IJ=OYIK) 
/*VAL ( 2* I-1 l=Y(K l 

/*TWO IDENTICAL Al<GUME"ITS 

/*ENO OF TABLE SELECTIO!\I 

/*PREPARE AITKEN-SCHEME 

/*START AITKEN-LOOP 
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AHi 
AHi 

*/AHi 
AHi 
AHi 
AHi 
AHi 
AHi 

*/AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AH I 

*/AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 
AHi 

*l.6HI 
AHi 
AHi 
AHi 
AHi 
AH! 

*IAHI 
AHi 
AHi 
AHi 

*/t..HI 
"-HI 
AHi 
AH! 
AHi 
AHi 
AHI 
AHi 
AHi 

*/AHi 
AHi 
AH! 
AHi 

*/AHi 
*IAHI 

AHi 
AHi 
AHi 
AH! 
AHi 
AHi 

*/AHi 
AHi 
AH! 
AHi 
AHi 

~/AHi 

AHi 
*/AHl 

AH! 
*/AH! 

AH! 
AH! 
AH! 

LO 
20 
30 
40 
50 
60 
70 
80 
90 

100 
LLO 
120 
130 
140 
150 
160 
170 
IBO 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
460 
470 
480 
490 
500 
510 
520 
53(1 
540 
SSC 
560 
570 
580 
590 
600 
610 
620 
630 
640 
650 
660 
670 
680 
690 
10C 
110 
720 
nc 
740 
15C 
760 
110 
780 
190 
eoo 
BIG 
820 
830 
B40 
850 
860 
B70 
880 
B90 
900 
910 
920 
':130 
940 
950 
960 
970 
980 
990 

1000 
1010 
1020 
1030 
1040 
1050 
1060 
1070 
1C80 
1C9G 
1100 
1110 
1120 
1130 
1140 
1150 
1160 
1110 
1180 
1190 

Vl =VAUI+l),. 
DO K :: l TO l BY -1,·. 
H2 =ARGllK+ll/2),. 
H =H2-Hl,. 

AHi 
AHi 
AHi 

IF H = 0 /*COMPUTE DIAGONALS OF 
AHi 

AITKEN- */AHi 
THEN GO TO JOENT,. /*SCHEME */AHI 

AHi 
AH! 

I• 

Yl, VALi Kl= I VAL(K)*( XS-Hl J 
-Yl*IXS-H21J/H,. 

END,. 
DEL TZ:ll.SS(YS-Yl),. 
IF DELT2 LE EPS 
THEN GO TO STOP,, 
IF I GE s· 
IF 1 GE 8 
THEN IF OELT2 GE DELTl 
THEN GO TO OSCIL,. 
ENO,. 

GD TO RETURN,. 
OSCIL •• 

ERROR=' l',. 
VALi lJ=YS,. 
GO TO RETURN,• 

JDENT •• 
VAL( l l=YS, • 
ERROR='J 1 ,. 

GO TO RETURN,. 
STOP •• 

ERROR='O't• 
RETURN.• 

YVAL =YALl lJ 1 • 

ENO,. 

Purpose: 

/*TEST ON ACCURACY 
AH! 

*/AHi 
AH! 
AH! 

/*SINGLE PRECISION VERSION /*S*IAHI 
/*DOUBLE PRECISION VERSION /*D*/AHI 

AH! 

/*END OF AITKEN-LOOP 

/*DELT2 STARTS OSClLLATING 

/*END OF PROCEDURE AHi 

AH! 
*/AHi 

AH! 
*/AHi 

AHi 
AH! 
AHi 
AHi 
AH! 
AH! 
AH! 
AH! 
AH! 
AHi 
AHi 

*/AHi 

AHIM interpolates the function value YV AL for a 
given argument value XV AL using a given table 

1200 
1210 
1220 
1230 
1240 
1250 
1260 
127C 
12SO 
129C 
13Cf".' 
131C-. 
1320 
1330 
1340 
1350 
1360 
1370 
1380 
139D 
14CO 
1410 
142(' 
143C 
1440 
1450 
1460 
1470 
1480 
1490 
1500 

(X, Y, DY} of argument values, function values, and 
their derivatives. 

Usage: 

CALL AHIM(X, Y, DY, DIM, ORDER, EPS,XVAL, 
YVAL); 

x 

y 

DY 

DIM 

ORDER -

EPS 

XVAL 

YVAL 

Purpose: 

BINARY FLOAT [(53)] 
Given vector of monotonic arguments. 
BINARY FLOAT[(53)] 
Given vector of table-function values. 
BINARY FLOAT [(53) ] 
Given vector of derivative values. 
BINARY FIXED 
Given dimension of vector X, Y, DY. 
BINARY FIXED 
Given number of points to be selected 
out of the given table (X, Y, DY}. 
BINARY FLOAT [(53)] 
Given constant used as upper bound 
for the absolute error. 
BINARY FLOAT [(53)] 
Given argument to be interpolated, 
BINARY FLOAT [(53) J 
Resultant interpolated function value. 

ARIE interpolates the function value YVAL for a 
given argument value XV AL using XST, the start
ing value of the argument, DX, the increment of 

·the argument values, vector Y of the function 
values, and vector DY of the function derivative 
values. 



Usage: 

CALL AHIE (XST, DX, Y, DY, DIM, ORDER, EPS, 
XVAL, YV AL); 

XST BINARY FLOAT [(53) J 
Given starting value of the arguments. 

DX BINARY FLOAT [(53)] 
Given increment of the argument 
values. 

Y BINARY FLOAT [(53)] 
Given vector of table-function values. 

DY BINARY FLOAT [(53) J 
Given vector of function derivative 
values. 

DIM BINARY FIXED 
Given dimension of the vector X, Y, 
DY. 

ORDER - BINARY FIXED 
Given number of points to be selected 
out of the given table (X, Y, DY). 

EPS BINARY FLOAT [(53) J 
Given constant used as the upper 
bound for the absolute error. 

XVAL BINARY FLOAT [(53)] 
Given argument to be interpolated. 

YVAL BINARY FLOAT [(53)] 
Resultant interpolated function value. 

Remarks: 

ERRO~' 01 means required accuracy could be 
reached, 

ERRO~'l' means required accuracy could not be 
reached because of rounding errors. 

ERR0~1 21 means accuracy could not be checked 
because MIN(DIM, ORDER) is less 
than 2, or the required accuracy 
could not be reached by means of the 
given table (X, Y, DY). ORDER should 
be increased. 

ERR0~1 31 means two arguments in argument 
vector X are identical or the arguments 
are not monotonic, 

In the case ERR0~1 01 and ERR0~1 2 1 the last 
interpolated value of YV AL is returned, The value 
prior to the last interpolated value for YVAL is 
returned, 

If, by a user error, ORDER is greater than DIM, 
the procedure selects only a maximum table of DIM 
points. In order to avoid errors, the user should 
check the correspondence between the selected 
table and its discussion by comparison of DIM and 
ORDER. 

Method: 

Interpolation is done by means of Aitken' s scheme 
of Hermite interpolation .. 

For reference see: 

F. B. Hildebrand, Introduction to Numerical Analy
sis, McGraw-Hill, New York-Toronto-London, 
1956, 11. 314-317. ' 

Gershinsky and Levine, "Aitken-Hermite Inter
polation" JACM, vol, 11, issue 3 (1964), pp, 352-
356. 

Mathematical Background: 

Before starting Hermite interpolation, a table (ARG, 
VAL) must be selected out of the given monotonic or 
equidistant table. This selection is done in two 
parts, In the first part, the subscript J of the argu
ment next to the search argument XV AL is computed, 
using the following formulas: 

In case of the equidistant table -

Subscript J = the intege,r part of 

( XV AL-XST + 1. 5) 
DX 

In case of the monotonic table -

Subscript J is searched for such that 

I xv AL - X(J) I s; I xv AL - X(I) I ' 1 s; I s; DIM 

At each of the N = MIN(DIM, ORDER) selection 
steps; the procedure decides, by comparison of 
distances, whether the next step in vector X has to 
go to the right or to the left within the dimension of 
the given table, and replaces the components of 
vector VAL (that is, function and derivative values) 
by interpolation values zi of the first order (see 
Figure 8, third column). This is done by the 
following formulas: 

VAL(i) = y. + VAL (i + 1) • H1 (i.=1, 3, ••• , 2n-1) 
l 

VAL(i+l):.: Yi+ (VAL(i+2) - y) • H~~2 (i=l, 3, ••• , 

2n-3) 

with 

n = MIN(DIM, ORDER), y. :::: VAL(i) 
l 
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Hl = XVAL - ARG(j-1), H2 = XVAL - ARG(j) 

and 

• i+l 
J=-+ 1 

2 

Now it is possible to generate successively the 
upward diagonals of the triangular Aitken.scheme, 
using the following formulas: 

1 z = • 
1,2 x2 - x1 

1 
z = 
2,3 ~ - x1 • 

with 

xi= ARG (i). 

zl x1 - XVAL 

z2 x2 - XVAL 

z2 x1 - XVAL 

z3 x2 - XVAL 

z102 x1 - XVAL 

z2, 3 x2 - XVAL 

z3 x2 - XVAL. 

z4 .x 3 -XVAL 

All resultant values of an upward diagonal can be 
stored in positions of vector VAL with decreasing 
subscripts: VAL(k) = 

VAL(k) • (XVAL - Hl) - VAL(k+l) • (XVAL -ARG(l)) 
ARG(l) - H1 

for 

j.=1,2, ••• , i, 

where 

m __ r:i+23 J ' k = i-j+l, L 

1 = [ k;1j 
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and Hl = ARG (m) 

for i = 1, 2, ••• , 2n-2. 

ARG(l) =x1 VAL(l) = yl VAL(l) = z1 zl,2 zl,2,3 zl,2,3,4 .. 

VAL(2) = y•1 VAL(2) = z2 z2,3 z2,3,4 

ARG(2) = x2 VAL(3) = y2 VAL(3) = z3 z3,4 z3,4,5 

VAL(4) = y'2 VAL(4) = z4 

. 

ARG(n) = xn VAL(2n-l) = yn VAL(2n-1) 

VAL(2n) = y'n = z2n-1 

Figure 8, Triangular scheme for Aitken-Hermite interpolation 

Programming Considerations 

The procedure stops under the following conditions: 
1. If the absolute value of the difference between 

two successive interpolated values V AL(l) is 
less than a given tolerance EPS, ERROR=' 01 

is returned. 
2. If the absolute value of this difference stops 

diminishing (thus showing the influence of 
rounding errors), ERROR=' 11 is returned. 
(Test starts at step i = 5 for single precision; 
i = 8 for double precision. ) 

3. If the procedure has worked through the whole 
triangular scheme, ERROR=121 is returned 
(see "Remarks", above). 

4. If the procedure discovers two table points 
with identical arguments or the arguments are 
not.monotonic, ERROR=' 31 is returned. 



****Al********* • • *PRUCcDURE AHIM * • • ••••••••••••••• 

x 
·····~1·········· • MMK ENTRY * * AHJH, SEARCH * 
• FIRST TASLE * 
• ENJRY IL INEAR * 
* SCANI * ••••••••••••••••• 

x 
*****Cl********** • • *SAVE INDEX J OF* 
• TABLE ENTRY * • • • • ••••••••••••••••• 

x 
*****Ul********** • • *FETCH AND STORE* * CLOSEST * * ARGUMENT * • • ••••••••••••••••• 

PROCEDURE AHIM USES AITKEl'f-liF.RHITE SCHE~E FOR INTERPOLATION IN GIVEN MONOTONIC TABLE 

ENTRY AHIE INTERPOLATES IN EQUIDISTANT TABLE 

****A2 ***'***** . . . * ENTRY AHIE * • • ••••••••••••••• 

ic •••••02••········ * HARK ENTRY * 
*AHi E, CALCULATE* 
o FIRST TABLE * 
• ENTRY * • • ••••••••••••••••• 

ic •••••c2•••••••••• . .. 
•SAVE INDEX J OF* 
* TABLE ENTRY * • • • • ••••••••••••••••• 

ic .•••••02••••······ • • * CALCULATE ANO * 
• STCRE CLOSEST * 
o ARGUMENT * • • • •••••••••••••••• 

.... 
*****Al********** A4 *• 
• FETCH o •* o. 
O RESPECTIVELY * •* WAS *•NO 
•CALCULATE NEXT *••••••••X•. F~TRY VIA •*•••••••••••••••••• * ARGUMENT USED * *• AHIH •* . . .. . . 
••••••••••••••••• • ••• 

X * YF S 

.~. ic 
84 •. •••••ss•••••••••• 

.•IS NEW *• •STORE ARGUMENT * 
•• PnlNT •• NO • ANn VALUES OF • 

*• CLOSER TO •*••••••••X* FUNCTION AND * 
*• GIVEN •* • DERIVATIVE * 

•.XVAL •* * * •• •• • •••••••••••••••• * YES 

ic 
••••~s•••••••••• 
• CALCULATE ANO • * STORE * 
* INTERPOLATICN • 
*VALUFS OF FIRST* 
* ORDER * 

****•············ 

x .l •••••111t•••••••••• ns •. . . . . .. 
o SET ERROR=•3• * YES •* ARE TWO *• NO 

••••*!ARGUMENTS NOT *X••••••••*• ARGUl'ENTS •*•••• 
* ~O~DTONIC I * •.IDENTICAL.• . . .. . . ................. .. .. • :x ..•••...•.•..•.••••.•••• : 

x 
·····~1·········· • • * PRESET * 

x························ . .. 
EZ *• 

• * HAS *• 
• *TABLE STILL*• NO 

..................................... 
• NO .•. 

*****E-4********** E5 *• 
* INITIALIZE * • •· ARE *• 
*CALCULATION OF o YES • o ENOUGH *• • * ERROR= 1 2 1 * •• ••• xo. VALUES TO • *• ••• • DIAGONALS IN •x •••••••• •.TABLE POINTS .•x ••• 

• • • • ••••••••••••••••• 

x 
.•••••fl********** • • •COMPUTE MAXIMAL* 
* OIHcNSION OF * 
*AITKEN SCHEME N* • • ••••••••••••••••• 

x 
*****Gl********** * INITIALIZE JL * 
* ANO·JR !LEFT • 
*ANO KIGHT INDEX* 
•STEPS IN TABLEI* • • ................. 

x 
*****Hl********** 
* INSERT FIRST O 
*FUNCTION ANO • 
* DERIVATIVE * •v AL Uc IN AITKEN• * SCHEME * 
***************** 

x •••••Jl••········ • • * COMPUTE * 
* DIFFERENCE Of * 
* ARGUH ENT S HZ o • • ••••••••••••••••• 

x ... 
u •. 

·* IS *• • • •UIMENSION N•. YES. 
*•GRtATfR THAN •*•••• 

*• ONE •* *· .• • . ·* * NU 

*• RIGHT • * .. . . .. . . * YES 

ic ... 
FZ *• 

• * HAS *• 
NO • •TABLE STILL*• 

•• ••*• VALUES TO • * 
*• LEFT • * .. . . .. . . * YES 

ic . .. 
GZ *• . . .. • * SHOULD *• NC • 

*• STEP BE TO •*• .X.· 
•.THE RIGHT.• .. . . . ... 

* YES 

ic 
*****HZ********** 
* UPDATE * 

• * INDEX-STEP JR * 
••• X• ANO SET UP * 

*INDEX OF TABLE * * VALUES * ••••:t•:t••········ 

*****JZ***·******* * UPDATE * 
.• INDEX-STEP JL * • 
* AND SET UP *X• •• 
OI NOE X OF TABLE * 
* VAUES * • •••••••••••••••• 

....••..••. x: 

* AITKEN SCHEME * *•SELECTED • * . . .. . . ••••••••••••••••• • ••• • 

ic 
*****F 4********** ****~ 5 *•******** • • • • * CALCULATE * * PREPARE * 
* CURRENT *X••••••••*CALCULATION OF * 
* DIAGONAL * * NEXT DIAGONAL * . . .. . 
••••••••••••••••• • •••••••••••••••• 

x 
*****G4********** * CALCULATE * 
o DIFFERENCE OF * 
* SUCCESSIVE * * l~TERPOLATION * 
* VALUES * • •••••••••••••••• 

x 

• NO .•. 
GS *• 

• * FULL *• 
• * AITKEN *• YES *• SCH EMF. • *• ••• 

*•COMPUTED • * .. . . .... • x 

x ~ .•. . .. 
H4 *· H5 *• 

•* WAS *• • * DOES *• 
.•DIFFERENCE *• NO • •OSCI LLATI CN*• 

*• S~ALL • *• •• ••••• X•. I NOi CATE • * 
*• ENOUGH •* •.ROUND-OFF.* . .. .. .. . . 

•• •• *• •• 
*YES •YES 

ic 
*****J4********** • • • • * SET FRROR=•O• * • • • • ••••••••••••••••• 

: ......•..• x: 

x 
*****JS********** • • • • * SET ER.ROR= 1 l 1 * • • • • 
·-··············· 

: x •••••••••• : 
: x •••••••••••••••••••••••• : 

.~ i 
KZ *• *****Kl********** *****'< 4********** 

• t *• * * t * ****KS********* •* IS *• YES * CALCULATE * • RETURN * * ENO OF o 
••• x•·.~~S'ii~[lg~E~o"*••••••••x: INTEmwEO :••••••••x: INTE~m~TEO :••••••••x: rnr~n~~~ : .. .. ~ . . . . ............. . ••. * ••••••••••••••••• • •••••••••••••••• 

• NO X 
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• Subroutine ACFM/ ACFE 

ACFH. • "AC Fl 10 

/**************~******************************************************! ACFI 20 I• •IACFI 30 
I* CONTINUED FRACTION SCHEME FOR INTERPOLATION OF FUNCTIOM- VALUE*/ACFJ ltO 
I* FROM GI VEN MONOTONIC TABLE *IACFJ 50 
I* */ACFI 60 
/***************************•*****************************************/ACFI 70 

PROCEDURE ( X,V ,OIHtORDER1EPS, XVAL,YYAL),. ACFI 80. 
DECLARE ACFI 90 

I• 

(0IH 1 I ,·J,K1 N, lit.I II ,JL,JR,JJL,JJR,01145,0ROER) ACFI LOO 
BI NARY FI XEO, . . ACFI 110 
(XI•> ,V(•) ,ARGUUNIDIMt ORDERI J ,VALOUNIDIMtORDERJ) ,xvAL,Alt ACFI 120 
YVAltXST ,ox,ePs,xs,u,12,o,oo,vALI ;ARGJ,A,OIST ,01sr1,H,DELTl1 ACFJ 130 
DEL T21ARGJ1Pl'.1P2,P3 ,Ql, Q2 .. Q3,ZS1YS,ARGll1YALl11EPSl) ACFJ 140 
BINARY FLOAT, /•SINGLE PRECISION VERSION l•S•/ACFl 150 
BINARY" FLOAT (53J, !•DOUBLE PRECISION VERSION l•D•/ACFt 160 
I ERROR EXTERNAL t SWJ ACFI 170 
CHARACTER ( l),. AC Fl 180 

SW ='!1' ,. !•MONOTONIC ARGUMENTS */ACFI 190 
J =l,. ACFI 200 
O =1E75 1 • ACFI 210 

DO I = 1 TO DIM,. ACFI 220 
OD =ABSlXVAL-XCIJJ,. ACFI 230 
IF DO LE 0 ACFI 240 
THEN oo,. ACFI 250 

D aQQ,. ACFI 260 
J . uJ, • ACFI 270 
END,• ACF·I 280 

ENO,. ACFI 290 
ARGltARGllJ=XCJJ,. ACFI 300 
GD TO COM,• ACFI 310 

ACFE. • ACFI 320 
l*********************************************************************IACFI 330 
I* *IACFI 340 
I* CONTINUED FRACTION SCHEME FOR INTERPOLATION OF FUNCTION VALUE*/ACFI 350 
I* FRDH GIVE'N EQUIDl-STANT TABLE */ACFI 36C' 
I* ... . *IACFI 370 
l*********************************************************************/ACFI 380 

ENTRY CXST,OX,YtDIM,ORDERtEPStXVAL,YVAL) •• ACFI 390 
SH =•E•,·. ACFI 400 
Zl =XST,. ACF[ 410 
Z2 =ox,. ACFI 420 
J =1,. ACFI 430 
ARGI,ARGI U=Zlt• ACFI 440 
If Z2• 0 ACFI 450 
THEN GO TO COM,. ACF[ 460 
J •HAXll,txVAL-ZlJ/Z2H.5),. /•COMPUTE STARTING SUBSCRIPT J */ACFI 470 
J =MINIDIM,JJ,. ACFI 4BO 
ARGI ,ARGI 1 J=Zl+FLOATlJ-lJ*Z2,. ACFI 490 

COM.. ACFI 500 
EPSl =tt:-6 1 • /*SINGLE PRECISION VERSION l*S*/ACFI 510 

l*EPSl =lE-13,. /*DOUBLE PRECISION VERSION l•D*/ACFI" 520" 
ERROR=• 2',. ACFI 530 
XS =XVALt • ACFI 540 
bIMS =DI Mt. ACFI 550 
N =HINIDIMS,ORDERI t• ACF! 560 
Q2,DELT2,JL 1 JR=O,. ACFI 570 
P3tYStVALI U"'VIJ), • ACFI 580 
P2,Q3=1,. ACF! 590 
A 1 =XS-AF.GI,. ACFI 600 
DISTl=ABSIAll,. ACFI 610 

LA62e• 

LAS3. • 

CONT •• 

DO 1 = 2 TO N,. /•START TABLE SELECTION */ACFI 620 
JJI\ .. J+JR,. ACFI 630 
IF JJR GE DIMS /*TABLE SELECTION */ACFI 640 
THEN GO TO LAB2,. ACFI 650 
JJL =J-JL,. ACFI 660 
lF JJL LE 1 ACFI 670 
THEN GO TO LA83,. ACFJ 680 
IF SW= 'E 1 ACFI 690 
THEN A =-Al*Z2t• l•A•URG(l-11-XVALl•DX •!ACFI 700 
ELSE A =ABSC XIJJR+U ACFI 710 

-XS)-ABSIXC:JJL ACFI 720 
-lJ-XSJ,. ACFI 730 

IF A LE 0 "ACFI 740 
THEN GO TCI LAB3,. ACFI 750 

JL =JL+l,. 
K =J-JLt • 
GO TO CONT,. 

JR 
K 

=JR+l,. 
=J+JRt. 

IF SW= 'E' 
THEN A =Zl+FLOATCK-1J*Z2t• 
ELSE A =XI KJ t • 
Al .=XS-A,. 
IF SW= 1 M 1 

THEN DO,. 
OIST =ABSUU,. 

: ,lF DIST LT DISTl 
THEN GO TO IDENT,. 
DJ STl=Dl ST,. 
END,. 

ARGllJ=A,. 
VALIIJ..,YIKJ,. 
END,. 

/•STEP TO THE LEFT 

!•STEP TD THE RIGHT 

/*ARGUMENTS NOT MONOTONIC 

/*END OF TABLE SELECTION 

ACFI 760 
*/ACFI 770 

ACFI 780 
ACFI 790 
ACFI 800 

*IACFI 810 
ACFI 820 
ACFI 830 
ACFl 840 
ACFI 850 
ACFI 860 
ACFI 870 
ACFI 880 
ACFI 890 
ACFI '900' 
ACFJ 910 

*IACFI 920 
ACFI 930 
ACFI 940 
ACFI 950 

Al =XS-ARGCJ),. 

ACF! 960 
*/ACFI 970 

ACFI 980 
*/ACFI 990 

ACFilOOO 

INVERT•. 

DO I "' 2 TO Nt • 
II =O,. 
Pl =P2, • 
Ql. =QZ,. 
P2 =P3 1 • 

QZ =Q3, • 
ZS =YS,. 
OEL Tl=OEL TZ,. 
ARGI ==ARG(lJ,. 
VALI =VALCJJ,. 

ARGJl=ARGlt• 
Vll ll=VALI t. 

, 00 J "" 1 TO 1-1, • 
ARGJ =ARG(J),. 
H =VALi-VAL f JJ,. 

/i:tSTART INTERPOLATION LOOP 

/*MOVE PARAMETERS P2; P3 1 Q2,Q3 *IACFl1010 
ACFt1020 
ACFl1030 
ACF11040 
ACFI1050 
ACFil060 
ACFI1070 
ACFI\080 

!•COMPUTE INVERTED DIFFERENCES *IACFl1090 
ACFillOO 
.ACFllllO 
ACFl\120 
ACFl1130 

IF ABSIHl LE ABSCV6.LIJ•EPS1 
THEN DO,. 

ACFil 140 
ACFl1150 
ACFlll&O 

IF ARGJ:::i: ARGJ /*ERROR RETURNS, IF TWO 
THEN GO TO IDENT,. /•IDENTICAL ARGUMENTS E~IST 
lF J GE I-1 

*/ACFl117D 
*IACFl1180 

ACFI l190 
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THEN DO,. 
II zIJ+1 1 • /•INTERCHANGE ROW I WITH 
III =l+Ilt• /*ROW 1+11 
IF "[II GT N 
THEN GO TO RETURN,• 
"vALI =YAltillJ,. 
VALi JI I l•VAlll, • 
ARGI =ARGC 111) t. 
ARG( 11 I J=ARGil, • 
GO TO INVERT,. 
ENO,. 

VALi =1E75t. 
EN1J,. 

/*VALCll = VALfJ), J LT I-1 

ACFl1200' 
•/ACF11210 
*/ACFI1220 

ACFl1230 
ACFtl240 
ACFl1250 
ACFI1260 
ACFI127D 
A.CFI1280 
ACFI1290 
ACFI1300 

ELSE VALi =IARGl 
-ARGJJ /Ht• 

l*V.ALOJ NE VALlJJ 

*IACF11310 
ACFI1320 

*/ACFI1330 
ACFI1340 

END,• 
P3 =VALi •P2+Al*Pl,. 

ACFl1350 
!•COMPUTE INVERTED DIFFERENCES */ACFl1360 

Q3 •VALI*Q2+Al•Ql,. /*BY WALLIS-EULER SCHEME •IACFI1370 
VALi I l•VAl,.t, • /*GENERATE NEW VALi l),ARGCI) il</ACFI1380 
ARGI l J=ARGI, • ACFll390 

ACFl1400 Al ""XS-ARGI, • 
IF 'Q3= 0 ACFl1410 
THEN VS =1E75,. l*Q3 = D 

/*03 NE 0 
*I ACFl1420 
*/ACFl143C 

ACFI1440 
*/ACFl1450 

ACFl1460 
/•SINGLE PRECISION VERSION /*S•/A.CFl1470 
/*DOUBLE PRECISION VERSION /*D*/ACFU480 

6.CFl1490 

ELSE VS •P3/03,. 
DEL TZdBSC ZS-VSJ,. 
IF DELTZ LE EPS 
THEN GO TO STOP,• 

/*TEST ON ACCURACY 

,. IF I GE B 
IF J GE 10 
THEN IF DEL T2 GE DELTl 
THEN GO TO DSCILt• 
ENO,• /*END OF INTERPOLATION LOOP 

ACF1150C 
il</ACF11510 

ACFll 520 GO TO RETURN,. 
I DENT•• 

ERROR='3't• 
GO TO RETURN,• 

OSCJL •• 
. VS •ZS,. 

ERRQRa'l't• 
GO TO RETURN 1 • 

STOP •• 
ERRDR='O',. 

. RETURN •• 
YVAL ""VS,• 
END,• 

Purpose: 

l*ARGIU • ARGIJJ FOR I NE J */ACFl1530 

l*DELT2 STARTS DSCILLAt:ING 

/*END OF PROCEDURE ACFI 

ACF11540 
ACFI1550 

*/ACFI1560 
ACFl1570 
ACFI1580 
ACFJ1590· 
ACFI1600 
ACFU610 
ACFI1620 
ACFl1630 

*I ACF11640 

ACFM interpolates the function value YV AL for a 
given argument value XV AL using a given table (X, 
Y) of arguments and function values. 

Usage: 

CALL ACFM (X, Y, DIM, ORDER, EPS,XV AL, YVAL); 

x 

y 

DIM 

ORDER -

EPS 

XVAL 

YVAL 

Purpose: 

BINARY FLOAT [(53)] 
Given vector of monotonic arguments. 
BINARY FLOAT [ (53)] 
Given vector table-function values. 
BINARY FIXED 
Given dimension of vector X and Y. 
BINARY FIXED 
Given number .of points.to .be selected 
out of the given table (X, Y). 
BINARY FLOAT[(53)] 
Given constant used as upper bound 
for the absolute error. 
BINARY.FLOAT [(53)] 
Given argument to be interpolated. 
BINARY FLOAT [(53) J . 
Resultant interpolated function value. 

ACFE interpolates the function value YV AL for a 
given argument value XV AL using XST, the starting 
value of "the arguments, DX, the increment of the 
argument values, and vector Y of function values. 



Usage: 

CALL ACFE (XST, DX, Y, DIM, ORDER, EPS,XVAL, 
YVAL); 

XST 

DX 

y 

DIM 

ORDER -

BINARY FLOAT [(53)] 
Given the starting value of the argu
ments. 
BINARY FLOAT [(53) ] 
Given increment of the argument values. 
BINARY FLOAT [(53)] 
Given vector of table-function values. 
BINARY FIXED 
Given dimension of vector X and Y. 
BINARY FIXED 
Given number of points to be selected 
out of the given table (X, Y). 

EPS BINARY FLOAT [(53)] 
Given constant used as upper bound for 
the absolute error. 

XVAL BINARY FLOAT [(53) ] 

YVAL 
Given argument to be interpolated, 
BINARY FLOAT [(53)] 
Resultant interpolated function value, 

Remarks: 

See AHIM/ ARIE, ALIM, ALIE 

Method: 

Interpolation is done by a continued fraction and 
inverted differences scheme. 

For reference see: 

F. B. Hildebrand, Introduction to Numerical Analy
sis, McGraw-Hill, New York-Toronto-London, 
1956, pp. 395-406. 

Mathematical Background: 

Before starting continued fraction interpolation, a 
table (ARG, VAL) must be selected out of the given 
monotonic or equidistant table. This selection is 
done before the continued fraction interpolation in 
the same way as in ALIM/ ALIE. 

It is assumed that I x(i) - XVAL I > I x(j) -
XV AL j for all i > j ; otherwise, ERROR=' 3' is 
returned. 

Using the following formulas: 

x - x 
n 1 

y = 
1,n yn -yl 

x -x 
n m y = 

1,2, ... ,m,n Y1 2 ,m-1 n 
' ' ... ' ' 

-y 
1,2, .•. ,m 

with x. = ARG(i), y. = VAL(i) 
l l 

the triangular scheme of inverted differences shown 
in Figure 9 can be generated by row for the table 
(ARG, VAL). All resultant values of row i can be 
stored in VAL(i), Thus, it is possible to generate 
the downward diagonal of the inverted differences 
scheme in vector VAL: 

. _ ARG(i) - ARG(j) . = l 2 •• i-l) 
V AL(i) - V AL(i) - V AL(j) (J ' ' ' ' 

for i = 2, 3, ••• , MIN(DIM, ORDER). 

If for j = i-1, VAL(i) is equal to the infinity ele
ment, table point ARG(i), VAL(i) is interchanged 
with a table point ahead, 

Now, after computation of each new component 
V AL(i), continued fraction interpolation generates 
the following parameters using Wallis-Euler 
formula: 

P3 VAL(i) • P2 + (XVAL-ARG(i-1)) • Pl 

VAL(i) • Q2 + (XVAL-ARG(i-1)) • Ql Q3 

and YVAL = P3/Q3, 

starting with Pl = 1, P2 = VAL(l), Ql = 0, Q2 
1. After each step, Pl = P2, P2 = P3, Ql 

= Q2, Q2 = Q3 are set. 

ARG(l) = x1 V AL(l) = Y l 

ARG(2) = x2 VAL(2) = Y2 Y1,2 

ARG(3) = x3 VAL(3) = Y3 Y1, 3 Yl,2,3 

ARG(n)=xn VAL(n)=yn Y1,n Yl,2,n" • • •• Yl,2,3, ••• ,n 

Figure 9. Triangular scheme for fraction interpolation 

Programming Considerations: 

The procedure stops under the following conditions: 

1. If the absolute value of the difference between 
two successive values of YV AL is less than a given 
'tolerance EPS, ERROR='O' is returned. 

2. If the absolute value of this difference starts 
oscillating, ERROR='!' is returned. (Test starts 
at step i = 8 for single precision, i = 10 for double 
precision.) 
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3. If the number of interpolation steps has be
come MIN(DIM, ORDER), ERROR=121 is returned. 

4. If the procedure discovers that two table 

points have identical argument values or that the 
arguments are not monotonic, ERROR=131 is 
returned. 

****Al********* • • 
*PRU~EOURE ACFM * • • *************** 

x 
•••••dl********** * MARK ENTRY * 
: A~~~~T 5f~~f~ : * ENTRY IL !NEAR • * SCAN I * ••••••••••••••••• 

x 
*****Cl********** • • •~AVE INDEX J DF* 
* r Alll E ENTRY * • • • * ••••••••••••••••• 

x 
*****Dl********** 
* * *fcTCH AND STORE* 
* CLOSEST * 
* ARGUMENT * * • ••••••••••••••••• 

PROCEDURE ACFM PERFORMS CONTINUED FRACTIC~ l~TERPCLAT ION IN A GIVEN ~O~OTONIC TABLE 

ENTRY ACFE INTERPCLATES IN AN EQJIDISTANT TABLF. 

*** *A2 ********* • * 
* E ~TRY ACFE * 
• * 
··········••-*** 

ic 
*****82********** • MARK ENTRY * 
*ACFE, CALCULATE* * FIRST TABLE o 
* ENTRY * • • 
······~·········· 

ic 
*****C2 ********** • • *SAVF. INDEX J OF* 
*- TABLE ENTRY * • • .. . .•••*•:t•••········ 

ic •••••02••········ • • * CA LC ULA TE ANO * 
* STORE CLOSEST * * ARGU~ENT * . .. .................. 

***** A3********** • • * PERFORM * 
*****A4********** 
o PREPARE * 
•CAL CULA T!ON OF * 

•• X* INTERPOLATION* *NEXT INVERTED *X••••••••••••••••• 
* LOOP o • • 

• ***************** **** • • * A3 * * • 
**** 

* DIFFERENCE * • • 
***************** 

x x 
*****B3********** *****R4********** 
* INITIALIZE • * CALCULATE * 
•C-ALCULATIONOF• * CURRENT * 

•. 

• NO ... 
B5 *· 

• *·FULL *• 
•* ROW *• YF.S •• x• rnvERTEO ••••••••• x• l~VERTEO •. ••••• X•. CALCULATED •*•••. 

*DIFFERENCE ROW • * DIFFERENCE IF * 
• · * * PO SSIBLF * 

• ***************** ***************** • ••• • • * 83 • • • •••• 

**** • • * E3 * .. . •••• 

x ... 
C4 *• 

•* IS *• 
.•nENOMINATOR*. NO • 

*. lNTOLERABL Y • *• ••• 
*• SMALL .• •. ·* •. ·* * YF.S 

x .•. 
04 *· •* ARE *• 

NO .•CORRESPOND.•. 
•• •• o. ARGUMENTS •* 

•.O!FFERFNT.O 
•. ·* *· .• * YES 

.. . . 
*· •• *· . * • x 

••••*Cs•********* 
OMOO! FY VALUE OF o 
• I NVERTF.D * 

••• X• DIFFERENCE TO o 
*INFINITY * • • ***************** 

••••*05********** • • O EVALUATE * • * CONTI NUEO •X ••• * FRACT! ON 0 • • • •••••••••••••••• 

:x ........................ : x ic ic x 
*****El******•*** 
• PRESET O 
O ERROR='2' SET* 
* UP INTERNAL * 
•TOLERANCE EPSl * • * ••••••••••••••••• 

x 
*****Fl********** 
*COMPUTE MAXIMAL* 
•NUMBER OF TABLE* 
* POINTS TO BE * 
O USED * • • ••••••••••••••••• 

*****Gl*:******** 
• INITIALIZE JL * 
* AND JR (LEFT * 
•ANO RIGHT INDEX* 
•STEPS IN TABLE I* 
.. * ••••••••••••••••• 

x 
*****Hl********** 
* INSERT FIRST * 
•FUNCTION -VALUE * * IN TR !ANGULAR * 
* ~CHEHE . * • • ••••••••••••••••• 

x . 
*****Jl••········ .. . 

. •. ·*· 
EZ *• E3 *• 

• * HAS *• .o HAS *• 
NO .*TABLE STILL*• YES .•TABLE STILL*• 

•••••• VALUES TO •*X••••••••*• VALUFS TO .o 
*• LEFT • * *• RIGHT •* •. . • *· ·* •• . • *· •• 

* YES * NO 

.!. ~ 
F2 '*· *****F3********** 

• • *• * UPDATF INDEX O • * SHOUtO *• NO *STEP Jt.:· AND SET• 
*• STEP BE TO ·• *• ••••••• x * UP INDEX OF * 

*• THF RIGHT.* * TABLE VALUE * .. . . . . •• • • • •••••••••••••••• * YES 

****•G2•=********' *****G3*~******** 
O UPOA TE t NDEX O * FETCH * : .. x:srr.~ i~D~~JETL •••••• xME~~i:mv~HT ! 
* TABLE VALUE * * ARGUMENT US ED * • • .. * ••••••••••••••••• ***************** 

x 
·*· H3 *• .. .. 

NO •* WAS *• 
••••••••••••••••••*• ENTY VIA •* 

*• ACFH •* .•. ·* •• ·* * YES 

i< .i. 
•••••J2*****""**** J3 •• * * .•IS NEW O. 

.•. 
E4 *• 

•* IS *• 
.•DIFFERENCE *• NO • 

•. LAST IN • *• •• ••• 
*• ROW •* *· .• *· ... * YES 

. .. 
ES *• • * ARE *• 

• *SUCCESSIVE *• NO 
*• VALUES •*•• •• 

*• SUFFIC. •* 
•.CLOSE.• . ... 

* YES 

-~- x F4 *• ****OF5tt:i!'lttt•tt• 
.•INHR- *• * o 

.•CHANGE WITH*• YES +SET F.RROR=•o• • 
•.ALL REMA!N!NG.• •••• x •••• * !SUCCESSFUL * 

*•VALUES •* *INTERPOLATICNl O 
•.TR!EO.• * * •• ·* ••••••••••••••••• 

* NO 

x 
*****G4********** 
* INTERCHANGE • 
•LAST POINT USED* 
•WITH REMA!~ING * 
* ONE * * • ***************** 

**** . . . 
• • x• R3 • 

* * •••• 
*****H4********** • * • 

X * SET ERROR='3' • 
••• xo !TABLE N~T * 

. * MONOTONIC I o • • • •••••••••••••••• 

ic" ••••••••••• .•. 
GS *• 

• * DOES *• • •osc·l LLA Tl CN•. NO 
*• JNDICATE •*•••• 

*•ROUND OFF.* *· .• *· . * * YFS 

x 
*****H5********** • • • * SET ERROR=•L • * .x •••• o (ROUND OFFJ • • • • • ••••••••••••••••• 

: x •••••••••• : x 
ic . .. 

•••••J4********** J5 •• 
• • • * ARE *• 

* COMPUTE * *STORE ARGUMENT * NO •* POINT *• YES • * RETURN * • NO • * ST! LL *• • 
•••••••• VALUES ·ro BE • •x ••• • DIFFERENCE OF * *ANO FUNCTION *X••••••••*• CLOSER TO •*•••••• 

* ARGUH ENTS Al • • • ••••••••••••••••• 
* VALUE O *• GIVEN •* 
o * •.XVAL •* .................. *· .• • 

. x .l 
*****~l********** K2 *• *****K3********** * * • *-. ARE *• •. * * 
• IN IT IAL!ZE * NO • * ENOUiH *• YES o !NIT !ALIZE • 
•TAdL E SELECTION*• •••• X ••• *• POINTS • *• ••••••• X * I NT ERPOLAT ION O •••• 
* LOOP * *•SELECTED • * * LOOP • 
: ................ : x •. •. . .. • : ••••••••••••••• : 

•••• • • • * E3 -* * • ..... 
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x •••• • • * A3 * • • 
**** 

* IN TERPOLATEO * 
* VALUE • • • • •••••••••••••••• 

x 
****K4********* 

O END OF * 
* PROCEOlRE • 
* ACFH/ACFE * 
*************** 

*• USEO • * .. . . 
*· •• 

* YES 

x 
*****K5********** * PRE PARE O 
*CALCULATION OF * 

•••*· NEXT * 
* INTf~POLATlON * 

• * VALUE o 
x ************ ••••• ...... • • * A3 * • • . .... 



Approximation of Tabulated FU:nctions 

• Subroutine FF T 

FFT.. FFT 

f***********************************************************•••*******/FFT 
~ ~~ 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
llO 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
28lr 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
460 
470 
480 
490 
500 
510 
520 

/4 FAST fOUlllER TRANSFORM FOR ANY DNE-DIHENS IONAL ARRAY •/FFT 
I• */FFT 
/*********************************************************************/FFT 

PP.OCEDUF:ECA,H,OPT),. FFT 
DECLARE FFT 

EF:llOP EXTERNAL CHARACTERClh /*EXTERNAL ERROR INDICATOR *IFFT 
COPT,COPTJ CHARACTER HI, FFT 
IOA,ae,oc,OH1DS,Rll FFT 
BINARY FLOATl531 t FFT 
IAl•),Sl2UCH-21+11 rAAR1 FFT 
AAI,ABR1ABI,AW,co,s11 FFT 
BINARY FLOAT, /*SINGLE PRECISION VERSlON l•S•/FFT ,. BINARY FLOAT( 531 1 /•DOUBLE PRECISION VERSlDN /*D*/FFT 
lltlD1INO,IR,JS,T, FFT 
J,K 1 L 1 H1NtNH1NQ) FFT 
BINARY fIXEDt• FFT 

IF H LT 2 /*TEST SPECIFIED DIMENSION H •IFFT 
THEN DO , •. FFT 

ERRDR='P' ,. /*P MEANS WRONG PARAMETEk +/FFT 
GO TO RETURN 1 0 FFT 
ENO,. FFT 

ERROR=' C',. /•PRESET ERROR INDICATOR */FFT 
COPT =OPT, • FFT 
N =2**Hr• /*INITIALIZE PARAMETERS •/FFT 
NH =N/1081. FFT 
NQ =N/ 1008+2,. FFT 
L -=NQ+l10 FFT 
RI ==3. l41592653589793E+OO/NHr. /*RI MEANS 2*PllN */FFT 
DA,SI l)=Or. /+SET SINE FOR 0 AND Pl/2 •/FFT 
DB r SCNQ- lJ = lt. FFT 
os,s121:SINIRI),. FFT 
DC. cCQS I RI J, • /*******************************/ FFT 

DO I =3 TO N/10008+1,. /*CALCULATE SINE TERMS */FFT 
RI =DC*DBr. - /+BETWEEN 0 AND PI/2 */FFT 
SIL-I I ,DH=Rl-DAr. / .. *****************************/FFT 
DA =Dfh. FFT 
DB =Rl+OH 1 • /*CALCULATION IS DONE USING •IFFT 
5(11 =De•os,. /*DOUBLE PRECISION ARITHMETIC •IFFT 
ENO,. FFT 

IF COPT= '2' 1*'2' MEANS CALCULATION OF •IFFT 
THEN GO TO REAL,. /*REAL FOURIER SE~IES */FFT 
IF COPT= 1 3 1 /• 1 3 1 HE ANS CALCULATION OF */FFT 
THEN GO TO INV,. /•COMPLEX FOURIER SERIES *IFFT 
AW =l/NH,. FFT 

Dci J =l TON,. /*PREPARE VECTOR A FOR FINITE •/FFT 
Al I J =Al I l•AW,. /*FOURIER TRANSFORM •IFFT 
ENO,. /*******************************/FFT 

INV •• 
J =1,. 

/*REORDER INITIAL TERMS All J t/FFT 
/+BY BIT REVERSAL TECHNIQUE *IFFT 

0£'1 I =l TO N BV 2r• 
If J GT I 
THEN OD,. 

AAR =A(J)io 
AAI =A(J•ll ,. 
AIJJ =A(J I 1. 

A( J+ u·=A l 1+11 r • 
A( 0 =AAR, 0 
AII+lJ=AAI,. 
END,. 
=NM,. 
00 WHILE IJ GT 
J =J-K, • 
K ==K/lCB,. 
ENO,• 

J =J+K,. 
ENO,. 

Kl r • 

IRiI =2,. 
ID =NH1 • 

CPLX •• 

!ST 
IND 

=I+I,. 
=l,. 
DO J =l TO I BY 2t• 
SI =-SI INDJ ,. 
IF COPT= 13 1 
THEN SI =-SI 1 • 

CO =S(NQ-INDl10 
IF J GE IR 
THEN DO,. 

IND =IND-IO,. 
co =-co,. 
END,. 

EL'SE IND =INO+JD,. 

DD K =J TO N av· IST,. 
l >"K•I t• 
AAR =CO•All1-SI*ACL+lJ,. 
AAI =CO•AIL+lJ+Sl*AILlt• 

I**************************** ***/FF T 530 
/*IS BIT REVERSAL GREATER THAN */FFT 540 
/*INJT. BINARY REPRESENTATION */FFT 550 

FFT 560 
/*INTERCHANGE Alt> WITH ACJI */FFT 570 
/*AND AII·tlJ WITH AtJ+ll */FFT 560 

/*UPDATE J AND K 

/*COMPUTE NEl:I BIT REVEl:lSAL 

FFT 590 
FFT 600. 
FFT 610 
FFT 620 
FFT 630 

*IFFT 640 
FFT 650 
FFT 660 
FFT 670 

*/FFT 660 
FE.I 690 
FFT 700 

I *******************************/FFT 710 
/*COMPLEX FOURIER TRANSFORM *IFFT 720 
/*WITH N/·2 ELEMENTS */FFT 730 
/*********************•*********/FFT 740 

/*STOPE SINE VALUES IN SI 
/*CHANGE SIGN IN CASE OF 
/*FOURIER SERIES 
/*STORE COSINE VALUES IN CO 

l•HODIFY INOEX IND OF THE 
l•SlNE VECTOR S 
l•COSI Pl/2+81 = :-SINI BJ 

FFT 750 
FFT 760 

•IFFT 770 
*IFFT 760 
*IFFT 790 
*/FFT 800 

FFT 810 
*IFFT 820 
*/~T 830 
*/FFT 840 

FFT 850 
FFT 860 

/*EXECUTE TRANSFORMATION-LOOP +/FFT 870 
FFT 880 
FFT 890 
FFT 900 
FFT 910 

AILI =AIKl-AAR,. /*MODIFY AND RESTORE ELEMENTS •IFFT 920 

ENO,. 

Al L+ l> =A I K+ l>-AAI,. 
AIKJ =AIK)+AAR,. 
Al K+lJ =Al K+lJ+AAI, • 
fNO,. 

IR =I•lt • 
I =I ST,• 
IO =lO/lCe'"" 
IF I LE NH 
THEN GO TB CPLX, • 
IFCOPT= 1 1 1 

THEN GO TO PETURN,. 
Jf COPT= '3' 
THEN GO TO RETURN.,. 

/*UPTATE PARAMETERS 

FFT 930 
FFT 940 
FFT 950 
FFT q60 
.FFT 970 

*IFFY 980 
FFT 99C 
FFT. 1000 
FFT 1010 

/*END OF OUTER LOOP */FFT 1020 
l*'l' AND 131 HEAN COMPLEX *IFFT 1030 
l•FOURIEIC CALCULATIONS •IFFT 1040 

FFT 1050 
f************************o**'°'***IFFT 1C60 

REAL •• 
I :r:11,. 

/+REAL VALUES FROM lFORI *IFFT !NO 
/*COMPLEX FOURIER TRANSFORM */FFT 1080 

DO K =3 TO NH-1 BY 2ro 
J =N-K+2 r • 
AAR =AIKJ +A(JI, 
AA! =A(K+ll-A{J+ll, • 
ABR =AIK+ll+6(J+lJ,. 
ASI =AtJJ -A(Klro 
I =I+l,. 
SI =S(I),. 
CO =SI NQ-1), • 
AW = ASR*CO+ABI*SI, • 
ASI =-ASl*CO+ABR•St,. 
A{KJ =I AAR+AW l•lE-16,. 

I***************************** **IFFT l 09 0 

/*STORE SINE AND COSINE 

FFT 1100 
FFT 1110 
"fFT 1120 
FFT 1130 
FFT 1140 
FFT 1150 

t/FFT 1160 
FFT 1110 
FFT 1180 
FFT 1190 
FFT 120C 

AIK+l J= 1-AAl+ABI )*lE-lBr. 
AlJJ =t AAR-AW l*lE-18,. 
AIJ+lJ=I AAI+AE'll*lE-18,. 
Ef..101 • 

FF r L21C' 
FFT 1220 
FFT 1230 
FFT 1240 
FFT 1250 AW :::icAI lJ ,. 

IF CDPT= '21 

THEN DO,. 
Alli -=lAW+AIN+lDu 
A(2) =IAW-AIN+lJJ,. 
COPT = 131,. 

/*PREPARE Al U, Al 21 FOR 
/•CALCULATION OF REAL FOURIER 
/*SER I ES 

/*CHANGE INTERNAL OPT ION TERM 

*IFFT 1260 
ot/FFT 1270 
*IFFT 1280 

FFT 1290 
•/FFT 1300 

FFT 1310 
FFT 1320 

•IFFT 1330 
*/FFT 1340 

FFT 1350 

GO TO INV,. 
ENO,. 

A{ 11 =CAW+AI 21 l*lE-lBr• 
AIN+l J=I AW-A 12)) * lE-181. 
Al 21 =0 1 • 

/*CALCULATE VALUES 
/*Alli ,Al21 tAIN+lJ, AtNnJ 

AIN+2l=Or. 
RETURN •• 

ENOt. 

Purpose: 

/•ENO OF PROCEDURE FFT 

FFT 136(1 
FFT 1370 

•IFFT· 138('1 

FFT performs finite one-dimensional Fourier 
analysis and synthesis for a set of N=2M real data, 
or for a sequence of .N... = 2M-l complex data. 

Depending on the c\aracter of the input parameter 
OPT, the following transformations can be done: 

OPT 'O' real analysis 
OPT 'l' complex analysis 
OPT = '2' real synthesis 
OPT = '3' complex synthesis 

Usage: 

CALL FFT (A,M,OPT); 

A(2Mor2M+2) - BINARY FLOAT [(53)] 
Given one-dimensional array 
with length 
N =2M 

for 
complex 

Fourier 

real calculations. 

Resultant transform values are 
returned in the array A, replacing 
the input data. 
The contents of the input and out
put array A depend on the option 
parameter OPT: 
In cases OPT= 111 and OPT= 
131 the complex data are located by 
pairs in N immediately adjacent 
storage locations. In the other 
cases the N function values are 
stored in N successive storage 
locations, while the Fourier co
efficients a(n), b(n) need N+2 
locations and they are stored as 
follows: · 

ao 
2• ho= o, al' bl' a2' b2, 

bN 
-= 0 

2 

1, 
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M-

OPT-

Remarks: 

BINARY· FIXED 
Given integer that determines the 
size of vector A. 
The siZe of A is 
2M complex 

, Fourier 
calculations. 

for 
2M + 2 real 

CHARACTER(l) 
Given option parameter for selec
tion of operation (see "Purpose"). 

If no errors are detected in the processing of data, 
.the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR='P' means error in specified parameter -
for example, M < 2. Any value of OPT different 
from '1', 121 , '3' is treated as if it were 'O'. The 
integer N in the given formulas (see "Purpose") 
must be a power of two: 

M 
N = 2 

FFT is restricted to one-dimensional Fourier 
transformations. 

Another procedure, called FFTM, is available 
in SSP-PL/I which operates on multidimensional 
arrays. 

· For real and complex applications of FFT the 
following is true: A forward transform (Fourier 
analysis) followed by an inverse transform (Fourier 
synthesis) returns the original data (except for 
roundoff errors). 

Method: 

Calculations depending on the option parameter OPT 
are done using the Cooley-Tukey Fast Fourier 
Transform. 

For reference see: 

J. W. Cooley, P. A. W. Lewis, P. D. Welch, "The 
Fast Fourier Transform Algorithm and its Applica
tions", IBM Research, RC 1743, February 9, 1967, 
pp. 15-33. 

N. M. Brenner, "Three Fortran Programs that 
Perform the Cooley-Tukey Fourier Transform", 
Lincoln Laboratory, Massachusetts Institute of 

. Technology, Lexington, Technical Note ESD-TR-67-
462, 1967. 
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J. W. Cooley and J. W. Tukey, "An Algorithm for 
the Machine Calculation of Complex Fourier Series", 
Mathematics of Computations, vol. 19, 1965, pp. 
297-301. 

Mathematical Background: 

Complex Fourier calculations 

Let X(k), k = 0, 1, 2, ••• , N-1, be a sequence of 
N = 2M complex numbers. The finite Fourier 
transform of X(k) is defined as 

N-1 
A(n) = ..!. L: X(k) • W -n• k 

N k=O N 

n = 0, 1, ·• •• , N-1 

where 

WN = exp e;iJ and i =r:1' 
Similarly, X(k) can be expressed as the finite 
Fourier series of A(n) 

X(k) 
N-1 n·k 

= L A(n) · WN 
n=O 

(1) 

(2) 

Since N = 2M we express X(k) as a function of the 
M arguments kM-l• kM_2 • • • • k1, ko of the binary 
representation of k: 

k = k 2M-1 + k • 2M-2 
-~-1 • . M-2 

(3) 

Analogously, if 

M-1 M-2 
n = nM-l • 2 + nM_2 • 2 + ••• n1 • 2 

+n ; n = 0 or 1, 
0 v 

then: equation ( 2) can be written: 

(4) 



(5) 

Therefore the innermost swn in equation (5) yields 
an array: 

Then, summing over nM_2 to get an array A2 from 
Ai. and so on, leads to the general formula(L = l, 
2,3, ••• ,M): 

= AL-1 (ko, ••• '~-2, nM-L' °M-L-1' 

The final array will be the desired X. The 
storage indexing convention used here is to let the M 
argwnents of AL (k0, ••• ,n0) be the binary representa
tion of the index of the storage location for AL 
(ko, ••• ,no)· In this way, each step of the algorithm 
involves fetching from two storage locations and 
returning results in the same two locations, thereby 
saving storage. However, the elements of the final 
array are in wrong order: 

Now we must reverse the order of the bits in the 
binary representation of k. FFT does the reorder
ing on the initial array so that the result is in the 
correct order. 

Real Fourier calculations 

Given 2N real data Y(j), j = 0, 1, 2, ••• , 2N-1. The 
coefficients of the trigonometric series 

N-1 
a(O) mi. 

Y(j) = - + L (a(n) • cos _J, 
2 n=l N 

+ b(n) ~ sin 11'D.j ) + (-1)~ a(N) 
N 2 

can be derived from the N-point complex Fourie~ 
transform 

N-1 
A(n) = ...!_ " X (k) • W-n•k 0 1 1 N L.J N n= , ,2, ••• ,N-

K=O 

where X(k) = Y(2k) + iY(2k+l) ; k = O, 1, 2, ••• , N-1. 

Let (the bar is conjugation): 

2C(O) 
2C(N) 

2C(~) 

= Re A(O) + hn A(O) 
= Re A(O) - hn A(O) 

= A. c!'i> 
2 N 

Calculate for m = 1, 2, ••• •2 - 1: 

1 -
= 2 (A(m) + A (N-m) ) 

- 1 
A2 (N-m) = 2i (A(m) - A(N-m)) 

2C(m) = Al (m) + ~ (N-m) • w;: 
2C(N-m) = Al(m) - A2 (N-m). w;: 

Now, identify the a(n), b(n) coefficients by means 
of the relations 

a(O) = 2C(O) 
a(N) = 2C(N) 
a(n) = 2ReC (n) 
b(n) = -2 hnC(n) } n = 1, 2, ••• , N-1. 

Note: To compute the 2N real Y(j) (Fourier 
synthesis) when the coefficients a(n) and b(n) are 
given, the process described above is applied in 
reverse order. 
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Programming Considerations: 

FFT accepts input data stored according to 
option parameter OPT: 

OPT 
OPT 

OPT = 

111 J any set of~ = 2M-l complex values 
131 t whose real and imaginary parts are 

( located by pairs in N adjacent storage 
) locations. 

121 the coefficients 
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in N + 2 successive storage locations. 

OPT = 101 N real elements in successive storage 
locations. 

During calculation, input vector A is replaced by 
results depending on the character of parameter 
OPT. These results are stored in an analogous 
manner. For example, with OPT= 'O', FFT 
calculates the N+2 Fourier coefficients a(n), b(n) 
and stores them into array A (with length N+2), 
overwriting the first N given real values. 



PROC<UuKE FFT PE~FURMS FINITE, ONE-Ol~ENSIONAL FOURIER CALCULATIONS FOR A SET OF N=2 .. ~ ~F.AL OhTA AILJ, L=l,2, ••• ,N 

:o::o:**A l********* • • * PROCEDURE FFr * • • 
****'°'***'°'****** 

x ... 
Cl *• ****~62********** 

•* IS M *• * * 
.• GREATER *• YES * PRESET * 

*.THAN OR EQUAL•*••••••••X* ERROR=•o• * 
*• TO 2 •* * * 

*. ·* * * *. ·* *****•'°'********** * NO 

x 
**** • • * K4 * • • 
**** 

x 
*****CZ********** 
*RESJORE OPTION * 
* PARAMETER OPT * 
* INTO LOCAL * 
* STORAGE COPT * • • 
****•············ 

x 
**** *02-********** • • * CALCULATE * 
*NUMBER CF OATA * * N=2**M * * • ****•************ 

x 
*****E2********** 
*CALCULATE SINE * 
*ANO COS! NE OF O* 
*UP 10 Pl /2 WI TH* 
*l NC RE ME NT VALUE* 
* OF 2•PI/N * 
***************** 

i< 
• *• REAL 

F2 *• *****F3********** 
• * IS *• *CALCULATE REAL * • * COPT='2 '., *• YES *TRANSFORMS FROM* 

C PLX 
** ***A5 *******•** ** ** * * * * * OOUBLF. I AS * 

• A5 ••••• x• INCREMENT •x ••• 
* * * lST=I+I * 
**** * * ***************** 

x 
*****85********** 
*I NI TT ALI ZE J=l * 
*AS LOOP COUNTER* 
*FOR EVALUATION * 
* OF ANGLES * • • ***************** 

ic 
*****C5 ********** * RE STORE SI NE * 
*A NO COSINE WITH* 

••• X• ARGUMF.NT CF * * Pl 11-JI /! * • • ********•******** 

x 
*****05 ********** • • *CHANGF SIGN OF • 
*SINE IN CASE OF• 
*FOURIER SERIES * • • 
******** ********* 

i< 
*****ES********** * TRANSFORM ANO * * RFSTORE DATA * 
•AILI DUE TO THE• 
*PRE-EVALUATED * 
•SPECIFIC ANGLE * 

***************** 

i< 

•• I.E. REAL •••••••••• x• COMPLEX ONES •x •••.•••••••••••••••••••••••••• 
*****F 5 ********** • • *INCREASE LOOP* 
•COUNTER J BY 2,• 

*• FOUR! ER • * •FOR A13 I UP TO * 
•.SERIE.* * AINI * 

:t. • * ***************** * NO 

x x . .. ... 
G2 *• G3 *• • * IS *• • • rs • • ·* COPT=•z•, *• NO YE s • * COPT= 13 I., *· 

•••• •.I.E. COMPLEX•* 
*• FOURIER•* 

*•SERIE.* •.• * 
*• I.E. REAL •*•••••••••••••••••• 

* NO 

x 
****"H2 *•******** *OIVIDEGIVEN * 
* SET OF N REAL * 
*DATA AIU BY * * N/2 * • • 
····~············ 

: .•.•..•••. x: 

*• FClJRlER •* 
*.SERIE.* 

*· ·* • YES 

x 
*****H3*********• 
* PREPARE AO I * 
* ANO A121 FOR * 
*CALCULATION OF * 
* REAL FOURIER * * SERIES * ••••••••••••••••• 

I NV X X 
*****J2 *******"** ****-*J3********** *REORDER INITIAL* * * 
* TERMS Al II BY * * CHANGE LOCAL * 
*BIT REVERSAL *X••••••••* OPT ION VALUE * 
* TECH NI QUE * * C OPT=• 3' * 
* * * * ••••••••••••••••• ***************** 

x 
*****K2 ********** 

x 
*****J 4********** • • *CALCULATE TERMS• * fdl),A( 2), * * A(N+-1),A(\4+2) * • • 
***************** 

RfTUR~ x 
*INITIALIZE 1=2 * **** **** ****K 4********* * FOR COMPLEX * * * * * * ENO OF * 
* FOURIER *• ••• X* A5 * • K4 ••••• x• PrnCEOURE FFT • 
*TRANSFORM WI TH * * * * * * • * N/2 ELEMENTS * **** **** *************** .................. x 

* J=J+?. * • • 
•-*********** ***** 

x . • . 
G5 *• 

• • • rs •. 
.YF:S •*COUNTER J *• 
•• ••*•LE SS THAN OR • * 

•.EQUAL TO•* 
*• I • * 

*· . * * NO 

x 
*****H5********** • • * UPnAT~ * 
•PARA ME TFR I=! ST* • • * • 
************ ***** 

x 
. *· 

J5 *· . * IS *• • . * cnUNTER t *· YES. 
•.LESS THEN OR•*•••• 

•.FQUAL TO • * 
*• N/2 • * 

*· . * * NO 

x ... 
KS *• 

.•IS COPT*• 
• NO. *='l 1 OR 1 3'*• 
•••••• *•I.E. COMPLEX • * 

*·TR A NSF OR~.* 
*· . * *· . * * YES 
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e> Subroutine FFTM 

FFTM • • FFTM 10 
/ *** * ** ** **** ** ** ** * * ****** * * ** ***** ** ***** * ** ***** ** **** *************I FF TM 20 
" u~~ ~ 
I* FAST FOURIER TRANSFORM fQQ MULTI-DIMENSIONAL ARFIAV *fFFTM 40 
/* */FFTM 50 
/ *********>Ii******************************************************'**** *I Ff TM 60 

PROCEDURE{A,1'1,f\!DIM,OPTJ,, FFTM 7C 
DECLARE FFTM BO 

EWROR EXTEPNAL CHARACTEPllJ, /*EXTERNAL EP.ROR INDICATOR */FFTM 90 
OPT CHARACTER [ lJ r FFTH 100 
IAl*l 1PJ,Rl,RTH,TR,T2R1T2I, FFTM 110 
T3R,T3I,T4W,T4t,UlP,Ull,U2R, FFTM 12{1 
UZI 1U3R,U31 ,U4R,U4l ,WR,WI, FFTM 130 
lW2R 1 W21 1W3Rr'ff3l) FFTM 14C 
BINAQV FLOAT, /*SINGLE PRECISION VE~SJON l*S*/FFTM 150 ,. BINARY FLOAT(S3J, /*DOUBLE PRECISION VERSION /*D*/FFT~ 16C 
1[ 1 INO,J,JH,K 1 K2rK3,K4,KOIF, FFT'1 170 
KINC1KM,KMIN,L,LJ,LMAX1Ml•I, FFTM 180 
~M,MMAX,NINOJM),NA,NAD.NB, FFTM 190 
NBH,NOJM,NIN,NTI FFPI 200 
Bl~lARY FIXED,• FFTM 210 

ERROR= 1 P I I. f*P t4EANS WRONG PARAMETER *fri:n1 220 
IF NOIM Li 1 />!<TEST NUMBER OF DIMENSIONS *IFFTM 230 
THEN GO TO RETURN,, fFTM 240 
NT =2, • FFTM 250 

Pl 
RTH 
NA 

MODI •• 

(lQD •• 

LENZ.• 

LEN4 •• 

MAIN •• 

DOUBLE •• 

INITL • • 

INCR •• 
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DO 1 =l TO NOIM,. FFTM 260 
NCIJ,K=lOB**MfJJ,. /*COMPUTE AND TEST OIMENSION >1:/FFTM 27C 
IF K LT l fFTM 260 
THEN GO TO qETUPN,, /*CALCULATE TOTAL NUM8Ei:t OF *ffFTM 290 
NT =NT*K,. /*ELEMENTS */FFT"I 3QO 
ENO,• FFTM 310 

/*COMPUTE Pl AND RTH */FFTM 320 
=3 .14159265358<J793E+OO,. 
=7. 07106 7 ft l l 865475E-Ol r. 

FFTM 330 
/*RTH MEANS SQRH2.Jf2 •IFFT"I 340 
f *******************************fFFTM 350 
/*LOOP FOR EACH OIMENS ION .t.IFFTM 360 
I***********************'°'*******! FF TM 3 70 

=2,. 
00 IND :NOIM TO l BY -1,. 
NIN =NIINOJ, 
NB :NJ\*NIN,, FFTH 380 

FFTM 390 
FFTH 40(1 
FFT .... 410 

IF NIN-= l 
THF.N GO TD MULTI,• 
NBH "NB/ lQB,, 
J =l,. / >l<**********************"*******/FFT"I 420 

/*BIT REVERSAL TECHNIQIJE */FFTM 430 
I****************************** ""IFFTM 44('1 

NAO 

00 I =l TO NB BY NA,. 
TF J LE I 
THEN GO TD MODI 1 • 

KM =I +NA-2,. 
JM :J-I,, 

00 K =I TO KM BY 2, • 
00 L =K TO NT BY NB, • 
LJ =L+JM, • 
WP =AIU,. /*INTERCHANGE A(LJ WITH AILJJ 
WI =AIL+lJ ,. /*ANO All+ll WITH AILJt-11 
A(LJ =AILJJ,. 
A(l+ll =AILJ+lJ,. 
AILJJ=WR,. 
A(lJ+lJ:~H,. 

END,. 
END,. 

FFTM 450 
FFTM 460 
FFTM 47('1 
FFTM 48C 
FFTM 4qo 
FFTM 500 

*/FFTM 510 
ir</FFTM 520 

FFTH 530 
FFTH 540 
FFTM 550 
FFTM 560 
FFTH ~70 
FFTM 580 

/*MODIFY PARAMETER J ANO K •/FFTM 590 
=NBH,. 
DO WHILE (J GT Kl,• 
J =J-K,. 
K =K/lOB,. 
ENO,. 

J =J+K,. 
END,. . 
=NA+NA,. 

!*COMPUTE NEW BIT REVERSAL 

/*TEST FOR ODD MC INDl 

FFTH 600 
FFTM 610 
FFTM 620 
FFTM 630 
FFT" 640 

•/FFTM 650 
FFTM 660 
FFTM 670 

*/FFTM 680 
IFNINLT2 FFTM 690 
THEN GO TD LEN4, • 
IF NIN= 2 
THEN GO TO LENZ,• 
NIN =NIN/lOCB,. 
GO TO C'lOD,. 

DO I :::::1 TO NA BV 21. 
DO K =1 TO NT BY 
L =K+NA,. 
WP =AIU,. 
WI ::AIL+U,. 
A(LJ =AIKl-HR,. 

f*MC IND) IS EVEN, NIN =- 1 */FFTH 700 
FFTM 710 

f*MC INDJ IS ODD, NIN = 2 */FFTM 720 
FFTM 730 

l*******************************/FFTM 740' 
/*TRANSFORM HJTH LENGTH 2 *IFFTM 750 
I*******************************! FFTH 760 

NAO,.' FFTM 170 
FFTM 780 
FFTM 790 
FFTM 800 

AC L+U =Al K+ll-HI,. 
A(KI =AIKJ+HR,. 

/*110DIFY AND RESTORE ELEMENTS *IFFTM 810 
FFTM. 820 
FFTH 830 
FFTH 840 
FFTM 850 

A( K+l I =Al K+ll+HI 1. 

END,. 
END,. l·*******************************/FFTH 860 

/*FAST FOURIER TRANSFORMS *IFFTM 870 
MHAX =NA,• /*WITH LENGTH 4 •IFFTH 880 

/*******************************IFFTM 890 
lf MMAX GE NBH FFT/1 900. 
THEN GO TD MULTI,. FFTM 910 
MM =M~A X+MMAX, • FFTM 920 
LMAX =MAXINAO,HMAX/lCBJ ,. FFTM ,q3Q 

00 I =NA TO LHAX BV NAO, ./*EXECUTE LOOP FOR CALCULATION *fFFTM q40 
J =I,. /*OF ANGLES FOR SPECIFIC HMAX *fffTM 950 
IF MMAX LE NA FFTM 960 
THEN GO TO I Nt Tl,• FFTM 'HO 
PI =-PI•J/MH,. FFTM 980 
IF OPT=' l' FFTM 990 
THEN ~I =-RI,. /*CHANGE SIGN FOR CALCULATION *IFFTMlOOO 
WR =COSIRIJ,. /*OF FOURIER SERIES *fFFTMlOlO 
Wl ::SINIRIJ,. FFTM1020 

W2R 
W2l 
W3R 
W3l 

=WR*WR-WI *WI,. 
:WR*Wl *lOE+OOB •• 
=W2R*KR-H2I*ril ,. 
=W2P.*WI +H2I *WR,• 

=1,. 

IF MMA:i!= NA 
THEN KMIN :::::L,. 
ELSE KMIN =l+NlN*J,. 
KOIF =NIN•MMA)(,, 

.KINC =KOIF*lOOB, • 
DO K =KMIN TO NT 
K2 =K +KDIF,. 
K3 :K2+KOIF, • 
K4 . ==K3+KOIF, • 
IF MHAX= NA 
THEN OO,. 

/*COMPUTE COSINF. ANO SINE, 
/*FOR 2*Rl ANO 3*RI 

FFTtH030 
*/FFTM1040 
*IFFTM1050 

FFTM1060 
FFTM1010 

/*INJ.TIAltZE L AS INDEX FOR *IFFTM1080 
/*HULT JOit1ENS IONAL CALCULATJONS*IFFTH1090 

. . FFTMllOO 
/*COMPUTE START VALUE KMtN FOR */ffTHlllO 
/*TRANSFORl1ATION LOOP */FFTM1120 

FFTMl 130 

/*COMPUTE INCREMENT FOR THE 
/*TRANSFORMATION LOOP 

BVKINC,. 

FFTMl 140 
*/FFTM1150 
*IFFTM1160 

FFTfU 170 
FFTMl 180 

/*K 7 K2tK3 1 K4 ARE P.ARAHETERS *ffFTM1190 
/*FOR OPERATION WITH LENGTH 4 it1FFTM1200 
/*WITHOUT MULTIPLICATIONS *IFFTM1210 

FFTM1220 
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MUL Tl•• 

.Ul,R ~~A{KJ +Al°K2J t• 

Ull =Af K+ll +AC K2+11, .. 
U2R. =AfK31 +,4.IK4) ,. 
U21 =A(K3+LJ+AIK4+l) ,. 
U3R =AIKJ -AIK2J,. 
U31 =AfK+lJ -A<K2+11,. 
U4R =AtK3+1J-AIK4+lJ,. 
U41 =AIK41 -AIK3J,. 
END,. 

ELSE DO,. 
T2A =W2R*AfK2J -W2I*A<K2+LJ,. 
T21 =W2R*ACK2+1J+W2I*AIK2J,. 
T3R =WR *AltO·J -WI *AfK3+1J,. 
T31 =WR ·*AIK3+1J+WI *AfK3J,. 
T4R =W3R*AIK4J -W3I*ACK4+ll,. 
T41 ~W3R*AI K4+1 J+W3I•A(K4), • 
UlR =ACKJ +T2R,. 
Ull =A(K+ll+T2lu 
U2R .=T3R +T4R,. 
U21 ·=T3I +T4I,. 
U3R ·=AIKJ -T2R,. 
U3l =ACK+lJ-T2I,. 
U4P =T3I -T4I,. 
U41 :T4R -BR,• 
END1. 

IF OPT: 'l' 
THEN OOH 

U4R =-U4R,. 
U41 . =-U41 I. 
ENO,. 

/*IN CASE OF FOUllIER SERIES 

FFTM1230 
FFTM1240 
FFT/111250 
FFTM1260 
FFTM1270 
FFTM1280 
FFTM1290 
FFTM1300 
FFTM1310 
FFTH1320 
FFTl41330 
FFTM1340 
FFTM1350 
FFTM1360 
FFTM1370 
FFTM1380 
FFTM1390 
FFTM1400 
FFTM1410 
FFTM1420 
FFTM1430 
FFTH1440 
FFTM1450 
FFTM1460 
FFTM1470 

*IFFTM1480 
FFTM1490 
FFTM1500 
FFTM1510 
FFTM1520 

AIKI =UlR+U2Rte 
A(K+lJ=lllJ+U211• 
A f K2 J =U'3R+U4R t • 

Al KZ+l J=U3I+U41,. 
A I K3J =UlR-U2R,. 
Al K3+ll =Ul I-U21 t; 
Al K4J=U3R-U4R t • 

Al K4+1J=U3!-U4I I. 
ENO,. 

/*COMPUTE ANO STORE NEW VALUES *fFFTMl530 
FFTMl 540 
FFTM1550 
FFTM1560 
f:FT"41570 
FFTML580 
FFTMl'i9C 
FFJP.'160(1 
FFTM 1610 

KMIN =L+IKMIN-L>*lOOBu 
KDIF =KINC, • 

/*UPDATE KMJN, KDIF ANO IF NEC-*/FFTM1620 
/*ESSARY REPEAT TRANSFORMATION ~/FFTM1630 

IF KDIF LF NBH 
THEN GO TC INCR,. 

L =L+2,. 
IF l l T NA 
THEN GO TO StR.T,. 

J =J+LMAX,. 
lF J LE MMAX 
TkEN DO,• 

ENO,. 

TR =WR,. 
WR ::(TR+Wll*RTH,. 
WI ::(Wl-TRl*RTH,. 
IF OPT= '1' 
THEN ao,. 

TR =WR,. 
WR ::-HI,. 
WI =TQ,. 
ENO,. 

GO TO DOUBLE,. 
ENO,. 

NIN .::3-NIN1. 
MMAX :MM,• 
GU TO MAIN,• 

/*LOOP IN ORDER TO GET FINAL *IFF-TM164C 
/*VALUES */FFTML650 
I* */FFTM1660 
/*MOOtFY L AND -JF NECESSARY- *IFFTM167C 
/*START ANOTHER TRANSFl1Rfi! */FFTM1680 

FFTM169C 
I* */FFTM170C 
/*MODIFY J AND -IF NECESSARY- */FFTM1710 
/*THE ANGLE */FFTM1720 

FfT~l 730 
f*IF Z = COSIRJI + l*SINIR]) */FfJP.'1740 
/*THEN Z IS SUBSTITUTED BY */FFTM1750 
f*l = Z * EXPl-PI/4 * I) */FFTMf160 

l*l IS SUBSTITUTED BV 
f*l Z * EXPl+PI/4 * ]) 

FFTMl 77G 
FFTMl 180 

*/FFTMl 790 
*/FFTMlAOO 

FFT~l81C 
FFTM182C 
FFTM1830 
FFTN!l 840 
FFTM1B50 

/*UPDATE NIN AND DOUBLE MMAX */FFTM1860 

NA =N8, •. 
ENO,. I 

ERROR''=' 0 1 ,, 

RETURN.• 

FFT1i1!1810 
FFTM!BBC 
FFTM1890 
FFTM19CO 
FFTM1910 

/*SUCCESSFUL FOURIER TRANSFORK */FfTM1920 
FFTH1930 

*/FFTM194C ENO,• !•END OF PROCEDURE FFTfoll 

Purpose: 

FF.TM performs finite, multidimensional Fourier 
forward or inverse transformations for complex 
arrays whose dimensions are powers of two. 

Depending on the value of the input parameter 
OPT, the following transformations can be done: 

OPT = 'O' forward Fourier transform 
OPT = 111 inverse Fourier transform 

Usage: 

CALL FFTM (A, M, NDIM, OPT); 

A (21+Ml+M2. • ~MNDIMt

BINARY FLOAT [(53)] 
Given one-dimensional real array used 
to hold the complex multidimensional 
array A(N1, N2, ••• , NNDIM) to be 
transformed. · 
The real and the imaginary parts of a 
data element must be placed by pairs 



into immediately adjacent locations in 
storage. Note that the last subscript 
increases most rapidly. 
Resultant complex Fourier transform in 
the same storage order. 
The number of elements of vector A is 

l+M +M 
2•Ni°N2• ••• NNDIM =2 1 2 

••• MNDIM 

M(NDIM) - BINARY FIXED 

NDIM-

OPT-

Remarks: 

Given integer vector of length NDIM, 
which determines the extent of each 
dimension of complex array A(N1, N2, 
NNDIM): 

N = 2M(l) N = 2M(2) • • • NNDIM 
1 ' 2 ' 

= 2M(NDIM) 

BINARY FIXED 
Given number of dimensions of 
multidimensional array A. 
CHARACTER (1) 
Given option parameter for selection of 
transform. 

Procedure FFTM is to be used for Fourier trans
forms of complex, multidimensional arrays in which 
each dimension is a power of two: 

_ M(v) . _ 
N - 2 with v - 1,2, ••• ,NDIM 

v 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. 

Error parameter ERROR='P' is returned if 
NDIM < 1 or any Nv < 1 . 

A forward transform followed by an inverse 
transform, returns the original data multiplied by 
Ni • N2• ••• NNDIM (except for roundoff errors). 

Method: 

Calculations performed are based on the Cooley
Tukey Fast Fourier transform, 

For reference see: 

J. W. Cooley, P~ A. W. Lewis, P. D. Welch, "The 
Fast Fourier Transform Algorithm and its Applica
tions", IBM Research, RC 1743, February 9, 1967, 
pp. 15-30. 

N. M. Brenner, "Three Fortran Programs that 
Perform the Cooley-Tukey Fourier Transform", 

Lincoln Laboratory, Massachusetts Institute of 
Technology, Lexington, Technical Note ESD-TR-
67-462, 1967. 

J. W. Cooley and J. W. Tukey, "An Algorithm for 
the Machine Calculation of Complex Fourier Series", 
Mathematics of Computations, vol. 19, 1965, pp. 
297-301. 

Mathematical Background 

The normal algorithm 

Let B(n1,n2, ••• ,nL) be a complex multidimensional 
array whose dimensions are powers of two: 

_ M(v) _ 
N - 2 , v -1,2, .•• ,L v 

The finite Fourier forward transform of Bis defined 
as 

where: 

-nl·k 
·w 1 

1 

-n ·k 
•W L L 

L 

(1) 

Similarly, B(n1, ••• , nd can be expressed as the 
finite Fourier inverse transform (or Fourier series) 
of A(k1, ••• , kL)• 

... 
N -1 

L 

2: 
k =O 

L 

The innermost sum yields an array 

(2) 

(3) 
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Since equation (3) is equivalent to a one-dimensional 
problem, we discuss now the algorithm for one
dimensional complex Fourier transform. 

N-l k•n (2 ") 
X(n) = 2: A(k) • WN , WN =exp ~1 

k=O (4) 

Since N = 2M, we express X(n) as a function of the 
M arguments nM-l•nM_2, ••• n1,no of the binary 
representation of n: 

M-1 M-2 
n=n •2 +n__ •2 

M-1 lVl-2 

Analogously, if 

M-1 M-2 
k = ~-l • 2 + kM_2 • 2 + ••• 

+ k 1•2 + k0 ; k = o or 1 
1.1 

then equation (4) can be written: 

1 

2: 
k =O 

0 

· __ 2M N 
Using WN = WN = 1, we have 

n •k •2 0 -N-1 = w 
N 

M-1 

(5) 

Therefore the innermost sUm. in equation (5) yields 
an array: 

= 
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Then, summation over kM_2, to get an array A2 
from Ai, and so on, leads to the general formula 
(L = 1, 2, ... , M): . 

L-1 M-L 
(nL- l • 2 + ... +ni" 2+n0) • k _ • 2 

·w ML 
N 

(6) 

The final array will be the desired X. The storage 
indexing convention used here is to let the M argu
ments of AL (n0, ••• , ko) be the binary representa
tion of the index of the storage location for AL(n0, 
••• , k0). In this way, each step of the algorithm 
involves fetching from two storage locations and 
returning results in the same two locations, thereby 
saving storage. However, the elements of the final 
array are in wrong order: 

Now, we must reverse the order of the bits in the 
binary .representation of n. FFT does the reordering 
on the initial array so that the result is in the cor
rect order. 

The two"'."step algorithm 

A modification that achieves further economy at the 
expense of program complexity is to take two steps 
at a time when the AL in equation (6) are calculated. 
Let us define J as the index given by the high-order 
L-2 bit positions of an index and let K be the low
order M-L bit positions: 

AL (no·····~-3' nL-2'nL-1' kM-L-1, ••• ,ko>· 
~· " ....... . ) 

~ K 

Let: L-3 M-L 
(nL_3• 2 + •• ~ +n12 + n0) • 2 

U=W .. N 



Then the step from L-2 to L-1, with 

is: 

M-1 
w2 

N 

N 

= w2 = -1 
N 

2 
+ AL-2(J, 1,kM-L' K) • U 

(7) 

for kM-L = O, 1. 

For the step from L-1 to L, ·we make use of the 
fact that N 

M-2 -
~ = W; = i and get: 

AL (J,nL-2' 0,K) = AL-1 (J,nL-2' O,K) 

nL-2 
+ ~-l(J,nL-2, 1, K)• i • U 

(8) 

for ~-2 = O, 1. 

Dropping J and K to simplify notation, we write 
equations (7) and (8) in a form that requires only 
three instead of four complex multiplications. To 
do this, let 

Then, we have: 

for kM-L = 0 

AL-l (0, 0) = ~-2 (0, 0) + AL_2(1, 0) • u2 
2 

AL-l (1, 0) = ~-2 (0, 0) - AL_2 (1, 0) • U 

for kM-L = 1 

AL-l (0, 1) = AL_2(0, 1) • U + AL_2 (1, 1) • u3 

:AL-l (1, 1) = AL_2co, 1) • u - AL_2 c1, 1) • u3 

for nL_2 = 0 (9) 

AL (0, 0) = ~-l (0, 0) + AL-l (0, 1) 

AL (0, 1) = ~-1 (0, 0) - AL-1(0,1) 

for nL_2 =1 

AL (1, 0) = ~-1 (1, 0) + AL-1 (1, 1) • i 

AL (l, 1) = AL-l (1, 0) - AL-l (1, 1) • 

These equations are used for L = 2, 4, 6, ••• , M, if 
Mis even. If Mis odd, a single step is taken with 
L = 1 and equations (9) are used with L = 3, 5, 7, ••• , 
M. 

The cases with J = 0 and J = 1 are programmed 
separately to avoid multiplications: 

J = 0 gives U = 1 

L-3 M-L 2 • 2 
J = 1 gives U = W N 

N 

= w8 = e 1'l'i =.~(l+i) 
N 4 v2 

2 
and U = i, 

3 1 
u 12 (i-1). 
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fflH ~tRFORMS FINITE, MULllOIMENSIONAL FOURIER TRA~SFORMS FOR COMPLEX ARRAYS, Wl{)SE OIM~NSIONS ARE POIERS OF TWO 

****Al********* 
* * *PRUCt:DURE FFTM * • • *************** 

x 
*****Bl********** 
* * * PRESET * * ERROR= 1 P 1 * • * • • ***************** 

x ... . 

****•A2 '********* *REORDER I NI Tl Al* 
*DATA ARRAY A BY* 

• • X* BIT REVl'RSAl * * lECH NI QUE * • * . . ................. . ..... • • * A2 * • • •••• 
x 

****•B2********** • • • * 
* NAO = NA+NA * * • • • ••••••••••••••••• 

x . .. 
C2 *• 

*****A3********** * • 
*CALCULATE l MAX * 

•• ••• X* AS MAX !MUM OF * 
•NAO ANO HHAX/ 2 * • • ................... 

x 
*****83********** OINIT IALIZE l=NA* 
*AS LOOP CllJNT ER* 
*FOR CAL CU LAT ION* 
*OF ANGlES FOR A* 
* SPECIFIC MMAX O ••••••••••••••••• 

x .•. 
C3 *• 

INITL 
*****A4********** 
•INITIAl!ZE L=l * 
* AS JNOEX FOR * 

•• •••X* ~UL Tl- * * Ol~ENSIC~Al * 
* CALCULATIONS * • •••••••••••••••• 

*****AS********** • • . .. * l = l+Z •X ••• • • • • • •••••••••••••••• 

STRT X .t 
*****B4*********• 85 *• * COMPUTE START * , *ANOTHERO. 
*VALUE KMIN FOR * YES • * TRANSFORM *• 
:rRA~~b~R=~~~ON :x··········~~t~!~atHl~.~·· 
* LENGTH FOUR * *• NA , * ••••••••••••••••• *· •• 

* NO 

!NCR X 
ic .•. 

C5 *• Cl *• 
• •NUMBER *• 

YES •* ~OIM OF *• 
••••*•lllMcNSIONS IS.• 

•.LESS THAN.• 

•• Is •• 
EVEN.*EXPONENT *• 
••• , *•Ml I NOi 000 OR,* 

• •HULT I- *• 
•*PLICAT IONS *• NO • 

*****C4********** 
* CALCULATE * 
*INCREMENT KINC * ·* •. NO • * NEW *• 

*• EVEN • * :·x•.~;cm:R~f !E·•·.x: •• • X* FOR TRAN SFOR- * 
O ~ATION LOOP * 
* WITH LENGTH 4 * ••••••••••••••••• 

•• .. *• ARGUMENTS , * .. .. 
* • ONE •* *. ·* * ND 

x •••••01••········ * CALCULATE * * DIMENSIONS * * NI ll=2-*Mt II * * FOR * 
:1:11:&•••&~21=.: 

x 
·*· El *· •* TEST *• 

* :*~~Mml27fl*:*~~ •• 
•.LESS THAN.* 

*• ONE ·*· •. ·* • vEs 

.. . . . .... 
* ODD 

:LEN2 X ••••t02••••······ * NIN = 2t o * CALCULATE ONE * * FOURIER O 
*TRANSFORM WI TH * 
* LENGTH TWO * ••••••••••••••••• 

: •••••••••• x: 

LEN4 X ••••:te2••········ * NIN = lo . * 
*I NI Tl All ZE MAIN* * ROUTE SETT! NG * * MHAX : .NA * • • .................. 

*• NA .o 
. •**• •·.·~es •• • •*a• .• * •••• x 

•••••m••******** • • * COMPUTE ANGLE * * RI = • 
•-Pl* lll2*MMAXI O • • ••••••••••••••••• 

x •••••a•••••••••• 
*CHANGE SIGN OF * 
* RI IN CASE OF • 
•INVERSE FWRIER* 
.*TRANSFORM, I.E.• 
*OPTION OPT=' l' * ••••••••••••••••• 

: .....••.•• x: 
x 

RETURN x MAIN ... x 
****fl********* * ENO OF * 

F2 0. 
• •ENO OF *• • *****F3********** • • * CAtctftAT E * 

.. X*PROCEDURE FFTM * •• xo: =~~NG~f~~R *: O.N~.: : ~~:~nm1 : * • *************** 
•. lHAN OR :• * *· NB/2 • * • • 

•*•• • * * Fl * • * 
• • ••• •• * •* F2 • 
·* * 
• • ••• 

.. . . 
• YES 

. ... , ........... . ..... 
• * . * G3 •.X • • • **** 

MULTI X •••• • DOUBLE X 
*****Gl********** *****G2********•• 

* * . . . * COMPUTE TOTAL * 
*NUMBER OF TERMS* • 
*NT• 2*N 11 l*N ( 21**X• •• 
* *•••*NINDIMI * * NA = NB OX ••• 

*****G3********** *COMPUTE COSINE * 
o ANO S !NE OF * * DOUBLE AND O 
•TRIPLE ARGU HENT* • * ***************** 

x 
*****Hl********** * INITIALIZE * 
* INO=NO IM AS * * LUOP COUNTER * * FOR EACH * * UIH ENS ION * 
***************** 

• • • • ••••:t••••········ 

ic 
*****H2******'*** • • * DEC REA SE LOOP * 
*COUNTER JNDt • 
* I ND=! N0-1 * • • ••••••••••••••••• 

x J. 

•••• • • * G2 o • • •••• 

m~,m,=l~&m: 

•••••Jl********** J2 .. •••••J3********** 
*SET PARAMETERS* .•END CF *• •SET ER.ROR=1 0•, * * FOR LOOP OVER* NO .*TRANSFORM,*• YES *I.E. SUCCESSFUL* 
• DIMENSIONS •x .......... I.E. IS IND •••••••••• X* FllJRIER • * NlN=NllNDI * •.LESS THAN.* * TRANSFORM * * NB•NA*NIN * *• ONE • * * * ***************** •. . • • •••••••••••••••• 

x .•. 
Kl *• 

•* IS *• 
·* IND-TH *• YES 

•.DIMENSION OF •*•••• 
*. cXTENT •* 

*.NIN~ l.• 
*· .• * NO 

**** . * • •• xo A2 * 
* * **** 

x 
**** • * * G2 * 

* * •••• 

• •••• . . . 
•• x• Fl • • * •••• 

138 Mathematics--,Approximation 

ic 
*****04********** 
* !NITIALIZF * 
*K•KMIN AS LOOP * 

• ·o * COUNTER FOR * 
•TRANSFORMATION * * LOOP o ••••••••••••••••• 

.. . . . ... 
* YES 

x 
*****D5********** 
: UPDATE . : 
* PARAMETERS WR * 
* AND WI * • • 
············~···· 

:x •.•.•.••..•• 
ic 

*****E4********** 
* CALCULATE * 
* INOEXE S FOR * 
*OPERATIONS WITH* * LE'fGTH FOUR * • • ••••••••••••••••• 

x 
*****f4********** * TRANSFORM AND * 
* RESTORE GJVEN * 
• DATA AVOIDING * 
*Ml1.TIPLICATIONS* 
• IF POSSIBLE * ••••••••••••••••• 

ic 
*****Git********** • • • • * K=K•K tN:'.: * • • . .. 
••••••••••••••••• 

ic 
•••••J4********** * • 
* * * UPDATE KM!N * * • * • ••••••••••••••••• 

x 
*****ES********** * RESTORE AND * 
*CHANGF SIGN IN * 
*CASE OF INVERSE* 
:TRA~~~o~~{.1.E.: 
*****•••········· 

•••• • * • 
•• X* G3 * * • •••• 

••••*!is•••••••••• • • . . . . 
••• xo I = J+NAO * 

x 

• • • • • •••••••••••••••• 

•••• • • • C3 o • • •••• 
x 

*****JS*******:*** • • * UPOATF * * NI N=3-Nl N * 
* MMAX=2 *~MAX * • • ••••••••••••••••• 

• ••• . * * • , X• F2 * 
x '*••••* ·*· K't *• . .. .. 

• NO .• FINAL *• YES • 
••••*• VALUES . •*•••••:.••• •••••••••••• ••'•• ••••• 

•.ATTAINED •* · · 
*· .• •• ·* • 



e Subroutine APLL 

APLL. • APLL 10 
I*************************************************************"'**** ***I A PLL 2CI n ~u~ ~ 
I* SET UP NORMAL EQUATIONS FOR A LINEAR LEAST SQUARES t/APLL 40 
I• FIT TO A.GIVEN DISCReTE FUNCTION */APLL 5C 
I* *I APLL 60 
l****************************************************************"'****I APLL 7C 

,. 

PROCEDURECFCT,N,IP,WDRKI,. APLL BO 
DECLAPE APLL 90 

FCT ENTRY, APLL 100 
hlORK(*J,PCIP+lltAtWGTI APLL 110 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/APLL 120 
BINARY FLOATIS3Jt /*DOUBLE PRECISION VERSION /*D*/APLL 130 
IN,IP,LIP,JPl,J,J,K,LtMI APLL 140 
BINARY FIXED, APLL 150 
ERROR EXTERNAL CHARACTER( l I 1. APLL 160 

ERRDR= 1 0 1 t. /*SUCCESSFUL OPERATION */APLL 170 
LIP =IP,• APLL 180 
IPl =LIP+l,. APLL lqO 
H =IPl•IIPl+lJ/2 1 • APLL 200 

DO I =l TOH,. l•INIT. RIGHT HAND SIDE ANO •/APLL 210 
WDRKCil=O,. /*COEFFICIENT MATRIX EQUAL ZERD*/APLL 220 
END,. APLL 230 

IF N GT 0 /*TEST SPECIFIED DIMENSIONS *IAPLL 240 
THEN IF LIP GT 0 APLL 250 
THEN IF N GT LIP APLL 260 
THEN 00 I =l TO N,. /*FOi< I-TH ARGUMENT */APLL 270 

CALL FCT( I.N1LIP1P1WGTJ t• 

IF ERROR NE 'O' 
THEN GO TO OUT,. 
J =o,. 

DOK =l TO IPl1• 
A =PtKl*WGT,. 

00 L =l TO K,. 
J :11J+1,. 

/*PROVIDE VALUES OF GIVEN FCT.1*/APLL 280 
/*WEIGHT AND FUNOANENTAL FCT. */APLL 290 

/*EP~OR IN PROCEDU~E FCT. 
APLL 300 

*/APLL 310 
APLL 320 

/*COMPUTE COEFFICIENT HATRJX */APLL 330 
!•AND RIGHT HAND SIDE *IAPLL 340 

APLL 350 

WORKC JJ =WORIC( JJ+P( LI •A,• 
ENO,. 

APLL 360 
APLL 370 
APLL 380 

END,. 
END,. 

APLL 390 
APLL 400 

ELSE ERRDR='D't• 
OUT •• 

!•ERROR IN SPECIFIED DIHENSIDNS*/APLL 410 
APLL 420 

*/APLL 430 END,. /*END OF PROCEDURE APLL 

Purpose: 

APLL sets up the normal equations for a polyn.omial 
least squares fit to a given discrete function. 

Usage: 

CALL APLL (FCT, N, IP, WORK); 

FCT- ENTRY 
Given procedure supplying the values. 
of the 'fundamental functions, of the 
function that is to be approximated 
and of the weights. 
Usage: 
CALL FCT (I, N, IP, P, WGT); 
I - BINARY FIXED 

N-

IP-

Given subscript value for 
current point. 
BINARY FIXED 
Given number of points. 
BINARY FIXED 
Given number of funda
mental functions. 

P(IP+l) - BINARY FLOAT [(53)] 

WGT-

Resultant vector containing 
values of fundamental func
tions, one up to IP, 
followed by value of func
tion that must be approx
imated for the i-th argu
ment. 
BINARY FLOAT [(53)] 
Resultant weight value 
for i-th argument. 

N-

IP -

BINARY FIXED 
Given number of points • 

. BINARY FIXED 
Given number of fundamental 
functions. 

WORK((IP+l)(IP+2)/2) -

Remarks: 

BINARY FLOAT [(53)] 
Resultant vector containing the 
lower triangular part of symmetric 
coefficient matrix of normal equa
tions, stored rowwise, followed by 
right-hand side and square sum of 
function values. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR='D' means error in specified dimensions IP, 
N -- that is, IP is not less than N or N not. g-reater 
than 1. 

For solving the normal equations, ASN may be 
used. 

If ERROR is set to a nonzero value within 
procedure FCT, control is returned to the calling 
program. 

Method: 

The normal equations stored in the vector WORK 
are .obtained by minimizing 

where: 

w(Xk) is the weight value for argument Xk 
f(Xk) is the value of the function to be approximated 
p(Xk) is the value of the approximation function 

Mathematical Background: 

Let f(x), gi(x), i = 1, 2, •• , IP, and w(x) > O be 
functions defined for x = x1, ~, •• , XN (the x.t may be 
vectors as well as scalars). 

The problem is to determine the coefficients ci 
IP 

of the linear combination p(x) !; cigi (x) such that 
i=l .. 

N . 2 
L w(~) (f(~) - p(~)) = min. 
k=l 
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This problem leads to a system of linear equa
tions AC = R, where C is the vector of unknown co
efficients, A is the IP by IP symmetric positive 
definite matrix with elements 

and R is an IP dimensional vector with elements 

N 
rJ. = ~ w(x.)f(x.)g.(x.) 

i=l 1 1 J 1 

(See ASN for details.) 

Some remarks regarding polynomial approximation 
are in order. Use of monomials gi(x) =xi-1 as 
fundamental functions results in a very badly condi
tioned coefficient matrix A. If Chebyshev or 
Legendre polynomials are used instead, the condition 
of the normal equations is improved remarkably, 
provided the arguments have a sensible distribution 
(for example, equidistant in the interval -1 to +1). 

Programming Considerations: 

To allow for full flexibility in data handling, the 
user must provide a procedure, described under 
"Usage". 

Coefficient matrix A and right-hand side R are 
stored adjacently. Within a linear array WORK, 
the lower triangular part of A is stored rowwise, 
followed by R, which is augmented by one element, ff, 
in which the weighted square sum of function values 
is returned. 

WORK= (a11, al2• a22• .•• , allP• .•• , aIP IP 
rl, •• , I'J:p, ff) represents a triangular array. 

The described storage allocation of WORK is 
required by procedure ASN. The user has full 
flexibility for handling of the data 

1. If he wishes to allocate 

x., f(x.), w (x.), g1 (x.), ••• , g_P (x.) 
1 1 1 I -i 1 

in main storage he may use external declarations. 
2~ Calculation of some or all of the required 

quantities as functions of the subscript or as func
tions of the argument Xi is another convenient choice. 

3. The needed data may be read in sequentially 
from one or more external devices. 

The three cases listed above may occur in any 
sensible combination. 
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• Subroutine APC 1/ APC2 

APCt.. APC 10 
/*********************************************************************/APC 20 
/O */APC 30 
I* SET UP NORMAL EQUATIONS OF WEIGHTED LEAST SQUARES FIT IN */APC 40 
I* TERMS OF CHEBYSHEV POLINOHlALS FOR A GIVEN DESCRETE FUNCTION */APC SD " ~~ ~ 
l**********************"'**************************************"'*******I APC 70: 

PROCEOUREIX,v,w,N,JP,XC!1Xl1WORIO,. APC 80 
DECLARE APC 90 

u1•1,v1•1,w1•1,xo,x1,woR1<1•1, APC lOO 
A,e,c,TI,fl,SUHJ APC 110 ,. BINARY FLOATl53J, /*DOUBLE PRECISION VERSION /*D*/APC 130 
BINARY FLOAT, /*SINGLE PREClSION VERSlON /*S*/APC 120 
INrlPrNN,LN,IPlrlPP,EPl, APC 140 
EP,EPErlrKtKKtltlLJ APC 150 
BINARY FIXED, . APC 160 
ITEST,ERROR EXTERNAL'ICHARACTERtlJ,. APC 170 

TEST = 1 l' t. /*WEIGHTS ARE GIVEN */APC 180 
GO TO COl1HCN, • APC 190 

APC2.. APC 200 
l**********************************>C:**********************************IAPC 210 
I* */APC 220 
I* SET UP NORMAL EQUATIONS OF LEAST SQUARES FIT IN TERMS OF */APC 230 
I* CHEBYCHEV POLVNOHIALS FOR A GIVEN DISCRETE FUNCTION */APC 240 
I* */APC 250 
l*********************************** .. *********************************/APC 260 

ENTRYIX1Y1N1IP,XC1XltWORK)t. AP.C 270 
TEST • 1 2 1,. /*CONSTANT WEIGHTING ASSUMED */APC 280 

COMMON.. APC 290 
LN =N,. APC 300 
NN •LN+LN,. APC 310 
IPP =IP+IP,. APC 320 
IPl =IP+lt• APC 330 
EP =tlP*IPll/-2,. APC 340 
EPl •EP+l,. APC 350 
EPE =EPtIPl,. APC 360 
ERROR='D' t• /*PRESET ERROR INDICATOR •IAPC 370 
IF LN GT 1 /*TEST SPECIFIED DIMENSIONS */~PC 380 
THEN IF IPl GE 1 APC 3qQ 
THEN IF LN GE JPl APC 400 
THEN 00, • APC 410 

REP •• 

STORE•• 

OUT •• 

A,8 =XUJ,. APC 420 
D~ I =2 TD N,. APC 430 
C =XIIJ,. APC 440 
IF C l T A APC 450 
THEN A "'Cr• /*SET A TO INFIXCIJ J O/APC 460 
ELSE IF C GT 8 APC 47('1 
THEN 8 =C11 /*SET 8 TO SUPIXllJJ */APC 480 
ENO,. APC 490 

XI =B-A,. APC 500 
IF Xl LE 0 APC 510 
THEN 001. APC 520 

ERROR= 1 A' r. /*ERROR RETURN FOR •I APC 530 
GO TC our,. /•DEGENERATE AFIGUHENT RANGE */APC 540 
ENO,. APC 550 

XO =-U+8J/Xl1• APC 560 
Xl =2/Xlr. APC 570 

(>0 I =l TO IPP-L, /*INIT. RIGHT HAND SIDE ANO */APC 580 
EPl TD EPE-11• !•WORKING STORAGE */APC 590 

Wr'RKI I >•C, I APC 600 
ENO,. APC 61C 

SUM ..,O,. /*INIT. SQUARE SUM Of FCT.VAL. O/JPC 620 

LL 

00 I =1 T(I LN1 • APC 630 
Tl =Xl*XIU+xo,. /•TRANSFORM ARGUMENT TO 1-1,u •IAPC 61t0 
A =11 I APC 650 
If TEST= 1 1 1 /•SHOULD WEIGHTS BE USED, THEN •IAPC 660 
THEN A .. WI!),. /•SET A TO I-TH WEIGHT */APC 670 
B =Tl*A1 • APC 68C 
Fl =VI IJ t. /•SET Fl TO FUNCTION VALUE */APC 690 
SUM =SUH+FI•Fl*At .t /*UPDATE SQUARES SUM •IAPC 700. 
Fl =Fl+FI,. APC 710 

DO l =1 TO IPP-1,. /•UPDATE RIGHT HAND SIDE ANO *//J.PC 720 
C =At• /*WORKING STORAGE . */APC 730 
LL =Lt• APC 740 

WORKILL>=WORKI LLJ+C,. 
IF LL LE IP 
THEN DO,. 

LL =EP+LL, • 
C -=C*FI1. 
GO TO REPr, 
ENO,. 

C =TI•B,. 
C =C-A+C,. 
A =81• 
8 =C 1 • 

ENO,. 
ENO,. 
=EPlr • 

APC 75C 
APC 760 
APC 770 
APC 7BO 
APC 790 
APC sec 
APC 810 
APC 820 
APC 830 
APC 840 
APC 850 
APC 860 
APC 870 
APC 880 
APC 890 

DO K =IPP TO 2 BY -2 •• /*COMPUTE COEFFICIENT MATRIX */APC 900 
L =1 t• 

KK ""Kt• 

LL =LL-lr. 
KK =KK-Lt • 
WORKILLJ=WORKIKKJ+WORK IL},. 
L =L+l, I 

IF Kk GT l 
THEN GO TO STORE,• 
ENO,• 

APC 910 
APC 920 
APC 9'30 
APC 940 
APC 950 
APC 960 
APC 970 
APC 98C 
APC 990 
APC 1000 

WORK( EPE) =SUM+SUMt. 
ERR.OR= 1 0't• 

/•INSERT SQUARE SUH OF FCT.VAL.•/APC lClO 
/*SUCCESSFUL OPERATION */APC 1020 

APC 1030 END,• 

ENO,. /*END Of PROCEDURE APC 
APC 10~0 

*/APC 1050. 

Purpose: 

APCl/ APC2 sets up the normal equations for a 
polynomial .least squares fit to a given discrete 
function, using Chebyshev polynomials as funda
mental functions. 



Usage: 

CALL APCl (X, Y, W, N, IP, XO, Xl, WORK); 

X(N) -

Y(N) -

W(N) -

N-

IP -

XO-

Xl-

BINARY FLOAT [(53)] 
Given vector of argument values. 
BINARY FLOAT [(53)] 
Given vector of function values that 
are to be approximated. 
BINARY FLOAT [(53)] 
Given vector of weighted values. 
BINARY FIXED 
Given number of argument values. 
BINARY FIXED 
Given number of Chebyshev 
polynomials. 
BINARY FLOAT [(53)] 
Resultant additive constant for linear 
transformation of argument range. 
BINARY FLOAT [(53)] 
Resultant multiplicative constant for 
linear transformation of argument 
range. 

WORK((IP+l)(IP+2)/2) -
BINARY FLOAT [(53)] 
Resultant vector containing the lower 
triangular part of symmetric co
efficient matrix of normal equations, 
stored rowwise, followed by right
hand side and square sum of function 
values. 

CALL APC2 (X, Y, N, IP, XO, Xl, WORK); 

X(N) -

Y(N) -

N-

IP -

XO-

Xl-

BINARY FLOAT [(53)] 
Given vector of argument values. 
BINARY FLOAT [(53)] 
Given vector of function values that 
are to be approximated. 
BINARY FIXED 
Given number of argument values. 
BINARY FIXED 
Given number of Chebyshev poly
nomials. 
BINARY FLOAT [(53)] 
Resultant additive constant for linear 
transformation of argument range. 
BINARY FLOAT [(53)] 
Resultant multiplicative constant for 
linear transformation of argument 
range. 

WORK((IP+l)(IP+2)/2) -
BINARY FLOAT [(53)] 
Resultant vector containing the lower 
triangular part of symmetric co
efficient matrix of normal equations, 

Remarks: 

stored rowwise, followed by right
hand side and square sum of function 
values. 

1. If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitutes the possible error condition 
that may be detected: 

ERROR=' D1 means error in specified dimen
sions IP, N -- that is, for IP not less than Nor N 
not greater than 1. 

2. APC2 implies constant weighting (value one). 
3. The use of Chebyshev polynomials instead 

of monomials results in a remarkable improvement 
of the condition of the normal equations, . provided 
the arguments have a sensible distribution (for 
example, equidistant). 

4. The given argument range is reduced by means 
of the linear transformation. 

to the reduced range -1 s: t(x) s: + 1. The normal 
equations are set up for Chebyshev expansions in 
t(x) and the solution of these equations is determined 
by procedure ASN. This is no disadvantage, since 
the Chebyshev expansion may be evaluated effectively . 
for a specified' argument x using procedure POSV 
with argument t = x • x1 + xo and the calculated 
coefficient vector of the Chebyshev expansion. 

5. \The transformation ofthe calculated Chebyshev 
expansion to an ordinary polynomial may be ac
complished using procedure POST. 

Method: 

The polynomial fit is calculated in the form of its 
Chebyshev expansion. 

where 1k (t) is the Chebyshev polynomial of degree k. 
The values• of the Chebyshev polynomials for the 

argument t are calculated by means of the th_ree
term recurrence equation: 

Tk (t) = 2 t. Tk-l (t) - Tk .. 2 (t); k ~ 2 

with starting values To (t) = 1, T1 (t) = t, In setting 
up the. coefficient matrix, time is saved by using the 
identity 
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Mathematical Background: 

Let XL and xR denote the leftmost and rightmost 
arguments respectively. By means of the linear 
transformation 

2x-(xL + ~) 
t(x) = = x • x + x 1 0 XR- XL 

the argument range xL ~ x :s: xR is reduced to the. 
argument range -1 :s: t(x) :s: +l. 

The function f(x), given for x = x1, x2, ••• , xN, 
is to be approximated by an expansion in Chebyshev 
polynomials: 

p(x) 

so that 

IP 
= L C. T. 1 (t(x)) 

Q 1 I-

N 2 L w(x.) [f(x.) - p(x.)] = min. 
i=l 1 1 1 

Tk (t) is the Chebyshev polynomial of degree k. 
The vector C of unknown coefficients Ci is a 

solution of the matrix equation AC = R, where A is an 
IP by IP symmetric positive definite matrix with 
elements 

.N 

aJ.k = L: w(x.) T. 1 (t(x.)) Tk 1 (t(x.)) 
i=l 1 J- 1 - 1 

and R is a vector of dimension IP with elements 

N 
r. = L w(x.) T, 1 (t(x.)) f(x.) 

J i=l 1 J- 1 1 

(See ASN for details. ) 

The Chebyshev expansion of the polynomial p(x) gives 
a much better indication of the accuracy of the ap
proximation than the coefficient vector of the poly
nomial itself. If the specified degree of the poly
nomial is too high, the last terms of the Chebyshev 
expansion are uniformly small compared with the 
preceding coefficients. The degree might be reduced 
by the number of small trailing coefficients without 
unduly enlarging the overall error. 

An upper bound for the error introduced by ne
glecting the last terms of the Chebyshev expansion 
is given by the sum of the absolute values of these 
terms. Normally, transformation of the Chebyshev 
expansion in t(x) to ordinary polynomials in x results 

142 Mathematics--Approximation 

in severe loss of accuracy. Therefore, no attempt 
is made to return the polynomial expansions. 

Programming Considerations: 

Only the lower triangular part of the symmetric co
efficient matrix is generated and stored rowwise, 
followed immediately by the right-hand side and by 
the weighted square sum of function values. 

This storage allocation scheme is required by 
subroutine ASN, which may be used for calculation 
of the normal equations. 



• Subroutine ASN 

ASN.. ASN lC 
l•••*****************************~ill**********"'************************/ASN 20 
I* •/ASN 30 
I* SOLUTION OF NORMAL-EQUATIONS ·up TO SPECIFIED ORDER •IASN 40 
I* OP PRECISION. •/ASN 50 
I* ALL FITS OF SMALLER ORDER ARE CALCULATED OPTIONALLY. •IASN 60 
I* •IASN 70 
l*********************************************************************/ASN SC 

,. 

PROCEDUREIWORK,lPtlRES,OPT1EPS1ETAl,. ASN 90 
DECLARE ASN 100 

S BINARY FLOAT( 531, ASN 110 
(Wl"IRKl*J1EPS,ETA1TCIL1TEST1 ASN 120 
AUXIIPl1WE1Q1PJ ASN 130 
BINARY FLOAT, !•SINGLE PRECISION VERSION /*S*/ASN 140 
BINARY FLQATl53) 1 /*DOUBLE PRECISION VERSION l•D•/·AS~ 150 
(IP, lPhPSrOG1DDG1L1LL1 ASN 160 
EPE1LLL,OL1IPR1lRESrK1EP1 ASN 170 
l1lltLLl,OLKI ASN 180 
BINARV FIXED1 ASN 190 

~~:~~g~~~~ i ~~~Q~ EXTFRNAL) !~~ ~~g 
IF ETA NE 0 l*Pll:ESET EPROP. INDICATOR *IASN 220 
THEN CHECK• 1 A1 • • /*A.:: ACCURACY NOT REACHED */ASN 230 
ELSE CHECK= 1 0't• /*C= SUCCESSFUL OPEA:ATION */ASN 240 
IPl •IP+l,. .\SN 250 
IF IPl LE l ASN 260 
THEN DO,. ASN 270 

CHECKa 1 0 1 ,. /*EllAnF. IN SPECIFIED DIMENSION *IASN 280 
GO TO OUT,• ASN 290 
ENO,. ASN 300 

EP =IP•IPl/21. /*SET UP ADDRESSING CONSTANTS *IASN 310 
EPE =EP+IPI,. ASN 320 
WE =WORK(EPEJ,. ASN 330 
IF CHECK11 1 A1 !*SET TEST TO ABSOLUTE VALUE nF•f!.SN 340 
THEN TEST =A&SCETA•WEI t• /•SPEC. ACCURACY FOP WANTED FIT•/ASN 350 
IPRtLL-=C,.. ASN ~60 
LtLLl=l, • ASN 37'J 

DO I =l TO IP,. 
LL =LL+I t • 
K ao,. 

/***"'"'**************************IASN 380 
/*FACTORIZE GIVEN MATRIX *IASN 390 
f*******************************IASN 400 

ITER •• 
ASN 410 

/*COMPUTE ELEMENTS oi: I-TH ROW */ASN 420 
ao,. 
00 Il=LLl TO LL-lt. 
S =S+MULTIPLYI 

WORKI II I, 
WORK( LI ,53) ,. 

L =L+l, • 
ENO,. 

R •WQRK(LJ,. 
s .. 1:1-s,. · 
IF L =LL 
THEN Do,. 

IF S LE ABSI EPS•RI 
THEN oa,. 

CHECK='P' I• 

GO TO SOL,. 
ENO,. 

Q,S =SQRTISl,.. 
ENO,. 

ELSE S =S/Q,. 
WORl(ILJ=S,. 
K 1::K+l, • 
L =L+K,. 
IF K+I LE IPl 
THEN GO TC ITER 1 • 

llltL=lL+lt• 
we =WE-S•S,. 
AUXlll=WE,. 
IF CHECK=•A• 
iHEN IF WE LT TEST 
THEN DO,• . 

CHECK=•O•,. 
GO TO SOL,. 
ENO,. 

IPl:I =IPP+lt • 
END1. 

IF OPT= 1 F 1 

THEN GO TO OUT,. 
LL =EPE,. 

SOL •• 
RS 
DG 

REP •• 

QUT • • 

=EP+IPR,.. 
=LL-l-IPR,. 
DO I =IPR TO 1 BY -1,. 
Q =WORKIDGJ,. 
R =WORKIR.SJ,. 
WOFi.Kl~SJ=AUXI IJ ,. 
RS =RS-1,. 
DG =OG-J t • 
LL, L =LL-1,. 
K =IPR-I,.. 
OL,DLK•IPR,. • 

L1LLLuL-OL1. 
DL10LK=OL-l1e 
S =O,.. 

OD II=L+K TO L+l BY-1,. 
S =S+HULTIPLY( 

WORKI LLLI 1 

WORKI I I lt53),. 
LLL =LLL-DLK,. 
OLK =DLK-1 t • 
ENO,. 

WORK( l) =I P-S) /Q, • 
K =K-l t • 
IF OPT:c•A 1 

THEN IF K GE 0 
THEN GO TO REP,. 
ENO,. 

IRES =!PR,• 
ERROR=CHECK,. 
ENO,. 

Purpose: 

!*MODIFY ELEMENTS l"I 1-TH 
/*ROW BY SCALAR PRODUCT OF 
f*ELEHENTS OF FACTORIZATION 
/*IN ROW AND COLUMN CPOSSING 
/IO<AT CURRENT ELEMENT 

AS"I 430 
•IASN 440 
*IASN 450 
•/ASN 460 
•IASN 470 
•HSN 480 

ASN 490 
ASN 500 
ASN 510 

/*TEST FOR LOSS OF SIGNIFICANCE*/ASN 520 
/*IN PIVOTAL DIVISOR •iASN 530 

ASN 540 
A.SN 550 

/*MARK LOSS OF SIGN IF I CANCE */ASN 560 
l•BVPASS FURTHER FACTORIZATION */ASN 570 

ASN 580 
/•CALCULATE DIAGONAL ELEMENT */ASN 59C 
/•OF FACTORIZATION */ASN 60C 

ASN 610 
/*STORE FINAL ELEMENT 
/*OF FACTORIZATION 

*IASN 620 
•IASN 630 

ASN 640 
/*TEST IF ALL ELEMENTS OF I-TH •IASN 650 
/*ROW ARE COMPUTED *IASN 660 

ASN 670 
ASN 680 

/*STORE SQUARESUH OF S:ESIDUALS •IASN 690 
/*TEST ON SPEClFIED PRECISION •IASN 100 

ASN 710 
ASN 720 

/*SUCCESSFUL OPERATION C:/ASN 130 
!•RESP. ETA ACCUPACY PEACHED •IASN 140 

/*END OF FACTORIZATION 

ASN 750 
ASN 760 

*IASN 110 
ASN 780 
ASN 790 

/*******************************/ ASN 800 
l•COl"PUTE LEAST SQUARE FITISI *IASN 810 
l"'******•••••••••••************"'IA.SN 820 
/*INIT. ADDRESS RIGHT HAND SIDE*/ASN 830 
/*INlT. ADDRESS DIAGONAL TERM *IASN 840 

ASN 850 
!*SET Q TO I-TH DIAGONAL TERM •IASN 860 
f*SET R TO I-TH RIGHT HAND SIDE*IASN 870 
!*INSERT I-TH PESIOUAL *IASN 880 

ASN 890 
ASN '>00 
ASN 910 
ASN 920 
ASN 930 

!•CALCULATE THE I-TH ELEMENT *IASN 94C 
/*FOR THE HIGHEST FIT AND •IASN 950 
/*OPTIONALLY OF ALL LOWER FITS */ASN 960 

ASN 970 
!•FORM SCALAR PRODUCTS NEEDED •IASN ciao 
/*'1UTH BACK SUBSTITUTION */ASN 990 

ASN 1000 
ASN 1010 
A.SN 1020 
ASN '1030 
ASN 1040 
ASN 1050 

/*REPEAT If ALL FITS SHOULD 
/•BE. CALCULATED 

/*END OF PROCEDURE ASN 

ASN 1060 
•IASN 1070 
*I ASN 1080 

ASN lOCJO 
ASN 1100 
ASN lUD 
$.SN 1120 
ASN 1130 

*/ASN 11 ... 0 

ASN computes the solution of norm,al equations set 
up by procedures APCl, APC2, and APLL. 

Usage: 

CALL ASN (WORK, IP, IRES, OPT, EPS, ETA); 

WORK ((IP+l) (IP+2)/2) -
BINARY FLOAT [(53)] 
Given vector, containing the lower 
triangular part of a symmetric co
efficient matrix of normal equations, 
stored rowwise, followed by the 
right-hand side and the square sum 
of function values. 
Resultant vector containing (se
quentially) the coefficient vectors 
of computed least square fits, 
degree one up to IRES. 
WORK((IP(IP+l)/2) + K), K=l, ••• , 
IRES contains the residuals cor
responding to the approximation fit 
of degree K. 
If only the approximation fit of 
highest degree (that is, degree 
IRES) is calculated, the coefficient 
vector has the same storage alloca
tion as if all fits were calculated 
(similarly for the corresponding 
residual vector). 

IP BINARY FIXED 

IRES -

OPT 

EPS 

ETA -

Remarks: 

Given number of fundamental func
tions. 
BINARY FIXED 
Resultant (highest) degree of ap
proximation fit(s) with respect to 
the user-specified accuracy. 
CHARACTER(!) 
Given option for operations to be 
performed. 
BINARY FLOAT [(53)] 
Given relative tolerance for test on 
loss of significance. 
BINARY FLOAT [(53)] 
Given relative tolerance for tol
erated square. sum of residuals. 

1. All operations are performed with respect to 
the user-specified tolerances EPS and ETA. 

2. If OPT is not equal to 'A' or 'F', then ASN 
computes the least square fit of degree IRES only. 
OPT=' A' means all fits of degree one up to IRES are 
calculated. 
OPT='F' means the given coefficient matrix A is 
factored in the form T*T, in the linear array WORK. 
The triangular matrix T is allocated in the same way 
as the upper (lower) triangular part of A. The right
hand side R is replaced by (T*)-lR. 
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3. For EPS a sensible value is between 10-3 and 
10-6 (10-10 and 10-15) in single (double) precision. 
The absolute tolerance used internally for the test 
on loss of significance is ABS (EPS times current 
pivotal element). 

For ETA.a realistic value is between 1 and 10-6 
(1 and.10-15) in single (double) precision. Never
theless, ETA may be set equal to zero. If no 
specification is made for ET A, it is equivalent to 
setting ETA=O. The absolute tolerance used in
ternally for the square sum of' residuals is ABS 
(ETA times square sum of function values). 

4. Let: 
n1 = maximal dimension for which no loss of 

significance was indicated during factor
ization 

n2 = smallest dimension for which the square 
sum of residuals does. not exceed the 
absolute tolerance ETA 

IRES is given by MIN (n1, n2 , IP). (n2 = IP for 
ETA= 0). 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

5. ERROR='D' means IP is less than 1. 
ERROR=' A' means respective· ET A accuracy 

is not reached. 
·ERROR=' P' means loss of significance was 

detected. 

Method: 

Calculation of the least square fits is done using 
Cholesky' s square root method for symmetric 
factorization. 

Mathematical Background: 

Let f(x),gi(x), i = 1, 2, ••• , m, and w(x)> 0 be 
functions defined for x = x1. x2, .•• , Xu· The 
problem is to determine the coefficients Ci of the 
linear combination 

m 

p(x) = L 

e 
m 

i=l 

n 

:E 
k=l 

c.g.(x) such that 
l l 

The necessary conditions 

Be 
a m. = 0' i = 1, 2' ••• ' m c. 

l 
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(1) 

(2) 

form a system of m linear equations in m unknowns 
Ci• 

To simplify the n.otation we introduce the follow
ing matrices: 

x = 

c = 

xl 
x2 

x 
n 

c 
m 

Then we have 

-f(x1) 

' F= 

f(x ) 
n 

' G = 

T T T 
e = (F - C G) W(F - G C) m . 

or, with e0 = FTWF, 

T T T 
em = e0 - 2C qWF + C GWG C (1 ") 

Using equation (1"), the equations (2) may be written 

GWGTC =GWF 

Combining(l")and (2") gives 

T T 
e - e = C GWG C 0 m 

(2 ') 

(3) 

The normal equations (2 ') for the unknown vector C 
may be solved using Choles¥'s method since the. , 

· coefficient matrix A = GWG is obviously symmetric 
and it is positive definite if all the fundamental 
functions gi(x) are linearly independent for the argu
ments.~ -- that is, if the rows of Gare linearly 
independent. Let R = GWF. Using Cholesky' s 
method, A and Rare replaced without additional 
storage requirements by T and (TT)-1R, where 
A= TTT and Tis upper triangular. 



An easy calculation shows 

Introducing additional fundamental functions in 
the linear combination p(x) will not affect the first 
m rows and columns of A or the first m elements of 
R. Therefore, Cholesky' s method gives a decom -
position of ea - em into the separate components 
corresponding to individual degrees of freedom. 

Programming Considerations: 

All least squares fits of dimension 1, 2 , ••• , m 
may be computed from the reduced normal equations 
TC = (TT)-lR. If the solutions are generated in 
the storage locations of T, there is no additional 
storage requirement. 

Using the decomposition of ea - em, the factori
zation may be terminated with dimension k if 
ek < nea, giving the least squares fit of dimension 
k that satisfies the user-specified precision (rela
tive tolerance 71). Because of rounding errors this 
will work only if 71 is approximately between 1. a and 
1. a E-6 in single precision, and between 1, a and 1. a 
E-15 in double precision. Nevertheless, the square 
sum of residuals corresponding to a least squares 
fit calculated in single (double) precision may be as 
small as ea 10-12 (ea 10-3a). 

Because of rounding errors the square root 
method may break down if very small or negative 
pivot elements indicate a loss of significance. 
Therefore, all pivot elements are tested against the 
absolute value of EPS times the current diagonal 
element of A. If the k-th pivot element is not 
greater than this internal test value, the normal 
equations are treated as if they had dimension k-1 
only. 
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PROCEDURE ASN COMPUTES THf SOLUTION OF THE NCRMAL EQUATIONS SET UP BY PROCEDURES APCl, APC2 ANO APLL 

****Al********* .. . 
* P~UCEOURE ASN * • • ...... ** *** ****** 

x 
·*· Bl *• •• *· 

NU •* lS ETA *• 
••••*• UNEQUAL TO •* * • ZERO •* •• ·* •.. ·* * YES 

x 
*****Cl********** • * • • 
·~er ERROR =•A• ••••• • • • • ••••••••••••••••• 

•••••01••••······ • • . . . 
••• x•ScT ERROR =•o• • • • • • ••••••••••••••••• 

x 
·*· El *· 

•* IS . *• 
NU •* NUMBER OF *• • 

•••• •.fUNO. FCTS GE.ox ••• *. ONE •* •. ·* *· .• * YES 

x 
*****Fl********** * • * SET UP * 
* ADDRESSING * 
* CONSTANTS * 
* * ••••••••••••••••• 

x 
*****Gl********** 
*SET UP INTERNAL* 
* TOLERANCE FOR * * TEST ON * 
* SPECIFIED * * ACCURACY * ••••••••••••••••• 

*****A2********** * INITIALIZE * 
*CALCLLATION OF * 

... X* THE C URRE NT * * PIVOT ROW * • • .................. 

x ... 
82 ... *****83********** ·• * IS *· * * 

SOL 

!*~;.fAfH~*~~~~~·: 
* FOR THE * 

••• X•COEFFICIENT OF * * THE FITISI * * • ***************** 

x 
• * Pl VDT *• YES * * • 

*****B4********** 
o PREPARE THE * 
*CALCULATION OF * 
* THESE * 
*COEFFICIENTS * * • ***************** 

*• ELEMENT •*••••••••X*SET ERROR ='P' o •••• x. 
*• ALMOST •* * * 

o. ZERO • * * * 
•• • • ****°'************ * NO 

x 
••••*Cl********** • * 
* TRANSFOR" THE * 
*CURRENT Pl VDT * * ROW * • • ••••••••••••••••• 

x •••••02•••••••••• * CALCULATE ANO * * STCRE SQUARE * * SUM OF ·o * RESIDUALS * • • ••••••••••••••••• 

x ... 
E2 *• ***** E3*********• 

•* IS *• * * 

x 
*****C4********** * STORE THF * * RESIDUAL FOR * * THE FIT OF * 
•DEGRFE EQUAL TO• 
* INDEX * 
***************** 

:REP X 
*****04********** * SET UP * * ADDRESSING * * CJNSTAN TS FOR ox ••• 
*CURRENT flFMFNT* • . * 
***************** 

x 
*****E4********** * • • * ACCURACY *· YES * * • * CO~PUTE- ANO * 

··.~mm1Efi~··········x:rn ERROR =•O• :··-x-· * STORf CURRFNT * * ELEMENT * •• • • * • 
•• • • ***************** • NO 

x .•. ·*· 
F2 *• F3 *• 

• • ***************** 

x ... 
• *ARE ALL•. .•SHIJULD *• • F4 *• 

.•SHOULD *• ·* ROWS *• YES .•THE FITISt *•YES. NO .•All FITS BE*• 
••• •*• CALCULATED •* *• CALCULATED • *• ••••• •• X *•BE CAL CU LAT ED.• •• X. 

•• • • *• •• •• •• *· •• .. . . . ... * ND * NO 

x ••••$62••········ • • • *SET COUNTER FOR* 
•••• * CURRENT PI VDT ·* * ROW * 

* * ••••••••••••••••• x 

•. ·* .. .. 
*· ·* * YES 

x ... 
.>4 •• 

•* IS *• 
.•COEFFICIENT•. NO • 

*• CALCULATED •*• ••• 
*• FDR All •* 

*·FITS ·* *· .• . * YES 

• : ....•....• x: 
x 

·*· H4 *• .. .. 
• NO •* ARE All *• 
••••• •*.CO EFF IC IEN TS • * 

•.COMPUTFO •* .. .. 
*· •• * YES 

ic 
*****Jl********** *****J4********** * * ****J2********* • * STORF HlGHFST * • * * * ENO OF' * X * DEGREE OF * 

••• x•~ET ERROR =•O• ••••••••• x• PROCEDURE ASN •x............. .....................• CALCULATED • 
o * * * * FITISI * 
• * ··········••*** • • ••••••••••••••••• ***************** 
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Smoothing of Tabulated Functions 

• Subroutine SG13/SE13 

SG13.. SG13 10 
l**************ili******************************************************/SG13 20 
I* . •ISG13 30 
I* SMOOTH A TABLED FUNCTION USING •ISGl~ ~O 
I• A FIRST DEGREE POLYNOMIAL FIT RELEVANT TO THREE POINTS •ISG13 '50 
I* •ISG13 60 
l*•***********************************************************.*******/SG13 70 

PROCEDUREOC,v,z,otHlt. SG13 80 
DECLARE SGl3 90 

IXC •J,Yl*l1ZI *I 1XA1XB1XC1 SGl3 100 
YA1YB,YC1YM1TA1TB1TC1XHI SG13 110 
BINARY FLOAT, /*SINGLE PRECISION VERSION l•S•/SG13 120' 

/$ BINARY FLOATl53J 1 /•DOUBLE PRECJSION VERSION /•D•/SG13 130 
IDIH1UBINARY 'FIXED, SG13 lltO 
SWITCH CHARACTER(l) t SG13 150 
ERROR EXTERNAL CHARACTERU),. SG13 160. 

SWITCH= 1 G1 ,. /•MARK GENERA\. ARGUMENTS •ISG13 170 
GOTO INIT,. SG13 180 

SE13.. SG13 190 

~:*****************••············*···~···· .. ·················ir·······:~~~~~ ~~g 
I* SHDDTH AN EQUIDISTANTLY TABLED FUNCTION USING */SG1'3 220. 
I* A FIRST DEGREE POLYNOMIAL FIT RELEVANT TO THREE POINTS •ISG13 230 
I* •ISG13 240 

f*********************************************************************/SG13 250 ENTRY<YrZtDIMI,. SG13 260 
SWlTCH .. •E•,. !•NARK EQUIDISTANT ARGUMENTS */SG13 270 

HllT •• SG13· 280 
IF DIM GE 3 !•TEST SPECIFIED DIMENSION •ISGl3 zqo 
THEN DO,• SG13 300 

VA =Yl3"lt• l•HDDIFICATIDN YA= VIOi *ISG13 310 
YB =YI ll 1. SG13 320 
IF SWlTCH= 1G1 /•TEST GENERAL CASE */SG.J.3 330 
THEN oa,. SGU 340 

XA =XC31,. 1•MDDIFICATIDN XA"'" X(O) */SG13 350 
XB .axcu,. SGU 360 
END,. SGU 370 

ELSE VA =YB+CYB-YAJ/2,. l•MOOIFICATION VA= YCOJ •ISG13 380 
DO I = 2 TD DIM1. SG13 390 
YC :;:Y( 11,. SGU 400 
VH =CYA+VB+YCJ/3,. /*SET YM TO ARITHMETIC MEAN */SG13 410 
IF SWJTCH>= 1G1 /•TEST GENERAL CASE •ISG13 420 
THEN DO,. SG13 430 

XC =XllJ,. SG13440 
IF IXB-XAI* SGU 450 

I XC-XBJ LE 0 SG13 460 
THEN ERROR1:1 1M'1• 1•14ARK NON-MONOTONIC TABLE */SG13 470 
XM =IXA+XB+XCJ/3,.. SG13 480. 
TA :iXA-XM1. SG13 490 
TB =XB-XM1 • SG13 500 
TC =XC-XM,.. SG13 510 
XH =TA•TA+TB•TB+Tt•rc,. SG13 520 
IF XM GT 0 SG13 530 
THEN XM =CTA•CVA-VB)+ SG13 540 

TB*IYB-YMI+ SG13 550 
TC•CYC-YMJ)/XM,. SG13 560' 

,.,A =xa,. SG13 s10 
XB =XC,. SG13 sea 
YH =XM•TB+YMt. /•SET YM TO WEIGHTED HEAN it./SG13 590 
ENO,. SG13 60C 

. ·zc 1-ll=YM,. /•REPLACE zu-u BY y~ •/SG1"3 61G 
YA =YB,. SG13 620 
YB =vc.. SG13 630 
END1. SGJ3640 

IF SWITCH= 1 C' SG13 650 
THEN Z(DIMJ=XH*ITC-TBJ+YM,. /*COMPUTE ZIDIMJ GENEPAL CASE */SG13 660 
ELSE ZIDIMJ=YB+IYA-YM)/2t. /*COMPUTE Z(DIHI EOUIO. CASE •fSG13 67C 
ERRDR='C', • /•SUCCESSFUL OPERATION */SG13 680 
ENO,. SG13 690 

ELSE ERFtDR='D'1• /*ERROR IN SPECIFIED DIMENSION */SG13 700 
END,. /*END OF PROCEOUPE 513 */SG13 110 

Purpose: 

SG13, SE13 computes a vector Z = (z1, • • · , zDIM) 
of smoothed function values. SE13 requires a vector 
Y = (y1 , •.. , YrnM) and in the case of SG13 a vec
tor X = (x1, ••• , xD™) of argument values must be 
given in addition. y i corresponds to xi, in the case 
of SE13 the y components correspond to equidistantly 
spaced argument values x., assuming x. - x. 1 = l;l. 

l l 1-

Usage: 

CALL SG13 (X, Y, Z, DIM); 

X(DIM) 

Y(DIM) -

BINARY FLOAT [(53)] 
Given vector of argument ·values. 
BINARY FLOAT [{53)] 
Given vector of function values. 

Z(DIM) -

DIM-

BINARY FLOAT [(53)] 
Resultant vector of smoothed 
function values. 
BINARY FIXED 
Given dimension of vectors X, Y 
and Z. 

CALL SE13 (Y, Z, DIM); 

Y(DIM) -

Z(DIM) -

DIM-

Remarks: 

BINARY FLOAT [(53)] 
Given vector of function values. 
BINARY FLOAT [(53)] 
Resultant vector of smoothed 
function values. 
BINARY FIXED 
Given dimension of vectors Y, Z. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: 

ERROR= 'D' 
ERROR= 'M' 

Method: 

means DIM is less than three. 
indicates a non-monotonic argu
ment table, that is, for some i 
(xrxi-1Hxi+l-xi), is less· than or 
equal to zero. Vectors Z and Y 
may be identically allocated, which 
means that the given function 
values are replaced by the resul
tant smoothed function values. 

The smoothed function values z. are obtained by 
evaluating the least squares pofynomial of degree 
one· at xi relevant to three'·successive points. 

For references see: 

F. B, Hildebrand, Introduction to Numerical Analysis, 
McGraw-Hill, New York-Toronto-London, 1956, pp. 
258-311. 

Mathematical Background: 

For i = 3, ... , n we must find mi and bi such that 

wi (x) = mix + bi (1) 

gives the least-squares fit to the points (Xi-2• Yi-2), 
(Xi-1• Yi-1), and (xi, Yi)• The problem, then, is to 
minimize 

2 2 
F(m.,b.) = L rw.(x. - ) - y. k] 

l l L l 1-k' 1-k=O 
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This minimum will occur when 

~F = 0 and aF = 0 
8b. 8m. 

l l 

Now 

8F = 2 
8b. 

l 

and 

!!_=2 
8m. 

l 

2 

L [w. (x. - \ -y. k J 
l 1-k' 1-

k=O 

2 

L x. k [w.(x. - \ -y. k] 1- . l 1-k' 1-
k=O 

Solving equations (2) and (3) yields: 

t x._kY._k-1/3f t x._k\(t Y1._k\ 
k=o l l \k:=o l l k=O ') 

(2) 

(3) 

m = --------------1(4). 
i 

t x2 i-k-: 1/3 ( f xi-k) 2 
k=O \k=o 

and 

1 
2 

b =- I: ('· k -m.x. k) l 3 k=O 1- l 1-

Letting: 

1 
2 

Yi =- L Yi:..k 3 k=O 

2 
- 1 "" xi = 3 £.. xi-k 

k=O 

t. k = x. k - x. and v. k = Y. k - 'Y. 
1, 1- l 1, 1- l 

we may rewrite (4) and (5) as: 

2 

~ t. kV, k 
m = _k=_-_0 __ 1_, _1_,_ 

i 2 
. I: 
k=O 

2 
t . k 1, 
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(5) 

(6) 

(7) 

and 

b. = y. - m. x. 
1 1 1 1 

(8) 

Using (8) in (1) gives 

w.(x) = m;(x-x.) + Y. 
1 ·1 1 . 1 

where mi is as in (7). 
The desired smoothed values zi are given by: 

if i=l 

z = i . 

w (x ) ,;. m t . o+y n n n n; n 
if i=n 

for generally tabulated argument values -- that is, 
for SG13. 

In the case of equidistantly spaced argument 
values (that is, in case of SE13) we have the addi
tional relation Xi - Xi-1 = h, a constant, for i = 2, 
••• , n. This leads to the following expressions for 
the Zi: 

if i=l 

if i=2, ••• , n-1 
(1) 

1 . 
-6 (-y 2 + 2Y 1 + 5Y ) n- n- n 

if i=n 



• Subroutine SE15 

SE15.. SE 15 10 
I**********************************"'********************************** IS E 15 20 
I* */SE15 30 
I* SMOOTH AN EQUIOISTANTLY TABLED FUNCTION USING */SE15 40 
I* A FIRST DEGREE POLYNOMIAL FIT RELEVANT TO FIVE PO(NVi */SE15 50 
I* */SE15 60 
I********************************************************************* IS E 15 70 

PROCEDURECY,z,oHO,. SE15 BO 
DECLARE SE15 90 

IYl•J,Zl*)rYA,YB,YC,YO,YEJ SE15 100 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/SE15 110 

I* BINARY fLO,AT153J 1 /*DOUBLE PRECISION VERSION l*D*/SE15 120 
(DJf1wIJBINARY FIXED, SE15 130 
ERllOR EXTEf<NAL CHARACTER( t1 •. SE15 140 

IF DIM GE 5 /*TEST SPECIFIED DIMENSION */SE15 150 
THEN DO,. SE15 160 

YA =YC4J,. SEL5 170 
YE =Yl2J,. SE15 tao 
YO =YCll,. SE15 190 
YC =YD+tYE-YA)/2,. /*MODIFICATION, SET YC TO YIOJ */SE15 200 
YB =YC-Y(51f-YA,. /*MODIFICATION, SET YB TD Yl-1J*/SE15 210 

DO I =3 TO DIM,. SE15 220 
YA =YB,• /*REPLACE YA BY Yl 1-4) */SE15 230 
YB =YC,. /*REPLACE YB BY Y( I-3) */SE15 240 
YC =Yo,.. l*REPLAGE YC BY YCI-2J */SE15 250 
YO =YE,. /*REPLACE YO BY Y{l-lJ •/SE15 260 
YE =Yl {),. /*SET YE TO YU) */SE15 270 
ZII-2)=1YA+YB+YC SElS 280 

+YD+YE)/5,. /*SET YII-2) TO ARITHMETIC MEAN*/SE15 290 
END 1 .. SE15 300 

YA =YC+YO+YE+YE1 • SE 15 310 
ZIOlM-lJ1YA=CYA+YA+YO+YBJ/lC,. SE15 320 
Z<DIH)=YA+YA-ZCDIM-2) I• SE15 330 
ERROR= 1 0 1 ,. /*SUCCESSFUL OPERATION -t/SE15 340 
END,. SE15 350 

ELSE ERROR='l'1• /*ERROR IN SPECIFIED DIMENSION *ISE15 360 
END,. /*END OF PROCEOUPE $15 */SE15 370 

Purpose: 

SE15 computes a vector Z = (z1, z2, .•• , zDrM) of 
smoothed function values, given a vector Y = (y1, 
y 2 , ••• , YDIM) of function values whose components 
Yi correspond to DIM equidistantly spaced argument 
values Xi with Xi - xi-l = h for i = 2, ••• , DIM. 

Usage: 

CALL SE15 (Y, Z, DIM); 

Y(DIM) -

Z(DIM) -

DIM-

Remarks: 

BINARY FLOAT [(53)] 
Given vector of function values. 
BINARY FLOAT [(53)] 
Resultant vector of smoothed function 
values. 
BINARY FIXED 
Given dimension of vectors Y and z. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR=' 1' means DIM is less than five. 
Vectors Z and Y may be identically allocated, which 
means that the given function values are replaced 
by the resultant smoothed function values. 

Method: 

The smoothed function values are obtained by 
evaluation of the least squares polynomial of degree 
one relevant to five successive points. 

For reference see: 

F. B. Hildebrand, Introduction to Numerical Analysis, 
McGraw-Hill, New York-Toronto-London, 1956, 
pp. 295-302. 

Mathematical Background: 

For i = 5, ••• , n we find~ and bi such that 

w.(x) = m.x +b. 
1 1 1 

(1) 

gives the least-squares fit to the points (xi-k• Yi-k), 
k=O, ••• , 4. The problem, then, is to minimize 

4 

F(m.,b.) =- L 
1 l k=O 

[ w.(x. k) -y. k J 
l 1- 1-

This minimum will occur when 

oF oF 
O and -- = O 

obl. - om 

Now 

oF 
ob. 

l 

and 

4 

= 2l: 
k=O 

4 

i 

[ w.(x. k)'.""Y· k] 1 1- 1-

2 

oF 
om. 

l 

= 2 2: 
k=O 

x. k [w.(x. k)-y. k J 1- l 1- 1-

Solving equations (2) and (3) yields: 

4 le ··-j(.t 2: xi-kyi-k - 5 L 
k=O k=O k=O 

m. = 
l 

4 le •1-k) 
2 

2 

L: x i-k - - 2: 
k=O 5 k=O 

and 

4 

b. 
1 L: [y. k - m.x.-k J =-

l 5 
k=O 

1- l l 

(2) 

(3) 

Yi-~ 

(4) 

(5) 
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Using the fact that Xj-Xj-l = h, a constant, for 
j = 2, ••• , n, equations (4) and (5) may be rewritten 
as 

__ 1_ 
m. - lOh (2Y· + y. 1 - y. 3 - 2Y· 4) l l ~ ~ ~ 

and 

b. 
l 

1 
=-

5 

4 

2: 
k=O 

Using equation (7) in equation (1) yields 

1 
w.(x) = m.(x-x. 2) + -5 (y. 4 + ... + y.) 

l 1 1- 1- l 

(6) 

(7) 

The desired smoothed function values zi are given 
by: 

z.= 
l 

w (x 1) 
n n-

w (x ) n n 

1 
= 5 (3Y1 + 2Y2 + Y3 - Y5) 

i=l 

1 
10 ( 4Y 1 + Sy 2 + 2Y 3 + y 4) 

i=2 

1 
=-5 (y. 2 + y. 1 + y. + Y·+1 

. 1- 1- l l 

i=3, •• ,, n-2 

= ...!. (y + 2y + 3y 
10 n-3 n-2 n-1 

+ 4y) 
n 

i=n-1 

1 
=-(-y + y + 2y 

5 n-4 n-2 n-1 

+ 3y ) 
n 

i=n 

(8) 
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• Subroutine SE35 

'sE35.. SE35 10 
/*********************************************************************/SE35 20 
i• ~sen M 
I* "SMOOTH AN EQUIDISTANTLY TABLED FUNCTION USING */SE35 40 
I* A THIRD DEGREE POLYNOHIAL FIT RELEVANT TO FIVE POINTS */SE35 50 
I* •/SE35 60 
I************************************ ***:CC***************************** I SE 35 70 

PROCEDUREIV,Z,OIM),. SE35 80 
DECLAFIE SE35 90 

IY(.f<),Z(•J,YA,YB1Y£, SE35 100 
DA1DBtDAB,DBCl SE35 110 
BINAllY FLOAT 1 /*SINGLE PRECISION VERSION /*S*/SE35 120 

I* BINARY FLOATl53), /*DOUBLE PRECISION VERSION /*D*ISE35 130 
(011'1.tlBINARY FJXEO, SE35 140 
ERROR EXTEFINAL CHARACTER I l),. SE35 150 

IF DtM GE 5 SE35 160 
THEN DD,. SE35 170 

YA :Y(4),. SE35 180 
YB =YI 1) r • SE35 190 
VC =Yl2),. SE35 200 
DBC :YB-YC+VA-YC+YA-Y{ 5),. SE35 210 
OB =I OBC+DBC . SE35 220 

+YA+YB+YBJ/3-YC,. /*HODIFICATION DB :OELTA2Cll */SE35 230 
DSC =OBC/2,. /•MODIFICATION DBC=OEL TA3( 1121 •ISE35 240 

DD I :3 TO DIM,• SE35 250 
YA =YB,. /*REPLAGE YA BY Y{J-2J */SE35 260 
YB ::ye,. /*REPLACE YB BY Y(I-1) */SE35 270 
YC =Y{ I J t• /*SET YC TO Y(JJ */SE35 280 
DA =DB,. /*SAVE OLD SECOND DIFFERENCE *ISE35 290 
08 :(YA-YB)-CYB-YC),. /*COMPUTE OELTA21I-1) */SE35 300 
DAB =Dae,. /*SAVE OLD THIRD DIFFERENCE */SE35 310 
DBC :DA-OB,• /*COMPUTE DEL T A3f 1-3/ 2) •/SE 35 320 
ZI I-2t=YA /*SET Zfl-2) TO */SE35 330 

-IDAB-DBCJ*6/70,. /*YI I-2J-OELTA41 I-2J*6/70 */SE35 340 
END,. SE35 350 

DA =I DAB-DBCJ /35,. SE35 360 
ZCOIM-lJ=YB+OA+DA,. /*COMPUTE LAST TWO SMOOTHED •/SE35 370 
Z(OfMJ::YC-DA/2,. /*VALUES */SE3~ 380 
ERROR='C 1 ,. /*SUCCESSFUL OPERATION */SE35 390 
ENO,• SE35 400 

ELSE ERROR=' l't• /*ERROR IN SPECIFIED DIHCNSION */SE35 410 
ENO,. /*END OF PROCEDURE 535 */SE35 420 

Purpose: 

SE35 computes a vector Z =(z1, z2, ••• , zDrM) of 
smoothed function values, given a vector Y= (Yl• 
Y2• • • • • YDIM) of function values whose compon
ents Yi correspond to DIM equidistantly spaced ar
gument values xi with xi - xi-l = h for i = 2, ••• , 
DIM, 

Usage: 

CALL SE35 (Y, Z, DIM); 

Y(DIM) 

Z(DIM) -

DIM 

Remarks: 

BINARY FLOAT [(53)] 
Given vector of function values. 
BINARY FLOAT [(53)] 
Resultant vector of smoothed function 
values. 
BINARY FIXED 
Given dimension of vector Y and Z. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected. 

ERROTh='l' means DIM is less than five. 
Vectors Z and Y may be identically allocated, which 
means that the given function values are replaced by 
the resultant smoothed function values. 



Method: 

The smoothed function values zi are obtained by 
evaluating at Xi the least squares polynomial of 
degree three relevant to five successive points. 

For reference see: 

F. B. Hildebrand, Introduction to Numerical Analy
sis, McGraw-Hill, New York-Toronto-London, 1956, 
pp. 295-302. 

Mathematical Background: 

For i = 5, ••• , n we must find ai, bi, ci, and di such 
that 

3 2 
w. (x) = a.x + b.x + c.x+ d. 

l l l l l 

gives the least-squares fit to the points (xi-k• 

Yi-k), k = O, ••• ,4. 
The problem, thus, is to minimize 

The minimum will occur when 

~ = 8F = 8F = ~ = O 
aa. 8b. ac. 8d. 

1 l l l 

Now: 

8F 4 3 
-a = 2Z::x. k [w.(x. k) - y. k J a 1- l 1- 1-

i k=O 

8F 4 
-a = 2""' x. k [w.(x. k) - y. k] c L.. 1- l 1- 1-

i k=O 

8F 4 
ad = 2 L [w.(x._k) - Y·-k] 

i k=O l 1 l 

(1) 

(2) 

(3) 

Solving (2) and (3) for ~· bi, ci, and di, with~ -
xi-1 = h, we get: 

b. = -3 A. x. 2 + B. 
1 1 1- 1 

2 
c. = 3A.x. 2 -2B.x. 2 + C. 

l l 1- l 1- l 

d. = -A.x~ 2 + B.i 2 -C.x. 2 + D. +y. 
1 1 1- l 1- l 1- l 1 

where: 

1 
A.= ---3 (y. 4 - 2Y· 3 + 2Y· 1 - y.) 

l 12h 1- 1- 1- l 

1 -
B. =-2-(4y. 4 + y. 3 + y. 1 + 4y. - lOy.) 

1 14h 1- 1- 1- l 1 

1 
C. = 1l2h (y. 4 - Sy. 3 + Sy. 1 -y.) 

l ' 1- 1- 1- 1 

1 4 -D. = - -7 ( y. 4 + y. 3 + y. 1 + 4y. - lOy.) 
1 1- 1- 1- 1 1 

Finally, the desired smoothed values z. are given 
1 by: 

w5 (xl) 
1 4 

=y1-7Q 6 Y3 if i=l 

w5 (x2) - +...!. 54 
- Y2 35 Y3 if i=2 

wi+2(xi) 
3 4 

z.= =Yi -35 5 Yi if i=3, ••• , n-2 
1 

w (x 1) 
2 4 

if i=n-1 = y +- 5 y 
n n- n-1 35 n-2 

w (x) 
1 4 

if i=n = Y n - 70 5 Y n-2 n n 

where: 

4 
5 y. = y. 2-4y. l + 6y. - 4y.+l + y.+2 1 1- 1- 1 l l 

for i=3, ••• , n-2 
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• Subroutine EXSM 

EXSM. • . EXSM 10 
l****************************************************.*****************IEXSM 20 
I* · */EXSM 30 
,. TO FIND THE TRIPLE EXPONENTIAL SMOOTHED SERIES·$ OF A GI.YEN •1ex5" ""'o 
I* SERIES X. */EXSM 50 " "~~ ~ 
f*********************************************************************IEXSM 70 

,. 
,. ,. ,. 

,. ,. 

,. ,. ,. 
,. ,. ,. 

PROCEDURE IX,NX,AL,A,e,c,sJ,.· . EXSJtl 80 
DECLARE EXSM 90 

I XI •J tSC'*J,AL1A1B1C ,BE1ALCUBr8ECUBrDIFI EXSM 100 
BINARY FLOAT, EXSM 110 
ERROR EXTERNAL CHARACTER I 11, EX5" 120 
U,NXJ EXSM 130 
BINARY FIXED,. EXSM lltO 

ERROR='O',. 

TEST THE VALUE OF ALPHA 

IF AL LE o. Of'. AL GE l 
THEN DO,. 

ERROR= 1 l't• 
GO TO FIN,. 
ENO,. 

IFNXLT3 
THEN 001. 

ERROR= 1 2 1 t • 
GO TO FIN 1 • 

ENDi• 
IF A=8-.:C=o.o, GENERATE INITIAL VALUES OF ... 81 AND ·C 

IF A = O.O AND B = O.O ANO C = O.O 
THEN 001. 

c =XI 11-2.o•xl 2)+X(3J'. 
B =XC2J;-X(l1-1.5•c,. 
A =XI l J-8-0. 5*C't. 
ENO,. 

BE .. 1.0-AL1• 
BECUB=BE**31. 
ALCUB=AL**3 1 • 

DO THE FOLLOWING FOR. I ~ l TO NX 

*/EX5" 150 
EXSH 160 

*/EXSM 170 
•IEXSM 180 
*/EXSM 190 

EXSM 200 
EXSM 210 
EXSM 220· 
EXSM 230 
EXSN 2~0 
EXSM 250 
EXSM 260 
EXSM 270 
EXSM 280 
EXSM 290 

*/EXSM 300 
*/EXSM 310 

EXSM 320 
EX·SM 330 
EXSM 340 
EXSM 350 
EXSM 360 
EXSM 370 
EXS" 380 
EXSM 390 
EKSM 400 

*/EXSM 410 
*/EKSM 420 
*/EXSM 430 

EXSM 440 DO I = l TO NX1. 
SllJ =A+B+c.s..:,. I* FIND SCIJ FOR l PERIOD AHEAD*/EXSll 450 

UPDATE COEFFICIENTS A1 Bt AND C 

OIF •SfIJ-XIJJ,. 
A =XI I l+BECUB*DIF I. . 

B =B+C-l.5•AL*AL*l2.0-ALJ*DIF1• 
C =C-ALCUB*DIF ,. 
ENO,. 

*IEXSM 460 
*/EXSM ,,.70 
*IEXSM 480 

FIN.• 
RETURN,. 
ENDr • /*END OF PROCEDURE EXSM 

.EXS~ 490 
EXSM 500 
EXSM 510 
EXSM S20 

EXSM 530 
EXSM 540 
EXSM 550 

*/EXSM 560 

Purpose: 

EXSM develops the triple exponential smoothed 
series S of the given .series X. 

Usage: 

CALL EXSM (X, NX, AL, A, B, C, S); 

Description of parameters: 
X{NX) - BINARY FLOAT 

NX-

AL-

Given vector containing time series data 
to be exponentially smoothed. 
BINARY FIXED . 
Given number of elements in X. 
BINARY FLOAT 
Given smoothing constant alpha. AL must 
be greater than zero and less than one. 

A, B, C- BINARY FLOAT 
.Given coefficients of the prediction equation 
where S is predicted T periods hence by 

As input: Jf A=B=O=O, the program will 
provide initial values. If at least. 
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one of A, B, and C is not i;ero, 
the program will take given 
values as initial values. 

. As output: A, B, C, contain latest updated 
coefficients of prediction. 

S(NX) - BINARY FLOAT 
Resultant vector containing triple expo
nential smoothed time series. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error conditions 
that may be detected: . 

ERROR=l - The specified smoothing constant, AL, 
is less than or equal to zero or is 
greater than or equal to one. 

ERROR=2 - The nwnber of data points is less than. 
three. 

Method: 

Refer to R. G. Brown, Smoothing, Forecasting and 
Prediction of Discrete Time Series, Prentice-Hall, 
1963, pp. 140 to 144. 

Mathematical Background: 

This procedure calculates a smoothed series s1, s2, 
• •• , SNX, given time series x1, x2, ••• , XNX 
and a smoothing constant a. Also,. at the end of the 
computation, the coefficients A, B, and C are given 
for the expression A+ B(T) + C(T)2 / 2. This ex
pression can be used to find estimates of the s:ipooth
ed series a given nwnber of time periods, T, ahead. 

The procedure has the following two stages for 
i = 1, 2, ••• , NX, starting with A, B, and C either 
given by the user or provided automatically by the 
procedure (see below): 

1. Finds 8i for one period ahead 

S. =A+ B+ 5C 
l 

2. Update coefficients A, B, and C 

3 
A= Xi + (1 - cx) (Si - Xi) 

B = B + C - 1. 5 {(f) (2 - Cl!) (S. - X.) 
l l 

(1) 

(2) 

(3) 

(4) 



·where et= smoothing constant specified by the 
user 

(0. 0 < Cl <1. 0) 

If coefficients A, .B, and C are not all zero (0. 0), 
take given values as initial values. However, if 
A=B=C=O. O; generate initial values of A, B, and C 
as follows: 

(5) 

B = ~ - X1 - 1. 5C (6) 

A= X1 - B - O. 5C (7) 

Roots and Extrema of Functions 

• Subroutine FMFP 

FMFP • • . FMFP 10 

l***********•*********************************************************/FMFP 2t" 
~ ~~~ ~ 

I* FINO A LOCAL MlNIMUM OF A FUNCTlDN OF SEVERAL VARIABLES •IFMFP 40 
I* BY THE METHOD OF FLETCHER AND POWELL *IFMFP 50 
I* *IFHFP 60 

/*************************************************************"'****** .. /FHFP 70 
PROCEDURE lFUNCTrN,XtftGrEST ,EPSrLlHIT),. FMFP BO 
DECLARE FMFP 90 

CltJrKOUNT1KtlrLIMITrNtNS1N2rN31 F"'FP 100 
BINARY FIXED, FMFP 110 
(XI *I 1GC* I rHC N•I N+71 /2J rALFA1AMBDA1DALFA1DK1 DY1GS1GNRM1 FS1 FMFP 120 
EPSrEST 1 f 1 FX 1 FY1Hl,H21HNRMrOLOF1TrW1U fMFP 130 
BINARY FLOAT, /•SINGLE PRECISION VERSION /*S*/FMFP 140 ,. BINARY .FLOAH53l t /•DOUBLE PREClSION VERSION l•D•/FMFP 150 
FUNCT FMFP 160 
ENTRY, FMFP 170 
ERROR EXTERNAL t=MFP 180 
CHARACTERtll t• FMFP 190 

NS :zN 1 • FMFP 200 
N2 ,.NS+NS,. FMFP ZlC 
N3 =N2 ... NS,. FMFP 22C 
CALL FUNCTIX,FS,GI t• /•COMPUTE FUNCTION VALUE */FMFP 230 
ERROR•'O't• /lllAND GRADIENT VECTOR •IFMFP 240 
KOUNT=0 1 • FMFP 250 

CONT•• FMFP 260 
I =N3,. .FfitfP 270 

DO J = NS-1. TO C BY -1,. l•~NER4TE IDENTITY MATRIX *IFHFP 280 
K ,,..I+ 11 • FMFP 290 
H(K) =11• FHFP 300 
I =K+J,. FMFP 310 

DO L • K+l TO 1,. FMFP 320 
HCLJ =a.. FMFP :no 
END,.. FMFP 340 

END,. FMFP 350 
LOOP •• 

KOUNT=KOUNT+lt • 
OLDF •FS,. 
DY ,HNRM, GNRM=C, • 

DO J = 1 TO NS,. 
HINS+J) 1GS•GC J),. 
HIN2+J)=XIJ) ,. 
T i:sO, • 
K =N3+J, • 

00 L = 1 TD NS,. 
T =-T-GIU*HIKI,. 
IF l LT J 
THEN K 
ELSE K 
ENO,. 

HIJ) =T,. 

=K+NS-Lt • 
=K+l,. 

HNRM =HNRM+ABS(TI,. 
GNRM =GNRl4+ABSIGSI 1. 

DY =DY+T•GS,. 
END,. 

IF DY LT 0 
THEN IF HNRH/GNRH GT EPS 
THEN GO TD LABl, • 
GD TO REST,. 

LABl •• 
FY •FS,. 
AMBDA""'MINI 112•1EST-FS)/DYI ,. 
IF AMBOA LE C 
THEN AHBDA=l,. 
AL,FA =O,. 

SAYE •• 
FX 

.DX 
=FY,. 
=DY,. 
DO I = 1 TO NS,. 
X( I) =XCI l+AMBDA•HI 11 t. 
ENO,. 

CALL FUNCTIX1FS1GJ,. 
FY =FS, • 
DY =O,. 

DO I = 1 TD NS,. 
DY =DY+GIIl*HIJJ,. 
ENO,. 

IF FY LT FX 
THEN DO,. 

T 
LAB2 •• 

IF DY= 0 
THEN GO TO COMP,. 
IF or LT o 
THEN oo,. 

ENO,. 
=01 • 

ALFA,AMBDA=AMBDA+ALFA,. 
IF HNRM*AP1BDA LE lElO 
THEN .GO TO SAVE,. 
ERROR= 1 2 1 ,. 

GO TO RETURN,. 
END,. 

IF AMBOAa 0 
THEN GO TD COMP,. 
Z ="3• I FX-FY) I AMBDA+DX+DY,. 
ALFA =MAXIABSI Z>, ABSIDXJ ,ABSI O'f)),. 
DALFA•Z/ALfAt • 
DALFA•OALFA*DALFA-OX/ ALFA*DY /ALFA,. 
If DALFA LT 0 
THEN GO TD REST,. 
W =ALFA*SORTIDALFAJ,. 
ALFA =DY-DX+w+W,. 
IF ALFA•O 
THEN ALFA ... cz+o'f-Wl/U+DX+Z+OY)'. 
ELSE ALFA =IDY-Z+WJ/ALFA,. 
ALFA =ALFA*AHBDA, • ' 
OALFA=T-ALFA,. 

DO I = l TO NS,. 
Xtl). =XI I J+DALFA*HCI) ,. 
ENO,. ' 

CALL FUNCHX,FS,GI t• 
IF FS LE FX 
THEN If FS LE FY 
THEN GO TD COM.Pt • 
DALfA:O,. 

DO I = l TO NS1 • 
DALFA=DALFA+GCI.J•HCI) ,. 
END,. . 

IF DALFA LT 0 . 
THEN IF FS LE FX 

/•START ITERATION LOOP •IFMFP 360 

/*SAVE FUNCTION VALUE, 
/*ARGUMENT VECTOR 
/*ANO GRADIENT VECTOR 

FP4FP 370 
•IFHFP 380 
•tFMFP 390 
•IFMFP 400 

FMFP 410 
FHFP 420 
FMFP 430 
FHFP 440 

/•DETERMINE DIRECTION VECTOR *IFMFP 450 

!•CALCULATE DIRECT! ONAL 
!•DERIVATIVE AND TESTVALUES. 
/•FOR Ol~ECTION V'ECTOR H 
/*AND GRADIENT VECTOR G. 
/•REPEAT SEARCH IN DJRECTJON 
/•OF STEEPEST DESCENT lf 
/*DIRECTIONAL DERIVATIVE 
/*APPEARS NOT NEGATIVE . 
/•SEARCH MINIMUM ALONG. H 

FMFP 460 
FMFP 470 
FMFP 480 
FMFP 490 
FMFP 500 
FMFP 510 

•IFMFP 520 
*/FMFP 530 
*/FMFP 540 
•/FMFP 559 
•IFMFP 560 
•IFMFP 570 
-*/FMFP 580 
•/FMFP 590 
•IFMFP 600 

FMFP 610 
FMFP 620 
FflFP 630 
FMFP 61t0 
F"FP 650 

/*SAVE FUNCTION AND DERIVATIVE •/FMFP 660 
/*VALUES FOR OLD ARGUMENT */FMFP 670 

/*STEP ARGU'4ENT ALONG H 
FMFP 680 

*/FMFP 690 
FMFP 700 
FMf'.P 71C 
FP•FP 720 
FMFP 730 

/*COMPUTE DIRECTIONAL OERIVA- *IFMFP 74-0 
l*TIVE DY FOR. NEW ARGUMENT. *IFMFP 750 
/*TERMINATE SEARCH, IF DY GE. 0 *IFMFP 760 
/•IF DY•OtTHE MINIMUM IS FOUND */FHFP 770 
/*PROVIDED FUNCTION DECREASED */FMFP 780 

FMFP 790 
FMFP 800 
FMFP 810 

/*TERMINATE SEARCH IF */FMFP 820 
/•MINIMUM PASSED . . */FMFP. 830 
/•DOUBLE STEPSIZE AND REPEAT */FMFP 840 

/*ARGUMENT OUT OF RANGE 

FMFP 850 
FMFP 860 

•/FMFP 870 
. FMFP 880 

FMFP 890 
FHFP 900 
FHFP 910 
FMFP 920 

/*INTERPOLATE IN NEW INTERVAL */FMFP 930 
/*COMPUTE ARGUMENT X •/FHFP 94C 

FMFP 950 
FMFP 960 
FMFP 970 
FMFP 980 
FMFP 990 
FMFPlOOO 
FMFP1010 
FMFP1020 
FMFP1030 
FMFP1040 
FMFP1050 
FMFP1060 
FMFP1070 
FMFP1080 
FMFP1090 
FMFPllOQ 
FMFPlllO 
FMFP1120 

/•TERMINATE INTERPOLATION 
FMFP1130 

*/FMFP1140 
FMFP1150 
FMFP1160 
FMFP1170 
FMFP1180 
FMFP1190 
FMFP1200 
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THEN DO,. 
FX =FS, • 
OX •DALFA,. 
T, AMBDA•ALFA, • 
GO TD LAB2,. 
END,-. 

FY 'llzF_S,. 
DY =OALFA, • 
AHBDA=AMBOA-ALFA, • 
T =O,. 
GO TO LAB2,. 

COMP •• 
DO J = 1 TO NS1 • 
K =NS+J, • 
HIKJ =G(JJ-H(KJ,. 
,!V cNS+K,. 
HCKI =X(JJ-HCKl1• 
ENO,. 

IF OLDF+EPS LT F.S 
THEN GO TO REST,• 

"ERRDRa•O•,. 
IF KOUNT GE NS 
THEN DO,, 

T,z =o,. 
DD J = 1 TO NS,. 
W •HCNZ+JJ,. 
T siT+ABSC WI t • 

l •Z+HCNS+JJ*W1 • 
ENO,• 

IF HNR.M LE EPS 
THEN IF T LE EPS 
THEN GD TO RETURN,, 
ENO,. 

IF KOUNT GE LIMIT 
THEN GO TO NCON1. 
ALFA =Ct• 

DC J = 1 TO NS,• 
W •O,. 
K •N3+J,. 

Dl"I L = 1 TO NS t. 
w =W+HINS+LJ•HllO I. 
IF L l T J 
THEN K =K+NS-lt • 
ELSE K =K+l1 • 
END1 • 

ALFA =ALFA+W•HINStJI, • 
HIJJ =W,. 
ENO,• 

IF l.*ALFA= 0 
THEN GO TO CONT t. 
K .. N3+·lt• 

DO L • 1 TO NS,• 
Hl siHCNZ+LJ/Z,. 
H2 =HllJ/ALf,e,,, 

ENO,• 

DO J = L TO NS,. 
Hll<J =H(KJ+Hl*HCNZ+JJ 

-HZ*HIJJ t• 
K =K+l1• 
ENO,• 

GO TO LOOP,, 
NCON •• 

ERROR='l'•• 
GO TO PETUPN; • 

REST.• 
DO J = 1 TO NS,. 
XlJJ =HlN2+J),. 
ENO,• 

CALL FUNCTIX,FS,GI ,. 
IF (;NRM UT EPS 
THEN IF ERROi<= 1 3' 
THEN GO TQ RETUPN,. 
ELSE DO,. 

ERROR.='3'1• 
GO TO CGNT t.• 

END,. 
ERROR='C't• 

F.ETURN •• 
F z:fS, • 
END1 • 

Purpose: 

FMFP1210 
FMFP1220 
FMFP1230 
FMFPl240 

/*REPEAT INTERPOLATION */FMFP1250 
FMFP1260 
FMFPl270 
FMFP12BO 
FMFP1290 
FMFPl300 

/*REPEAT INTERPOLATION *IFMFP1310 
FMFP1320 

l•COHpUTE DIFFERENCE VECTORS *IFMFPL330 
/*OF ARGUMENT ANO GRADIENT *IFMFP1340 

FMFPl350 
FMFP1360 
FMFP137D 
FMFPL380 
FMFP1390 

/*TERMINATE ITERATION •IFHFPlltOO 
FMFPl"'tlO 
FHFP1420 
FMFPL430 
FMFP1440 
FMFPl450 
FMFP1460 
FMFP1470 
FMFP1480 
FMFPL490 

, FMFP1500 
/•TERMINATE, IF ARGUMENT OIFF. *IFMFP1510 
/•VECTOR ANO DIRECTION VECTOR *IFMFPL5ZO 
l*AFIE BOTH LE EPS */FMFP1530 

FMFPl540 
FMFPL550 
FHFPL560 
FHFP1570 
FMFP1580 
FMFPl590 
FMFPl600 
FMFP1610 
FMFP1620 
FMFP1630 
FMFP1640 
FMFPl650 
FMFP1660 
FMFP1670 
FMFP168D 
FMFPl690 
FMFPl700 
FMFPI 710 

/+UPDATE MATRIX H */FMFP1720 
FMFPl 730 
FMFPl740 
FMFPl750 
FMFPl 760 
FMFPl770 
"fHFPl 780 
FHFP1790 
FMFP1800 

/*END OF ITERATION LOOP •IFMFP18l0 
FHFP1B20 

/*ND CONVERGENCE +/FMFPL830 
FHFP1840 

/•RESTORE OLD VAL. ARG */FMFP1850 
FMFPl860 
FMFP1870 
FHFPL880 
FMFPL890 
FMFPL900 
FMFP1910 
FMFP1920 
FHFPL930 

/•REPEAT, IF DERIVATIVE GT EPS */FHFP19"t0 
FHFP1950 
FHFP1960 
FHFP1970 
FHFP1980 
FHFP1990 

/•END OF PROCEDURE FMFP "•IFMFP2000 

FMFP determines an unconstrained minimum of a 
function of several variables, given a starting value 
of argUment vector. 

Usage: 

CALL FMFP (FUNCT, N,·X, F, G, EST, EPS, 
LIMIT); . 

FUNCT - ENTRY 
Given procedure computing function 
values and gradient vectors. This pro
cedure must be supplied by the user. 

Usage: 
CALL FUNCT (X, FS, G); · 
X(N) - BINARY FLOAT [(53)] 
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N-

X(N) -

F-

G(N) -

EST-

EPS-

LIMIT-

Remarks: 

Given n-dimensional argUment 
vector. 

FS - BINARY FLOAT [(53)] 
Resultant functicin value. 

G(N) - BINARY FLOAT [(53)] 
·Resultant gradient vector. 

BINARY FIXED 
Given number of variables (= dimension 
of argUment vector). 
BINARY FLOAT [(53)] 
Given starting value of argument vector. 
Resultant argument vector corresponding 
to the minimum. · 
BINARY FLOAT [ (53)] 
Resultant minimum function value. 
BINARY FLOAT [ (53)] 
Resultant gradient vector corresponding 
to the minimum. 
BINARY F~OAT [(53)] 
Given estimate of minimum function 
value. 
BINARY FLOAT [ (53)] 
Given test value representing the ex
pected absolute error. 

BINARY FIXED 
Given maximum number of iterations 
to be performed. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=111 

ERROR=121 

ERROR=1 31 

Method: 

means no convergence in LIMIT 
iterations. 
means no minimum is located by 
linear search technique. 
means error in gradient calculation. 

FMFP uses a method of conjugate directions, pro
posed by Davidon. For a quadratic function of n 
variables the minimum is located within n itera
tions. 

For reference see 

R. Fletcher and M. J. Powell, "A Rapidly Con
vergent Descent Method for Minimization", Com
puter Journal, vol. 6, iss. 2, 1963, pp. 163-168. 



Mathematical Background: 

It is assumed that the function f of the n variables 
x1 , •.• , Xn (abbreviated as argument vector x) may 
be computed together with its gradient vector g(x) 
for any point x. The generalized Taylor expansion 
for functions of several variables is 

f(x+u) = f(x) + g(x) • u + ~ u T G(x)u + higher terms 

where g is the gradient vector and G the matrix of 
second order partial derivatives. Vectors are as
sumed to be column vectors; uT means transpose of 
vector u. It is assumed that in the neighborhood of 
the required minimum xmin the function is approxi
mated closely by the first three terms of its Taylor 
expansion, giving 

f(x) = f(xmin> + ~ (x .;. Xmin) T G(Xmin> (x-xmin> 

since g(xmin> = o. Then the gradient is seen to be 
approximately g(x) = G(xmin> (x - xmin>. 

Assume now that the symmetric matrix G is 
positive definite. Then the following equation holds 
true: 

-1 
x - ~in = G (x . ) • g(x) mm. 

which would allow Xmin to be calculated in one step 
if a-1 (xmin> were available. 

To approach a-l (xmin>. a method of successive 
linear searches in G-conjugate directions is used. 
Starting with the identity matrix a(O) = I, a sequence 
of symmetric matrices G(i) is generated that ap
proximates a-1. At the (i+l)st iteration step a 
linear search is made in direction h(i) = -G(i)g(i), 
where g(i) is an abbreviation for g(x(i». By means 
of the linear search the minimum of y(t) = f(x<i» + 
t • h(i)) is determined, giving argument x(i+ 1) = 
x(i) + t. • h (i) 

1 • 

The argument of the minimum x(i+l) on the line 
through x(i) in direction h (i) is determined by the re
lation that scalar product (g(i+l), h(i» = O. 

Now: 

and: 

n-1 
g(n) = g(j) + L t. Gh (i) 

i=j 1 

Therefore: 

scalar product 

(g(n)' h (j» = E1 t. (Gh (i)' h (j» 
i=j+l 1 

Suppose now that the vectors h (O), h (l), • , 
h(n-1) are G-conjugate, satisfying (Gh(i), h~j)) = 
0 for if j. Then (g(n), h (j)) = O, and since h(O), 
h(l), ••• , h(n-l) form a basis, g(n) = O and x(n) = 

xmin• This shows that the minimum is located at 
the nth iteration for a quadratic function when using 
successive linear searches for G-conjugate direc
tions. 

Programming Considerations: 

For the genera~ion of G-conjugate directions, start 
with h(O) = -g(O and calculate successive directions 
h(i) by means of h(i) = -a(i)g(i), where a(i) is modi-
fied to a(i+ 1) so that h (i) is an eigenvector of the 
matrix. a(i+l) G with ei1enval~e 1. This ensures 
that Q(l) approaches a- as x(l) approaches Xmin• 
An easy calculation shows: 

T 
G(i+l) = G(i) + dx • dx 

T 
dx • dg 

. (i+l) (i) 
with dg= g - g 

dx = x(i+l) - x(i) 

G(i) dg • dg T G(i) 

dl G(i)dg 

where all vectors are regarded as c'olumn vectors, 
and superscript T means transpose of column 
vector--that is, row vector. 

The strategy adopted for termination of the suc
cessive linear searches is as follows: 

1. If the function value has not decreased in the 
last iteration step, the search for the minimum is 
terminated provided the gradient is already suffi
ciently small; otherwise, the next step is in the 
direction of steepest descent. 

2. If the argument vector and the direction vec
tor change by very small amounts, and at least n 
iterations are performed, the minimization is ter
minated again. 

3, If the number of iterations exceeds an upper 
bound furnished by the user, further calculation is 
bypassed, and an error code is set to 1 indicating 
poor convergence. 

4. If one of the successive linear searches indi
cates that no constrained minimum exists, further 
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calculation is bypassed again and the error code is 
set to 2, indicating that it is likely that no minimum 
exists. 

The ith term G(i) is reset to the identity matrix 
if there is indication that the current a(i) is not 
positive definite, or if the formula for a(i+l) breaks 
down because of zero divisors. 

The linear search technique used in procedure 
FMFP is as follows: 
For a given argument vector x and a vector h de
fining a direction through x, a local minimum of 
the function y(t) = f(x+t • h) must be found. This 
means that a value tm must be determined for 
which 

y' (t ) = scalar product (g(x:f-t • h), h) =O 
m m 

From y' (0) = (g(x), h) < 0 it is evident that a mini
mum y(tm) < y(O) should be found for positive 

values oft. 
The calculation of the minimum is in three 

stages: 
1. Estimating the magnitude of tlJl. 
2. Determining an interval contaming tm. 
3. Interpolating the value of~· 
An estimate of the stepsize may be obtained, as

suming that the true value of the constrained mini
mum is equal to the estimated value EST of the un
constrained minimum and that y(t) is closely repre
sented by a quadratic polynomial passing through x, 
y(O) with derivative y' (0): 

step= 2 (EST - y(O))/y' (0) 

This equation tends to ov.erestimate the stepsize 
since the unconstrained minimum will normally not 
lie on the line through x with direction h. TJi.ere
fore ·step is taken as stepsize s only if it is posi
tive and less than Ol,le.. Otherwise s = 1 is taken as 
step size. 

At the· second stage y(t) and y' (t) are examined at 
the points. 

t = s; 2s, 4s, ••• , s1, s2 

where successive values .are obtained by doubling 
the stepsize. 

This search is terminated at t = s2 if: 

y'(s2) = O 

or y' (s2) :> 0 

or _y(s2) :l!: y(s1) 
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The last case (search argument runs .. out of range) 
is interpreted as. an indication that no local minimum 
exists on the given line. Therefore, the error in
dicator is set to '21 and further calculation is by
passed; that is, ]fMFP returns the current minimal 
value with ERROR= '21 • 

In case y' (s2) = O, tm is set to s2 and ~ = ~s2. 
• h is used as argument of a constrained minimum 
on the line through x with direction h. 

In the second and .third case y 1 (s2) > O and/ or 
y(s2) ::i:y(s1), a minimum lies necess.a"rily between: 
s1 and s2. Its argument value gets approximated 
using cubic interpolation. · 

The extrema of the cubic interpolation passing 
through (s1, Yl = y(s1), y' 1 = y' (s1)) and s2' y2 = 
y (s2), y '2 = y, (sz» are .the roots of the quadratic 
equation 

r I t -Sl ·, I (t -Sl) 2 
y 1 - 2(z+y 1) _ · + (y 1+y 2+2z) --- = O 

s2 sl . . . s2 sl .. 

with z 
y -y 

= y' + y' 3 2 1 
1 2- ~ 

2 1 

t-s 
The substitution --1- = 1-a gives 

s2-sl . 

I t 2 t ·1 
Y 2 - 20'.(y 2+z)+a (y 1+y 2+2z) = O 

with the s~lutions 

where 

w 
I 2 I I 

= + yz -y 1Y 2 

It is interesting to note that y J. < 0, y'2 ::i: O, 
as well as y' 1 < o, y'2 <O, Y2 ::i:y1, that is, I z 1< 
IY '1 + y ~d, guarantee a real value of w. This means 
the cubic interpolation polynomial has real extrema. 

The cubic interpolation polynomial may degenerate 
to a quadratic if y '1 + y '2+2z = O· · 



with minimum at 
y' 

2 
Cl.= I I 

y 2-y 1 

The sign of w must be so chosen that a belongs to the 
minimum, which is necessarily between s 1 and s2. 

From 
y;-z+w 

a= y; -y i + 2w 

= 

= 

(y ~ -z+w) (y '2 -y 11-2w) 

(y ;-y {+2w) (y ~ -y ~ -2w) 

(y; +z-w) (y '1 +y '2 -2z) 

(y f+y ~+2z)(y ~+y ;-2z) 

It is easily seen that 
I 

y 2 - z+w 
a= 

y ~ -y11+2w 

= 

respectively, if y ~-y '1+2w = 0 

y '2+z-w 
a= y '+y '+2z 

1 2 

' y 2+z-w 

y ~+y '~+2z 

give the argument of the minimum in all cases. The 
first formula gives extra numerical stability if y '1 
is close to -y' 2 and y1 is close to y2 and also conta.Ins 
the degenerate case as special. The second formula 
may be necessary if both extreme values lie be
tween s1 and s2 • Then the one closer to s1 is the 
minimum •. (This follows easily from geometrical 
considerations.) 

The following analysis shows that 0 < a < 1: 

y ; > 0, y ~ < 0 implies w > I z I . Hence 

I 

Y2 
0 <----

·y 2+2w-y i. <a= 

I 
y 2+ w-z 

y" -y 1 +2w 
2 1 

y ;+2w 
< <1 

y k+2w-y J_ 
(1) 

Hence 

-y'2 -z 
O < , ,. <a= 

-y 2-2z-y 1 

y;+z-w 

YI +y 1 +2z 
1 2 

-y ~-2z 
< I I < 1 , 

-y 2 - 2z-y 1 (2) 

Note that for the other root 

' y 2+z+w 

YI +y 1+2z 
1 2 

t 
-y 2-z 

<I ,<et, 
-y 2-2z-y 1 

The minimum of the cubic interpolation poly
nomial is located at 

s = s +(1-a) (s -s ) = s - et (s -s ) 
3 1 21 2'21 

If y(s3) ::;; y(s1) and y(s3) ::;;y(s2), then tm is set 
equal to s3 and Xm = x+~ • his used as argument 
of the wanted minimum along the given line. Other
wise, the interval (s1, s2) is reduced by replacing 
s1 by s3 if y(s3) ::;; y(s1) and y ' (s3) < 0 and by re
placing s2 by s3 in all other cases. Then the inter
polation process is repeated for this riew reduced 
interval. 
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****Al********* • • *PKUCEOURE FMFP • . .. 
*************** 

x 
*****dl********** 
*rUNCf * ·-------------· * VALUE AND * 
o GRADIENT FOR * 
•GIVEN ARGUMENT * 
***************** 

x 
*****Cl********** * PRESET * 
:1N~1~D~r~~~t10N! * COUNT * • • 
~**************** 

**** . . . 
• 01 •• x. • • •••• • CONT X 
*****Ol********** • . * 
: IOE~fmA~hR·Ix: 
* IN H * • * ***************** 
•••• • * . * El o .x .. • • **** • LOOP X 

*****Cl********** 
•STEP IJERAT ION * 
* COUNT, SAVE * 
* AR G.UM ENT AND * * GRADIENT * • • ***************** 

x 
*****fl********** * COMP. SEARCH O * OIRECTION ANO * 
o DIRECTIONAL * * DERIVATIVE DY * 
* * **********$****** 

x .•. 
GI *• 

• ~ IS ~. 
NU .•UlRcCT IONAL*• 

•••• •.DERIVATIVE DY.• 
*.NEGATIVE •* ... .. * ••• * YES 

x ... 
Hl *• 

• .o IS *· 
.YES •* HATRIX H *• 
.x •• o. ILLCONOI- •* 

*. TIONED •* • . ·* *. ·* * NO 

:LAB! X 
*****Jl********** .. ~ 

PROCEOURE FMFP DETERMINES AN UNCCNSfRAINEO MINIMUM OF A FUNCT!O~ OF SF.VF.UL VARIABLFS 

SAVE 
*****A2********** *SA VE OLD VA LUE S* 
*OF FUNCTION AND* 

•*• LAB2 • *• 
A3 *• *****A4********** AS *• • * HAS *. * * • * HAS *• 

•*FUNCTION *•YES * INTERPOLATF * •* CUBIC A *• NC 
••• X• 0 !REC Tl ONAL * 

* OER!VATIVF. * 
... x•. VALUE •••••••••• x• CUBlCALLYFOR ••••••••• x•. REAL ·*···· 

• • .................. 
ic 

*****82 •••••••••• 
* STFP ARGUHFNT * 
*ALONG DI REC Tl ON* 
* OF LINEAR * 
* SF.ARCH • • • ••••••••••••••••• 

ic *****C2 •••••••••• 
*FUNCT * *--------------· * VALUE ANO * 
* GRADIENT FOR * * NEM ARGUMENT * 

······~·········· 

ic •••••02 •••••••••• * CALCULATE * 

· . 

* CORRESP. * • * OIREC Tl ONAL ·*· •• ••• 
*DERIVATIVE DY* • • ••••••••••••••••• 

*•I ~CREAS EO.• X * ~IN !MUM * *• Ml NI MUM • o 
*· •• * • *· •• .. .. ••ti••············ *· .• * NO X * VF S 

x .•. 
83 •• .. . . 

•* IS DY *. YES • 
*• GREAT ER .• •••••• 

*•THAN ZERO.• .. .. 
*· •• * NO 

x .•. 
03 •• 

•* IS *· 

••***A4********** • * •REPLACE ONE OF * 
• THE PREVIOUS * 
o NODES * • • ***************** x 

x 
*****BS********** *F UNCT . • 
·---------------· o VALUE ANO * 
*GRADIENT FCR o 
*CUBIC •S MINIMUM* 
***************** 

• NO ic 
•*• ••• 

C4 *• C5 *• 
•* *• • *IS LAST*• 

•* ARE TWO *• NO • * VALUE THE *• *. NOOF.S • OX •• •.•••.*• CURRENTLY • * 
*.!DENT !CAL•* *• S~ALLF. ST • o 

*• • * *• ONE • * *· .• • ..• 
•YES *YES 

• 001 RECT IONAL* • YES • 
•.OERlVAT IVE DY.• •••••••••••••••• x. 

*• EQU Al .o 
*•ZERO •* 

*· ·* * NO 

x 
*****El********** • • *DOUBLE PREVIOUS• * STEPSIZE FOR * * LINEAR SEARCH* • • ••••••••••••••••• 

x .. . 
F3 *• 

•* IS· *• 

. . ...•....••••••.•.••.•.•.• x. 
COMP X ••••*F'3••········ * " .. 

OCOMP. CHANGE OF* * ARGUMFNT ANO • * GRADIENT * • • • •••••••••••••••• 

x .•. 
*****F4********** F5 *• • • •• DID •• • 

• NO •* ABSOUtT I!' *. • • NO·* FUNCTION •• YESX 
.x •••• •• •• •••• •• •••••• ••••••••*•STEPS IZE TOO •* 

••••*G2 •••••••••• • • * HARK PREVIOUS * 
* FAILURE WITH *• ••• * ERROR= 13' * • * ··•*••••••••••::t••• x 

• NO . .. 
H2 *• 

• * DID *• 

x •••• • • • 01 • • • •••• 

*• BIG •* *· ... *· •• 
* YFS 

x 
*****G3*********" * • 
:sEhm0~e~~clt: 
* OVERS HOOTS • • • ••••••••••••••••• 

• O FA! LURE *· YFS • *• DCC UR RE- • *• •• •••••••• ••• •• X. 
•.PEATEOLY •* .. . . .... • x 

• SET ER~OR=•o• •x •••••••••• SI:;NIFICANT. •••••• 
* * *•I NC REASE • * • * •. • • ··············•** •... 

x 
·*· G4 *• 

.•AR·E AT *• 
•* LEAST N *• NO 

O. !TERA TION S • *• ••••• 
•.PERFORMED.• .. .. 

•. ·* * YES 

•••• • • 
• 

* El •X •• • • •••• 
••••*Gs•*•••••••• • • • • *UPDATE MATRIX H* • • • * *****•••.t••······ x 

X • NO .•. . .. 
H4 *• H5 *• 

•* ARE *• • • * IS *• 
•* G'tAOIENT *• NO X • * LI HIT OF *• 

•.ANO AR·GUMENT •*••••••••X*• ITERATIONS •* 
*• CHANGE •* •.EXCEEDED •* 

•.S~ALL.* *· . * .. .. . ... 
* YES * YES 

: •••••••••••••••••••••••• x:x ••••••••••• 
• o. YES RETURN X 

J2 •. •••••J3********** •••••J ,. •••••••••• NCON X 

•°' JS *• * * * * *>ET UP INITIAL o • 
* >fEPSIZE FOR *•••••• 
*LINEAR SEARCH o 

• • GRAD IE NT *• NO * * * RETURN * 
•.SUFFICIENTLY •••••••••• x• SET ERROR=•D• ••••••••• x• RF.SUL TA~T • 

*• SMALL •* * * ·*FUNCTION VALUE * 

*****JS********•* • • * SET ERROR='l' * 
o POOR * * CONVERGENCF. * • • ••••••••••••••••• • • ***************** •• • • • • • • •• • :t ••••••••••••••••• • •••••••••••••••• 

• x 

:REsi •••• K l**********· **•**K2 .......... . 
* RESTORE OLD • Of UNC T * 

• * VALUES OF * t----------• 
••• x• AKGUMENT ••••••••• x• VALUE ANO • * ICURRENT * * GRADIENT FOR * 

*MINIMAL VALUE! * * OLD ARGUMENT * ••••••••••••••••• • •••••••••••••••• x 

x 
****K 4***** **** o END Of· o 
OPR~CEOURE FHFP * 
* • ••••••••••••••• 

..................................................................................................................... 
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• Subroutine RTF 

RTF.. RTF 10 
/*********************************************************************1"-Tf 20 
~ ~"' ~ 
I* CALCULATE ROOT OF GIVEN FUNCTION */RTF 40 
I* IF OPT-= •Q• 8Y LINEAR INTERPOLATION ISECANT HETHOD1 */RTF 50 
I* IF OPT= 1 1' BY QUAD~ATlC INTEi<POLATION l/1ULLER•S HETHODJ */RTF 60 
I• IF OPT"" 1 2 1 BY HYPERBOLIC INTEPPOLATIDN (HALLEY'S HETHODJ •IRTF 10 
,. •/RTF ea 
/***************************•************"'****************************IRTF 90 

PROCEDUREIX,F,FCT 1 LIMIT1DPTl ,. RTF 100 
DECLARE QJf 110 

IERROR EXTERNAL,tNCL1LOPT1DPTJ RTF 120 
CHARACTER Ill 1 RTF l3C' 
ISJEP1CT1LIMJTJ Qff 140 
etNARY FIXED, . RTF 150 
C X1ft T, Yr XX1DX1Xl1X21fl rFZ ,XlC, X20 rX211 RTF 160 
FLO, F2l 1FF 1XXX1TOL.,H.I1HAJ PTF 170 
BINARY FLOAT, /*SINGLE PRECISION VERSION l*S•IRTF 180 

'* BINARY FLOATl53) t /•DOUBLE PRECISION VERSION l•D•/RTF 190 
FCT ENTRY() RETURNS PTF 200 
IBINARY FLOATI,. /*SINGLE PRECISION VERSION l*S*/RTF 210 

I* CBI NARY FLOATl53J Jr• /*DOUBLE PRECISION VERSION /*D*/RTF 220 
STEP =1,. /*lNIT. ITERATION COUNT •!RTF 230 
X2 =X, • RTF 240 
F 1f2 =FCTI X2 ), • /*CALCULATE START ING VALUE •/IHf: 250 
INCL,ERROR= 1 1)' ,. RTF 260 
CT =Or. RTF 270 

SEEK.. /•LOCATE BETTER POINT •/RTF 280 
Fl =lr• /*BY SIMPLE SEARCH PROCESS •/RTF 290 
LOPT = 1 S 1 t • RTF 300 
Ml =MINIO.lrABSIFJJ,. RTF 31C 
HA =MAXll1ABS(XJ),. RTF 320 

SEEK2.. RTF 330 
DX =HI/Fl,. RTF 340 
Xl =lt• RTF 350 

SEEK!.. RTF '360 
T =X+OX,. IHF 370 
ox =-ox,. RTF 380 

TfST.. RTF 390 
Y =FCTrTI ,. /*CALCULATE FUNCTION VALUE *l?TF 400 
STEP =STEP+l,. /*STEP ITERATION COUNT •/RTF 410 
If STEP GE LIMIT RTF 42C 
THEN GO TO EXI Tr. /*TERMINATE WITH ERROR = •c• •/Off 430 
IF INCL= 1 1 1 /*TEST· FOR PREVIOUS SIGN-CHANGE•IRTF 440 
THEN OOr • RTF 450 

IF Y*FF l T 0 RTF 460 
THEN XXX =Tr• RTF 470 
ELSE GO TO SIGNr. RTF 480 
END,. RTF 490 

ELSE 001.. RTF 500 
IF Y*F LE 0 /*TEST FOR SIGN-CHANGE */RTF 51C 
THEN on,. RTF 520 

INCL = 1 1 1 t • /*MARK SIGN CHANGE */RTF 530 
XXX =X1 • RTF 540 

SIGN •• 
XX =T,. 
FF =Y,. 
Et401 • 

ENO,. 
IF ABSCY) LT ABSIFJ 
THEN 001. 

X =T,. 
F =Y, .. 
GO TO CHEC.K,. 
END,. 

IF INCLa 1 l' 
THEN GO TO CHECK t • 

IF LOPT NE 151 

THEN GO TO SEEK,• 
IF OX l T 0 
THEN GO TO SEEK! r. 
Xl =Xl+l 1 • 
DX =OX+DX,. 
IFXlLEFl 
THEN GO ··To SEE Kl'. 
Fl =Fl+2,. 
GO TO SEEK2 1 • 

CHECK ... 
TOL =lE-Sili/1A1 • 

·/*TDL =1E-12•HA,. 
IF ABSCOXI LE TOL 
THEN oa,. 

CT :::::CT+lt. 
IF A6SCYJ GT TOL 
THEN IF CT LE 5 
THEN GO TO CONT 1 • 
.ELSE ERROR='W' ,. 
GO TO RETURN,. 

CONT .... 
ENO,. 

ELSE CT •O,. 
X20 =T-Xl,. 
Xl ""X21 .. 
FO =Fl,. 
Fl =F2,. 
XlO =.IC211. 
FlO =F21,. 
X2 =Tr. 
F2 =Yr. 
x21 ::x2-x1, .. 
IF X21= 0 
THEN GO TD EXIT,. 
F21 =(F2-Fll/X211• 
IF LOPT= 1 1 1 

THEN ao,. 
IF X20 NE 0 
THEN DO,. 

T =CF21-Fl0HX20t• 
Y :::f2l+X2l*Tr• 
IF V NE C 
THEN oa,. 

DX =F2/Y,. 
T =0.25-DX•TIY,. 
IF T NL 0 ·. 

/*TEST FOR IMPROVEMENT 

RTF 55.0 
RTF 560 
RTF 570 
RTF 580 
RTF 590 

*/RTF 600 
RTF 610 
RTF 620 
llTF 630 
RTF 640 
RTF 650 
RTF 660 
RTF 670 
RTF 680 
RTF 690 
RTF 700 

*/RTF 710 
RTF 720 

*/RTF 730 
RTF 740 
Cl:TF 750 

/*STEP ODO INTEGER DENOMINATOR */RTF 760 

/*SEEK AT SYMMETRIC POINT 

/*SEEK FARTHER AWAY 

RTF 770 

/*SINGLE PRECISION. VERSION f*S*l~i~ ~=~ 
/*DOUBLE PRECISION VERSION /*D*/RTF 80(1 

RTF 810 
RTF 820 

/iliTERHINATE SUCCESSFULLY IF 
/*BOTH ARGUMENT-tttANGE ANO 
/*FUNCTJON VALUE -ARE SMALL 
/*WITH WARNING IF ARGUHENT
l•CHANGE ONLY IS SMALL ltEPEAT. 

/*SAVE -OLD VALUES 

/*SfORE NEW VALUES 

/*QUADRATIC INTERPOLATION 

RTF 830 
•/RTF 840 
*/RTF 850 
*/RTF 860 
*/RTF 870 
*/RTF 880 

RTF 890 
RTF 900 
RTF '910 
RTF 920 

•IR TF 930 
!HF 940 
RTF 950 
RTF 960 
RTF 970 

*/RTF 980 
RTF 990 
!HF 1000 
RTF 1010 
RTF 1020 
RTF 1030 
RTF 1040 

*/RTF 1050 
RTF 1060 
RTF 1070 
RTF 1080 
RTF 1090 
RTF 1100 
RTF 1110 
RTF 1120 
RTF 1130 

THEN OX =OXJ(0.5+SORTCTJ It• 
RTF 1140 
RTF 1150 
RTF 1160 

END1 • 
END, •. 

IF LOPT='2' 
THEN DO,. 

GO ra· COMP,. 
ENO,. 

T =F 2-FOiliF21/F 10,. 
/*HYPERBOLIC INTERPOLATION 

RTF 1170 
RTF 1180 
RTF 1190 
RTF 1200 

*/RTF 1210 
RTF 1220 

-
If T NE 0 
THEN OX =-X2C*F21T,. 
IF OX NE 0 
THEN GO TO COMP,. 
E~o •• 

IF F21=0 
THEN IF INCL:::' l' 
THEN GU TO HALF,. 
ELSE GO TO SEEK 1 • 

[JX =F2/F21 1 • 
COMP •• 

RTF 1230 
RTF 1240 
RTF 1250 
RTF 1260 
PTF 1270 
RTF 1280 
RTF 1290 
RTF 1300 
RTF 1310 
RTF 1320 
fl:TF 1330 
RTF 1340 
RTF. 1350 
RTF 1360 
RTF 1370 
RTF 1380 
fl:TF 1390 
RTF 1400 
RTF 1410 

TOL =HAXCHI,1E-3J*MA 1 • 

IF INCL NE 1 1' 
THEN IF ABSCOXJ GT TOL 
THEN IF OX LT C 
THEN OX =-TOL 1 • 
ELSE DX -=TOL,. 
T =X2-0X1 • 
IF INCL= 1 1 1 

THEN IF CXX-Tl*(XXX-T) GT 0 
THEN 

/*TEST IF INSIDE INTERVAL 

HALF ... 

•IR Tf 1420 
RTF 1430 
RTF 1440 
fl:TF 1450 
RTF 1460 
RTF 1470 
RTF 1480 
RTF 1490 
RTF 1500 

T =fXX+XXXJ•o.5, .. 
LOPT =OPT10 
GO TD lEST,. 

EXIT •• 
ERROR= 1 C:', • 

RETUPN •• 
ENO,. /*ENO OF PROCEDURE RTF */RTF 1510 

L.... 

Purpose: 

RTF refines a given initial guess for a root of the 
general (transcendental) equation. f(x} = 0 using: 

linear interpolation if OPT=10' (secant method) 
quadratic interpolation if OPT='l' 
hyperbolic interpolationif OPT='2' 

Usage: 

CALL RTF (X, F, FCT, LIMIT, OPT); 

X-

F-

FCT-

BINARY FLOAT [(53)] 
Given initial guess for root of f(x) = O. 
Resultarit refined approximation for root of 
f(x) = o. 
BINARY FLOAT [(53)] 
Resultant function value for calculated 
value of x. 
ENTRY (BINARY FLOAT [(53)]) RETURNS 
(BINARY FLOAT [(53)]) 
Given function procedure for calculation of 
the function values f(x). It must be supplied 
by the user. 

Usage: 
FCT(T) 
FCT(T) 

T-

BINARY FLOAT [(53)] 
Resultant function value f(t). 
BINARY FLOJ\.T [(53)] 
Given argum~nt of function. 

LIMIT - BINARY FIXED 

OPT-

Given bound for the number of function 
evaluations to be performed at most. 
CHARACTER(l) 
Given option for selection of iteration 
method. 
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·Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=' C' means no convergence obtained within 
LIMIT function evaluations, possibly because of 
poor initial guess or unrealistically small value of 
LIMIT. 

ERROR=1W1 means small changes in successive 
refined approximations indicate covergence of method, 
while corresponding function values are not small 
enough. Possibly the function values cannot be 
obtained accurately enough by the user-supplied 
procedure FCT. The returned value of x has the 
absolutely smallest function value f(x) among all 
arguments used in the course of calculation. 

Any value of OPT different from 111 and 121 is treated 
as if it were 1 01 • 

Method: 

. A refined approximation of the root is calculated as 
root of the linear fit through two successive ap
proximations if OPT=1 01 (secant method). 

The root of a quadratic fit through three successive 
approximations is used if OPT=111 (Muller's method). 

With OPT=' 21 the refined approximation is 
calculated as root of a hyperbolic fit through three 
successive approximations. 

For reference see: 

J. F. Traub, "The Solution of Transcendental 
Equations", edited by A. Ralston and H. s. Wilf, 
Mathematical Methods for Digital Computers, vol. 
2, pp. 171-184. 

Mathematical Background: 

Secant iteration method 

The linear interpolation polynomial through two suc
cessive approximants is given by (Newtonian 
formulation) 

P(t) = f (xi)+ f [xi, xi-iJ (t-xi)' 

where 

f(xi) - f(x1_1) 

xi - xi-1 
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(1) 

A refined approximation is obtained setting P(xi+1) 
= 0: 

xi+l =xi - f(xi)/f [xi, xi-iJ , for i ~ 2 

a.lld 

f (x.) =/. f (x. 1) 
1 1-

(2) 

The asymptotic order of convergence is p = 1. 62. 

Muller's iteration method 

The quadratic interpolation polynomial through 
three successive approximants is given by 

P(t) = f(xi) + f [xi, xi-l J (t-xi) 

+ f [ xi,xi-1' xi-2 J (t-xi)(t-xi-1) (3) 

With the notation 

(x.-x. 1) (4) 
1 1-

this reads 

P(t) = f(x.) +2w (t-x.) + f [x., x. 1, x. 2] 
1 1 1 1- . 1-

A refined approximation is obtained setting P(xi+1) 
= 0: 

x .. 1 = x. - w fi. -V1-f.<x.>f[x.,x. 1,x. 2] /w2 ) 
l+ . 1 \.L 1 1 1- 1- . 

/f[X.,x. 1,x. 2] L 1 1- 1-

or preferably 

f(x.) 
1 

The asymptotic order of convergence is p = 1. 84. 



Hyperbolic interpolation iteration method 

Hyperbolic interpolation is defined through 

P(t) = (t"-a) I (b+ct) 

with 

(b+c x.) f (x.) = ·x. - a, for j = i, i-1, · i-2. 
J J J 

A refined approximation is obtained setting 
P(xi+l) = O, that is, xi+l = a. 

Symmetric formula: 
x. • (x. 2-x~ 1)/f(x.)+x. 1• (x.-x. 2)/f(x. 1) 

l 1- 1- l 1- l 1- 1-

+x. 2(x. 1-x.)/f(x. 2) 
1- 1- l 1-

(x1• 2-x1. 1)/f(x.)+(x.-x.·· 2)/f(x. 1) 
- - 1 l 1- 1-

+(x. 1-x.)/f(x. 2) 
1- l 1-

xi+l is a weighted mean of Xi, xi-1• ~-2 • 

(7) 

(8) 

Preferable is the equivalent unsymmetric formula: 

with 

xi+l =xi - ----------
f(x. 2) · f [x., x. 1 ] 

1- l 1-
1 - ---------

f(x.) • f [x. 1, x. 2 J 
l 1- 1-

(9) 

f(x. 2) • f [x., x. 1] ;i f(x.) • f [x. 1, x. 2] ;l o 
1- l 1- 1 1- 1-

The asymptotic order of convergence is p = 1. 84. 

Programming Considerations: 

1. The three above-defined iteration methods 
(1), (6), and (9) are combined with a search meth
od that uses arguments 

x :1: 2k • D. /(2i+l) for { i : O, 1, ••• , k (lO) 
k - o, 1, ••• 

until an argument t is found for which either 

I f<t> I <I f<x> I or f(t) • f(x) ~ O. 

The value of D. used internally is D. = min (0.1,\f(x)i). 
2. If an interval (xi. Xu) enclosing a root has 

been found, that is, f(x1) • f(~) < O, then succes
sive approximants from one of the iteration meth
ods above must lie inside this interval. Otherwise, 
(x1+Xu)/2 is used as next approximation. The 
interval bounds for this bisection method are up
dated in the course of calculation. 

3. If no sign change has been located previously, 
the absolute argument change at a single iteration 
step is reduced to max (0. 001, D.) • max(l, I XI) 
if necessary, in order to avoid overshooting and 
overflow problems. 

4. If, in case of no previous sign change, thei 
iteration method fails to give an argument Xi+l 
for which either f(xi+l) • f(xi) ~ 0 or J f(xi+l) I < 
lf(xi)I , then the next approximant is calculated by 
the search method (1). 

5. Calculation of the first approximant is based 
on the simple search method, while the second ap
proximant is calculated with the secant method. 

6. The convergence test used requires that both 
argument change and function value are absolu~ely 
less or equal to 10-5 •max (1, I XI) in single 

. precision and 10-12.max (1, IX I) in double preci
sion. If the argument change is absolutely less 
than or equal to this internal tolerance five times 
in sequence, while the function values are not 
small enough, then the currently best values x, 
f(x) are returned with ERROW='W'. 

7. The iteration process is terminated with 
ERROR=' C' if the number of function evaluations 
exceeds the user-specified limit LIMIT. 
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PltUCt:DURE RTF REFINES AN INITIAL GUESS FOR A ROOT OF FIXl=O VSING LINEAR, QUADRATIC JR HYPERBOLI: !NTFRPOLATION 

****Al*•******* . . . 
• PROCEDURE RTF • 
• * 
*************** 

x 
*****Bl********** * !NIT !AL !ZE • 
• STEP=l * 
• !ITERATION * 
• COUNT I * • • :***************** 

x 
*****Cl**********· 
*FCT * 
·------~-~----· •CALCULATE FIXI * 
O FOR INITIAL * * GUESS * 
***************** 

*****D 1*$*.******* 
• PRESET * 
• EH.KOR=• o• • * * INACTIVATE * 
o BISECTION * 
• METHOD * 
***************** 

x 
*****El********** 
o IN IT JAL!Z E CT=O* 
* l~OUNT OF * 
• SUCCESSIVE * 
* CLOSE * * ARGUMENTS! * 
***************** 
**** . . . 

• Fl • .x. • • .... . 
SEEK X 

*****Fl********** 
o INITIALIZE * 

TEST X CONT 
·····~4********** *****A2 ********** ***** A3*•******** *FC T * •. * *----------• *STEP ITERATION * 
• * * SAVE OLD * 

..X•CALCULATE F IXI *• •••••••X* COUNI STEP * •• X• VALUFS, STORF * 
• NEW VALUES * * FOR CURRENT * * * 

* ARGUMENT * * * * • • ••••••••••••••••• ***************** • ***************** **** • • * A2 * 
**** • • * A4 * • • • * 

**** x·· · · · · · · · ·· · · ··· · · · ·· · ·· · · •••• x 
• *· EXIT •*• B2 •. **•**B3********** B4 *• 

• o DOES *· * o •* ARE *• 
•*ITERATION*• YES * o YES •* *• 

•• COUNT STEP •••••••••• K• SET ERROR=•c• •x •••••••• •.APP~OXIMA~TS ·* 
•. EXCEED • * * * *.MUCH TOO • * 

•.LI MIT.* o * •.CLO SE.* 
*· • • ***************** • • •• •·No *NO 

**** . . . 
• • xo K3 * 

x * ****. 
. *· ·*· CZ *· C3 *• 

•* IS *• ·* *• 
•* BISF.CTION *• NO •* WAS *•NO 

*• METHOD •*••••••••X*• SIGN CHANGE •*•••• *· AC Tl VE • * *• LOCATED ·* *· . • •• •• .. . . . ... * YES * YES t 

ic SIGN X 

• ••••••••••••••••••••••••• ic .•. 
*****C4********** CS *• 
* CALCULATE * • •SHOULD *• 
*INCREMENT FROM * YES • o ANO COULD *• 

••••* QUAOUTIC *X••••••••*•ITERATION BE•* 
o INTERPOLATION * *• QUAORATI C. * * • •• • * .................. .... .. 

* NO 

x ... 
*****04•••······· 05 •• ****•D2 ********** * * *UPDA lE I NlE RVAL* 

*****03•••······· * ACTIVATE * 
* BISECT ION * . X :INC~~~~~~A~~OH: YES •• ·:~~og~3L;· •• 

* BCUND S * 
* * • * .................... * METHOD, SAVE * 

*INTERVAL BOUNCS* • • 
***************** 

••••* HYPERBOLIC *X••••••••*•ITFRATION BE•* 
O· NTERPOLA TJON * *• ~YPERBO- • * * * *• LIC • o ••••••••••••••••• *· •• 

o NO 

:x .......... : . 
:x ...•.................... : x ic ... . .. 

E2 *• *****E3********** *****E4********** F.5 *• •* HAS *· * SAVE CURRENT * 
• *FUNCTION *• YES * VALUES OF * *• VA LUE • *• ••••••• K * FUNCTION AND * 

•.DEC REA SEO.* * A~GUMENT * .. . .. . . 
* CALCULATE * • * l S *• 
*INCREMENT FROM * YES • * LI NEAR *• 
* L !~EAR ox •• •••• •• *• I NTE RP OLA Tl ON.* 
* INTERPOLATION* . •.POSSIBLE •* * • •• . • •• • * ••••••••••••••••• .................. •. ·* 

* NO * NO 

: ...••..••. x: 

. t CHECK X COMP X ic ... 
F2 *• *****F3********** F5 *• • * IS *• * CALCULATE t • * IS *• 

!ACTi~~WmRcH!x ••• 
• o BISECTION *• YES * l~TERNAL- · * 

*• METHOD •*• •••••••X* TOLERANCE FOR * 

*****f 4********** 
*SET UP INTERNAL* 
•TESTVALUE TOLo * * INACTIVATE *•••• 

NO • * 81 SEC TI ON • • 
• •• *• HFTHOrl • * 

*• ACTIVE •* o PROCESS • *• AC Tl VE • * *FOLLOW ING TESTS* *SEARCH PROCESS * 
* • •• • • * • . .. 
***************** •• • • ••••••*********** ••••••••••••••••• 

S EtK2 X 
*****bl********** 
• CAL CUL ATE * 
• SfEPSIZE, * 

• • • X• INITIALIZE * 
•COUNT OF STEPS * 
* Xl * ***************** 

* NO 

ic . .. 
G2 *· • * IS *• 

• NO • * SEARCH *• 
•• •••• *• PROCESS • * 

*• ACTING •* *· .• •. ·* 
• YES 

:sti:Kl X .t 
*****Hl********** H2 *• 
•C~HPUTE SEARCH * • • WAS *• * ARGUMENT, • NO • • SYMMETRIC *• 
•CHANGE SIGN OF *X••••••••*• POINT All- •* 
* SiEPSIZE * X *• READY • * 
O * *•TRIED.* ••••••••••••••••• *· •• 

x •••• • • * A2 * • • ..... 

*****Kl********** • * 
• * INITIALIZE * 
••••* REFINEMENT OF * 

* STEP SIZE * • • ***************** x 

* YES 

ic •••••J2••········ * DOUBLE * 

!upo.flnM~t aF: * STEPS XI * • * .................. 
ic .•. 

KZ *• . . ... 
• NO • • SHOULD *• 
•••••• •. STEP SIZE BE • * *• REFINED • * .. . . 

*· •• 
·• YES 
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x .•. 
G3 *• *****G4********** 

•* IS *. * STEP CO~T OF * 
•* ARGUMENT- *• YES • SUCCESSIVE * 

*• CHANGE .• ••••• •• .X•CLD SE AR GUlffNTS* 
*• SHALL .• * CT. • 

... ·* * * *· ·* .................. . 
* NO 

x 
*****H3********** *!NIT IALIZE CT=O* 
* ICOUNT OF * ••• * SUCCESSIVE * * CLOSE • 

• * ARGUMENTS I * x ••••••••••••••••• 
**** .. * * A4 * • * •••• 

•••• • • • K3 •••• 

* * 

ic 
·*· H4 *• 

•* IS *• 
YES .• FUNCTION *• 

•• •• •• o. VAL UF ·* 
*• SMALL •* .. . .. 

*· .• * ~o 

ic 
·*·· J4 •• 

.o IS *• 
ND •* COUNT CT *• 

· ••• •.GREATER THAN •* 

x . ..... 
•• * 
•* A4 * ·* • 

**** 

·•· FIVE • * •. ·* •. ·* * YES 

****· 
RETURN :( *****K 4*:******** 

****K3********* • * * * ENO OF * X * * 
* PROCEOJRE RTF •x ••••••••• SFT ERROR= •w• • ·• • • * 

*************** * * 
***************** 

•• • * 
*· ·* ic . . ... * YES •• * 

•* F 1 * .. . .· 
•••• 

HALF X 
····~-;·········· • • *USE HIOPOI NT OF* • · 
* INTERVAL AS *•• •• 
o NEXT ARGUMENT * X • • ••••••••••••••••• x 

• NO ... 
H5 *• • * IS *• • 

• *ARGUMENT *• YES. 
••• X•. WITHIN •*•••• 

*•INTERVAL • * X .. . . . ..•. .• 

*****JS•********* * REDUCE * 
O INCREMENT IF o • 
* JIFCE SSARY TD *· .•• 
• TOL OR -TOL * • • • •••••••••••••••• x 

NO . .. 
KS *• • • • * ts •• 

•• YES·* BISECTION.*· 
•• •• *• MFTHOO • O 

*• ACTIVE •* 
*· • * .... • x 



• Subroutine RTFD 

RTFO.. RTFD 10 
I******************************************************************** *IR T FD 20 
I* */RTFO 30 
I* CALCULATE ROOT OF GIVEN FUNCTION USING DERIVATIVE VALUES */RTFD 40 
I* IF OPT = 'C' BY LINEAR JNfEPPOLATION tNEWTON HETHOOI */RTFO 50 
I* IF OPT = 'l' BY JNVERSE QUADPATIC INTERPOLATION */RTFO 60 
I• IF OPT= 1 2' BY HYPERBOLIC INTERPOLATION IHALLEY HETHODI */RTFD 70 
I* */RTFD 80 
I****************************************************************** ***IR T FD 90 

PROCEDUREIX 1 F,OF1FCT,LIMIT10PTJ,. RTFD 100 
OECLAPE RTFD 110 

IERROR EXTERNAL1INCltlOPT10PTJ RTFO 120 
CHARACTER(l), RTFO 130 
(ST"EP 1 CT 1 LlHITl RTFO 140 
BINARY FIXED, RTFO 150 
( XrF t T' v, xx, ox, XL ,x2 ,fl ,F2 1DFl ,DF2,0Y1DF1 TOL,HI ,HA, FF, XXX) RTFD 160 
BH>IARV FLOAT, /*SINGLE PRECJSlON VERSION l•S•/RTFD 170 ,. BINARY FLOAT(53J, /*DOUBLE PRECISlDN VERSION /*D*/RTFO 180 
FCT ENTRY,. RTFD 190 

STEP =l, • RTFD 200 
X2 =X,. RTFO 210 
CALL FCT<X2,F2,DF2),. /*CALCULATE STARTING VALUE 4</RTFO 220 
F =F2, • RTFO 230 
OF =OF2, • RTFO 240 
INCL, ERROR='C 1 ,. RTFO 250 
CT =C',. RTFO 260 
LOPT =•0 1 ,. /*ND PREVIOUS VALUE AVAILABLE *IRTFO 270 
GO TO COMP,• /*USE NEWTON METHOD *IRTFD 280 

SEEK.. /*LOCATE BETTER POINT *IRTFD 290 
Fl =lr. l*BY SJMPLE SEARCH PROCESS *IRTFO 300 
LOPT =•S•,. RTFD 310 

SEEK2.. RTFO 320 
DX =111/Fl,. RTFD 330 
Xl =l,. RTFD340 

SEEKl.. RTFO 350 
T =X+OX,. RTFD 360 
DX =-ox,. RTFD 370 

TEST.• fl'TFD 380 
CALL FCT(T,Y,DYJ,. /*CALCUL.4TE FUNCTION VALUE */RTFO 390 
STEP =STEP+lt• /*STEP ITERATION COUNT */RTFO 400 
IF STEP GE LIMIT RTFO 410 
THEN GO TO FXIT,. /*TERMINATE WITH ERROR = 1 C 1 */RTFO 420 
IF INCL=' l' /*TEST FOR PREVIOUS SIGN-CHANGE*/RTFD 430 
THEN DO,• RTFD 440 

IF Y*FF LT (I RTFO 450 
THEN XXX =T, • RTFO 460 
ELSE GU TO SIGN,. RTFO 470 
END,• RTFO 480 

ELSE DO,. RTFD 490 
IF Y*F LE C /*TEST FOR SIGN-CHANGE *IRTFO 500 
THEN DO,• RTFO 510 

INCL =' 1 1 ,.. /*MARK SIGN CHANGE •/RTFD 520 
XXX =X,. RTFO 530 

SIGN •• 
XX =T t• 

FF =Y,. 
ENO,. 

ENO,. 
IF ABS(YI LT ABS(FI 
THEN no,. 

X =T,. 
F =Y,. 
OF =DYt• 
GO TO CHECK,• 
END,. 

IF lNCL='l' 
THEN GO TO CHECK,• 
IF LOPT NE 'S' 
THEN GCJ TO SEEK,. 
IF OX LT 0 
THEN GO TO SEEK! t. 
Xl =Xl+l,. 
DX =DX+OX, • 
IF XL LE Fl 
THEN GO TO SEE Kl t. 
Fl =Fl+2, • 
GO TO SEEK2, • 

CHECK •• 
TOL =lE-S*MAt. 

/*TOL = 1E-12*MA, • 
IF ABSIDXI LE TOL 
THEN 00, • 

CONT •• 

CT =CT+!,. 
IF ABSIYJ GT TQL 
THEN IF CT LE 5 
THEN GO TO CONT,. 
ELSE ERROR: 1 W',. 
GO TO RETUPN, • 

ENO,. 
ELSE CT =O,. 
Xl =X2, • 
Fl =F2,. 
Dfl =OF2, • 
X2 =T, • 
F2 =Y, • 
DF2 =DY,• 
DY =X2-Xlt. 
IF DY: C 
THEN GO TO EXIT,. 

COMP.• 
MA =MAX(l,ABSCXJJ",. 
Ml =MINIO.J,ABSfF)l ,. 
IFDF2NEO 

THEN DO,. 
DX =F2/Df2, • 
If LOPT NE 1 0 1 

THEN DO,. 
T =IF2-FU/DY,. 
Y =DF2-T,. 

/*TEST FOR lMPROVEMENT 

1< TFO 540 
RTFO 55.0 
IHFD 5b0 
R TFO 570 
RTFO 5BC 

*/RTFO 5qo 
l<TFO 600 
RTFD 61C 
RTFD 620 
RTFD 630 
RTFD 640 
R TFD 650 
-RTFD 660 
RTFO 67C! 
RTFO 6BO 
RTFO 690 
RTFD 7CC! 

*/RTFO 1'10 
RTFD 720 

*/RTFD 730 
RTFD 740 
RTFD 750 

/*STEP ODD INTEGER DENOMINATOR */RTFO 760 

/*SEEK AT SYMMETRIC POINT 

/*SEEK FARTHER AWAY 

RTfO 770 
F'TFO 780 

/*SINGLE PRECISION VERSION /*S*/RTFD 790 
/*D.OUBLE PREClSION VERSION /*O*/RTFO 800 

/*TERMINATE SUCCESSFULLY IF 
/*BOTH ARGUMENT-CHANGE AND 
/*FUNCTION VALUE ARE SMALL 
/*WITH WARNING IF ARGUMENT
/*CHANGE ONLY IS SMALL REPEAT. 

/*SAVE. OLD VALUES 

/*STORE NEW VALUES 

/*NEWTON METHOD 

RTFO 810 
RTFO 820 
RTFD 830 

*/RTFD 840 
*IRTFD 850 
*/RTFD 860 
*/RTFO 870 
*/PTFD 880 

RTFO 890 
RTFO 900 
fl.TFO 910 

*/RTFD 920 
RTFD 930 1 

f"TFO 940 
*/RTFD 950 

RTFO 960 
RTFD 970 
RTFO 980 
RTFO q9Q 
RTFOIOOO 
RTFOlOIC 
RTF01020 
RTFD1030 
RTF01040 
RTFDL050 

*IRTF01(160 
RTF01070 
RTFOL08C 
R TFOLC90 

T =DX*(Dfl-T+Y+YJ/IDF2*0V),. 
RTFDl LOO 
llTFOILLO 

IF LOPT= 1 1 1 /*MODIFICATION •• 
THEN OX =OX*( l+T It• /*INVERSE QUAORAT IC 
lF LOPT=•2• /*MODIFICATION •• 

*/RTFOL120 
INTERPDLAT .*/R TFD113C 

THEN IF T NE 1 /*HYPERBOLIC INTERPOLATION 
*/RTFD1140 
*/RTFDL150 

THEN·DX =DX/11-TJ,. 
ENO,. 

LOPT =OPT,• 
TOL =HAXIMI,lE-3.l*MA,. 
If INCL NE '1 t 

RTF01160 
RTFDl 170 
PTFOI180 
RTFDl190 
RTFDL200 

HALF.• 

THEN DO,• 
IF ABSI OXl GT TOL 
THEN IF OX LT 0 
THEN OX =-TOL,. 
ELSE OX = TOL,. 
END,. 
=X2-0X, • 

IF INCL:'l' 
THEN IF IXX-TJ>:i(XXX-TJ GT 0 /*TEST IF INSIDE INTEPVAL 
THEN 

RTFD121C 
RTF01220 
RTFD1230 
PTFDL240 
RTFD1250 
RTF0126{1 
PTFD1270 
RTF01280 

1 =IXX+XXXJ•0.5,. 

*/RTF012q(I 
RTF01300 
IHF01310 
PTFD1320 
RTFD1330 
RTF0134C 
PTFD1350 
PTFDL360 
RTFD137C 
PTFD138C 
PT FOL 390 
RTFD1400 

GO TO TEST,. 
ENO,• 

ELSE IF INCL='l' 
THEN GO TO HALF, , 
ELSE GO ·TO SfEK,. 

EXIT•• 
ERROR='C', • 

RETURN•• 
END,• /*END OF PROCEDURE RTFD */RTFOL410 

·Purpose: 

RTFD refines a given initial guess for a root of the 
general (transcendental) equation f(x) = 0 using: 

Linear interpolation if OPT=' 0' (Newton method) 
Inverse quadratic interpolation if OPT=111 

Hyperbolic interpolation if OPT=' 2' 

Usage: 

CALL RTFD(X, F, DF, FCT, LIMIT, OPT); 

X-

F-

DF-

FCT-

LIMIT-

OPT-

BINARY FLOAT [(53)] 
Given initial guess for root of f(x} 
= o. 
Resultant refined approximation for 
root of f(x) = o. 
BINARY FLOAT [(53)] 
Resultant function value f(x) for 
returnedX. 
BINARY FLOAT [(53)] 
Resultant value of derivative f' (x) 
for returned X. 
ENTRY (BINARY FLOAT [(53)], 
BINARY FLOAT [(53)] , BINARY 
FLOAT [(53)] ) 
Given procedure for calculation of 
values f(x), f 1 (x}. It must be sup
plied by the user. 

Usage: 
CALL FCT(X, F, DF); 

X-

F-

BINARY FLOAT [(53)] 
Given argument value. 
BINARY FLOAT [(53}] 

.· .. · 

Resultant function value f(x). 
DF - BINARY FLOAT [(53)] 

Resultant derivative value f 1 (x). 
BINARY FIXED 
Given bound for the number of function 
evaluations to be performed at most. 
CHARACTER (1) 
Given option for selection ~f iteration 
method. 
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Remarks: 

If no errors are detected in the processing of data, the 
error indicator, ERROR, is set to zero, The follow-' 
ing constitute t possible error conditions that may 
be detected: 

ERROR=' C' - means no convergence is obtained 
within LIMIT function evaluations, 
possibly because of poor initial guess 
or unrealistic small value of LIMIT. 

ERROR='W' - means that small changes in succes
sive approximations indicate cover
gence of method, while corresponding 
function values are not small enough. 
Possibly the function values cannot 
be obtained accurately enough by the 
user-supplied procedure FCT. 

The returned value of X has the 
absolutely smallest function value 
f(x) among all arguments tried during 
the iteration process. 

Any value of OPT different from '1' and '2' is treated 
as if it were 1 0' • 

Method: 

A refined approximation of the root is calculated 
using Newton's method if OPT=' 0', higher-order 
methods doing inverse quadratic interpolation if 
OPT=' 1', and hperbolic interpolation if OPT='2'. 
With the higher-order methods the second derivative 
is estimated from a cubic interpolation polynomial 
through two successive approximations. 

For reference see: 

J. F, Traub, "The Solution of Transcendental Equa
tions", edited by A. Ralston and H. S, Wilf, Math
ematical Methods for Digital Computers, vol. 2, pp. 
171 - 184. 

Mathematical Background: 

Newton's iteration method 

The linear interpolation polynomial passing through 
Xi, f(xi) with derivative f'°(x.) is given by 

. 1 

P(t) = f(x.) + f'(x.) (t-x.) 
1 1 . l 

(1) 

A refined approximation is obtained setting P(xi+l) 
= 0: 

x. 1 = x. - f(xi)/f 1(xi)' for i ~ 1 and f 1 (x.) i 0, * 1 1 
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The asymptotic order of convergence is p = 2 ~ 

Inverse quadratic interpolation 

Let x == F(y) denote the. inverse function of y = f(x), 
The quadratic polynomial Q(y) passing through point 
Yi• xi with derivatives F 1 (yi), F" (Yi) is given by · 

A refined approximation is obtained setting xi+ 1 
= Q(O): 

, F" 2 
x.+1= F(y.) - F (y.) y.+-2' (y.) y. (3) 

l l 11, 11 

From the identity x = F(f(x)) follows easily: 

, dF ili 1 
F (y) = dy = 1 I dx = f'(x) 

F" (y) = 

Hence 

f" (x) 

(f '(x)) 3 

f(x.) f(x.) f" (x.) 
l l 1 

xi+ 1 = xi - f '(x.) (l + f '(x.) 2f 1(x.) ) 
l l l 

The asymptotic order of convergence is p = 3, 

(4) 

Hyperbolic interpolation (Halley's iteration method) 

Hyperbolic interpolation is defined by 

P(t) = (t-a)/ (b+ct) (5) 

with 

P(x.) = f(x.), P '(x.) = f 1'(x.), P" (x.) = f" (x1.) 
l 1 l l 1 

A refined approximation is obtained setting P(xi+l) 
= O, that is, xi+l = a. 

From 

P(t) (b+ct) = t-a follows, by differentiation, (6) 
f(xi)(b+cxi) = xi-a 
f '(xi)(b+c~) = 1-f(xi) • c 
f" (xi)(b+cxi ) = -2f' (xi) • c 



and from the last two equations 
2f ''(x.) 

l 

and 

= ---------
' 2 f(x.)f" (x.)-2(f (x.)) 

l l l 

f(x.) 
l 

xi+l = xi - f(x.) f" (x.) 
f I (X.) - l l 

l 2f '(x.) 
l 

The asymptotic order of convergence is p = 3. 

Estimation of second derivative 

A cubic interpolation polynomial passing through 
points xi, f(xi) and xi-1• f(xi-1) is of the form 

P(x) = f(x.) + (x-x;)f '(x.) + a.(x-x.)2 
l l l l 

. 2 
+ f3 (x-x.) (x-x. 1) 

l 1-

P(x.) = f(x.) and P'(x.) = f ''(x.) are already 
l l 1 1 

satisfied. If we set 

P(x. 1) = f(x. 1) and P '(x. 1) = f '(x. 1) then 
1- 1- 1- 1-

f[x., x. 1]- f '(x.) 
1 1- 1 

Ct. = ----------
xi.,. 1 - xi 

and 
f '(x.) + f •ex. 1) - 2f [x., x. 1] 

1 1- 1 1-
{3 = -----------. 2 

(x. 1 - x.) 
. l':" 1 

The second derivative f" (xi) is estimated by 

P"(x.) = 2 (et.+ {3(x.-x. 1)) = 2f2t(x.) 
l 1 1- \ 1 

Derivative estimated iteration methods 

Replacing f" (xi) in (4) and (7) by P" (Xf) gives 

f(xi) 

xi+l =xi - f'(~) • 

(7) 

(8) 

(9) 

~ ·· f(x.) ·2f'(x1) + f'(x. 1)- 3f [x.,x .1]) 
1 1 . 1- l i-

+ f'(x.) (x. - x1 1)f'(x.) 
1 1 - 1 

(4 ') 

and 
f(x.) 

l = x -
i f' (x.) 

l 

1 

\f(x.) 2f 1(x.) + f '(x. 1) - 3f [x., x. 1J 
l • . l 1- 1 1-

1 - -,- ·I f (x.) (x.-x. 1) f (x1.) 
l l 1- (7') 

The asymptotic order of both these iteration meth
ods is. p = 2. 73. 

Programming Considerations: 

1. The three above-defined iteration methods (1), 
( 4 '), and (7' ) are combined with a sear.ch method 
that uses arguments 

x + 2k • A/(2i+l) for j i=O, l, • • • ,k (10) 
/k=o, 1, ••• 

until an argument t is found for which either 

j f(t) I < I f(x) I or f(t) • f(x) ~ O. 

The value of A used internally is A= min (0. 1, 

I f<x> I >· 
2. If an interval (xi,xu) enclosing a root has been 

found, that is, f(x1) • f(xu) < 0, then successive 
approximants from one of the iteration methods 
above must lie inside this interval. Otherwise, 
(x1 + xu) /2 is used as the next guess. The interval 
bounds for this bisection method are updated in the 
course of calculation. 

3. If no sign change has been located previously, 
the absolute argument change at a single iteration 
step is reduced to max (0. 001, A) • max (1, Ix I) if 
necessary, in order to avoid overshooting and over
flow problems • 

4. If, in case of no previous sign change, the 
iteration method fails to give an-argument for which 
either f(xi+l) • f(xi) ~ 0 or I f(xi+l) I < lf(Xf) I the next 
approximation is calculated by search method (1). 

5. Calculation of the first approximant is based 
on Newton's method in all cases, while for those 
following, the higher-order iteration methods are 
used if specified. 

6. The convergence test used requires that both 
argument change and function value are absolutely. 
less than or equal to 10""5 max (1, I x I) in single 
precision and 10-12 max (1, Ix I) in double precison. 
If the argument change is absolutely less than or 
equal to this tolerance five times in sequence, while 
the function values are not small enough, then the 
currently best values x, f(x) and f ' (x) are returned 
with ERROR=1W'. 

7. The iteration process is terminated with 
ERROR=' C1 if the number of function evaluations 
exceeds the user-specified limit LIMIT. 
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P~UCtUUKE •rFO REFINES AN INITIAL GUESS FOR A ROOT nF FIXl=O USING LINEAR, INVF.R~.E QUAORATIF JR HYPElBOLI: INTE.RPOLATIO.N 

****Al********* • • •PKllCEDURE R TFD * 
• • ................ 

x 
*****lil********** * INITIALIZE * * STEP: I * * lllERATION * * COUNT I * • • ••••••••••••••••• 

x •••••c1•••••••••• 
•Fer • 
·------~-~----· •CLIMP. VALUES f o * AND F• FOR * 
* INITIAL GUESS * ••••••••••••••••• 

x 
*****Ul********** * PRESET * * ERROR=•C•, * * INACTIVATE * * ~!SECTION * 
* METHOD * ••••••••••••••••• 

x 
*****El********** 
*INUIAL!ZE CT:OO 
* !COUNT OF * 

TE ST X 
*****A2 ********** *****"'~********** 
*FCT * * * 
•-------------• *STEP ITFRAT ION * 

•• XOCOMP. VALUES F *••••••••X* COUNT STEP * AND f' FOR * * 
*CURRENT ARG U~. O * • . ................. . ................ . 

•••• • • * A.2 • 

CONT 
*****4 "********** • • * SAVE OLn * •• xo VALUFS, STORF * 
* ~ F.W VALUE S * • • • ***************** • ••• • • 

• A4 * • • • • •••• x··· ·· ·· ·· ·· · ···· · ····· ··· · •••• x 
• •. FXIT •*• 

B2 *• *****B3********** 84 *• 
• O DOES *• * * •* ARE *• 

• * ITERATION *• YES * * YES ·* *• 
•• COUNT STEP •••••••••• x• SET ERROR:•c• •x •••••••• •.APPROXI.~ANTS •• *· E XCEEO • * * * *•MUCH TOO • * 

*•LI Ml T. * * * •.CLO SE.* .. . . ................. ... . .. 
·~ ·~ ..... . . . 

• • X* K3 * 
i ·tt.: . .. . .. 

CZ *· C3 *· 
.•.·IS *· •* *• 

•*BISECTION •. NO .o WAS *• NO 
*• METHOD •*• ••••••• xo. SIGN CHANGE •*•••. 

*• ACT! VE • • *• LOCATED •* .. . . .. .. •. .... •. ·* 
•YES •YES 

x 
****•02********** • • •UPDATE INTFRVAU 
o BOUIVS * . .. 
• • ••••••••••••••••• 

SIGN X 
*****03********** * ACTIVATE * * BISECT ION O 
• METHnn, SAVE • 
*INTERVAL BOUNDS* • • • •••••••••••••••• 

:x .••••..... : 
~x •• • ••••••••••••••••••••• : ... 

E 2 *· *****E3********** . * HAS *· * SAVE CURRENT * 
•*FUNCTION *• YES * VALUES OF * 

........................ ··x 
• *· •••• •c 4********** cs •· * CALCUl.ATE O , *SHOULD *• 

*INCREMENT FROM * YES • • ANO COULD *• 
••••* INVERSE ox •••••••• •.JTERATION BE•* * OUAO~ATIC * •.QUADRATIC.• 

* INTERPOLATION * *• • • ••••••••••••••••• • ••• * NO 

x ... 
*****04********** D5 *• 

ie :INC~~~~MW~aM : YES ... :~~ 0~ani:~· •. 
•• ••* HYPFRBOLIC ox •• •••••••. I TFRATI ON l!F • * * INTERPOLATION * *• ~YPE RBO- • o * * *• LI C • t 

***·************** *· *~a 

i< . .. 
*****E4***** ***** E 5 *• * CALCULATE * • * IS *• 
* !NCRF.~FN T FROM * YF S • * LI NFAR *• * SUCCESSIVE *•••• *• VALUE •*••••••••X* FUNCTION AND * • L !NEAR •x •••••••• *·' NTERPOLAT! c~ •• * CLOSE * * AR~UMENTSI * 

•.DECREASED.* * ARGUMENT O •. • • * • x 
: IHF.RPOL.ATION: *·~?SSIBL~ .. • 

••••••••••••••••• •• • • • •••••••••••••••• 
••••••••••••••••·• *· •• •••• • • * Fl *• •• • • •••• • SEEK X 

*****fl********** 
• INIT JAL IZE * 

•••• • • * F4 0 • * •••• 

* NO 

x 
·' ~E~ i F2 *• *****F3********** • o IS *• • CALCULATE * 

• * Bl SECTION *• YES * I NfERNAt * 

: •...•....• x: 

COMP X 
*****F4********** *SET UP INTERNAL* 
•TESTVALUE TnLt * 

* NO 

x .•. 
F5 *• 

• • 1 s •• 
NO • * Al SECT! ON *• * STEPSIZEo * 

•ACTIVATE SEARCH•X ••• *• METHOD • *• ••••••• xo TOLERANCE FOR * •• X• INAC Tl VA TE *• ••• · ••• *• MFTHOO • O 
o PROCESS * *• ACTIVE •* •FOLLOWING TESTS* *SEARCH PROCESS * • • 
···········~····· 

•. • • * • • • •• • • • •••••••••••••••• • ***************** 

SEB\2 X 
*****Gl********** 
O CALCULATE o 

... x: 1mmm : 
*COUNT OF STEPS O 
* Xl * ••••••••••••••••• 

O NO 

x ... 
G2 *• . * IS *• 

• NO • * SEARCH *• 
•• •••• *• PROCESS • * 

o. AC Tl NG • * .. . . 
•. ·* o YES 

:sEB<l X .t 
*****Hl********** H2 *• 

•*COMPUTE SEARCH * • * WAS *• 
* ARGUMENT, * NO • * SYMMETRIC *• 
•CHANGE SIGN Of *X••••••••*• POINT ALL- • * 
• STEP SIZE * X *• READY • *· 
• * *• TRJEO. • ••••••••••••••••• • ••• 

i •••• • • * AZ * • • ..... 

*****Kl********** • • • * INITIALIZE * 
••••* RCFINEMENT OF * * STEPSIZE * • • ................... 

·x 

.. 

* YES 

x •••••Jz•••••••••• 
* DOUBLE· * 
!upornp~hb~t OF: 
* STEPS XI * • • ••••••••••••••••• 

x .•. 
K2 *· . . .. 

• NO • * SHOULD *• 
•••• •• *• STEP SIZE BE .o 

*· REF I NED • o 
*· •• 

. ·~ .. ~ES 
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i . .. 
•••• • • * F4 * • • •••• 

. G3 *• *****G4********** .o IS *• * STEP COUNT OF * 
•* ARGUMENT- *• YES * SUCCESSIVE o 

*• CHANGE •* ••••• •• .X•CLO SF AR GUMFN TSO *· SMALL •* * CT * •• •• * • •• •• • •••••••••••••••• * NO 

x 
*****H3*********• 
*INITIALIZE CT=O• 
0 ICllJNT OF • 

x .•. 
H4 *• 

•* IS *• 
YES .o FUNCTION *• 

••• * SUCCESSIVE * ••••••*• VALUE •* 
* CLOSE * • * ARGUMENTS I * x ••••••••••••••••• 

**** • • o M * • • • ••• 

•••• • • * K3 *••• • • 

*• SMALL • * •. ·* •. ·* * NO 

x .•. 
J 4 •• 

•* IS ·•. 
NO •* COUNT CT *• 

• • •*.GREATER THAN • o 

x ..... .. . 
.• A4 * .. . ..... 

*• FIVE •* 
*· ·* *· .• * YFS 

•••• 
~ET URN X *****I(. 4*~******** 

:t'***K3********* • * * * ENO OF o X • * 
•PROCEDURE RTFO •x ••.••••.•• sn ERROR=•w• • • • , • * 
*************** • . * ***************** 

*• AC Tl VE • * *· .• *· .• x 
• •••• ·* • • * Fl * . . . * YES 

• ••• 
HALF X 

*****G5********** • • •USE MIO POI NT OF* • 
* INTERVAL AS *•••• 
* NEXT ARGUMENT * X • • • •••••••••••••••• 

~ 

NO . .. 
H5 *• 

... :RGi~ENT *· •• YES: 
••• xo. WITHIN •*•••• 

*•INTERVAL • * X .. . . 
*··. * • 

*****J5*"******* * REDUCE * * INCR!'~ENT IF * . * N~CFSSARY TO *•• •• * TOL OR -TOL * • • ***************** x 

NO . .. 
K5 *• 

• • • 1 s *· 
.YES•* RI SECTION*• 
• • •·• *• MJ:THOO • * 

*• ACTIVE • * 
*· . * ..... 

• x 



Systems of Ordinary Differential' Equatfons 

• Subroutine DERE 

OEPc.. DERE 10 
I *********************************************************************IDERE 20 
I* •IDERE 30 
I* PERFORM ONE INTEGRATION STEP FDR A SYSTEM OF OfiDINARY Oii=- •IDERE 40 
I* FERENTIAL EQUATIONS USING RATIONAL EXTRAPOLATION TECHNIQUE •/OERE 50 
I* •/DERE 60 
I******************************************************************** •/DERE 70 

PROCEDURE(F.N,1--1,x,Y,EPS}u DERE 80 
DECLARE OERE 90 

F ENTRY, /*Y' = FlX1VJ GIVEN DOE-SYSTEM */DERE 100 
lERROR EXTERNAL,CONVI CHARACTEPllJ r DERE 110 
IEPS,YHINJ,FHH,SQHH,FHHrSQHI,OSQMI) DERE 120 
l!INAR'i FLOAT, DERE 130 
(H,X,Yl•l,Yl,OY(Nl,ZCNJ1DZINJ1LX1YCCNJJ OHE 140 
BINARY FLOAT, /•SINGLE PRECISION VERSION l•S•/DERE 150 ,. BINARY FLOAT< 53) 1 /•DOUBLE PRECISION VERSION l•D•/DERE 160 
(LH1HA,Cl1BI,V,FOCNl,FEINJ,ZJ,CHI,OI,U., DERE 110 
DH5*NJ I /*SINGLE PRECISION VERSION /*S*/DERE 180 

I• DH lO*NJ) /*DOUBLE PRECISION VERSION /*D*/DERE 190 
BINARY FLOAT( 53), DERE 200 
(N,RR,CC,LN,OIAG1HSTEP,H,HM,I,J) DERE 210 
BINARY FIXED.- DERE 220 

LN ·=Nr. DERE 230 
ERROR: 1 S',. /*HARK ILLEGAL SPECIFICATION •IDERE 240 
If LN LE C· /*TEST SPECIFIED DIMENSIO.N •/DERE 250 
THEN GO TO EX IT 1 • DERE 260 
LH =H,. l*INIT. LOCAL STEPSIZE •/DERE 210 
HSTEP=Or. l•INIT. COUNT HALVING STEPSIZE *IDERE 280 
IF LH= 0 /*TEST SPECIFIED STEPSIZE *IDERE 290 
THEN GO TO EXIT,. OERE 300 
ERROR= 1 C 1 ,. /*PRESET ERROR INDICATOR */DERE 310 
CALL Fl x,v,OY) I. /•DERIVATIVE FOR INIT JAL VALUES*/OERE 320 
IF ERROR NE 1 0 1 DERE 330 
THEN GO TO EXIT,. f*TERHINATE IF ERROR IN FlX1Y) */DERE 340 

I* •IOERE 350 
HALF.• 

CONV= 1 H 1 ,. 

OIAG =l,. 
FHH =O, • 

/•START OF ITERATION LOOP */DERE 360 
/*MARK FIRST APPROXIMATION •IDERE 370 
l*INIT • DIAGONAL COUNT T-ARRAY */DERE 380 
l•INIT. FLOATING EXTRAPOL.COUNT*/DERE 390 
/*START OF EXTRAPOLATION LOOP •/DERE 400 

OD M = 2 TO 16 BY 2,. /*SINGLE PRECISION VERSION l•S•/DERE 410 
I• DOM = 2 TO 28 av 2,. /*DOUBLE PRECISION VERSION l•D•/OERE 420 

fMH .:FMH+l,. /*UPDATE EXTRAPOLATION COUNT •/DERE 430 
HA .:LH/FMH,. /*CALCULATE INTERVAL SIZE •/DEFIE 440 
FMM =l 10 DERE 450 

00 MM = 1 TO Mu /*COMP. DISCRETE APPROXlHATtON •IOERE 460 
00 I -= l TO LN,. DERE 470 
YI =Y (I ) , • DERE 480 
If HM= 1 /*MODIFY MIO-POINT RULE FOR •IDERE 490 
THE~ DO,. /*FIRST rNTERVAL •IDERE 500 

lF CONV='H' !•FOR THE VERY FIRST INTERVAL */DERE 510 
THEN DO,. l*INIT. VALUES FOF CONY. TEST •/OERE 520 

YC(Il=YI,. OERE 530 
YMI Il=ABSIY[), • DERE 540 
END,. OERE 550 

ZI ,FE( 1 J=.5000COOO*OY(l I,• OERE 560 
FO{l)=O,. l*INiT. SUM OF DERIVATIVES •IDERE 570 
END,• DERE 580 

ELSE 00,. DEPE 590 
ZI =FO([J+OZ(IJ,. DERE 600 
FD( I I =FE (I) 1. !•UPDATE ANO INTERCHANGE SUK OF•/OERE 610 
FEIJJ=ZI,. /*ODO/EVEN SPACED DERIVATIVES •IDERE 620 
ENO,• OERE 630 

Zl IJ1Yl=HA*Zl+Yl1. !•COMP. APPROXIMATE FUNCTION */DERE 640 
IF YM(I) LT ABS(Yll /*VALUE FOR LOCAL ARGUMENT LX */OERE 650 
THEN YM(IJ=ABSIYIJ,.l•STORE HAX ABSOLUTE VALUE */DERE 660 
ENO,. OERE 670 

LX =X+FMM*HA,. /*COMP. LOCAL ARGUMENT */DERE 660 
FMM =HIM+l,. OERE 690 
CALL FILX,ZtDZI ,. /*C.ALCULATE DERIVATIVE •IDERE 700 
ff ERROR NE '0' OERE 710 
THEN GO TO EXIT,. /*TERMINATE IF EPROR IN FIX,YJ •IOERE 120 
ENO,. DERE 730 

CONY :• C 1 t. !•PRESET CONVERGENCE INDICATOR •/OERE 740 
SQMH .:FMH*Ft-!H,. !•SQUARE EXTRAPOLATION 'COUNT */DERE 750 
HA =HA*C .13,, DERE 760 

DO I =l TO LN, • /*EXTRAPOLATION ON COMPONENTS •/OERE 770 
V =DT(llt• /:O:SAVE OLD T-VALUE */DERE 760 
z1,cr,OT<Il=V(l)+HA* /*STORE NEWT-VALUE *IOERE 790 

( • 5COCOOOO*OZI I J+FO( I J+FEl I I J, • DERE 600 
SQM.I =SQMH,. /*IN.IT. VARYING SQUARE NUMBER */OERE 810 
DSOMI=FMM,. /*INIT. VARYING DECREMENT */OERE 820 
MM =I,• DERE 630 

DO J = 2 TO DIAG,. OEPE 840 
MM =MM"TLNt • DERE 650 
DSQHl=DSQMI-2,. /*STEP DOD. INTEGER DECREMENT •/DERE 860 
SQMI =SQHl-DSQMI,. /*COMPUTE NEXT LOWER SOU ARE •IDERE 870 
BI =SQMH*V,. DERE 660 
CMI =CI*SQHI,. OERE 890 
DI =BI-CHI,. /*DENOMINATOR OF CENTRAL ALGOR.•/DERE 900 
U =V,. OERE 910 
IF DI. NE 0 /*TEST FOR ZERO DENOMINATOR *IDERE 920 
THEN DO.. !•PERFORM RHOMBUS ALGl"IRITHH •IOERE 930 

DI =(C!-V)/OI,. OERE 940 
U =CHI*OI, • OERE 950 
Cl =81•DI1. OERE 960 
ENO,• OERE 970 

V =OTCHMI, • /*SAVE OLD T-VALUE-OIFFERENCE *IOERE 980 
DTCMMJ=Ut.• /*STORE NEWT-VALUE-DIFFERENCE */OERE 990 
ZI =Zl+U,. /*COMP. NEW T-VALUE *IDERElOOO 
ENO,• DERE1010 

YI :ABSIYCIIJ-ZI),. OERE1020 
IF YI LT ABSIUI /*SET YI TO */OEFIE1030 
THF.N YI =ABSCUJ,. l*MAXtABS(U),ABSlYCIIJ-ZI)) */OERE1040 
IF YI GT EPS*YMll1 /*COHPONENTWISE CONVERGENCETEST*/OER.El05C 
THEN CONV =' l' 1 • I *i'lEGATE CONVERGENCE INOI CATOR */OEREl06C 
YCIIJ=zt,. /*STORE NEW COMPAl<ISON VALUE >!</OEREL070 
END 1 • DERElCBC 

IF CONV='C' /*GLOBAL CONVERGENCE TEST */DE~El09C 
THEN GO TO ENO,. DERCllOO 
ELSE IF DIAG LT 5 /*SINGLE PRECISION VEPSION /*S*/DERElllC ,. ELSE IF DIAG LT lO /*DOUBLE PRECISION VERSION /*D*/f;EREll20 
THEN DUG =OIAG+l,. . /*UPDATE DIAGONAL COUNT */DERE1130 

ENO,. 

HSTEP=HSTEP+lr. 
LH =LH*0.5.-

DEREll4(1 
/*ENO OF EXTRAPOLATION LOOP */OERE1150 
/*UPDATE COUNT OF HALVING STEPS*/OERH160 

DERE1170 
/*MAXIMALLY 20 ITERl\Tl(JNS WITH */OEREllBO IF HSTEP LE 20 

THEN GO TQ HALF,• 
ELSE GO TO EXIT,. 

/*REDUCED STEPSIZE */DEPE1190 
/*TERMINATE IF NO CONVERGENCE */DEPEl200 
/*END OF ITERATION LOOP */DEREl210 

ENO.• /*SUCCESSFUL END OF OPEPATION *IDE'<El220 
X =X•LH1. 
IF OIAG LE 4 

/*IF DIAG LE 1 

/*RETURN ARGUMENT */DERE1230 
/*SINGLE PRECISION VERSION l*S*/DERE1240 
/*DOUBLE PRECISION VERSION /*::l~/DEi<E1250 

THEN LH =-LH+LH I. /*DOUBLE STEPSIZE ESTtMtr.TE '*/OERE1260 
H =LH1, /*RETURN ADJUSTED STEPSlZE */DEREI270 

EXIT •• 
END,. 

DO I = 1 TO LN,. 
YllJ =YCIIJ,. 
END,, 

DE~El260 
/*RETURN EXTRAPOLATED FUNCTtON-*/DEPEl290 
/*VALUES *IOERE1300 

OERE1310 
/*ENO OF PROf.EOURE OERE */DERE1320 

Purpose: 

DERE performs one integration step for a system of 
first order ordinary differential equations Y' = 
F(X, Y) with given initial values Y. The stepsize H 
is adjusted for accuracy requirements and speed 
considerations. 

Usage: 

CALL DERE (F, N, H, X, Y, EPS); 

F - ENTRY 

N-

H-

x-

Given procedure for calculation of the 
derivatives. 
This procedure must be supplied by the user. 

Usage: 
CALL F (T, Z, DZ); 

T - BINARY FLOAT [(53)] 
Given independent variable. 

Z - BINARY FLOAT [(53)] 
Given vector of dependent variables. 

DZ - BINARY FLOAT r(53)] 
Resultant vector of derivatives. 

BINARY FIXED 
Given dimension of the ODE system. 
BINARY FLOAT [(53)] 
Given suggested stepsize for current inte
gration step. 
BINARY FLOAT 1(53) 1 
Given independent variable for initial values. 
Resultant dependent variable for calculated 
values. 

Y(N) - BINARY FLOAT [(53)1 
Given initial values of vector Y for givenX. 
Resultant calculated values of Y for 
resultant X. 

EPS - BINARY FLOAT 
Given relative tolerance for local error in 
calculated Y-values. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
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following constitute the possible error conditions 
that may be detected: 

ERROR= 'S' means.N$: 0 or H=O 
ERROR = '1' means no convergence was obtained 

with step sizes H/2i for i = 0, 1, 
... ' 20 

The last case may occur if stepsize I HI is unreal
istically large or if tolerance EPS is too small. 
Suggested values are I H I = 1 and EPS :<: 10-5 in 
single precision and EPS ~ 10-lO in double 
precision. . 

If ERROR is changed in the user-supplied pro- · 
cedure F(X, Y, DY) to a nonzero value, ERROR 
remains unchanged and DERE returns to the call-· 
ing procedure immediately. . 

In all cases of a nonzero value of ERROR the 
parameters H, X, Y remain unchanged. The step
size H of the integration step gets divided by a 
power of two if accuracy requirements are not 
met otherwise. 

Method: 

DERE uses a rational function for extrapolation and 
is based on the midpoint rule as the underlying dis
cretization method. 

For reference see: 

R. Bulirsch and J. Stoer, "Numerical Treatment of 
Ordinary Differential Equations by Extrapolation 
Methods", Numerische Mathematik vol. 8, 1966, 
pp. 1-13. 

Mathematical Background: 

Notation 

The problem is to solve the system of differential 
equations 

y_' = f (x, Y1' ... ' y ) n n . · n 

with given initial values 
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Using capital letters for vectors, this is written 
more compactly in vector form: 

Y' = F(x, Y), Y(x0) = Y0 

. Discretization method 

The underlying discretization method proceeds as 
follows: 

Set h = H/2m, x. = x 0 + ih and let Z. = Z(x., h) 
l l l 

·denote approximations fo the exact value Y(x.) 
obtained with stepsize h by means of the mid~oint 
rule: 

Z. 1 = Z. 1 + 2hF(x., Z.) for i= 1, 2, ... , 2m-1 
l+ i- l l 

Extrapolation is based on 

Under suitable differentiability assumptions the 
asymptotic expansion of T(h, x) proceeds with even 
powers of h: 

2 4 
T(h,x)=Y(x)+t1(x)h +t2(x)h + 

Rational extrapolation method 

Rational extrapolation is used to approximate 

T(O, x) = Y(x) 

Assume (hk) to be a strictly decreasing sequence 
of stepsizes tending to zero and let 

(i) (i) 2 (i) 2k 
(i) Po + pl h + ... + pk h 

RP (h) = (i) (i) 2 (i) 21 
qo + ql h + · · · + ql h 

k = [ ~ ] , 1 = p -k 

be the rational function defined by p + l nodes: 

(i) 
R (h.) = T(h., x) , j = i, i+l, ... , i+p 

p J J 

Then the extrapolated values T~i) = R~i) (0) that 
approximate T(O, x) are obtained from the formulas 



T (i) = 0 
-1 

T(i) = T(i+l) 
T(i+l) _ T (i) 

k-1 k-1 
k k-1 

for k:<:l 

The above formulas connect by a rhombus rule 
the elements 

T (i+l) T (i) T(i+l) Tk(i) of the tableau 
k-2 ' k-1' k-1 ' 

(T array): 

. (p) 
T 

(p+l) 0 
T_l 

~(p-1) 
1 

Programming Considerations: 

DERE uses the stepsize sequence 

for extrapolation. 
The square numbers 

... ' h =lL ' ... ) 
m 2m 

2 

( :/
2 ) = (m-k) 2 are 

m-k 

generated successively using the identity 

2 2 
(1-1) = 1 - (21 -1) 

which means that the next lower squares are 
obtained by subtracting decreasing odd integers. 

To avoid repeated calculation of differences, 
the rhombus rule is modified to 

C (m-k+l) _ T(m-k) 
n<m-k+l) = k-1 k-1 . . 

k..,.l ( H/2 ) 2 .6.T(m-k) -(H/2 ) 2 C(m-k+l) 
hm k-1 hm-k . k-1 

2 
.6.T (m-k) =(H/2 ) C (m-k+l) D (m-k+l) 
. k h k k-1 k-1 m-

Starting values are 

.6.T(i) = c(i) = T (h.,x) 
0 0 l 

and the notation 

implies 

T(i) - T (i+l) 
k k-1 ' 

m 

L 
k=O 

.6. T (m-k) 
k 

for k = 1, 2, ... , m 

C (i) = T (i) - T (i) 
k k k-1 

The above formulas are evaluated successively 
for m = 1, 2, . . . . Only one linear array is needed 
for storing the differences .6.Tk(m-k) . 

Control of accuracy is done in a natural way: 
Comparing T (O) and T{O) one increases the subscript 

m-1 m, (O) 
m until this difference and the difference .6. T are 
small enough, which means less than the ·use~speci
fied tolerance EPS times absolute maximum of the 
approximatefunct~onvalues Zi obtained in the current 
interval of length H. This convergence test is ap
plied componentwise. 

The sensitivity of the extrapolation process to 
roundoff increases with the order of extrapolation. 
Therefore, the numb.er of columns of the T array 
is limited to c = 5 for the single-precision version 
and to c = 10 for the double-precision version. The 
number of rows is limited to r = 8 and r = 14 re
spectively. 
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If k is not less than tne maximum number of 
(k-c+ 1) 

columns, the values T c-1 are taken as succes-
sive approximations to the resulting values of Y. 
This continues up to T~r_-f+ 1) . If no convergence 
is reached at that point, the whole procedure is re
peated with H/2 instead of H. DERE provides at 
most 20 iterations, each with half the stepsize of 
the one before. When there is no convergence, 
DERE returns to the calling procedure with 
ERROR='l' and parameters H,X, Y remain un
changed. 

Adjustment of the stepsize H is a by-product of 
the above iteration process on length of stepsize. 
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If C<?nvergence was attained with stepsize H/2j, then 
H/2l is returned as the adjusted stepsize if at least 
4 (7) extrapolation steps have been performed in 
single (double) precision to obtain the result values 
Y(X+ H/2j) from in:put values Y(X), x. · 

Otherwise, H/2J-l is returned as adjusted step
size in order to speed up calculation time. 

Since the extrapolation method does not neces
sarily work with a fixed order, adjustment of step
size is uncritical. It does not critically affect 
accuracy, but only speed of computation. 



P_RUCLUUK< O<RE PEaFURMS ONE INTEGRAl!ON STEP FOR A SYSTEM OF ORDINARY OIFFF.RENTIAL EQUATIONS (INITIU VALi£ PROBLFM) 

****Al********* • • •PKUCcUURE OEKE * 

HALF 
*****A2t•••****** 
O MARK FIRST • 
OAPPROXI MA Tl ON, • ••••• x• INIJIALIZE •x ••.•••••••••••••••••••••••••••••••••••••••••••••.••••••••••••••• ; ••••••••.••••••• • • 

*************** 

x 
*****UL********** • • o PRESET • * C:RROR= 1 S1 * • • • • ••••••••••••••••• 

x .•. 
Cl •• 

•* IS *• 
NO •* SPECIFIED *• 

•• ••*. UIMENS ION •* 
•.POSITIVE •* 

*· ··* •. ·* 
• YES 

x .•. 
UL *• 

• •* IS *• 
X NO •* >PECIFIEO *• 
•. •••. STEP SIZE .• 

*• NONZERO •* .. .. .... 
• YES 

x 
*****Cl********** * PREScT * * .ERROR=• 01 1 * 
•INll. COUNT OF* 
* HALVING * • • ••••••••••••••••• 

x 
•••••fl********** 
•F * ·--------------. 
• CALCULATE * 
•DEKIYATIVES FOR* 
*INITIAL VALUES* ••••••••••••••••• 

* E XlRAPOLA Tl ON • ' 
* LOOP • ••••:t•••········· 

ic 
*****B4********** • • * PRES FT * 

•••••82 •••••••••• 
* COMP. BAS! 0 • * INTERYALSIZE, * 
• I NIT. * 
*CA LC ULA Tl ON OF * 
* T-VALUE * ••••••••••••••••• 

• •••••••••• •• ••• .X• CO~V~RGF~Cf O 

ic ••••*C2•••••••••• • • •APPLY MODIFIED * 
* MIOPOI NT RULE * 
•FOR FIRST STEP * • • .................. 

ic •••••02 .......... . 
* WITH FIRST o 
•APPROXIMATION* 
• I NIT. * 
• C CNVERGENCE * 
• TE ST * .................. 

ic 
***••E2•.tttt:t•*** • • *!NIT. SUH OF * * DERIVATIVE * * VALUES * * • 
······~·········· 

• YES ... 
****tF2 **•******* F3 *• *APPLY MIDPOINT* •*FULL *• * RULE, * NO .•tYt:LEWITH*"• 

!nEmm~tN%Ms:x··~ •• ••• *· •• 1rJ~J~L ~.·· 
* • *· .• .................. •. ·* 

• 

* JNnICATOR * • • • •••••••••••••••• 

ic 
*****C4********** • • * SAVE OLD • 
•T-VALUE, STORF * 
* ~EW T-VALUE * • • • •••••••••••••••• 

ic 
*****04********** 
* INITIALIZE * 
*CALCULATION OF o 
* WEIGHTS IN * 
* ~HOM BUS * * AL GOR ITHH * • •••••••••••••••• 

ic 
*****E4********** * TR.ANSFORM * 
* 0 IAGONAL OF * * T-ARRAY * 
*I EXTRAPOLA TIONI * • • . ................ . 

ic 
•*• END 

Flt *• *****F5*********• 
•* HAS *• * * .•CONVERGENCE•. YF S *RE TURN VA LUE OF• 

•. TEST BEE'I •*• ••••••• XO ARGUMFNT * 
*• PASSED •* * * •• •• * • •• •• • •••••••••••••••• * NO 

• : ..••••••.• x: x 

x 
·*· GI *• 

•* WAS *• • 
.•OtRIVATIVE •• YES. 

*•CALCULATION •*•••• 
*• OK •* 

*· ·* • . ·* * NO 
: ...•..••.. x: 

tXH x 

ic 
****:tG2••········ 
* C CHPUTE • 
* APPROXIMATE * 
*VALUE, STORE O * HAXl~UM, STEP* 
O ARGUMF.NT LX * ••••••••••••••••• 

ic *****H2••········ *F • :$-----------· 
* CALCULATE * 
*DERIVATIVES FOR* 
* ARGUMENT LX * .................... 

ic . .. 
J2 •• 

• • WAS *· 
.*DERIVATIVE *• YES • 

•. CALCULATION•*•••••••••••••••••• 
*• OK .• * .. . . •.• * * NO 

ic 
*****G4********** • • *UPnATE DIAGONAL* 
* COUNT * 
• * • • ••••••••••••••••• 

ic 
*****H4********** • • •HAL VE STEPS llE, * * STF.P COU'IT OF o 
*HALVING ( HSTfP) * .. . 
••••••••••••••••• 

x .•. 
J4 *· •* IS *•' 

.•HSTEP LF.SS *• YfS 

x 
····~I) ......... . *SET UP STEPSIZE* * FOR NF.XT * * INTEGRATION * 
* STEP * • • ••••••••••••••••• 

ic 
*****HS*****•**** • • * RETURN * 
• F. HRAPOLATED * 
* VALU~S * • • ••••••••••••••••• 

*. OR. F.QUAL • *• • •. •• • • • •••• • •. 
•• 20 •• 

•. ·* •. ·* * NO 

•***i<. l********* • • * ENO Of * X X • 
•P1hKcDURc OERE •x •••••••••••••••••••••••••••••••••••••••••••••••••••••••.••••••••••••••••••••••••••••••••••••••• 
* • ********ti:****** 
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Special Mathematfoal Functions 

• Subroutine CEL1/CEL2 

CELI.. CEL 
l********************************************•************************/CEL 
I* *ICS:L 
I* COMPLETE ELLIPTIC 1 NTEGRAL OF Fl~ST KIND */CEL 
I* *ICEL 
I"'************* **************************'t'**************"'*************I CE L 

PRDCEOURE(RES,KJ,. CEL 
DECLARE CEL 

ERROR· EXTERNAL CHARACTER I lJ, /*EXTERNAL ERROR INDICATOR •ICEL 
j RES, K,A, B,81 ,ARI ,AARI ,GEOtAA, AlllfW) CEL 
BINAPV FLOAT, /*SINGLE PRECISION VERSION /*S*/CEL ,. BHIARY FLOATl53), /*DOUBLE PRECISION VERSION l*D*/CEL 
SWITCH CHARACTERCU ,. CEL 

SWITCH='l'r• /*INIT. CELI ENTRY *ICEL 
Bl 1 AN=2,. CEL 
GO TO COH,. CEL 

CEL2.. CEL 
1 *****************************************************************•***/CEL 
I* . *ICEL 
I* GENERAUZED COMPLETE ELLIPTIC INTEGRAL OF SECOND KIND *ICEL 
I* · */CEL 
f****•********"'********************************************°*'**********/CEL 

ENTRY I RES rKtAt BJ r. CEL 
SWITCH='2'r• /*INIT. CEL2 ENTRY *ICEL 
AA =At. CEL 
AN =A+B,. CEL 
BltW =B+e,. CEL 

COM.. /*START COMMON CALCULATION */CEL 
ERROR= •c',. /*PRESET ERROR PARAMETER •ICEL 
GEO =I0.5-KJ+o.s,. !•COMP. GED= 1-K*K •/CEL 
GEO =GED+GEO•K,. CEL 
JF GEO LE 0 /*TEST FOR SPECIAL CASES OF K */CEL 
THEN OD,. /*ABS(KJ NOT LESS THAN-ONE •ICEL 

RES .=l.E75,. /*IS INTERPRETED AS IF EQUAL 1 •ICEL 
IF Bl LT 0 CEL 
THEN RES =-Res.. l•CEL2 •• NEGATIVE PARAMETER B •/CEL 
JF Bl=O CEL 
THEN RES =AA,. l*CEL2 .. ZERD PARAMETER B •ICEL 
IF GEO Ni; 0 CEL 
THEN ERROR-=' I',• CEl 
GO TO RETUPN,. CEL 

ARI ~~~: • /*PROCESS OF THE ARITHMETIC- .,;~t 
ITER •• 

GEO "'SQRTIGEOJ •• 
GEO =GEO+GEOr • 
AARI =ARI,. 
ARI =AR J+GEOr. 
IF SWITCH=•z• 
THEN OOr. 

W =W+AA*GEO,.. 
W =W+Wr. 

Bl •W/ARI t• 
AA .. AN,• 
END,. 

Bl1AN•AN+Blt• 
IF. GEO/AARI LT .9999 

/*IF GEO/AARI LT .999999995 
THEN DDr. 

GEO =GEO*AARI t • 

GO TO ITEP:,. 
ENDr. 

RES =1.5707'96326794B97EO•AN/ARl1• 
RETURN.. . 

ENO,. 

Purpose: 

/*GEOMETRIC HEAN */CEL 
CEL 
CEL 
CEL 
CEL 
CEL 
CEL 
CEL 
CEL 
CEL 
CEL 
CEL 
CEL 

/*SINGLE PRECISiON VERSION l•S•/CEL 
/*DOUBLE PRECISION VERS~ON l•D•/CEL 

CEL 
CEL 
CEL 
CEL 
CEL 

/*END OF PROCEDURE CEL 
CEL 

*/CEL 

LC 
20 
30 
40 
50 
60 
10 
80 
90 

LOO 
no 
120 
130 
140 
15C 
160 
170 
180 
190 
200 
210 
220 
230 
2'0 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
460 
410 
480 
4"0 
500 
510 
520 
530 
540 
550 
560 
570 
5°80 
590 
600 
610 
620 
630 
640 
650 

CELl computes the complete elliptic integral of the 
first kind: 

TT/2 ~I 2 2 
{ dt/ Vl - k sin t, O :::: k < 1 

0 

Usage: 

CALL CELl (RES, .K); 

RES - BINARY FLOAT [(53)] 
Resultant value of elliptic integral. 

K - BINARY FLOAT [(53)] 
Given modulus of elliptic integral. 
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Purpose: 

CEL2 computes the generalized elliptic integral of 
the second kind: 

0::::k<1 

0 

Usage: 

CALL CEL2 (RES, K, A, B); 

RES - BINARY FLOAT [(53)] 
Resultant value of elliptic integral. 

K - BINARY J!'.LOAT . [(53)] . 
Given modulus of elliptic integral. 

A - BINARY F.LOAT [(53)] 
Given primary term in numerator. 

B BINARY FLOAT [(53)] 
Given secondary term in numerator. 

Remarks: 

ff no errors are detected in the processing of data 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: . 

ERROR= '1' means I kl > 1. 
An input value of k with I k I > 1 is treated as if 

it were equal to 1. The value of k, .however, re-
mains unchanged. · 

Instead of :i: infinity, the procedure returns :1:10 75 

as result values. 

Method: 

Calculation is based on the process of the arithmetic
geometric mean, combined with Landen's transfor
mation. 

For reference see: 

R. Bulirsch, "Numerical Calculation of Elliptic 
Integrals and Elliptic Functions", Handbook Series 
of Special Functions, Numerische Mathematik, 
vol. 7, 1965, pp. 78-90. 
M. Abramowitz and I. A. Stegun, Handbook of 
Mathematical Functions, Applied Mathematics 
Series 55, National Bureau of Standards, 1964, 
pp. 597-599. 



Mathematical Background: 

Notation and equivalent definitions 

Let kc denote the complementary modulus defined 
through k2 + kc2 = 1, 0 <kc ~ 1. 

rr/2 
cell(k) = K(k) = J 

0 

cel2(k;a, b) 

00 

dt 

2 
a+bx 

dt 

=f 
0 (l+x2) V (l+x2)(1+kc2x2) 

Important special cases of cel2 are the complete 
elliptic nori:nal integrals: 

rr/2 dt 
K(k) = cel2 (k;l, 1) = J 

O ~ 1-k2sin2t 

1 dt 

=I ~ (1-t">(l-k 2t2) 

rr/2 

2 
E(k) = cel2 (k;l,k ) 

c 

D(k) = cel2(k;O, 1) 

I 

dx 

rr/2 2 f cost 
B(k) = cel2(k;l, 0) = -~----_-_-..::::..:: dt 

0 ~ 1-k2sin2t 

Process of the arithmetic-geometric mean 

Starting with the pair of numbers: 

a= 2, g = 2kc 

the sequences of numbers (an), (gn) are generated 
using the definition: 

an = (an-1 + gn-1), gn = 2 · ~ an-1 ' gn-1 

This iteration process is stopped at the Nth step 
when aN = .gN to the degree of accuracy of the finite 
arithmetic employed. 

In case cel2 the sequences (Ai), (Bi) are also 
needed. They are defined by means of 

B = 2B 
0 

A = B 1/a l. + A l' n n- n- n-

B = 2(B l + g l • A 1) n n- n- n-

Result values obtained are 

cell(k) rr =-. 
2 

cel2(k, A, B) 
rr 

=-
2 

AN+l . ---

Programming Considerations: 

The equality aN = gN must be interpreted as 
I aN - ~I is less than aN · 10-D, where Dis 
the number of decimal digits in the mantissa 
of floating-point numbers. 

Since the sequences (rn. an), (rn. gn) converge 
quadratically to the same limit. (arithmetic
geometric mean), the above test may be replaced 
by comparing laN-1 -gN-11 against aN-1 -10-D/2, 
thus saving one calculation of the geometric mean. 
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e Subroutine ELI1/ELI2 

ELll.. . ELI 10 
/*********"'****•******************************************************/Ell 20 
I* */EL J 30 
I* ·ELLIPTIC INTEGRAL OF FIRST KIND */ELI 40 
I* */ELI 50 
/*********************************************************************/ELI 60 

PROCEOUREIRES,ARG,CHODI ,. ELI 70 
DECLAl'E ELI 80 

EPROP EXTERNAL CHARACTEPllJ, /*EXTERNAL ERROR INDICATOR */Ell 90 
IRES1ARG1CMD01A1B,AN,APIM,PJM,ARI ,AARI ,Geo,SGEO,ANG, EL I 100 
AANG1C101P1X1R1AA,AHBI Ell 110 
BINAR.V FLOAT, /*SINGLE PRECISION VERSION /*S*/ELI 120 ,. BINARY FLCAH53J, /*DOUBLE PRECISION VERSION l*D*/ELI 130 
ISi BINARY FIXED, Ell 140 
SWITCH CHARACTEP(U ,. ELI 150 

SWJTCH=''l't• /*INIT. Elli ENTRY */ELI 160 
Fo! =l.,. ELI 170 
GO TO COM,. ELI 180 

ELl2. • El I 190 
/*********************************************************************/EL I ZOO 
I* •IEL I 210 
I* GENERALIZED ELLIPTIC INTEGRAL OF SECOND KJND */Ell 220 
I* */EL I 230 
l*******************************************************"*************IEL I 240 

ENTRYIRES,ARG,CHOO,A,8),. ELI 250 
SWITCH='2'r• /*INlT. ELl2 ENTRY */ELI 260 
D =0.5,. ELI 270 
C =C 1 • ELI 280 
AA '=Ar• ELI 290 
R =B,. Ell 3CO 
AMB =AA-R,. Ell 310 
AN =CAA+RJ•.5 1 • Ell 320 

COM.. !•START COMf.tON CALCULATION */EL l 330 
ERRDR•'0 1 ,. /*SET ERROR PARAMETER */EL l 31t0 
JC • =AF1Gr• Ell 350 
IF JC = 0 !•TEST FOR ZERO ARGUMENT */EL J 360 
THEN OO,. EL I 370 

GEO =Ot• ELI 380 
GO TO RETURN,. Ell 390 
ENDt. El I ltOO 

GEO s:ABS(CHODJt • /*SET UP GEDCOI */EL I 410 
IF GEO=. (I /*TEST FOR MODULUS EQ~AL ONE */ELI 420 
THEN ao,. Ell lt30 

AN 1 ANG•l,. ELI 440 
All.NG,GEOcSQRTll+X•XJ ,. EL I 450 
0 =ABS(XJ,. Ell "60 
GE~ =R*LOGIO+GEOJ•• Ell 470 
GO TO T.-o,. ELI 480 
EN01. EL I 490 

ARI 
ANG 
PIM 
ISi 

s:l 1 • /*SET UP ARllO) */EL I 500 
=ASSl l/XJ,. /*SET UP ANG( OJ */EL 1 510 
"'Cr• l•INIT. MULTIPLE OF Pl */Ell 520 
a.Q, • EL I 530 

LOOP •• 
APIH =PIM,. 
AARI =ARit• 
ARI wARl+GfO,. 
SGED =AARl•Geo .. 
ANG •ANG-SGEO/ANG,. 
SGED =SQR TC SGCO),. 
IF ANG=(' 
THEN ANG =SGE0•1.e-e,. 

/*THEN ANG =SGED*l·E-16,. 
JF ANG LT 0 
THEN OOt. 

/*ST ART CENTRAL l"bOP */EL I 540 
/*COUNTER I STARTS WlTH ONE */ELI 550 
/*SAVE ARIU-11 */EL I 560 
/*CALCULATE ARll U */EL I 570 

/*CALCULATE ANGC [) 
EL I 58C! 

•/El I 590 
EL I 600 

/*INCREASE ANGCIJ IF ZERO •/ELI 610 
/*SINGLE PRECISION VERSION /*S*/EL I 620 
/*DOUBLE PRECISION VERSION l*D*/EL I 630 

EL I 640 

PIM •3.141592653589793EO+PIHt. 
fl I 650 
EL I 660 
EL I 670 ISi =ISl+lt. . 

ENO,. 
IF SWITCH= 1 2' 
THEN DO,• 

R •AA*GEO+R, • 
AA =AN,• 
AN •O.S*IAN+P/ARI It. 
UNG =ARl*ARl+ANG*ANG,. 
P ""0/SQRT( AANGJ,. 
IF ISi GE 4 
THEN ISi =ISl-ltt• 
IF ISi GE 2 
THEN P =-P,. 
C •C+Pt• 
0 =O•CAARl-GEOJ•0.5/ARI,. 
ENO,. 

IF AOSIAARJ-GEOJ GT AARl*IE-lt 
/*If ABSUARl-GE(I) GT AARI*5E-9 

THEN DO,. 

GEO 
Two •• 

GED =SGEO+SGEO,. 
PIM ... PIM+APJM,. 
ISi =ISI+ISI,. 
GO TO LOOP,. 
ENDr • 
=IATANCAP l/ANGJ+PIMJ/API, • 

IF SWITCH='2 1 

THEN DO,. 
C =C+D*ANG/AANG1. 
GED =GEO*AN+C•AMB1 • 
ENO,. 

IF X LT 0 
THEN GEO -Geo,. 

RETURN •• 
RES =GEO,• 
ENO,. 

Purpose:. 

/*CALCULATE BU J 
/*SAVE ACU 
/*CALCULATE All+U 

EL [ 68(1 
EL I 690 
EL I 700 

*/EL I 110 
*/EL I 720 
•/EL I 730 

EL I 740 
l*CALCUL,tTE I-TH TERM OF SUM •/EL I 750 

El I 760 
EL I 770 

/*CHANGE SIGN IF ANGLE JS IN */ELI 780 
l*THJ RD OR FOURTH QUADRANT •IEL I 790 

EL 1 8CO 
ELI 810 
EL I 820 

/*TEST FOR CONVERGENCE */Ell 830 
/*SINGLE PRECISION VERSION l*S*/EL I 840 
/*DOUBLE PRECISION VERSION l*D*/E( I 850 

/*END OF CENTRAL LOOP 

/*END OF PROCEDURE Ell 

EL I 860 
EL I 870 
EL I 880 
EL I 890 
ELI 9('10 

*/EL I 910 
EL I 920 
EL I 930 
EL I 940 
EL I 950 
El I 960 
EL I 970 
EL I. 980 
EL I 990 
EL J 1000 
EL I 1010 
EL I 1020 

*/El I 1030 

ELil computes the incomplete elliptic integral of 
first kind for given values of an argument x and 
complementary modulus ck. 
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x dt 
elil (x, ck) "I J<l+,.)(l+ck"·") 

Usage: 

CALL ELil (RES, ARG, CMOD); 

RES 

ARG 

CMOD -

Purpose: 

BINARY FLOAT [(53)] 
Resultant value of elliptic integral. 
BINARY FLOAT [ (53)] 
Given argument of elliptic integral. 
BINARY FLOAT [(53)] 
Given complementary modulus of 
elliptic integral. 

ELI2 computes the generalized incomplete elliptic 
integral of second kind for given values of an argu
ment x, complementary modulus ck, and constants 
a and b. 

eli2 (x, ck; a, b) 

Usage: 

CALL ELI2 (RES, ARG, CMOD, A, B); 

RES 

ARG 

CMOD -

A 

B 

Remarks: 

BINARY FLOAT [ (53) J 
Resultant value of elliptic integral. 
BINARY FLOAT [ (53) ] 
Given argument of elliptic integral. 
BINARY FLOAT [(53)] 
Given complementary modulus of 
elliptic integral. 
BINARY FLOAT [(53) J 
Given primary term in numerator 
(see "Purpose"). 
BINARY FLOAT [(53) J 
Given secondary term in numerator 
(see "Purpose"). 

Modulus~ and complementary modulus ck satisfy the 
relation k2 + ck2 = 1. Internally, ·ck is needed for 
calculation rather than k. Therefore, ck is used as 
input parameter. This allows the modulus k to be 
any pure imaginary or real number such that k2~1. 



Method: 

Calculation is based on the process of the arithmetic
geometric mean, combined with descending Landen's 
transformation. 

For reference see: 

R. Bulirsch, "Numerical Calculation of Elliptic 
Integrals and Elliptic Functions", Handbook Series 
of Special Functions, Numerische Mathematik 
vol. 7, 1965, pp. 78-90. 

Mathematical Background: 

Notation and equivalent definitions: 

x 
elil(x, ck) = J dt 

1/ 2 2 2 O(l+t )(l+ck • t ) 

arctan x 

=f d,......-t --
0 _ / 2 2 

cost Vl+ck ·tan t 

eli2(x, ck, a, b) = 

arctan x 

=j 
2 

(a +btan t) dt 

~(1+tan2 t) (1+ck2 ·tan 2 t) 
0 

arctan x 

=f 
0 

(a+(b-a)sin2t) dt 

~ 1-k2 sin2t 

Important special cases are: 

cp 

F (cp, k) = elil (tan cp, ck) = J dt 

0 ~1 -k2 sin2t 

= eli2 (tan cp, ck; 1, 1) 

. 2 J<Q E(cp,k) =eh2(tancp, ck; 1, ck)= 

0 

D(cp,k) = F(cp,k) ~ E(cp,k) = eli2(tan cp,ck; O,l) 
k 

2 
B(cp,k) = E(cp,k) - ~k F(cp,k) = eli2(tan cp,ck;l, 0) 

k 

{ 
0 

2 
cos t dt 

Process of the arithmetic-geometric mean 

starting with ari0=1, geo = I ck I , the sequences 
(arin), (geon) are generaPed using the recursion 
formulas 

ari 1 = ari + geo 
n+ n n 

(1) 

geo 1 = 2 ~ari • geo n+ n n 
(2) 

This iterative process is stopped at the Nth step, 
w)len ariN = geoN to the degree of accuracy of the 
finite arithmetic employed. 

Descending Landen's transformation 

For the descending Landen transformation the mod
ular angle a defined by k =sin a decreases, while 
the amplitudinal angle cp defined by x = tan cp in
creases. 

Successive values of c; and cp are combined as fol
lows: 

(l+sin o:1)(l+cos a)= 2 

tan (cp 1- cp) = cos a · tan cp 

Cl <Cl 
1 

Expressed in terms of argument x and comple
mentary modulus ck, these equations read 

ck = 2 'I/ck 
1 l+ck 

_ (l+ck)x 
xl - 2 

1-ck•X 

(3) 

(4) 

(5) 

(6) 
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For values of argument and modulus that. are con
nected by (5) and (6) we have 

elil (x, ck) = l+~k elil (x1, ck1) 

· (a-b) 
+-. -. 

2 

where 

a1 = (a+b)/2 

1 
bl = l+ck (b+a· ck) 

The sign determination of ~ = sin <P 1 

(7) 

(8) 

(9) 

(10) 

must be done such that cp 1 = arctan x1 is monotonic
ally increasing (cp1> cp). 

Final iteration process 

We set: x0 = J x I and ang0 = l/x0 

ari. 
1 

x.=--
1 angi 

geoi 
ck.=-.-

1 ar1. 
1 

Furthermore, in case eli2 we use: 

A. =a., B. = b.· ari. 
1 1 1 1 1 

then: 

. B. 
A.+l = 1/2 (A. + -.1-) 

i i ar1. 
1 

B. l = B. + geo.·A. 
1+. 1 1 1 
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(11) 

(12) 

(13) 

(14) 

Successive application of the descending Landen 
transformation gives 

. ari0 
elil(x, ck) = -.- elil(x1, ck1) 

ar11 

where: 

ari0 ari1 
= -.- • -.- elil(x2, ck2) • 

ar11 ar12 

,ari0 
= -- elil(xN, ckN) 

ariN 

+ •• 

a-b sincpl 
+-·--2 ari1 

ari0 . 
= -.- eli2 (x2, ck2;a2, b2) 

ar12 

a-b (sincp1 ari0 - geo0 sincp2 ) 
+- --+ ---

2 ari1 ari1 2 • ari2 

ariN_2-geoN_2 

ariN-l 

sin cpN) 
N-1 . 

2 

Since ckN = 1 to working accuracy: 



The final result is 

elil (x, ck) 

A 
eli2 (x, ck; a, b) == ~+ 1 <P + SUM 

ar1N N 

1 (aN-bN) . 
+ -.- --- Slll <PN. cos <PN 

ar1N 2 

Degenerate cases of argument and modulus 

x == 0 gives result eli2 == O 

ck== 0 gives result eli2 == (b· In <!xi+~ 

+ (a-b)) x sgn x 

~ 
Programming Considerations: 

The equality ari N == geoN must be interpreted as 
'ariN -geoNI is less than ariN. 10-D, where Dis 
the number of decimal digits in the mantissa of 
floating-point numbers. 

Since the sequences (arin • z-n), (geon. z-n) 
converge quadratically to the same limit (arith
metic-geometric mean), the above test may be re
placed by comparing 

lariN-l - geoN-llagainst ariN-1. 10-D/2, thus 
saving one calculation of the geometric mean. 

• Subroutine JELF 

JELF.. JELF LC 

!****"'***************•*************** '°'*******************"************/ J ELF 20 I* '*/JELF 30 
I* JACOBIAN ELLIPTIC FUNCTIONS SN, CN, ON */JELF 40 
I* */JELF SC 

!**************************************************************"'******! J ELF 6C PROCEDURECSN,CN1DN,X1SCK),. JELF 70 
DECLARE JELF BO 

ERROR EXTERNAL CHARACTER(\), /*EXTERNAL ERROR INDICATOR */JELF qc 
( SN,CN,ONt Xr SCK ,CM, Y, LSN,LCNr LON ,K, ARI I 12), GEO( 12 J 1 Ar Br C, 0) JELF 100 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/JHF llC ,. BIN~RY FLOATl531t /*DOUBLE PRECISION VERSION /*D*/JELF 120 
( I,JJ BINARY FIXED,. JELF 130 

EPROR=•Q•,. JELF 14C 
CH =SCK,. JHF 15C 
Y =X,. JELF. 16C 
IF CM= ':! /*TEST VALUE OF MODULUS /JELF 110 
THEN 00, • /*DEGENEP.ATE CASE SCK = C •/JELF 180 

LCN,LDN=l/COSH(Y) •• JElF 190 
LSN =TANH(YJ,. JELF 2CO 
GO TO RETURN,. JELF 210 
ENIJ,. JELF 220 

IF CM LT C JELF 230 
THEN OO,. /#MODULUS TRANSFOPMATION •/JELF 240 

K =I0.5-00+0.5,. JELF 250 
CH =-CHIK1. JELF 260 
K =SQRTCKJ ,. JELF 270 
Y =K*Yt. JELF 260 
ENO,. JELF 2'i1C· 

CrlDN=l,. /*PROCESS OF THE ARITHMETIC- */JELF 300 
DO 1=1 TO 12 t. /*GEOMETRIC MEAN ~/JELF 31C 
ARllI),LCN=C,. JELF 320 
GEOll),CM=SQRTlCMJ,. JELF 330 
C =.S•llCN+CMJ,. JELF 340 
IF ARSILCN-CMI LE 1E-4*LCN /•SINGLE PRECISION VERSION /*S*/JELF 350 

I• IF ABSILCN-CHJ LE 5E-9*LCM /*DOUBLE PRECISION VEA.SION l•O•/JELF 360 
THEN GO ro CONY'. . J ELF 3 7C 
CM =CM•LCN,. JELF 380 
ENO,, JELF 390 

CONY •• l•INIT. INVERSE GAUSS- #/JEL"F 40C 
Y =Y•C,. 
LSN,O=SINIYJ,. 
LCN =COSlYJ,. 
IF LSN= 0 
THEN GO TO TEST,. 
A =LCN/LSN,. 
C ::::A*C1. 

00 J =I TO 1 BY -1 r. 
B :::ARI IJ It• 
A =A*C,. 
C =LDN*C,. 
LON =IGECilJJ+AJllB+AJ,. 
A =GIB,. 
ENO,. 

LSN =SQRT( 111 l+C*C)) I. 
IF 0 LT 0 
THEN LSN :::-LSN,. 
LCN =C*LSN,. 

TEST •• 
IFSCKLTO 
THEN oo,. 

RETURN •• 

A =LON,. 
LON =LCN, • 
LCN =-A1. 
LSN =LSN/K, •. 
END,. 

SN =LSN,. 
CN =LCN,. 
ON =LON,. 
ENO,. 

Purpose: 

/*TRANSFORMATION *IJELF 410 
J ELF 420 
J ELF 430 
JELF 440 
JELF 450 
JELF 460 
JELF 470 

/*INVERSE GAUSS-TRANSFORMATION #/JELF 4BC 
JELF 49C 
JELF 500 
JELF 510 
JELF 520 
JELF 530 
JELF 540 
JELF 550 
JELF 560 
JELF 570 
J ELF 580 

/*INVERSE MOOULUS-TRANSFORHAT • #/JELF 590 
JELF 600 
JELF 610 
JELF 620 
JELF 630 
JELF 640 
JELF 650 

/*RETURN RESULT VALUES 

/*ENO OF PROCEDURE JELF 

JELF 660 
*IJELF 670 

JELF 680 
JELF 690 
JELF 700 

*IJELF 710 

JELF calculates the three Jacobian elliptic functions 
SN, CN, DN. 

Usage: 

CALL JELF (SN, CN, DN, X, SCK); 

SN - BINARY FLOAT [(53)] 
Resultant value of the sine of the amplitude. 

CN BINARY FLOAT [(53)] 
Resultant value of the cosine of the ampli
tude. 

DN BINARY FLOAT [(53)] 
Resultant value of the delta of the amplitude. 

X BINARY FLOAT [(53)] 
Given argument of Jacobian elliptic functions. 

SCK - BINARY FLOAT [(53)] 
Given square of complementary modulus. 
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Remarks: 

The values of SN, CN, DN are frequently needed 
together. Therefore, procedure JELF computes all 
three of them. This is no disadvantage, since com
putation of all three result values is no more compli
cated than computation of any one of them. The 
value SCK is. chosen as an input parameter in order 
to allow for complex values of ck (k is not restricted 
to k2 :5:: 1). 

Method: 

The calculation is based on the process of the 
arithmetic-geometric mean together with Gauss' 
transformation. 

For reference see: 

R. Bulirsch, "Numerical Calculation of Elliptic 
Integrals and Elliptic Functions", Numerische 
Mathematik, vol. 7, 1965, pp. 78-90. 

Mathematical Background: 

Notation and definition 

The value k is the modulus, ck is the complementary 
modulus, and sck is the square of the comple
mentary modulus. 

2 2 
sck =ck = 1-k -co< sck <co 

The three Jacobian elliptic functions arise as 
inverse functions of elliptic integrals. 

Set: 

<P 

x = F(cp,k) = J dt 

~1-k2 sin2t 
0 

Then cp is called the amplitude of x. 

·cp =am (x,k) 

Jacobi's functions are defined through 

sn(x, k) = sin cp = sin am (x, k) 

cn(x,k) =cos cp =cos am (x,k) 

dn(x,k) = -J1-k2sin2 co 
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(1) 

(2) 

(3) 

(4) 

The degenerate case sck = 0 (that is, I k I = 1) must 
be treated separately: 

sn(x, 1) = tanh x~ 

cn(x, 1) = dn (x, 1) = 1/ cosh x, 

Jacobi's modulus transformation, applied to nega
tive values of sck, gives 

sn(x, k) = 1/k • sn (kx, 1/k) 

cn(x,k) = dn(kx, 1/k) 

dn(x,k) = cn(kx, 1/k) 

Process of the arithmetic-geometric mean 

(5) 

(6) 

(7) 

Starting with ari1 = 1, geo = .../SCk, the sequences 
(ari ) , (geo ) are generate~ using the recursion 

n n 
formulas 

ari 1 = (ari + geo )/2 n+ n n (8) 

geo 1 = yari • geo 
n+ n n 

(9) 

Numerical experience shows that eleven iterations 
are sufficient to obtain convergence, to full working 
accuracy, for all values of the squared comple
mentary modulus that may be represented in floating 
point. The iteration process is stopped at the Nth 
step, as soon as ariN+1-geoN+l is negligibly small. 

Gauss transformation 

Gauss' transformation gives 

(10) 

for values of modulus and amplitudinal angle that are 
combined through 

k =2..f"k 
1 l+K 

and 

. (1 +k} sin co 
sm <P1 = 2 

l+k sin cp 

Inversion of this transformation results in 

(11) 

(12) 

(10 1) 



where: 

(l+k1) sin cp1 
sin cp = . 2 

l+k1 sin cp 1 

and 

. 2{k;_ 
k = l+k 

1 

Inversion of F(cp, k) 

(11') 

(12 1) 

Successive application of transformation (101), with 

geoi+l 
ck=--

i arii+l 

leads to F (cp, k) = (l+k1) • 

1-ck. 
1 

Equation (12') implies that ki+l = l+ck. 
1 

and that 

ari. 1 
l+k =~ 

i+l ari. 2 I+ 

If kN = 0, it follows that 

ari1 
x = F(!p,k) =-.-

ar1N+l 

ari1 
F(<PN kN) = -. - cpN 

, ar1N+l 

or <PN = ariN+l • x 

Back transformation of <PN 

(13) 

(14) 

To obtain the Jacobian elliptic functions, the inverse 
transformation must be performed on cpN. Equation 
(11') implies . 

Cot "' = - 1- cot "' ./1 - ·k 2 s1·n2 "' ~ 1~1 ~i~ 1 ~i 

or generally 
(15) 

ari cot <P 1 = ari 1 cot cp ,--~---k-2-s-in_2_cp ___ 
· n n- n+ n \J n n 

From (11'} and (12') it follows that 

~ 1-k sin2 cp 
1 k 2 . 2 n+l n+l 

- Sln !p = ----=---
n n lk .2 

+ n+l sm cpn+l 

2 
cot <Pn+l + 1-kn+l 

2 
cot cp 1 + l+k 1 n+ n+ (16) 

. t2 
geon+l + ar1n+2 • co cpn+l 

2 ari 1 + ari · • cot cp 1 n+ n+2 n+ 

since 

and 

ari 1 n+ 
l+k = ---n+l ari 2 n+ 

Final iteration scheme 

Setting CN+l = ariN+l · cot fPN, with dN+l = 1, the 
following iteration is performed for n = N, N-1., 

•• ' 1: 

c = d • cn+l n n+l 

2 .. 
c 11ar1 2 + geo 1 ~ = n+ n+ n+ 

2 . . 
c 11ar1 2 + ar1 1 n+ n+ n+ 

The final result is 

c1 =cot cp 

d1 = '11-k2 sin2 cp 

and therefore: 

1 
sn(x,k) = '1 · 2 

l+cl 

sin cp 

cn(x, k) = sn• c1 =cos cp 

. ~ 2 2 dn(x,k) = d1 =1-k sin cp 
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• Subroutine LGAM 

LGAM • • LG-AM 10 

I********************************************************************* IL GAH 20 
I* *ILGAM 30 
I* COMPUTES THIO DOUBLE PRECISION NATURAL LOGARITHM OF THE GAMMA */lGAH 40 
I* FUNCTION OF A GIVEN DOUBLE PRECISION ARGUMENT. */LGAH 50 
I* *ILGAM . 60 
I***"*************•**************************************************** /l G AH 70 

PROCEDURE (XX,OLNG,,. LGAM 80 
DECLARE LGAM 90 

(XX,ZZrTERM,R'z2,D"L.NG) FLOAT BINAR:Y (53), LGA"' 100 
EHOR EXTEPNAL CHARACTER [lJ,, LGAM 110 

ERROR= 1 0 1 ,. LGAM 120 
ZZ =XX,, LGAM 130 
IF XX LE"l,ElO LGAH 140 
THEN IF XX LE l.E-09 I* XX IS NEAR 0 OR NEGATIVE */LGAM 150 

THEN DO,, I* SET ERROR INDICATOR (</LGAM 160 
ERROR7''2' r• LGAM 170 
DLNG =-l ,E75,. LGAM 180 
GO TO S20r, LGAM 190 
END,. LGAH 200 

F.LSE DU,. I* XX > 0 AND< OR =TO l.HLO */LGAH 210 

s10 •• 
TERM =l.EO,. LGAM 220 

IF lZ LE 18.EO 
THEN oo,. 

I* lZ < OR = 18 
I* TRANSLATE ARGUMENT 

TERM =TE?M*ZZ,. 
ll =ZZ+l.EO,. 
GO TD SlO,. 
END,. 

ELSE 001, f* CALC. EQUATION 1 

END,. 

RZ2 =l.EOIZZ**2,. 
DLNG .:: I ll-C .SEO) *LflGI ll 1-ZZ+O .9 l8938533204b72EO 

- LOG I TERM)+ [ 1. EO/ZZ I* { • 83333 33333 33333E-Ol 
-<RZ2*1. 27777 7777777777E-02+CRZ2* 
I • 79365C7936'3 r;.793E-03-f RZ2* 
C .595238C95238C95E-03 I J J J JI),. 

GO TO S2C·,. 
ENO,• 

LGAH 230 
*/LGAM 240 
*/LGA~ 250 

LGAM 260 
LGAM 270 
LGAM 2ao 
LGAM 290 

*/LGAM 300 
LGAM 310 
LGAM 320 
LGA/1 330 
LGAf1 340 
LGAM 350 
LGAH 360 
LGAM 370 
LGAH 380 
LGAM 390 

ELSE IF XX LT 1.E7C I* XX > l.E+lO AND < l .E+70 *ILGAM 400 
THE"! oo,. LGA/1 410 

*/LGAM 420 
LGAM 430 
LGAM 440 

*/LGA/1 450 
*ILGAM 460 

LGAM 470 

DLNG "'ZZ*ILOGI ZZJ-1.EOI, ./* CALC. EQUATION 2 
GO TO s2c,. 
END,. 

ELSE DO,. 
ERROR=' t 1,. 
OLNG =l.E75;. 
END,• 

I* XX > OR = t.E+70 
I* SET ERROR INDICATOR 

LGAM 480 
LGAM 490 
LGAM 500 

S20 •• 
RETURN,. 
ENO,. I* END OF PROCEDURE LGAM */LGAM 510 

Purpose: 

LGAM computes the double-precision natural loga
rithm of the gamma function of a given double
precision argument. 

Usage: 

CALL LGAM (XX,DLNG); 

XX BINARY FLOAT (53) 
Given double-precision argument for the 
log gamma function. 

DLNG - BINARY FLOAT (53) 

Remarks: 

Resultant double-precision variable con
taining the log gamma function. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - If XX is greater than or equal to 10 70. 
If this condition exists, the value of 
DLNG is set to 1. E75. 

ERROR=2 - If XX is less than or equal to 10-9, 
DLNG is set to -1. E75. 
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Method: 

For reference see: 

M. Abramowitz and I. A. Ste gun, Handbook of 
Mathematical Functions, U. S. Department of 
Commerce, National Bureau of Standards Applied 
Mathematics Series, 1966, equation 6.1.4. 

Mathematical Background: 

This subroutine computes the double-precision 
natural logarithm of the gamma function of a given 
double-precision argument, xx, where 10-9< xx< 1070 . 
The Euler-McLaurin expansion, to the seventh de
rivative term, is used. For xx> O: 

log r (xx) = (xx - 1/2) log xx 

+ 1/2 log 2 1T - xx + 1/ (12 xx) - 1/360 xx3 

5 7 
+ 1/1260 xx = 1/1680 xx 

(1) 

This expression is very accurate for xx> 18. If 
xx,,; 18, xx is replaced by z = k +xx, where k is an 
integer such that z > 18. Log r (z) is then evaluated 
by (1), and log xx+ log (xx+ 1) + ••• +log (xx+ k-1) 
is subtracted to obtain the desired result. 

If xx is between 1010 and 10 70, terms of lowest 
order in (1) are neglected, and log r (xx) is computed 
as: 

log r (xx) = xx (log(xx) - 1) (2) 

Subroutine LGAM is available in a double-precision 
format only. If the single-precision value of the log 
gamma function of a given single-precision argu
ment is desired, subroutiri.e LGAM should be changed 
to single precision. 



STATISTICS 

Data Screening and Analysis 

• Subroutine T ALY 

TALY... !ALY 10 
I**********************************************•*********\"!:* 1111**** **•***ITALY 20 
I* *ITALY 30 
I* . TO CALCULATE TOTAL1 MEAN, STANDARD DEVIATION, MINIMUM, */TALY 40 
I* MAXIl1UH FOF. EACH VAPJABLE IN A SET 10R A SUBSET) OF OBSER- *ITALY 50 
I* VATJONS. */TALY 60 
~ ~"~ R 
I••••••••••••••••••••••**********************************•••••**•••••""' r a. t v ac 

I• 
I• 
I• 

I* 
I• 
I• 

PROCEDURE IA 1S1 TOTAL 1 AVER, SO rVHIN1VMAX1N01NVI,. T ALY 90 
DECLARE T ALY 100 

ERP(ll~ EXH·FNAL CHARACTER Ill, ULY 110 
(l,J1K1N01NVJ TALY 120 
FIXE=D BINARY, TALY 130 
1A1•, *I ,SUI 1 TOTAll•I, AVH 1* I, 501 *I ,VMINC *hYHAXI *I, SCNT rDJ TALY 140 
FLOAT BINARY,. TALY 150 

CLEAP OUTPUT VECTOPS ANO INITlALIZE VHINrVHAX. 
*ITALY 160 
*/TALY 170 
*/ULY 180 

ERROR= 1 0 1 ,. 

DO I=l TO NV,• 
TOTAL([) =o,. 
AVER(ll =-0,. 
SOil) =O,. 
VHINI II =O,. 
VMAXIII =a,. 
E:NDt. 

1 F NV LE 0 OR NO LE 0 
THEN DO,• 

ERROR= 1 1 1 , • 

GO TO SSO, • 
ENO,• 
00 J = 1 TO NV,. 
TOTALIJJ=O.o,. 
AVERIJ) .. a .• c,. 
SOIJJ=O.o,. 
ENO,• 
00 J "' l TO NO,• 
lF SlJI NE O.O 
THEN 00,. 

ENO,. 

K =J, • 
GO TO SIC-,. 
Ef\10,; 

NO OBSERVATIONS ARE IN SUBSET 

TALY 190 
TALY 200 
TALY 210 
TALY 220 
TALY 230 
TALY 240 
TALY 250 
TALY 26Q 

I* NUHBER OF OBSERVATtOf.,IS DR */TALV 270 
/*.THE NUMBER OF VARIABLES LESS*/TUY 280 
I* THAN OR EQUAL TO ZEFIO. •IT.UY 290 

TALY 3CO 
TAL Y 310 
TALY 320 
TAL Y 330 
TAL Y 340 
TAL Y 350 
TALY 360 
TAL Y 370 
TAL Y 380 
TALY 390 
TALY 400 
TALY 410 
TALY 420 
TALY 43(1 

*ITALY 440 
*/TALV 45C 
*/TALY 461) 

ERROR= 1 2 1 t • 

GO TO SSC,. 
sic •• 

TUY 470 
TALY 480 
TALY 490 
TALY sea 
TALY 510 
TALY 520 
TAL Y 530 

I* 
I• 
I* 

DO J = l TO NV,. 
VHIN(J)=A IK,·J), • 
VHAXIJl=VHINC J),. 
ENDt. 

SCNT =O.C',. 
DD l = K TO NO,. 
IF SI II NE O.O 
THEN QO,. 

SCNT =SCNT+L.c,. 

I* TEST SUBSET VECTOR 

00 J = 1 TO NV,. I* CALCULATE TOTAL,M.U,MIN 
TOTALIJJ=TOTALIJ I +Al I ,JJ,. 
If AII1J> LT VMINIJI 
THEN VMINIJ)=AlltJ),. 
IF AII,JJ GT VHAXIJJ 
THEN VHAXIJl=AIJ ,JI,. 
·soc J)=SOI JI +A Cl ,J) *Al I,J)'. 
ENO,. 

ENO,. 
END,. 

CALCULATE HEANS ANO STANDARD OEVIATJDNS. 

00 J = 1 TO NV,. 
AVERIJl=TOTAUJ) /SCNT,. 
IF SCNT= L.O 
THEN DO,. 

I* COMPUTE MEAN 

*ITALY 540 
TALY 550 
TALY 56.0 
TALY 570 
TALY 580 

*/TALV 590 
TALY 600 
TALY 610 
TA.LY 620 
TALY 63C 
TALY 640 
TAL Y 650 
TAL Y 660 
TAL Y 670 
TAL Y 680 

*/TALY 690 
*/TALY 700 
*ITALY 710 

TALY 720 
*/TALY 730 

TAL Y 740 
TALY 750 

ERROR= 1 3't• 
SOCJ)::::zC.o,. 
Go To·s2c,. 

I* SAMPLE SIZE IN SUBSET = 1 */TALY 76C 

END,. 
ELSE DO,. 

520 •• 
ENO,. 

550 •• 
RETURN,, 
ENO,. 

Purpose: 

D =SDI JJ-TOTALI J):illTOTALlJJ/SCNTr. 
IF D LE O.O 
THEN DO,. 

ERROR='4' ,. 
sotJl=c.o,. 
GO TO S2Q,. 
ENO,. 

I• VARIANCE • OoO 

ELSE SDIJ)=SQRTfDl(SCNT-1.0)J,. 
ENO,. 

!•END OF PROCEDURE TALY 

TALY 770 
TALY 780 
TALY 790 
TAL Y 800 
TALY 81C 
TALY 820 
TALY 830 

*/TALY 840 
TALY SSC 
TALY 860 
TALY 870 
TALY 880 
TALY 890 
TALY 900 
TALY 910 
TALY 920 
TALY 930 

*/TA.LY q~o 

TALY calculates total, mean, standard deviation, 
minimum, maximum for each variable in a set (or 
a subset) of observations. 

Usage: 

CALL TALY (A, S, TOTAL, AVER, SD, VMIN, 
VMAX, NO, NV); 

Description of parameters: 

A(NO,NV) 

S(NO) 

TOTAL(NV) 

AVER(NV) 

SD(NV) 

Vl\IIlN (NV) 

VMAX(NV) 

NO 

NV 

Remarks: 

BINARY FLOAT 
Given observation matrix. 
BINARY FLOAT 
Given vector indicating subset of 
A. Only those observations with 
a nonzero S(J) are considered. 
BINARY FLOAT 
Resultant vector of totals. 
BINARY FLOAT 
Resultant vector of means. 
BINARY FLOAT 
Resultant vector of standard devia
tions. 
BINARY FLOAT 
Resultant vector of minima. 
BINARY FLOAT 
Resultant vector of maxima. 
BINARY FIXED 
Given parameter equal to the num
ber of observations. 
BINARY FIXED 
Given parameter equal to the number 
of variables. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of observations or the number 
of variables less than or equal to zero. 

ERROR=2 - no observations in .subset vector. 
ERROR=3 - sample size in subset equal to one. 
ERROR=4 - variance equal to zero. 

Method: 

All observations corresponding to a nonzero element 
in the S vector are analyzed for each variable in 
matrix A. Totals are accumulated and minimum and 
maximum values are found •. Following this, means 
and standard deviations are calculated. The divisor 
for standard deviations is one less than the number 
of observations used. 
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• Subroutine BOUN 

BOUN SOUN 10 , ... ~; ................................................................ :::g~: ~g 

~= TO SELECT FROM A SET COR A SUBSETJ OF OBSERVATIONS TH~ *IBOUN 40 
/* NUMBER OF OBSERVATIONS UNDER, BETWEEN AND OYER TWO GIVEN */BOUN 50 
I* BOUNDS FOR EACH VARIABLE. :::~~= ;~ 

~:*******************************•************************************/BOLIN 80 

I• 

I• 
I• 
I• 

PROCEDURE lA,S,BLOtBHl,UNDEP,BEHftOVER1NO,NVI,. :~~= l~g 

DECLA~~,J,NO.,NVJ BOUN 110 
FIXED BINARY, BDUN 120 
ERP.OR EXTERNAL CHARACTERU J, SOUN 130 
I A( *t*I 1 S(*J 1 BLDl*I, BHJ C•J ,UNOERl*J ,BETW(*I rDVERI*) I :g~~ ~:g 

FLOAT BINARY,• */BDUN 160 

ERROR= 1 0 1 1 • 

IF NV LE 0 OR NO LE 0 
THEN DO,. 

ER.ROR•=' 1 1 1 • 

GO TO FIN,. 
END,. 
DO J = 1 TO NV,• 
UNDER(JJ ... o.o,. 
BETW(J)=O.O,. 
OVER{Jl=o.o,. 
END,• 
00 J = 1 TO NV,• 
JF BHICJJ LE BLOCJJ 
THEN 00, • 

ENO,• 

ERROR:1:1•2 1 ,. 

GO TO FIN,. 
ENO,. 

DIJ I= I.TO NO,. 
JF SCIJ NE O.O 
THEN DO,. 

BOUN 170 
I* NUMBEfl: OF OBSERVATIONS OR */SOUN 180 
I* THE NUMBER OF VARIABLES LESS*/BOUN 190 
I* THAN OR EQUAL TO ZERO. */BOUN 200 

I* CLEAR OUTPUT VECTORS 

BOUN 210 
BOUN 220 

*/BOUN 230 
BOUN 240 
BOUN 250 
BOUN 260 
BOUN 270 
BOUN 280 

I* LOWER BOUND GREATER THAN */BOUN 290 
I* UPPER BOUND. */BOUN 300 

I* TEST SUBSET VECTOR 

BOUN 310 
BOUN 32Q 
BDUN 330 
SOUN 340 
BOUN 350 

•IBOUN 360 

COMPARE OBSERVATIONS WITH BOUNDS 

BOUN 370 
•IBOUN 380 
•IBOUN 390 
•/BDUN 400 

END,• 
ENO,• 

DC J "' 1 TO NV,. 
IF II.CI ,JI GE BLOIJ) 
THEN DO,. 

IF All 1JI LE BHI IJ) 
THEN BETWIJJ=BETWlJl+l.Ot• 
ELSE OVERCJJ 2 0VERIJl+l.Dt• 
END,. . 

ELSE UNOERIJl=UNDEPIJJ+l.O,. 
END,. 

BOUN 410 
BOUN 420 
SOUN 430 
BOUN 440 
BOUN 450 
BOON 460 
BOON 470 
BOUN 480 
SOUN 490 

FIN ••. 

&OUN 500 
BOON 510 
BOUN 520 

RETURN,. 
END1 • 

Purpose: 

I *ENO OF PROCEDURE BOON 
SOUN 530 

*/SOUN 540 

BOUN selects from a set (or a subset) of observa
tions the number of observations under, between, 
and over two given bounds for each variable. 

Usage: 

CALL BOUN (A, S, BLO, BHI, UNDER, BETW, 
OVER, NO, NV); 

Description of parameters: 

A(NO,NV} 

S(NO) 

BLO(NV} 

BHI(NV} 

UNDER(NV} -

BINARY FLOAT 
Given observation matrix. 
BINARY FLOAT 
Given vector indicating subset of A. 
Only those observations with a non-
zero S(J} are considered. · 
BINARY FLOAT. 
Given vector of lower bounds on all 
variables. 
BINARY .FLOAT 
Given vector of upper bounds on all 
variables. 
BINARY FLOAT 
Resultant vector indicating, for each 
variable, number of observations 
under lower bounds. 
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BETW(NV} 

OVER( NV} 

NO 

NV 

Remarks: 

BINARY FLOAT· ,. 
Resultant vector indicating, for each 
variable, number of observations 
equal to or between lower and upper 
bounds. 
BINARY FLOAT 
Resultant vector indicating, for 
each variable, number of observa
tions over upper bounds. 
BINARY FIXED 
Given number of observations. 
BINARY FIXED 
Given ·number of variables for each 
observation. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of observations or number of 
variables less than or equal to zero. 

ERROR=2 - lower bound greater than upper bound. 

Method: 

Each row (observation} of the matrix A with corre
sponding nonzero element in S vector is tested. Ob
servations are .compared with specified lower and 
upper variable bounds and counts are kept in vectors 
UNDER, BETW and OVER. 



• Subroutine ABST ·.:· 

ABST.. ABST LO 
/*********************************************************************/ASST 20 
I* •IABST 30 
I* TD TEST MISSING OR ZERO VALUES FDR OBSERVATION MATRIX A. */ASST 40 
I* •IABST 50 
l*********************************************************************/ABST 60 

,. 

PROCEDURE CA,S,NO,NVJ,. ABST 70 
DECLARE ABST 80 

ll1J1N01NVJ ABST 90 
FIXED BINARY, ASST 100 
ERROR EXTERNAL CHARACTERILJ, ABST 110 
CAl*1*l1St•JI FLOAT BlNARYt• ABST 120 

ERROR=' 0 t, • 
IF NV LE 0 OR NO LE 0 
THEN DDt• 

ERRORa• 1•,. 
GO TO FIN,. 
ENO,. 
DO 1 = l TO NO r • 

DO J = l TD NVt • 
lf AC l,JJ::111 o.O 
THEN DO,. 

ENDr. 

str 1 =o.o,. 
GD TD SLO,. 
ENO, .. 

SUI =1.0,. 

*/ABST 130 
AUST 140 

I* NUMBER Of OBSERVATIONS OR •IABST 150 
I• THE NUHBER OF VARIABLES LESS•/ABST 160 
I* THAN DR EQUAL TO ZERO. •IABST 170 

510 •• 

ABST 180 
ABST 190 
ABST 200 
ABST 210 
ABST, 220 
ASST 230 
ASST 240 
ABST 250 
ABST 260 
ABST 270 
ABST 280 
ABST 290. 
ASST 300. 
ABST 310 
ABST 3201 

ENO,. 
FJN •• 

RETURN,. 
END1. 

Purpose: 

/*END OF PROCEDURE ASST *IABST 330 

ABST tests for missing or zero elements in obser
vation matrix A. 

Usage: 

CALL ABST (A, S, NO, NV); 

Description of parameters: 

A(NO,NV) 

S(NO) 

NO 

NV 

Remarks: 

BINARY FLOAT 
Given observation matrix. 
BINARY FLOAT 
Resultant vector indicating one of the 
following codes for each observation: 
1 There is not a missing or zero value. 

0 At least one variable has a value 
missing or zero. 

BINARY FIXED 
Given number of observations. 
BINARY FIXED 
Given number of variables for each 
observation. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR=l - number of observations or number of 
variables less than or equal to zero. 

Method: 

A test is made on the I-th row (observation) of the 
matrix A, I= 1, ••• , NO. If there is Iiot a missing 
or zero value, 1 is placed in S(I). If at least one 
variable has a value missing or zero, 0 is placed in 
S(I). 
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o Subroutine SBST 

SBST.. SBST 10 
I****************************************************·**************** *IS B ST 20 
f* *ISBST 30 
I* TO DERIVE A SUBSET VECTOR INDICATING WHICH OBSEPVAT IONS IN */SBST 40 
I* A SU HAVE SATISFIED CERTf!IN C'.ONOITIONS. */SBST SQ 
I* */SBST 60 

f** ** ******** ** ** *** *** ******** **** * * *** ** ***** **** *** ***** ** *********IS BS T 70 
PROCEDURE IAtC1R,B,S1N01NV,NCJ,. SBST BO 
DECLARE SBST 90 

B ENTRY, Sf\ST 100 
ERROR EXTERNAL CHARACTER(l), SBST 110 
ll,ICOL,IGO,J,NC,NOJ SBST 120 
FIXED BINARY, SBST 130 
fAl*1*l1Cl*t*l1Rl*J,S(*),Q,TFI SBST 14C 
BINARY FLOAT, SBST 150 
Tl6l LABEL.,. SBST 160 ,. */SBST 170 

ERROR='O'r• SBST 180 
SBST 19(1 
SBST 200 
SBST 21C 

00 J=l TO NO,. 
S(IJ =o,. 
ENO,. 

IF NO LE 0 Of' NV LE 0 OR NC LE 0 
THEN DOr. 

ERROR:;:' 1 1 ,. 

GO TO FIN,• 
ENO,. 

I* NUMBER OF OBSERVATIONS, */SBST 220 
I* VARIABLES, OR CONDITIONS IS */SBST 23(1 
I* LESS THAN OR EQUAL TO ZERO. */SSST 240 

DO I = l TO NO,. 
DO J = l TO NC,. 
R(J) =O.Q,. I* CLEAR R VECTOR ,. 

I* ,. LOCATE ELEMENT IN OBSERVATION MATRIX AND RELATION CODE 

ICOL =C(l,JJ,. 
IGO =C(2,JJ,. 
IF IGO LT l OR IGO GT 6 
THEN DO,• 

ERROP= 1 2't• 
GO TO FIN,• 
ENO,. 

I* CONDITION VALUE INVALID 

IF ICOL LT 1 OR ICOL GT MV 
THEN 00,. 

ERROR ='3 1 ,. 

GO TO FIN,. 
ENO,. 

I* INVALID VARIABLE NUMBER 

Q =A(J,JCOLJ-C(3,JI,. /*FORM R VECTOR 
GO TO T{ IGO),. 

Tfll .. 

TC2J •• 

Tl 3) •• 

T(4) • • 

Tf 5) •• 

T(6J •. 

510 •• 

520 •• 

IFQLJC.O 
THEN GO T('! 510,, 
GO TO 520,. 

IFQLEO.IJ 
THE,N GO TD SlO,. 
GO TO 520, • 

IFQ=O.O 
THEN GO TO sto,. 
GO TO 520,. 

JFQNEO.O 
THEN GO TO 510,. 
GO TO 520,. 

IFQGEO.O 
THEN GO TO SIO,. 
GO TO 520·, • 

IFQLEO,O 
THEN GO TO 520,. 

R(J) =1.0,. 

ENO,. 
CALL B (P,TRl r• 
Sill =TR,. 
END,• 

FIN •• 
RETURN,. 
ENO,, 

Purpose: 

I* CALCULATE S VECTOR 

/*END OF PROCEDURE SBST 

SBST 250 
SBST 260 
SBST 270 
SBST 280 

*1SBST 290 
*/SBST 300 
*/SBST 310 
*/S9ST 320 

Sf\ST 33C 
SBST 340 

*/SBST 350 
SBST 360 
SBST 370 
SBST 380 
SBST 390 
SBST 400 
SBST 410 

*/SBST 420 
SBST 430 
Sf\ ST 440 

*/SBST 45C 
SBST 460 
SBST 470 
SBST 480 
SBST 490 
SBST 500 
SBST 510 
SBST 520 
SBST 530 
SBST 540 
SBST 550 
SBST 560 
SBST 570 
SBST 580 
SBST 590 
SBST 600 
SBST 610 
SBST 620 
SBST 630 
SBST 640 
SBST 650 
SBST 660 
SBST 670 
SBST 680 
SBST 690 
SBST 700 
SBST 710 
SBST 720 
SBST 730 

*/SBST 740 
SBST 750 
SBST 760 
SBST 770 
SBST 780 

*ISBST 790 

SBST derives a subset vector indicating which ob
servations in a set have satisfied certain conditions 
on the variables. 

Usage: 

CALL SBST (A, C, R, B, S, NO, NV, NC); 
Parameter B must be declared as an entry attribute 
in the calling program. 

A(NO,NV) 

C(3, NC) 

BINARY FLOAT 
Given observation matrix. 
BINARY FLOAT 
Given matrix of conditions to be con
sidered. The first element of each 
column of C represents the number 
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R(NC) 

B 

S(NO) 

NO 

NV 

NC 

of the variable (column of matrix A) 
to be tested. The second element of 
each column is a relation code as 
follows: 

1 - less than 
2 - less than or equal to 
3 - equal to 
4 - not equal to 
5 - greater than or equal to 
6 - greater than 

The third element of each column is 
a quantity to be used for comparison 
with the observation values. For ex
ample, the following column in C: 

2. 
5. 

92.5 
causes the second variable' to be 
tested for greater than or equal to 
92. 5. 
BINARY FLOAT 
Resultant working vector used to 
store intermediate results of above 
tests on a single observation. If 
condition is satisfied, R(I) is set to 
1. If it is not, R(I) is set to o. 
ENTRY 
Given name of subroutine to be sup
plied by the user. It consists of a 
Boolean expression linking the inter
mediate values stored in vector R. 
The Boolean operators are "*" for 
"and", 11+11 for "or". 

Example 

BOOL •• 
PROCEDURE (R, T}, • 

DECLARE 
(R(*), T) 
FLOAT BINARY, • 

T=R(l)*R(2), • 

RETURN, • 
END, • 

The above tests for R(l) and R(2). 
BINARY FLOAT 
Resultant vector indicating, for 
each observation, whether or not 
proposition Bis satisfied. If it is, 
S(I) is nonzero. If it is not, S(I) is 
zero. 
BINARY FIXED 
Given number of observations. 
BINARY FIXED 
Given number of variables. 
BINARY FIXED 
Given number of basic conditions to 
be satisfied. 



Remarks: 

Subroutines and function subroutines required: 

B The name of the actual subroutine 
supplied by the user may be differ
ent from B (for example, BOOL), 
but subroutine SBST always calls B. 
In order for procedure SBST to do 
this, the name of the user-supplied 
procedure must be defined by an 
entry attribute in the calling program. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of observations, number of 
variables, or number of conditions is 

ERROR=2 
ERROR=3 

Method: 

less than or equal to zero. 
condition value invalid. 
variable number is less than 1 or great
er than the number of variables. 

The following is done for each observation. Condi
tion matrix is analyzed to determine which variables 
are to be examined. The intermediate vector R is 
formed. The Boolean eXPression (in subroutine B) is 
then evaluated to derive the element in subset vector 
S corresponding to the observation. 

o Subroutine TABl 

TAEH.. TABl 10 
l******************o**************************************************/TABl 20 
~ ~~l ~ 
I* TO TABULATE FOR ONE VARIABLE IN AN. OBSERVATION MATRIX (OR A •ITABl 40 
I* SUBSET), THE FREQUENCY AND PEPCENT FREQUENCY OVER GIVEN •/TABl 50 
I* CLASS INTERVALS. IN ADDITION, C.6LCULATE FDR THE SAHE VARIABLE*/TABl 60 
I* THE TOTALt ·MEAN, STANDARD DEVIATION, MINIMUM, AND *ITABl 70 
I* MAXIMU!il. •ITABl BO 
I* •ITABl 90 
l************************'i'********************************************/TABl 100 

,. 

PROCEDURE U, S,NOVAR,UBO,FREQ,PCT 1 STATS ,NO,NV J,. TAB! 110 
DECLAkE TABl 120 

EPFOR EXTEPNAL CH.\P ACTER ( l l, TABl l30 
11' INNt INn:,J ,K,ND1NOVAR1KKJ TABl 140 
FIXED BINARY, TAB! 150 
lAI * t t:), SI *l , UBO (•I ,FPEQI *> , PCT(* J, ST ATSC•), SCNT, VM IN rVMAXt TA Bl 160 
StNT,TEHP) TAB! 170 
BINARY FLOAT,. TABl 180 

ERROR= 1 C'1• 
IF NOVAR LE 0 OR NOVAP 
THEN OD,. 

ERROR= 1 6 1 ,. 

GO TO SSO,. 
ENO,• 

JF NV LE 0 OR NO LE 0 
THEN DO,. 

ERROR= 1 1 1 1 • 

GO TO 550,. 
END,. 

INN =UB0(2J,. 
oa J = 1 TO INN,. 
FREQIJJ=o.c,. 
PCTC J 1=0.0,. 
ENO,. 
DO J = 1 TO 5, • 
STATSIJl=C.o,. 
END,. 

*ITABl 190 
TAB! 200 

GT NY I* VALUE OF THE VARIABLE TD BE •ITABl 210 
I* TABULATED IS INVALlp */TAB! 220 

TAB! 230 
TAB! Z'tO 
TABl 250 
TAB! 260 

I* NUMBER OF OBSERVATIONS OR •ITABL 210 
I* THE NUMBER OF VARIABLES ARE */TABl 280 
I* LESS THAN OR EQUAL TO ZERO. *ITABl 290 

I• CALCULATE INTERVAL SUE 
I* CLEAR OUTPUT VECTORS 

TAB! 300 
*ITABl 310 
*ITABL 320 

TAB! 330 
TABL 340 
TABl 350 
TABl 360 
TABL 370 
TAB! 3BO 

If Uf\C( L J GT UBDI 3) 
THEN DOt. 

OR UBDl2J LE 2.IJ TAB! 390 

FRR(lR=' 21 I. 

GO TO S5C,. 
END,. 
DO t = l 10 NO,. 
IF SU) NE 0 .C 
THEN DO,. 

END,. 

KK =I•• 
VMIN =A I I 1NOVARI t • 

VMAX :VHI Nt. 
GO TO SlO,. 
ENO,. 

EPROR= 1 3'1• 
GO TO 5501. 

I* INVALID BOUNDS DR THE NUMBER•ITABL 400 
I• OF INTERVALS LESS THAN OR *ITABl 410 
'* EQUAL TO rwo. •ITABl 420 

I* CALCULATE HAX AND HIN 

I* NO OBSERVATION JN SUBSET 

TABl 430 
•/TAB! 440 

TAB! 450 
TAB! 460 
TAB! 470 
TABl 480 
TAB! 490 
TABL 500 
TABl 510 
TAB! 520 

SlO •• 

*/TAB! 530 
TAB! 540 
TAB! 550 
TAB! 560 
TABl 570 
TAB! 580 
TABl 590 
TABl 600 
TAB! 610 
TAB! 620 
TAB! 630 
TABl 640 
TAB! 650 
TABl 660 
T.O.Bl 670 
TABl 680 
TAB! 690 
TAB! 700 
TAB! 710 
TAB! 720 

,. ,. ,. 

OD I = KK TO ND,. 
IF Siii NE O.O 
THEN oo, .• 

ENO,. 

IF A(l 1NOVARJ LT VMIN 
THEN VHIN =AII1NOVAPl1• 
IF AC I 1NOVAR) GT VMAX 
THEN VMAX =A(l rNOVARJ,. 
END,. 

STATS I 41=VM1Nt. 
STATS I 5J:::VHAX,. 
IF UBDtll= UB0(3J 
THEN 001. 

ueOl ll=VMIN,. 
U80113l=VMAX,. 
END,• 

SINT =CUBOl31-U80( l> J /IU80(21-2),. 
SCNT =O.O,, 

DO l = KK TO NO,. 
IF Siii NE O.O 
THEN 00 1 • 

SCNT =SCNT+l.O,. 

DEVELOP TOTALS AND FREQUENClES 

I* TEST SUBSET VECTOR 

STATS( l):::STATSI lJ+All 1NOVARI,. 
STATSl3 l=STATSl3J+Al I 1 NOVARJ **21. 
TEMP =UBOl lJ-SINT,. 
INTX =INN-.t,. 

00 J = 1 TO INTX,. 
TEMP =TEHP+Sl NT,. 
IF AII,NOVAR) LT TEMP 
THEN DO,. 

K nJ 1 • 

GO TO 5201. 
END1 • 

ENO,. 
IF Al I ,NOVARJ GE TEMP 
THEN DO,. 

FREQI INNJ =FR.EQI INN)+l .O,. 
GO TO S30,. 
ENO.t• 

szo •• 
FREQIKJ=FREQCKJ+ t. 0 1 • 
ENO,. 

S30 •• 

,. ,. ,. 
,. ,. ,. 

ENO,, 

CALCULATE RELATIVE FREQUENCIES 

OD J :: l TO JNN,. 
PCTI JJ=FREQ( JJ•lOO.O/SCNT,. 
ENO,. 

CALCULATE HEAN .&.ND STANDARD DEVIATION 

STATS'l 21=STATSU I /SCNT,. 
IF SCNT= 1.0 
THEN OD,. 

ERROR::•4•,. 
STATSl3J=O.O 
GO TO SSO,. 
ENO,, 

ELSE DO,• 

I* SAHPLE SIZE = l 

TEMP =STATS« 31-STATSI 11 *STATS I l)/SCNT,. 
IF TEMP LE O. 0 
THEN 00,. 

ERROR= 1 5 1·,. 1• VARIANCE = O.o 

•/TAB! 730 
TABl 740 
TA Bl 750 
TAB! 760 
TAB! 770 

*ITABL 780 
*/T.6.Bl 7fil0 
*/TABl 800 

TAB! 810 
TABl 820 
TABl 830 
TAB! 840 
TABl 850 
TABl 860 
TAB! 870 
TAB! 880 
TABl BfilO 
TABl filOO 
TAB! 910 
TAB! 920 
TABl 930 
TAB! 940 
TA.Bl 950 
TAB! fil60 
TAB! 970 
TAB! 980 
TAB! fil90 
TABllOOO 
TAB11010 
TAB11020 

*/TAB11030 
*ITAB11040 
*/TAB! 1050 

T.!\811060 
TAB11070 
TAB11C80 

*/TAB11090 
*ITABlllOO 
*ITABllllO 

TABlllZO 
TA811130 
TAB11140 

•ITAB11150 
TAB11160 
TABll 170 
TABlllBO 
TABll 190 
TAB1120(1 
TABllZlO 
TAB11220 

*ITAB11230 
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STATS(3J=0'.0 10 

GO TO S50,. 
ENO,. 

ELSE STATS( 3) =SQPTI TEMPI( SCNT-1.0 I J, • 
ENO,. 

TA Bl 1240 
TAB11250 
TAB11260 
TAR11270 
TABl 1280 
TAB11290 
TAB11300 

sso .. 
RETURN,• 
ENO,• 

Purpose: 

t*ENO OF PROCEDURE TABl */H.811310 

TABl tabulates for one variable in an observation 
matrix (or a matrix subset), the frequency and per
cent frequency over given class intervals. In addi
tion, it calculates for the same variable the total, 
mean, standard deviation, minimum, and maximum. 

Usage: 

CALL TABl (A, S, NOVAR, UBO, FREQ, PCT, 
STATS, NO, NV); 

Description of parameters: 

A(NO,NV) - BINARY FLOAT 
Given observation matrix A. 

S(NO) - BINARY FLOAT 
Given vector that indicates which of 
the observations enter the calcula
tion. A zero element in S indicates 
that the corresponding observation 
of A is not to be included. 

NOV AR - BINARY FIXED 

UB0(3) 
Given variable to be tabulated. 

- BINARY.FLOAT 
Given vector containing lower limit, 
number of· intervals, and upper limit 
of variable to be tabulated in UBO(l), 
UB0(2), and UB0(3) respectively. 
If lower limit is equal to upper limit, 
the program replaces these with the 
minimum and maximum values of 
the variable. Number of intervals, 
UB0(2), must include two cells for 
values under and above limits. 

FREQ (INN) - BINARY FLOAT 

PCT(INN) 

STATS(5) 

NO 

NV 

Resultant vector of frequencies. 
INN is given in UB0(2). 

- BINARY FLOAT 
Resultant vector of relative fre
quencies. Vector length is UB0(2). 

- BINARY FLOAT 
Resultant vector of summary statis
tics, that is, total, mean, standard 
deviation, minimmn, and maximwn. 

- BINARY FIXED 
Given nlliuber of observations. 

- BINARY FIXED 
Given nwnber of variables for each 
observation. 
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Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of observations or number of 
variables less than or equal to zero. 

ERROR=2 - invalid bounds or number of intervals 
less than or equal to two. 

ERROR=3 - no observations in subset. 
ERROR=4 - sample size equal to one. 
ERROR=5 - variance equal to zero. 
ERROR=6 - value of the variable to be tabulated is 

invalid. 

Method: 

The interval size is calculated from the given infor
mation or optionally from the minimum and maximum 
values for variable NOVAR. The frequencies and 
percent frequencies are then calculated along with 
summary statistics. The divisor for standard de
viation is one less than the number of observations 
used. 

Mathematical Background: 

This subroutine tabulates, for a selected variable in 
an observation matrix, the frequencies and percent 
frequencies over class intervals. Interval size is 
computed as follows: 

UB03 - UB01 
k=------

UB02 - 2 
(1) 

where UB01 = given lower bound 

UB02 = given number of intervals 

UB03 =given upper bound 

If UB01 = UB03, the subroutine finds and uses the 
minimum and maximum values of the variable. 

A table lookup is used to obtain the frequency, Fi> 
of the ith class interval for the variable, where 
i = 1, 2, ••• , UB02. Then each frequency is 
divided by the number of observations, n, to obtain 
the percent frequency: 

lOOF. 
p =--1 

i n 
(2) 



In addition, the following statistics are calcu
lated for the variable: 

Total: T = f: 
i=l 

x .. 
lJ 

where j =selected variable 

-·T 
Mean: X =

n 

Standard deviation: 

s= 

(3) 

(4) 

(5) 

• Subroutine T AB2 

TABZ.. TAB2 10 
l*********************************************************************/TAB2 20 
I* •ITAB2 30 
I* TD PERFORM A TWO-WAY CLASSIFICATION OF THE FREQUENCY, */TAB2 40 
I* PERCENT FREQUENCY, AND OTHER STATISTICS, OVER GIVEN •ITA82 50 
I• CLASS INTERVALS, FOR TWO SELECTED VARIABLES IN AN DBSERVATIDN*/TA~~ 60 
I• MATRIX. . t/TAB2 70 
I* t/TAB2 80 
l*********************************************************************/TAB2 90 

,. 

PROCEDURE IA1S 1 NOV1UBO, FREQ,PCJ,STATl, STATZ,NO,NVJ 1 • T ABZ 100 
DECLARE T A82 110 

ERROR EXTERNAL CHARACTER ( U, TAB2 120 
IAC*i*J ,UBDI +,+),FREQI *•*I ,PCT C+,+l ,SJATl l*1*l rSTAT2(+,+J t TAOZ 130 
SUJ.,SINTC21 rVMlN,VMAXrSCNTrTEMPlrTEHP21 TAB2 140 
BINARY FLOAT, TAB2 150 
CI rlNTl1 lNT2rJrK1KX1 L, NrNlrN2rND,NOVl•J 1KKI T AB2 160 
FIXED BINARY,. TAB2 170 

ERROR•'O't• 
DO J::11l TO Zr. 
IF NOV( I J LE 0 OR NOV([) 
THEN oo,. 

tc/TAB2 180 
TA02 190 
TA82 200 

GT NV/* INVALID VALUE OF VARIABLE TO*/TAB2 210 

ENO,. 

ERROR= 1 6' t• 

GO TO S50r. 
END,. 

IF NV LE 0 OR NO LE 0 
TH&N DO,. 

ERROR=-' 1 1 t • 

GO TO S501 • 
END,. 

INTI =UB012rll,. 
INTZ =UBOC2r21,. 
Nl =NOVUJ r. 
NZ aNOVCZJ,. 

DO I = I TO z,. 

I* BE CROSS TABULATED *ITAB2 220 
TA82 230 
TAB2 240 
TAB2 250 
TAB2 260 

I* NUMBER OF OBSERVATIONS OR */TAB2 270 
I* THE NUMBER OF VARIABLES ARE */TAB2 280 
I* LESS THAN OR EQUAL TO ZERO. */TABZ 290 

TABZ 300 
TABZ 310 
TABZ 320 
TABZ 330 
TAB2 340 
TAB2 350 
TAB2 360 

IF UBOllrll GT UBOl3rlJ 
THEN OOr • 

DR UB012rl> LE 2.0 TABZ 370 

ENO,. 

ERROR= 1 2 1 ,. 

GO TO S50,. 
ENO,. 

DD I = I TO INTI,. 

END,. 

DD J = 1 TO INT2r• 
PCT([,J)=O.Or• 
FREQ( I,JJ=o.o,. 
ENO,. 

DO I = l TO 3r • 

ENO,. 

DO J = I TO INTlr• 
STATlC I rJ l=O.o,. 
ENO,. 
00 J • I TO INT2,. 
STAT211 rJ)=-O.Or. 
END,. 

DO I = l TO 21 • 
IF UBOll1ll= UBOl31I> 
THEN OOr • 

DO J = I TD NO,. 
IF SIJJ NE O.O 
THEN DO,. 

ENDr• 

KK =Jr• 
N. =NDVfllt•· 
VHAX •ACJ1Nl1• 
VMIN =VHAXr. 
GO TO SlOr. 
END,. 

I* INVALID BOUNDS OR THE NUMBER*/TABZ 380 
I* OF INTERVALS LESS THAN OR */TA82 390 
I* EQUAL TD TWO. */TABZ 400 

I* CLEAR OUTPUT VECTORS 

I* DETERMINE LIMITS 

TAB2 410 
TAB2 420 

*ITABZ 430 
TABZ 440 
TAB2 450 
TAB2 460 
TAB2 470 
TABZ 480 
TABZ 490 
TAB2 500 
TAB2 510 
TABZ 520 
TAB2 530 
TAB2 540 
TABZ 550 
TABZ 560 
TABZ 570 

SlO •• 

*/TA82 580 
TABZ 590 
TABZ 600 
TAB2 610 
TABZ 620 
TABZ. 630 
TABZ 640 
TABZ 650 
TABZ 660 
TABZ 670 
TAB2 680 
TAB2 690 
TA9Z 700 
TABZ 710 
TABZ 720 
TABZ 730 
TABZ 740 
TAB2 750 
TABZ 760 
TABZ 770 
TABZ 780 
TABZ 790 
TABZ 800 
TABZ 810 
TABZ 820 
TAB2 830 ,. ,. ,. 

ENO,. 

OOJ=KKTONO,. 
IF S(J) NE O.O 
THEN DO,• 

ENO,. 

IF AIJrNI LT VMIN 
THEN VPUN =A(J,NJ, • 
IF A(JrNl GT VMAX 
THEN VHAX ""A(J,NJ,. 
ENO,. 

UBDllrl l=VMIN,. 
UB0(3,J J=VMAX,. 
END,. 

CALCULATE INTERVAL SIZE 

DO J • l TD 2r. 
SJ NT CJ J =IUBOl3rJl-UBOl lrJI l/IUBOC2,Jl-l2+1E-3J I 1 • 

ENDr • 
SCNT ... a.a •• 

s20 •• 

S30 •• 

DD J = KK TO NO,. 
JF SIJI NE O.O 
THEN DDr. 

SCNT =SCNT+l.O,. 

I* TEST SUBSET VECTOR. 

TEHPl=UBDI lrll-SINTI 1 Jr• I* CALCULATE FREQUENCIES 
DO L = l TO INTl-lr• 
TEMPl=TEMPl+SINT lll,. 
IF ACJrNlJ LT TEMP! 
THEN DO,• 

K =Lt• 
GO TD SZO,. 
ENO,. 

ENOr • 
=INTl,. 

STATl U rKl.,,.SlATll l,Kl+AtJ,NlJ,. 
STAT! 12 rKJ,.ST AT 1( 2rK J+l.Or • 
STATl l3,Kl=STATU 3,KJ+AlJ,Nll**2r ~ 
TEHP2•UBOC t, 21-SINTl2J,. 

00 L = l TD JNT2-lr"• 
TEHP2=TEHP2+SINTI 2lr. 
IF ACJrN21 LT TEHPZ 
THEN DO,. 

ENO,. 

KX =Lr• 
GO TO S30,. 
ENO,. 

KX =INT2,. 

FREQ( KrKX J =FREQ IK rKXJ +I.Or. 
STATZ 11 rKXl=STATZI lrKXl+AIJrNZI ,. 
STAT2 I 2 1KXl=STATZ C 2 rKXJ+l .O, • 
STAT2 l3 rKX )•STATZ C 3 rKX)+AC J rN21 *~2i. 

*/TA82 840 
*/TABZ 850 
*/TABZ 860 

TABZ 870 
TAB2 880 
TA82 890 
TABZ 900 

*/TA82 910 
TABZ 920 
TABZ 930 
TAB2 940 

*/TABZ 950 
TABZ 960 
TABZ 970 
TABZ 980 
TABZ 990 
TAB21000 
TAB21010 
TAB21020 
TA821030 
TAB21040 

. TAB21050 
TAB21060 
TAB21070 
TA821080 
TA821090 
TAB21100 
TAB21110 
TAB21120 
TA82ll30 
TAB21140 
TAB21150 
TAB21160 
TA821170 
TA821180 
TA821190 
TAB21200 
TAB21210 
TAB21220 
TAB21230 
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,. 

END,. 
ENO,• 

IF SCNT= O.O 
THEN DO,. 

ERROR='3't• 
GO TO SSO, • 
END,. 

I* NO OBSERVATIONS IN SUBSET 

I* CALCULATE PERCENT FREQUENCIES. ,. 
DO I .,. l TO INTl,. 

DO J • ,l TO INT2t• 
PCTC I 1JJ=FREQC I 1J l*lOD.O/SCNT1 • 
ENO,. . 

END1 • ,. 
I* CALCULATE TOTALS, MEANS, STANDARD DEVIATIONS ,. 

,. 

OD J .,. l TD INT!,. 
IF STATlC21JJ LE 1.0 
THEN OD,. 

ERRDR,..'4' t • I* NUMBER OF OBSERVATIONS IS 
STATll3,JJ=O.O,. I* LESS THAN OR EQUAL TO 1 IN 
STAT112tJl•STATU l,JJ,. I* SOME INTERVAL 
ENO,. 

ELSE DO,. . 

ENO,. 

TEMPl•STATU31J J-STATl( l,J)**2/STAT112,J), • 
STATl 12,JJ ... STATU lrJJ/STATl I 21JI,. 
If TEHPl LE O.O 
THEN 001 • 

ERROR•'5' 1 • I* VARIANCE IS O.O 
STAT1(3,J)•O .o, • 
ENO,• 

ELSE STATl (3,JJ ... SQRTCTEMPl/C STATl 12,JJ-1.ou •• 
ENO,. 

DD J • l TO INT21• 
IF STAT2C21JJ LE 1.0 
THEN 001. 

ERROR• 1 4' t• I* lllUMBER OF OBSERVATIONS IS 
STAT2(3,JJ-o.o,. ,. LESS THAN OR EQUAL TD l IN 
STAT212rJJ•STAT2111JJ t• I* SOME INTERVAL 
ENO,. 

ELSE DO,• 

ENO,. 

~~=~~!~r:~;f~!~ ~:~r~~~~I:~~~~2~~TATzt 2 ,JI'. 
If TEMPZ LE O.O 
THEN DO,. 

ERROR• 1 5't• I* VARIANCE= O.O 
STAT213,JJ•o.o •• 
ENDt • 

ELSE STAT2C'hJJ•SQRTCTEMP2/I STAT212,Jl-1.0J )1 • 
ENO,. 

sso •• 
RETURN, •. 
ENO,. 

Purpose: 

/*END OF PROCEDURE TA82 

TAB21240 
TA821250 
TAB21260 
"TAB21270 

*/TAB21280 
TA82l290 
TAB21300 

•ITABZ1310 
*/TABZ13ZO 
•ITA821330 

TAB21340 
TAB21350 
TAB21360 
TA821370 
TA821380 

•ITA821390 
•ITAB21400 
*/TAB21410 

TA821't20 
TAB2t•30 
TAB21440 

•ITAB21450 
•ITAB21460 
*/TAB21470 

TABZt•eo 
TA821490 
TA821500 
TA821510 
TA821520 
TA821530 

*/TABZ1540 
TAB21550 
TAB21560 
TA821570 
TAB21580 
TABZ1590 

*/TA821600 
TA821610 
TAB21620 
TAB21630 

•/TAB216't0 
*ITAB21650 
•ITA821660 

TAB21670 
TA821680 
TA821690 
TABZllOO 
TAB21710 
TA821720 

•ITAB21730 
TA821740 
TAB21750 
TA821760 
TAB21770 

mm;g
1
, 

TAB21BOO, 
•ITAB218101 

T AB2 performs a two-way classification for two 
variables in an observati_on matrix (or a matrix sub
set), of the frequency, percent frequency, and other 
statistics ov~r given class intervals. 

Usage: 

CALL TAB2 (A, S, NOV, UBO, FREQ, PCT, 
STATl, STAT2, NO, NV); 

Description of parameters: 

A(NO,NV) 

S(ND) 

NOV(2) 

- BINARY FLOAT 
Given observation matrix. 

- BINARY FLOAT 
Given vector that indicates which· 
of the observations enter the cal
culation. A zero element in S 
indicates that the corresponding 
observation of A is not to be 
included. 

- BINARY FIXED 
Given variables to be cross
tabulated. NOV(l) is variable 1; 
NOV(2) is :variable 2. 
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UB0(3,2) 

FREQ 
(INTl, INT2) 

PCT 
(IN Tl, INT2) 

STATl 
(3, INT2) 

STAT2 
(3,INT2) 

NO 

NV 

Remarks: 

BINARY FLOAT 
Given matrix giving lower limit, 
number of intervals, and upper 
limit of both variables to be tab
ulated (first column for variable 1, 
second column for variable 2). If 
lower limit is equal to upper limit 
for a variable, the program 
replaces these with the minimum 
and maximum values of that vari
able. Number of intervals must 
include two cells for under and 
above limits. 

- BINARY FLOAT 
Resultant matrix of frequencies in 
the two-way classification. INTl 
equals UB0(2, 1) and INT2 equals 
UB0(2, 2) where UB0(2, 1) is the 
number of intervals of variable 1 
and UB0(2, 2) is the number of 
intervals of variable 2. UB0(2, 1) 
and UB0(2, 2) must be specified in 
the second position of the respec
tive column of UBO matrix. 

- BJNARY FLOAT 
Resultant matrix of percent 
frequencies. 
BINARY FLOAT 
Resultant matrix summarizing 
totals, means, and standard devi
ations for each class interval of 
variable 1. 

Same as STATl but over variable 
2. 

- BINARY FIXED 
Given number of observations. 

- BINARY FIXED 
Given number of variables for 
each observation. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of observations or number of 
variables less than or equal to zero. 

ERROR=2 - invalid bounds or number of intervals 
less than or equal to two. 

ERROR=3 - no observations in subset. 
ERROR=4 - number of observations one or less in 

some interval. 



ERROR=5 - variance equal to zero. (If error con
ditions 4 and 5 exist, the last condition 
encountered overrides.) 

ERROR=6 - invalid value of variable to be cross
tabulated. 

Method: 

Interval sizes for both variables are calculated from 
the given information or optionally from the minimum 
and maximum values. The frequency and percent 
frequency matrices are developed. Matrices STATl 
and STAT2 summarizing totals, means, and stan
dard deviations are then calculated. The divisor for 
standard deviation is one less than the number of 
observations used in each class interval. 

Mathematical Background: 

This subroutine performs a two-way classification 
of the frequency, percent frequency, and other sta
tistics over given class intervals, for two selected 
variables in an observation matrix. 

Interval size for each variable is computed as 
follows: 

UB03. - UB01. 
k = J J 

j UB02j - 2 

where UB01j =given lower bound 

UB02j =given number of intervals 

UB03j = given upper bound 

j = 1, 2 

(1) 

if UBOr = UB03j, the subroutine finds and uses the 
minimufu and maximum values of the jth variable. 

A frequency tabulation is then made for each pair 
of observations in a two-way table as shown in 
Figure 10. 

Symbols~ and < in Figure 10 indicate that a 
count is classified into a particular interval if the 
data point is greater than or equal to the lower limit 
of that interval but less than the upper limit of the 
same interval. 

Then, each entry in the frequency matrix, F ij, is 
divided by the number of observations, N, to 
obtain the percent frequency: 

lOOF .. 
lJ 

pij =-N-- (2) 

lower 
bound < 

< 

? 

upper :::?: 

bound 

Fl l 

F21 

< 

lower 
bound 

F22 

"' 

Figure 10, Frequency matrix 

where i = 1, 2, ••• , 

< '\( 

second variable 

j = 1, 2, ••• , UB022 

"' 
upper 
bound 

As data are classified into the frequency matrix, the 
following intermediate results are accumulated for 
each class interval of both variables: 

1. Number of data points, n 

n 
2. Sum of data points, L X. 

i=l 1 

n 
3. Sum of data points squared, L: x~ 

i=l 1 

From these, the following statistics are calculated 
for each class interval: 

n 

Mean: 

L X. 
- i=l 1 
X=--. -

n (3) 

Standard deviation: 

2 

I: x~ - (I: x.) /n 
i=l 1 i=l 1 

(4) n - 1 
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C!l Subroutine SUBM 

SUBM.. SUBM 10 

I****** **>C<** ***** ** * ** *** ** ******** **** *** *********** '°'* ***** ******* t **IS UBM 2 0 I* */SUBM 30 
I* BASED ON VECTOR S DERIVED FROM PROCEDURE SBST DR ASST, THIS *ISUBM 40 
I• PROCEDURf COPIES FROM A LAPGE~ MATRIX OF OBSERVATION DATA A *ISUBM 50 
I'* SUBSET Mt.TRIX OF THOSE OBSERVHIONS WHICH HAVE SATISFIED */SUBM 60 
I"* CERTAIN CONDITIONS. */SUBM 70 
I• */SUBM BO 

I************************************************"'**********"'******•• *IS UBM 90 

I• 

PROCEDURE ct1,0,S1N01NV,NJto SUBM 100 
DECLARE SUBM llO 

CJ,N,NOJ SUBM 120 
FIXED BINARY, SUBM 130 
F.RRDR EXTERNAi:. CHARACTER ( 11, SUBM 140 
Uf*t*>1Dl*1Jrlol1S(•>J FLCAT BINARVi- SUBM 150 

ERRORi::'IJ' 1 • 

D =01. 
N =O, • 
lF NV LE () OR NO LE 0 
THEN E~IHJRi:: 11' t. 

ELSE OrJ, • 
DO J . .:: 1 TD NOto 
IF SI II NE o.o 
THEN DO t • 

N =N+l1 • 

*I SUBM 160 
SUBM 170 
SUBM 180 
SUBH 190 

I* NUMBER OF OBSERVATIONS OR *ISUBM 200 
I* THE NUMBER OF VARIABLES ARE */SUBM 210 
I* LESS THAN OR EQUAL TO ZERO. */SUBM 220 

DO J = 1 TO NV, , 
OfN1J)=AlI1JJ,, 
ENO,. 

SUBM 230 
SUBM 240 
SUBM 250 
SUBM 260 
SUBM 270 
SUBM 260 
SUBM '290 
SUBM 300 
SUBM 310 
SUBM 320 
SUBM .330 

E~D,, 

END,. 
RETURN,, 
ENO,, 

ENO,. 

/*END OF PROCEDURE SUBM *ISUBM 340 

Purpose: 

SUBM copies a submatrix from an observation ma
trix. The elements of this submatrix satisfy con
ditions specified by an input vector. This subroutine 
is used in preparing data for input to a statistical 
analysis such as multiple regression. 

Usage: 

CALL SUBM (A, D, S, NO, NV, N); 

Description of parameters: 
A(NO, NV) - BINARY FLOAT 

D(N, NV) -

S(NO) -

NO--

NV-

N-

Remarks: 

Given matrix of observations. 
BINARY FLOAT 
Resultant matrix of observations. 
BINARY FLOAT 
Given vector containing the codes 
derived from procedures SBST or 
ABST, 
BINARY FIXED 
Given number of observations. 
BINARY FIXED 
Given number of variables for e·ach 
observation. 
BINARY FIXED 
Resultant variable containing the 
number of nonzero codes in vector S, 

Matrix D can be in the same location as matrix A. 
If no errors are detected in the processing of 

data, the error indicator, ERROR, is set to zero. 
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The following constitutes the possible error con
dition that may be detected: 

ERROR=l - number of observations or number of 
variables less than or equal to zero. 

Method: 

If S(I) contains a nonzero code, the I-th observation 
is copied from the input matrix to the output matrix. 



Elementary Statistics 

• Subroutine MO MN 

MO"IN. I HOHN 10 

l•••••••********•****•****•***********•*******************************/HOHN 20 I* •/HOHN 30 
I* To FIND THE FIRST FOUR MOMENTS FDR GROUPED DATA ON EQUAL •/HOHN 40 
I• CLASS INTERVALS, */HOHN 50 
I• */HDMN 60 
l******.,..*************"'******************U***************************/MDHN 70 

PROCEDUP.F. (F,ueo,NOPtANSJ.. HOHN BO 
DECLARE MOHN 90 

(F(•J,UBOC•J,!\NSl4 ... T.e,i:e1 HOHN 100 
6lNA?.V fLOATt HOHN 110 
ERROR EXTERNl\L CHARACTER 1111 HOHN 120 
CI1JllHP1NOPI MOHN 130 
F IXEO !UNARY t MOMN 140 
SI 51 LABEL,. HOHN 150 

I* */MOHN 160 
T •0 1 • I* INJTJALUE */MOHN 170 
.ANS .,.Ct• MOHN 180 
ER"-OR.• 1 01 11 MOHN 190 
IF UE\OCZJ GT U8C'(3J - UBOCLJ HDMN 200 
THEN DO t • HOHN 210 

ERfl.Dll• 1 Z1 11 I* INCORRECT NO. OF INTliRVALS */140HN 220 
~O TD ~111,, I• FOR THE SPECIFIED BOUNDS */HOHN 230 
ENO I I MOHN 240 

IF UBDILI GT UBOl31 DR UBOl21 LE CI• INVALID BOUNDS •l"OMN 250 
THEN Oil' I MOHN 260 

ERP.OR• 1 11 ,, MOHN 270 
GO Tn SClJ11 MOHN 280 
F.NO, • I• CALC, NO, OF CLASS INTERVALS*/"OMN 290 
•FLOOPllUBOl31-UBDlllllUBDl21+1,0E-31,, MnMN 30C 
DCl J 11 l TO N1, I* CALCULATE TOTAL FREQUENCY •!HOHN 310 
T •T+F 111, , HOMN 320 
ENO,, MOHN 330 

JU'4P • 2' I MOHN 340 
IF NOP OE 5 HOHN 350 
THEN DO,• MOHN 360 

Nr.P •St. MOHN '370 
JUMP alt 1 MOHN 380 
ENO,• MOHN '390 
... ueoc 1 J-0. s•ueoc 21,. HOHN 400 
DD I .,. l TO N,. I* FIRST MOMENT */MOHN 410 
E =E + UBOIZJ t • MOHN 'tZO 
At<JSCll=ANSIU+FCJJ•E11 MOHN "30 
l::i'lDt. MOHN 440 

ANSI l Jz:s4NSI 11 IT I I HOHN 450 
E =UBDIU-C.5•UBOC21-ANSIU,. MOMN lt60 
SC5J =4'12J,, MOHN 470 
GO TO StNOPJ,, MOHN 480 

5121 •• MOHN 490 
EE =E 1 • HOHN 500 

DO 1 a l TO N, • I* SECOND MOMENT */HOHN 510 
EE =EE+UBOl2J,. MOHN 520 
ANSC21=ANSl21+FIIJ*EE*"'21• MO!lllN 530 
ENO,. t.10HN 54(1 

ANSl21=A.NSl2)/T,. MO,..N SSC 
IF JUMP= 2 MOHN 560 
THEN GO TO SI 11, • 1-'0MN 570 

SC3J •• 110MN 580 
EE '=E,. MOHN 59C 

DO I = I TO ~,. I* THIRD MOMENT */MOHN 600 
EE =EE+U80(2),. MOHN 610 
ANSl3J=ANSC3hF(lJ*EE**3,. MOMN 62C 
END, • Mf1t~N 630 

ANSl3J=ANSI 31/T, • MOMN 64C 
If JUMP :: 2 ~OMN 65(' 
THEN GO TO S( 1}, • MIJMN 66C 

S(41 • • HOMN 67C 
EE =E, • MOMN 68C 

DO I = 1 TO N, • I* FOURTH MOMENT >C:/MOMN 690 
EE ::H+UBC( 2 It. MOMN 7CO 
AN!>(4J::ANSC4J+F( I l*EE**4,. MOHN 71C 
ENO, • ,"IQMN 720 

ANSl41=ANSC41/T,. MfH1N 730 
SCIJ.. M0"4N 740 

RETURN,• MOHN 750 
ENDt. I* END PROCEDURE M(1~N -*/."tr!.~N 760 

Purpose: 

MOMN finds the first four moments for grouped 
data on equal class intervals. 

Usage: 

CALL MOMN (F, UBO, NOP, ANS); 

F(N) -

UB0(3) -

BINARY FLOAT 
Given vector containing grouped data, 
(frequencies), where N is the number 
of class intervals. 
BINARY FLOAT 
Given vector containing the lower bound, 
UBO(l), the class interval, UB0(2), and 
the upper limit, UB0(3). 

NOP-

ANS(4). -

Remarks: 

BINARY FIXED 
Given option code with the following 
values: 
NOP=l calculate first moment 
NOP=2 
NOP=3 

calculate second moment 
calculate third moment 

NOP=4 calculate fourth moment 
NOP=5 calculate all four moments 
Resultant vector containing the moments 
calculated. 

Note that the first moment is not central but the 
value of the mean itself. The mean is always 
calculated. Moments are biased and not corrected 
for grouping. 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 

. The following constitute the possible error con
ditions that may be detected: 

ERROR=l - lower bound greater than upper 
bound or number of intervals less 
than or equal to zero. 

ERROR=2 - incorrect number of intervals for 
the specified bounds. 

Method: 

Refer to M. G. Kendall, The Advanced Theory of 
Statistics, vol. 1, Hafner Publishing Company, 1958, 
Chapter 3. 

Mathematical Background: 

This procedure computes four moments for grouped 
data Fi, F2, ••• , FN on equal class intervals. The 
number of class intervals is computed as follows: 

where: 

UB01 = given lower bound 

UB02 = given class interval 

UB03 = given upper bound 

and the total frequency 

N 

T= L 
i=l 

F. 
l 
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where Fi= frequency in the i-th interval. 
If we set 

then the first moment (mean) 

N 
ANS1 =1/T L: 

i=l 
F.X. 

l l 

and the jth moment (j=2, 3, 4) is 

ANS.= 1/T 
J 

N 

L: 
i=l 

j 
F. (X. - ANS1) 

l 1 

i=l,, •. , n 

These moments are biased and not corrected for 
grouping, 
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e Subroutine TTST 

TTST.. TTST lG 

/************ ****************** ****************************** *~'*******I TT ST ?. 0 
I* *ITTST 3C· 
I* TO FINO CERTAIN T-STATI STICS ON THE MEANS OF POPULATIONS. */TTST 40 
I* *ITTST 50 
I************************************************(<************>:< *******/TT ST 60 

I• 

I• 
I• 
!• 

I• 
I• ,. 

PROCEDURE (A,NA.B,Ne,NOP,NDF1ANS)1. TTST 70 
DECLARE TTST ~O 

El<F101< EXTEFNAL CHAPACTEF: ( 11, TTST 90 
(A{*), R(*} ,ANS, AMEAN,BMEA~J 1 FNA, FNB, SA2 1 562, $,A lr A2) TT ST 100 
FLOAT BINARY, TTST l'IO 
{T(6l) LABEL,, TTST 120 

NOF "''C',. 
ERROR='O 1 ,. 

ANS =o.o,. 
IF NOP LT 1 OR NOP GT 4 
THEN DO,. 

ER!<OP= 1 1 1 1 • 

GO TO FIN,• 
ENO,. 

IF NOP=l ANO NA NE l 
THEN 00,. 

ERROq,='5 1 ,, 

GO TO Fm,. 
END,. 

IF NOP=4 ANO NB NE NA 
THEN DO,. 

ERROR: 1 6' 1• 

GO TO FIN,, 
END,• 

TEST SAMPLE SIZE 

IF NA LE l 
THEN DIJ1. 

IFNOPGTl 
THEN DO,. 

ENO,. 
IF NB LE l 
THEN DO,. 

ERROR= 1 2 1 ,. 

GO TO FIN,• 
ENO,. 

ERROR='2 1 t• 

GU ra FIN,. 
ENDt. 

FNA =NA,. 
FNB =NB,• 
AMEAN=O.O, • 

DOI=lTONA,. 
AMEAN=AME AN+A( I),• 
ENO,• 

AMEAN::AMEAN/F.NA, • 
BMEAN=O • 0, • 

DO I = l TO NB,• 
BMEAN=8MEAN+BI I I,. 
ENO,• 

BMEAN=BMEAN/FNB, • 

CALCULATE THE VARIANCE OF A 

IF NOP LT 4 ANO NOP GT l 
THEN DO,• 

SA2 ::Q.C,. 
DO I = l TO NA,. 

I* INITI/ILIZATION 

I* WRONG OPTION CODE 

I* NA MUST BE l WHEN NOP=l 

*/TTST 13C 
*/TTST 140 

TTST 15C 
TTST 160 
TTST 17(' 
TTST 180 

:(-/TTST 190 
TTST 200 
TTST 210 
TTST 220 

*/TTST 230 
TTST 24(1 
TTST 250 
TTST 260 
TTST 270 

I* NA MUST EQUAL NB WHEN NOP=4 ""ITTST 280 

I* FIRST SAMPLE FQR llPTirNS 
I* 2-4 JS l OR LESS 

TTST 29C 
TTST 30(1 
TTST ?lC 

*/TTST 320 
*/HST 33C 
*ITTST 34C 

TTST 350 
TTST 36('1 

TTST 37C 
TTST 38C 

*/TTST 390 
t-/TTST 400 

TTST 41C 
TTST 42C 
TTST 43C 
TTST 440 

I* SECOND SAMPLE SIZE IS 1 OR */TTST 450 
I* LESS */TTST 460 

I* CALCULATE ME&.N OF A 

I* CALCULATE HEAN OF B 

TTST 47C 
TTST 480 
TTST 490 

*/TTST 500 
TTST 510 
TTST 52C 
TTST 530 
TTST 540 

*/TTST 550 
TTST 560 
TTST 570 
TTST 580 
TTST 590 

*/TTST 600 
*ITTST 610 
*/TTST 620 

SA2 "'SA2+(A(IJ-AMEANJ**2,. 

TTST 630 
TTST 640 
TTST 650 
TTST 660 
TTST 670 
TTST 680 
TTST 690 
TTST 700 
TTST 710 

ENO,• 
SA2 =SAZ/(FNA-1.01,. 
IF S&.2 LE O.O 
THEN oa,. 

. END,. 

ERROR='3'•• 
GO TO FIN,• 
ENO, • 

IF NOP LT 4 
THEN DO,. 

SB2 =o.o,. 
00 I = l TO N8 1 • 

I* FIRST SAMPLE VARIANCE = O.O *ITTST 720 

582 =S82+1B(IJ-BMEtiN1**2,. 

HST 730 
TTST 740 
TTST 750 
TTST 760 
TTST 770 
TTST 780 
TTST 790 
TTST 800 
TTST 810 
TTST 820 
TTST 830 
TTST 840 

ENO,. 
SB2 =S82/IFNB-l.OJ ,. 
IF SB2 LE C.O 
THEN DO,• 

ENO,. 

ERROR:' 3 1 , • 

GO TO FIN,. 
END,• . 

GO TO TINClP),. 

I* SECOND SAMPLE VARIANCE= O.O•/TTST 850 
TTST 860 
TTST 870 
TTST 880 
TTST 890 

Till.. I* OPTION ONE */TTST 900 
TTST 910 
TTST 920 
TTST 930 

ANS =I ( BMEAN-AME ANJ /SQRT( SB2)) *SCRTC FNBJ , • 
NOF =NB-11 • 
GO TO FIN,, 

Tl 21 •• I* OPTION TWO 
NDF =NA+"JB-2,. 
S =SQRTI I (FNA-1.C-J *SA2+1FNB-L .O)*SB2)/NOFI t• 

ANS =I I AMEAN-AMEAN) /SI *11.0/SQRT( 1.C/FNA+t.O/FNBJ ), • 
GO TO FIN,, 

Tt31.. I* OPTION THREE 
ANS =I BMEAN-A MEA NJ I SQRT< SA2 /FNA+SF32 /FNB), • 
Al =I SA2/FNA+SB2/FNBJ **2 ,. . 
A2 =( SA2/FNA J **2/ ( FNA+l .OJ+ ( SBZ/FNB) **21 I FNB+l .O), • 
NDF =Al/A2-2.o+c.s,. 
GO TO FIN,. 

Tt4l •• 
Al 

" 
=B~EAN-AMEAN,. 

=O.C', • 
00 I "' 1 TO N13,. 
AZ =A2+CBlll-All)-Al1**2r• 
ENO,. 

IF A2 LE C.O 
THEN OIJ, • 

I* OPTION FOUR 

:t/TTST 940 
TTST 950 
TTST 960 
TTST 970 
TTST 980 

*/TTST 990 
TTSTIOOO 
TTST1010 
TTST1020 
TTST1030 
TTST1040 

*/TTST1050 
TTST106C 
TTST1070 
TTST1080 
TTST1090 
TTSTllOO 
TTSTlllO 
TTSTl 120 

ERROR= 1 4 1 ,. 

GO TO FIN,. 
ENO,. 

I* TWO SAMPLES ARE .IDENTICAL :t/TTST1130 

., 
ANS 
NDF 

FIN,. 

=SOR H A2/I FNB-1. Cl J, • 
=( Al/A2 l *SQRT( FNBJ,. 
=NS-1 •• 

RETURN,·. 
fNO,. /*ENO OF PROCEDURE TTST 

TTST1140 
TTST1150 
TTSTl 160 
TTST1170 
TTST1180 
TTSTll90 
TTST1200 

*/TTST121C 



Purpose: 

TTST calculates certain t-statistics on the means 
of populations. 

Usage: 

CALL TTST (A, NA, B, NB, NOP, NDF, ANS); 

A(NA) - BINARY FLOAT 
Given vector containing data. 

NA - BINARY FIXED 
Given number of observations in A. 

B(NB) - BINARY FLOAT 
Given vector containing data. 

NB - BINARY FIXED 
Given number of observations in B. 

NOP - BINARY FIXED 

NDF-

ANS-

Remarks: 

Given options for various hypotheses: 
NOP=i - That population mean of B = 

given value of A (set NA=i). 
NOP=2 - That population mean of B = 

population mean of A, given 
that the variance of B =the 
variance of A. 

NOP=3 - That population mean of B = 
population mean of A, given 
the variance of B is not equal 
to the variance of A, 

NOP=4 - That population mean of A= 
population mean of B, given 
no information about variance 
of A and B (set NA= NB), 

BINARY FIXED 
Resultant variable containing degrees of 
freedom associated with t-statistic 
calculated, 
BINARY FLOAT 
Resultant variable containing t-statistic. 

NA and NB must be greater than one, except that 
NA=i in option i. NA and NB must be the same in 
option 4. If NOP is other than i, 2, 3, or 4, degrees 
of freedom and t-statistic will not be calculated. 
NDF and ANS will be set to zero. 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitute the possible error con
ditions that may be detected: 

ERROR=i - invalid option code, 
ERROR=2 - sample size of one of the variables is 

less than or equal to i (except 
variable A in option 1). 

ERROR=3 - variance of one of the variables is 
zero. 

ERROR=4 - two samples identical. 
ERROR=5 - NA must be 1 when NOP is i. 
ERROR=6 - NA must equal NB when NOP is 4. 

Method: 

Refer to Ostle, Bernard, "Statistics in Research", 
Iowa State College Press, i954, Chapter 5. 

Mathematical Background: 

This subroutine computes certain t-statistics on the 
means of populations under various hypotheses. 

The sample means of Ai, A2, ••• , ANA• and 
Bi, B2, ••• , BNB are normally found by the 
following formulas: 

NA NB 

2: A. L: B. 
1 1 

i=i - i=i 
A= 

NA 
B= 

NB 

and the corresponding sample variances by: 

NA NB 
L(Ai - A)2 I: (B. - B)2 

1 

SA2 = _i=_i ___ _ 
NA- i 

SB2 = ..;;..i=...;;1;;__. ___ _ 
NB- i 

(i) 

(2) 

The quantities µ and a 2 stand respectively for pop
ulation mean and variance in the following hypotheses. 

Hypothesis: µ B = A; A= a given value (option i). 

Let B =estimate of µBand set NA= i (A.is stored 
in location Ai>· 

The subroutine computes: 

. B-A 
ANS= ---sB"" · -/NB (t-statistics) (3) 

NDF= NB- i (degrees of freedom) 
(4) 

Hypothesis: µ.A= µ B; (a! = a~) (option 2) 

The subroutine computes: 

ANS -- B - A ' i t t t• t• ) ( -s a lS lCS 

S -JN~+ N~ 
(5) 
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NDF= NA+ NB- 2 
(6) 

(degrees of freedom) 

where S= 
(NA-l)SA2 + (NB-l)SB2 

NA+ NB- 2 

Hypothesis: µA= µB; (a! i- a~ J (option 3) 

The subroutine computes: 

ANS= _B_-_A __ _ (t-statistics) 

SA2 

NA 

(7) 

(8) 

2 
( SA2 SB2 ) (9) 

NDF =( i:) ;: l) + ( w: )/(NB+ l) _2 

(degrees of freedom) 

Note: The program returns a rounded NDF, not a 
truncated NDF. 

Hypothesis: µA = µB; (no assumption on a2) 
(option 4) 

The subroutine computes: 

. D 
ANS=sn ·~ (t-statistics) 

NDF= NB- 1 (degrees of freer' 

where D= B- A 

NB 

SD= 
2: 
i=l 

(B A D)2 
i - i 

NB.· 

NA= NB 

/ 
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Correlation and Regression Analysis 

• Subroutine CORR 

CIJRR.. CORf:l 10 
l*********************************************************************/C'DRR 20 
I* */CORR 3C' 
I* TO COMPUTE MEANS, STANDARD DEVIATIONS., SUMS OF CROSS-PRDOUCTS•/CORR 40 
I* OF DEVIATIONS, ANO CORRELATION COEFFICIENTS. tt/CORR 5(1 
I* */CORR 60 
I**********•**********************************************************/ CORR 70 

PROCEDURE (N,M,JQ,X,XBAR,STO,PX,PrSJ,. CORR BO 
OECL~RE CORR 90 

ERROR EXTERNAL CHARACTER ( 11, CORR 100 
11,IO,JtKtKK,M,NJ CORR 110 
FIXED BIN.ARY, CORR 120 
I Xl*r$J ,O(MI ,FN,FKKJ CORR 130 
FLOAT BINARY, CflPP 140 
lRl*•*J ,RXl•,•J rXBARI•) ,STDI •J ,Bl*J ,TCMlJ CORR 150 
BINARY FLOAT,. /•SINGLE PRECISION VERSION l•S•/CORR 160 ,. ,. Bl°"ARY FLOAT (53) r• /•DOUBLE PRECISION VERSION /*D*/COPF 170 

*/CORR 180 

,. ,. ,. 

ERRDR= 1 C',. 
IF N LE 0 01\ M LE 0 
THEN OOt • 

ERROR"'' 1 ',. 
GO TO FIN,. 
END,. 

FN -=Nr • 
T =o.o,. 

DO l 
Bl l) 

ENO,. 

l TO M,. 
.. o.o,. 
DO J = 1 TO Mr• 
Al ltJJaO.Ot • 
ENO,. 

IF ID NE Cl 
THEN DOt • 

IF N 
THE' 
El 

DO J = 1 TO H1. 
DO 1 = l TD N,. 
TCJJ =TIJJ+XII,JJ,. 
ENO,. 

XBARtJl=T(J) ,. 
TIJ) =TIJ)/FN .. 
END,. 
DO I = l TO N,. 

ENO,· 
GO TD CA' 
ENO,• 

DO J = 1 TO M,. 
OCJJ =><CI rJJ-" 
BIJJ 2BCJJ+r 
ENO,. 
00 J = I 

or 

... 

I* THE NUMBER OF OBSERVATIONS 
I• OR THE NUMBER OF VARIABLES 
I* ARE LESS THAN OR EQUAL TO 
I* ZEPO. 

I* INITIALIZATION 

/t DATA " 1 IN CORE 

EANS 

ATIONS FROM 

TlME, SUM THE 
tDDUCTS OF 

,JIJ)tD(KJ,. 

CORR 190 
•/CORR 2CIO 
*/CORR 210 
*/CORR 220 
•/CORR 230 

CORR 24C 
*/CORR 250 

COl'FI 260 
CORR 210 
CORR 280 
COPR 290 
CORR 300 
CORR )LO 
CORR 320 
CORR 330 
CORR 340 

*/CORR 350 
CORR 360 
CORR 370 
CC'ltR 380 
COPP. 390 
CORR 400 
CORR 410 
CORP 420 
COAR 430 
CORR 44C 
CORR 450 
CORR 460 
CORR 470 
CORR 480 
CORR 490 
CORR 500 
CORR 510 
CORR 520 
CORR 530 
COPP 540 

•/CORR 550 
•/CORR 56tl 
*/COAR 570 

CORR SBO 
CORR 590 
COPFI 600 
CORR 61C 
CORR 620 
Cl1RR 630 
CORR 640 
COR.R 650 
cnRR 660 
COl:lR 670 
CORR 680 
CORR 690 
COAR 700 
CORR 710 
CORR 720 

*ICOA:P 73C 
*/CORR 740 
•/CORR 750 
*ICORQ 760 

CORR 770 
CORR 780 
CORR 790 
roRR BOO 
CORR 810 
CORR 820 
CORR 830 
CORR 840 
CORR 850 
CORR 860 
CORR 870 
CORR 880 

*/CORI:' 890 
*/CORR 900 
*/CORR 910 
•/CORR 92C 
•/CORR 930 

CORR 940 
COPP 950 
CORR 960 
CORR 970 
CORR 980 
CDR.R 990 
CORRlOOO 
CORP1010 
C:ORR1020 
CDRR1030 
CORR1040 
CORR1050 
CORP1060 
CORR1070 
CORR1080 

*/COPR1090 
JUST SUMS OF CROSS-PRODUCTS OF DEVIATJDNS FROM TEMP. MEANS *ICORRllDO 

*/CORRlllO 
~LC.• COR.P'll20 

CORR1130 00 I :::: 1 TO H,. 
><BAR(l l:::XBAP I I I /FN,. 

DO J = t TO H,. 
I* CALCULATE MEANS. 

RXC I ,JJ =P (I 1 J1-BC I J*B I JJ/FN,. 
RX I J tI I =RX (I, JI , • 
ENO,. 

*ICORR1140 
COPP1150 
CORR1160 
CORR1170 
CORRllBO 



STOI J l=SCFTC ABS I RX( I 111 JI,. 
I• 
I* coPv Tl-IE: DIAGONAL OF THE MATRIX OF SUMS OF CROSS PRODUCTS OF 
I* DEVIATIONS FP:OM THE ~EANS. 
I• 

I• 

BC I I =RXI I 111 t• 
END,. 

I* .COMPUTE CORRELATION COEFFICIENTS 
I• 

0(1 J "' 1 TO H1 • 
DO K = J TO M, • 
FICK =STOIJl*STDIKJ,. 
IF FKK= O.O 
THFN QO,. 

F.RROR='2' t• I* SOME VARIANCES ARE ZEPO 

ENO,. 
I• 

PIJ,KJ:o.o,. 
END,. 

ELSF IUJ,K.l=RXIJ,Kl/FKKt• 
RIKrJJ=PIJ 1 KJ •• 
ENO,. 

I~ CU.'lllPUTt SUNDARO DEVIATIONS 
I• 

IF ~·-= l 
THEN DO,. 

DU l=l TO N1 • 

STDIIJ =Q,. 
ENO,• 
GO TO FIN,. 
e~·o,. 

FN =SCl'TIN-111. 
DO 1 = 1 TO M1 • 
srnc 1l=STUI11/Fl\I,. 
E:NO,. 

FIN•. 
RETURN,, 
ENO,, 

Purpose: 

/•END OF PROCEDURE CORR 

CORRl 190 
*/CORR1200 
*/CORR1210 
*/CDRR1220 
*/CORR1230 

CORR1240 
CORR1250 

*/CORR1260 
*/CORR1210 
*/COPR 1280 

CORR1290 
CORR1300 
COR.Rl310 
CORR1320 
CORR1330 

•/COR.H340 
CORR1350 
CORR1360 
C(IRR1370 
COPIH380 
CORR13qQ 
CORRl 400 

*/CORP1410 
*/CORR1420 
*/CORR1430 

CORA 1440 
CORR 1450 
CORR1460 
COPIH470 
CORR14BO· 
CORR1490 
CORR1500 
CORRL510 
CORR1520 
CORRL53C 
CORR1540 
CORR1550 
CORR1560 

*ICORR1570 

CORR computes means, standard deviations, sums 
of cross-products of deviations, and correlation 
coefficients. 

Usage: 

CALL CORR (N, M, IO, X, XBAR, STD, RX, R, B); 

Description of parameters: 
N - BINARY FIXED 

Given number of observations. 
M- BINARY FIXED 

Given number of variables for each 
observation. 

IO - BINARY FIXED 
Given option code for input data. 

X(N, M) - BINARY FLOAT 
IO=O If data are to be read in from 

input device in the special pro
cedure named DAT2 (see 
"Remarks"). 

Ic¥0 If all data are already in core. 
If IO=O, Xis not used. 
If Ic¥0, X is the input matrix contain
ing data already in core. 

XBAR(M) - BINARY FLOAT [(53)] 
Resultant vector of length M containing 
means. 

STD - BINARY FLOAT [(53)] 
Resultant vector of length M containing 
standard deviations. 

RX(M, M) - BINARY FLOAT [(53) J 
Resultant matrix (M by M) containing 

R(M, M) -

B(M}.-

Remarks: 

sums of cross-products of deviations 
from means. 
BINARY FLOAT [ (53)] 
Resultant matrix (M by M) containing 
correlation coefficients. 
BINARY FLOAT ((53)] 
Resultant vector of length M containing 
the diagonal of the matrix of sums of 
cross-products of deviations from 
means. 

Subroutines and function subroutines required: 

DAT2(M, D). This subroutine may be provided by 
the user, but a suitable subroutine is used in several 
of the sample programs (for example, see REGR). 
Note that in using this procedure, the parameters 
NCARD and NV must be declared external and the 
proper values must be assigned to them. 

1. If IO=O, this subroutine provides an obser
vation in vector D from an input device. 

2. If Ic¥0, this procedure is not used by CORR 
but must be in the job deck. If the user has neither 
supplied a subroutine nor used the subroutine 
DAT2 from the Scientific Subroutine Package, the 
following is suggested: 

DAT2 •• 
PROCEDURE,. 
RETURN,. 
END,. 

If no errors are detected,in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitute the possible error con
ditions that may be detected: 

ERROR=! - number of observations less than 
or equal to zero. 

ERROR=2 - at least one variance is zero. 

Method: 

Product-moment correlation coefficients are 
computed. 

Mathematical Background: 

This subroutil).e calculates means, standard devia
tions, sums of cross-products of deviations from 
means, and product moment correlation coefficients 
from input data xij• where i = 1, 2, ••• ' n implies 
observations and j = 1, 2, ••• , m implies variables. 
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The following equations are used to calculate 
these statistics: 

Sums of cross-products of deviations: 

n 

sjk ~ (xij - Tj) (xik - Tk) 
i=l 

n n 

n 

where j = 1, 2, .•• , m; k = 1, 2, ••. , m 

m 

2: x .. 
1] 

T. 
i=l 

] m 

(These temporary means Tj are subracted from 
the data in equation (1) to obtain computational 
accuracy.) 

Means: x. = 
] 

n 

i=l 
n 

x .. 
1] 

where j = 1, 2, •.. , m 

Correlation coefficients: 

where j = 1, 2, ... , m; k = 1, 2, ..• , m 

Standard deviations: 

where j = 1, 2, ••• , m 
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(1) 

(2) 

(3) 

(4) 

(5) 

• Subroutine ORDR 

OROR •• lC 

I***************************'****************************************** I(' RDR. 2C 
Oll..OR 

I* */DR OR. 30 
I* TO CONSTRUCT FROM A LARr.rn ,...AH.IX 'OF CORRELATION COEFFICIENTS*/DRDR 
I* A SU9SET MA.TRIX OF INTERCQPEElATIONS AMONG INDEPE,'IJ!.H:NT VAR- *ffP.OR 
I* !ABLES ANG A VECTOR OF INTEPCOHELATIONS OF INDE:PJ:NDENT */OROR 
I* VARIABLES WTTH DEPENDENT VARIAflLE. */f'PDR 
I* ~'/rp OF.. 
I************************************~'"'****************************** *I G;: o; 

'* ,. 
'" ,. ,. 

,. ,. 
I* 
,~, 

,. ,. ,. ,. 

PROCEDURE (!'1,R,NDEP,K,ISAVf,RX,RY),. C'ROR 
DECLARE QRDR 

llSAVE(*l ,I,J,1<,L,lll ('!IC:; 
FIXED BINARY, ORf'JR 
ERRO~ EXTERNAL CHARACTER I 11, OKDR 
lRl*1*l 1RXIK1Kl 1RY(K)) Ol<OP 
131N~RY FLOAT,. /*SINGLE PRECISION VERSION /*S*/ORDR 
BINARY FLOAT 1531 ,. /:i'<OOUBLE PRECISION VERSION /*D*/DRDR 

COPY INTERCORRELUIONS CF INDEPENDENT VARIABLES WTTf.-1 
DEPENDENT VARIABLE 

*/OF<OO 
*/DROR 
*/CRDR 
0(.-/nROR 

'EFRQR: 1 C' r. 
IF M LE 0 
THEN OD,. 

DRDR 
I* THE NUMBER OF VAR I ABLES IS */DRDR 
I* LESS THAN OR EQUAL TO ZERO. */CROP. 

ERROR=' l' I. 
GO TO FIN,. 
ENI),. 
DJ I =l TD K,. 
IF ISAVEIKJ = NDEP 

CR I SA VE { K) LI: C 
OR. ISAVt:IKl GT M 
TrlE M 0(1, • 

ENO,• 

Ef'RDR= I 3 1 '. 

GO TC! FIN,. 
ENOr ,' 

IF NDEP LE C OP NOEP GT M 
THEN no •• 

ERR(lR= 1 2' r• 
GO TO FIN,• 
ENO,. 

IF K LE C OR K GE M 
THEN oo,. 

ERRCR='4' t• 

GU TO FIN,• 
END r. 
DO I = l TO !<,. 
Lt =ISAVEIJ'I,". 
RYIIl=R(NOEPtllJ,. 

I* INVALID K 

CROR 
OROR 
OROR 
rRDR 

*/C:F 01< 
(lROR 
f1POR 
nPCI< 
GROR 
DROP 
ORDR 
rROR 

I* INVALID DEPENDENT Vt.PIABLE */(ll<OF 
f.lROR 
O~OR 

C'RDR 
OROR 

/>:i:JNVALJO NUMBER. CF INOEPENDE"Jf*/rP.OR 
I* VAQIABLES ~·/O~OR 

ORDR 
DROP. 
GROF. 
f"lROQ 
OF Qt 
CROR 

CCPY A SUBSET ~ATRIX OF INTEFCO~PELATIDNS AMONG I'JOEPENOENT 
V!\P. [ABLES 

>!</['~DP. 

*/Oi::.oi:; 
*/ORDP. 

END,. 

OC J . = 1 TO K,. 
L2 :JSAIJEIJ},. 
IF L2 LT ll 
THEN RXII,JJ=RX(J,I ),. 
ELSE R><tI,JJ:R(Ll,L2J,. 
ENDr, 

PLACE THE SUBsci:JPT NUHBE!=. OF THE DEPENDENT VMIABLE 
IN ISt.VE.{K+lJ 

ISAVEIK+lJ=NOEP,. 

""ICROR 
Ql<OP 
CR DP 
ORDR. 
DROP 
t:'~OR 

ORnR 
QP[')R 

*/nRQR 
*/CRD~ 

*/OPD'<. 
(</nROR 

F JN •• 
RETURN,. 
ENO,, /*END OF PPOCEOUPE O~ OP 

DROP. 
ORDR 
r:i~.CR 

*/("11<01: 

Purpose: 

4C 
SC 
60 
7C 
BC 
90 

!CC 
110 
!2C 
DC 
14C 
15(! 
160 
170 
!BC 
19C 
2CC 
210 
220 
230 
240 
2SO 
260 
27C 
2BO 
29C 
3QC 
3H! 
320 
330 
34C 
350 
36C 
37C 
380 
390 
400 
410 
420 
430 
440 
450 
460 
47C 
46C 
49C 
sec 
SlC 
52C 
530 
54C 
SSC 
560 
570 
SBC 
590 
6C'C 
HC 
62C 
63C 
64C 
65C 
66C 
670 
6BC 

ORDR is used to choose a dependent variable and a 
set of independent variables from a matrix of corre
lation coefficients, and form a submatrix of correla
tion coefficients to be used in performing a multiple 
linear regression analysis. 

Usage: 

CALL ORDR (M, R, NDEP, K, ISAVE, RX, RY); 

Description of parameters: 
M - BINARY FCTED 

R(M, M) -

NDEP-

Given number of variables. 
BINARY FLOAT [(53)] 
Given matrix containing correlation 
coefficients. 
BINARY FCTED 
Given subscript number of the de
pendent variable. 



K-

ISAVE -
(K+l) 

RX(K,K) -

RY(K) -

Remarks: 

BINARY FIXED 
Given number of independent variables 
to be included in the forthcoming 
regression. 
BINARY FIXED 
Given vector containing, in ascending 
order, the subscript numbers of K 
independent variables to be included 
in the forthcoming regression. Upon 
returning to the calling program, this 
vector contains, in addition, the sub
script number of the dependent variable 
in K+ 1 position. 
BINARY FLOAT [(53) J 
Resultant matrix containing intercor
relations among independent variables 
to be used in forthcoming regression. 
BINARY FLOAT [(53) J 
Resultant vector containing intercor
relations of independent variables 
with dependent variables. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of variables less than or 
equal to zero. 

ERROR=2 invalid dependent variable subscript. 
ERROR=3 invalid independent variable sub

script. If this condition exists, 
RX and RY will contain invalid 
values. 

ERROR=4 - invalid number of independent 
variables. 

Method: 

From the subscript numbers of the variables to be 
included in the forthcoming regression, the pro
cedure constructs the matrix RX and the vector RY. 

• Subroutine ML TR 

Hl TR.. HL TR 10 
/*********************************************************************/Ml TR 2.0 
I* */ML TR 30 
I* TO PERFORM A MULTIPLE LINEAR REGRESSION ANALYSIS FOR A •/MLTR 40 
I* DEPENDENT VARIABLE ANO A SET OF INDEPENDENT VARIABLES. */ML TR 50 
I* */ML TR 60 
/*********************************************************************/Ml TR 70 

I* 
I• 

I• 
I• 
I• 

,. ,. 
I• 

I• 
I• ,. 

I• 
I• 
I• 

,. 
I• ,. 

PROCEDURE IN,K,XBAR,ST01D 1 RX,RY 1 I SAVE, 81 SB, T ,BETA 1 ANSJ,. Ml TR 80 
DECLARE ML TR 90 

ERROR EXTERNAL CHARACTER ( 11 t ML TR 100 
ll1l01J1M1HM1MP,HQ,N,Nl1ISAVE(*)) HLTR 110 
FIXED BINARY, Ml TR 120 
IXBAR I*) t STD( *l ,DI *l ,RX(•,•J ,RY I*), Bl*J rS81*) r Tl* It BETAI*), ML TR 130 
ANS fl OJ tRH,BOrSSAR, SSDR,FK,FNN, SYrSSARM, SSORM, FJ HL TR 140 
BINARY FLOAT,.. /•SINGLE PRECISION VERSION l*S•/Ml TR 150 
BINARY FLOAT (53),,. /*DOUBLE PRECISION VERSION /*D*/HLTR 160 

ERROR= 10'1• 
IF K LE 0 OR N LE K 
THEN DO,. 

ERROR= 1 1 1 ,. 

GO TO SlO, .. 
ENO,. 

MM =K+l,. 
FK =K, • 

00 J = 1 TO K,. 
BETAlJl=O.o,. 
BtJI =O.O,. 

DO I = l TO K, • 

*/ML TR 170 
HL TR 180 

I* THE NUMBER OF VARIABLES IS •/MLTR 190 
I* LESS THAN DR EQUAL TO ZERO •/HL TR 200 
I* OR THE NO. OF OBSERVATIONS */Hl TR 210 
I* IS LESS THAN OR EQUAL TO THE*/HL TR 220 
I* THE NUMBER OF VARI ABLES */HL TR 230 

BETA I JI =8ETAIJl+RV 111•RXlI 1 JI,. 
END,. 

Hl TR 240 
HL TR 250 
Hl TR 260 
HL TR 270 
HL TR 280 
HL TR 290 
HL TR 300 
ML TR 310 
ML TR 320 
HL TR 330 
ML TR 340 
Hl TR 350 

RM 
BO 
LI 

BO 

ENO,. 
=o.o,. 
=0.01. 
=ISAVEIHH) f. 

COEFFICIENT OF DETERMINATION 

DO I = 1 TO K,. 
RH =RM+BETAlI>*RYtIJ,. 

TEST ACCURACY OF THE RESULT 

IF RM l T 0 OR RH GT l 
THEN a·a,. 

ERROR='2'r• 
GO TO SlO,. 
ENO,. 

I* INVALID MULTIPLE R 

l =ISAVEIIJ,. I* REGRESSION COEFFICIENT 
BtIJ =BETAll)*ISTDlLll/STDILJJ,. 
BO =BO+B<I l*XBARILI t• I* INTERCEPT 
ENO,. 
=XBAR ( L lJ-BO, • 

SUH OF SQUARES ATTRIBUTED TO REGRESSION 

*/Ml TR 360 
*/Ml TR 370 
*/ML TR 380 

ML TR 390 
ML TR 400 

*/ML TR 410 
*/ML TR 420 
*/ML TR 430 

HL TR 440 
ML TR 450 

*/ML TR 460 
ML TR 470 
ML TR 480 

*IHL TR 490 
ML TR 500 

*/KL TR 510 
, ML TR 520 

ML TR 530 
*/ML TR 540 
*/Kl TR 550 
*/Ml TR 560 

SSAR =RM*Dlll) •• 
IF SSAR GT Dill) 
THEN DOt. 

ML TR 570 
I* TEST SUM OF SQUARES REDUCED •IHLTR 580 

ERROR= 1 3't• 
GO TO SlO,. 
ENO,. 

RH =SQRTIABS<RHJ J •• 

/*·REDUCED SUM Of SQUARES 
I* GREATER THAN THE TOTAL 
I* SUM OF SQUARES 
I* MULTIPLE CORRELATION COEFF. 

SUH OF SQUARES OF DEVIATIONS FROH REGRESSi.ON 

ML TR 590 
*/ML TR 600 
*/ML TR 610 
*/Ml TR 620 
*/Ml TR 630 
*/1'11l TR 640 
•/Kl TR 650 
*/ML TR 660 

SSDR =DILlJ-SSAR,. 
FNtl =N-K-1,. 
If FNN LE 0 .. 0 
THEN DO,. 

ERRDR= 1 1 1 t• 
GO TO SlO,. 
ENO,. 

SY =SSDR/FNN,. 

I* DEGREES OF FREEDOM 

I* SAMPLE SIZE TOO SHALL 

I* .VARIANCE OF ESTIMATE 

ML TR 670 
*/Ml TR 680 

Ml TR 690 
Ml TR 700 

•/Ml TR 710 
Ml TR 720 
ML TR 730 

•/ML TR 740 

STANDARD DEVIATIONS OF REGRESSION COEFFICIENTS 
*/Hl TR 750 
*/Ml TR 760 
:t:/ML TR 770 

00 J :::: 1 TO Kr• 
L =ISAVElJJ,. 
SBI J )=SQRT( ABS ( ( RXI J, J l/D I LI ) *SY I},. 

ML TR 780 
ML TR 790 
ML TR BOO 

TIJJ ::::BIJl/SBtJJ •• 
END,. 

SY =SQRTtABStSYJ J ,. 
SSARH=SSAR/FK 1 • 

SSDRH=SSDR/FNN, • 
F =SSARM/SSDRH,. 
ANSI lJ:BDt. 
ANSIZJ=RM,,. 
ANSl3J=SY,. 
ANSl4J=SSAR, .. 
ANSl51=FK,. 
ANSl61=SSARH,. 
ANSl7)=SSDR,. 
ANSIBJ=FNN,. 
ANSl9J=SSDRH 1 • 

ANSI lOJ:f,. 

I* COMPUTE T-VALUES */HLTR 810 
ML TR BZO 

I* STANDARD ERROR OF ESTIMATE */ML TR 830 
I* F-VALUE */ML TR 840 

SlO •• 
RETURN,. 
ENO,. /*ENO OF PROCEDURE ML TR 

ML TR 850 
ML TR 860 
ML TR 870 
ML TR 880 
Ml TR 890 
ML TR 900 
ML TR 910 
ML TR 920 
HL TR 930 
Ml TR 940 
ML TR 950 
ML TR 960 
Ml TR 970 
ML TR 980 

*/ML TR 990 

Purpose: 

MLTR performs a multiple linear regression analysis 
for a dependent variable and a set of independent 
variables. 
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Usage: 

CALL MLTR (N, K, XBAR, STD, D, RX, RY, 
ISAVE, B, SB, T, BETA, ANS); 

Description of parameters: 
N - BINARY FIXED 

K-

XBAR(M) -

STD(M) -

D(M) -

RX(K,K) -

RY(K) -

ISAVE -
(K+l) 

B(K) -

SB(K) -

T(K) -

BETA(K) -

ANS(lO) -

Given number of observations (N must 
be greater than K). 
BINARY FIXED 
Given number of independent variables 
in this regression, 
BINARY FLOAT [(53)] 
Given vector containing means of all 
variables. M is the number of 
variables in an observation, 
BINARY FLOAT [(53)] 
Given vector containing .standard de
viations of all variables, 
BINARY FLOAT [(53)] 
Given vector containing the diagonal 
of the matrix of sums of cross
products of deviations from means 
for all variables. 
BINARY FLOAT [(53)] 
Given matrix containing the inverse 
of intercorrelations among inde
pendent variables. 
BINARY FLOAT [(53)] 
Given vector containing intercorrela
tions of independent variables with 
dependent variable. 
BINARY FIXED 
Given vector containing subscripts 
of independent variables in ascending 
order. The subscript of the dependent 
variable is stored in the last, K+l, 
position. 
BINARY FLOAT [(53)] 
Resultant vector containing regression 
coefficients. 
BINARY FLOAT [(53)] 
Resultant vector containing standard 
deviations of regression coefficients, 
BINARY FLOAT [(53)] 
Resultant vector containing T values. 
BINARY FLOAT [(53)] 
Resultant vector containing beta 
coefficients. 
BINARY FLOAT [(53)] 
Resultant vector containing the 
following iilformation: 

ANS(l) 
ANS(2) 

Intercept 
Multiple correlation 
coefficient 
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Remarks: 

ANS(3) 
ANS(4) 

ANS(5) 

ANS(6) 
ANS(7) 

ANS(S) 

ANS(9) 
ANS(lO) 

Standard error of estimate 
Sum of squares attributable 
to regression (SSAR) 
Degrees of freedom asso
ciated with SSAR 
Mean square of SSAR 
Sum of squares of de
viations from regression 
(SSDR) 
Degrees of freedom asso
ciated with SSDR 
Mean square of SSDR 
F value 

If there are no errors in the processing of data, the 
error indicator, ERROR, is set to zero. The fol
lowing constitute the possible error conditions that 
may be detected: 

ERROR=l - number of independent variables K 
less than or equal to zero or the 
number of observations N is less 
than or equal to K. 

ERROR=2 - coefficient of determination (RM) 
less than zero or greater than one. 

ERROR=3 - reduced sum of squares (SSAR) 
greater than the total sum of 
squares. 

Method: 

The Gauss-Jordan method is used in the solution of 
the normal equations. Refer to W, W. Cooley and 
P.R. Lohnes, Multivariate Procedures for the 
Behavioral Sciences, John Wiley and Sons, 1962, 
Chapter 3, and B. Ostle, Statistics in Research, 
The Iowa State College Press, 1954 Chapter 8. 

Mathematical Background: 

This subroutine performs a multiple regression 
analysis for a dependent variable and a set of inde
pendent variables. 

Beta weights are calculated using the following 
equation: 

where: 

r. = 
iy 

-1 r. . r .. 
iy lJ 

intercorrelation of i-th independent 
variable with dependent variable 

(1) 



-1 
r .. = the inverse of intercorrelation r .. 
ij ij 

i, j = 1, 2, .•• , k imply independent variables 

r. and r ~.1 are input to this subroutine. 
iy l] 

Then the regression coefficients are calculated as 
follows: 

b. = {3 . • 
J J 

where: 

s 
y 

s:
J 

(2) 

s = standard deviation of dependent variable 
y 

s. = standard deviation of j-th independent 
J variable 

= 1, 2, ••• ' k 
s and s. are input to this subroutine. 
y J 

The intercept is found by the following equation: 

b .• x. 
J J 

where: 

Y mean of dependent variable 

X. mean of j th independent variable 
J 

Y and X. are input to this subroutine 
J 

(3) 

Multiple correlation coefficient, R, is found first 
by calculating the coefficient of determination by the 
following equation: 

/3.r. 
l iy 

and taking the square root of R2: 

R = -{;I 

(4) 

(5) 

The sum of squares attributable to the regression 
is found by: 

SSAR = R2 • D 
yy (6) 

where: 

D = sum of squares of deviations from 
YY mean for dependent variable 

D is input to this subroutine. 
yy 

The sum of squares of deviations from the re
gression is obtained by: 

SSDR = D - SSAR (7) 
yy 

Then, the F value for the analysis of variance is 
calculated as follows: 

F = SSAR/k = 
SSDR/(n-k-1) 

SSAR(n-k-1) 
SSDR(k) 

(8) 

Certain other statistics are calculated as follows: 

Variance and standard error of estimate: 

S2 = _SS_D_R_ 
y.12 ••• k n-k-1 

(9) 

where n = number of observations 

s - ~s2 
y.12 ••• k - y.12 ••• k 

(10) 

Standard deviations of regression coefficients: 

-1 
r .. 

JJ 
D .. 

JJ 

s2 
y.12 ••• k 

where D.. sum of squares of deviations from 
JJ mean for jth independent variable, 

D .. is input to this subroutine. 
JJ 

= 1, 2, ••• ' k 

Computed t: 

b. 
t =-J
j Sb 

j 

j = 1, 2, ..• ' k 

(U) 

(12) 

Statistics--Correlation and Regression 199 



e Subroutine STRG 

STRG.. STRG 10 
I***************************************************'°'***************** IS T RG 20 
I* */STRG 30 
I* TO PERFORM A STEP-WISE MULTIPLE REGRESSION ANALYSIS FOR A */STRG 40 
I* DEPENDENT VARIABLE AND A SET OF INDEPENDENT VARIABLES. */STRG 50 
I* */STRG 60 
I********************************************************************* IS TRG 70 

,. 

,. 

I• ,. ,. 
I• 
I* 

PROCEDURE fM,N,O,XBAR,IDX,PCTrNSTEP,ANS,LrBtSTDl ,. STRG 80 
DECLARE STRG 90 

{ 1, 10, I J' I Kr J ,K, KK, M, HK ,Hx, MY ,N,NEW,NFO,NZ1 NSTEPI* I, IOX I* I' STRG 100 
U*l rLLIM)) STRG 110 
FIXED BINARYr STRG 120 
I DI* t *I 1 XBAR {*I ,ANS l*l, Bl*J rSTDl*l, TIM 1 rS CH Ir BETAtM I, RE I STRG 130 
BINARY FLOAT, !•SINGLE PRECISION VERSION /*S*/STRG 140 
BINARY FLOAT 153) r /*DOUBLE PRECISION VERSION /*D*/STRG 150 
IPCT,ONM,RDI STRG 160 
FLOAT BINARY, STRG 170 
IERROR,NSTOPJ EXTERNAL CHARACTER 1 ll ,. STRG 180 

ERROR= 1 0 1 ,. 

IF M LE 1 OR N LE 
THEN DO,• 

ERROR::t 1 1 ,. 

GO TO 5150,. 
END,. 

If PCT GE 1.0 
THEN 00 1 • 

ERROR= 1 4 1 ,. 

GO TO Sl50,. 
END,. 

ONM =N-1,. 
NFO =01 • 
NSTEPDJ=O,. 
ANSI 3)=0,. 
ANSl4)=0 .. 
NSTDP= 1 0' r• 

M+l 
I* INITIALIZATION 

*/STRG 190 
*ISTRG 200 

I* THE NUMBER OF VARIABLES M 
I* NOT GREATER THAN 1 OR THE 
I* NUMBER OF OBSERVATIONS N IS 
I* NOT GREATER THAN M+l 

IS*/STRG 210 
*ISTRG 220 
*/STRG 230 
*ISTRG 240 

I* SPECIFIED CONSTANT IS 
I* GREATER THAN OR = 1.0 

STRG 250 
STRG 260 
STRG 270 

*/STRG 280 
*ISTRG 290 

STRG 300 
STRG 310 
STRG 320 
STRG 330 
STRG 340 
STRG 350 
STRG · 360 

*/STRG 370 
FIND DEPENDENT VARIABLE, NUMBER OF VARIABLES TO BE FORCED TO •/STRG 380 
ENTER IN THE REGRESSION, ANO THE NUMBER OF VARIABLES TO BE */STRG 390 
DELETED */STRG 400 

00 I = I TO Mr. 
LLIIJ=lt• 
IF IDX(II LE 0 
THEN GO ra· s10,. 
IF IDXIIJ LT 2 
THEN DO,• 

NFO =NFD+l,. 
IDXINF01=I,. 
GO TO 5101. 
ENO,• 

ELSE IF·IDXIIJ= Z 
THEN oo,. 

NSTEP(3l=NSTEP13 J+ l r • 
LUI l=-1,. 
GO TO SlOr • 
ENO,• 

MY =Ir. 
.NSTEP(ll=HY,. 
ANSI 5 )=DI HY ,HY),. 

s10 •• 

•ISTRG 410 
STRG 420 
STRG 430 
STRG 440 
STRG 450 
STRG 460 
STRG 470 
STRG 480 
STRG 490 
STRG 500 
STRG 510 
STRG 520 
STRG 530 
STRG 540 
STRG 550 
STRG 560 
STRG 570 
STRG 580 
STRG 590 
STRG 600 
STRG 610 
STRG 620 
STRG 630 

ENO,. 
NSTEPC2l=NFOr• ,. ,. ,. 

,. 
I* ,. 

,. ,. ,. 

,. ,. 
I* 
s20 •• 

S25 •• 

I* 
I* ,. 

FIND THE MAXIMUM NUMBER OF STEPS 

=M-NSTEPl3J-L ,. 

START SELECTION OF VARI ABLES 

00 NZ = l TO MX,. 
IF N-NZ-1 LE 0 
THEN Oo,. 

ERROR= 1 3'r• 
GO TO 5150,. 
ENO,. 

RD =O,. 
If NZ GT NFO 

I* DEGREES OF FREEDOM IS 0 

SELECT NEXT VARIABLE TO ENTER AMONG FORCED VARIABLES 

THEN GD TO S20,. 
DO I = 1 TO NFO,. 
K =IDXII),. 
IF LL(KJ GT 0 
THEN DO,. 

RE =OIK11'iYJ 02/0fK,KJ r. 

END, .. 

IF RD LT RE 
THEN OO,. 

ENO,. 

RO =RE,. 
NEW =K1. 
ENO,. 

GO TO S25,. 

SELECT NEXT VARI ABLE TO ENTER AMONG NON-FORCED VARI ABLES 

DO I = 1 TO M,. 
IF I NE MY 
THEN DO,. 

lF Ll(Il GT 0 
THEN DO,. 

RE =0( I rMYl*•Z/D( I, I),. 

END,. 
END,. 

IF RD LT RE 
THEN DO,• 

ENO,. 

RO =RE,. 
NEW =I I. 
END,. 

IF RO LE 0 OR ANSl51 LE ANSl31+RD 
THEN DO,. 

ERROR= 1 2'1• 
GO TO SlSO,. 
ENO,. 

RE ::=RD/ANSI SJ,. 

I* NEGATIVE SUH OF SQUARES 

*/STRG 640 
*/STRG 650 
*/STRG 660 

STRG 670 
*/STRG 680 
*/STRG 690 
*ISTRG 700 

STRG 710 
STRG 720 
STRG 730 

*/STRG 740 
STRG 750 
STRG 760 
STRG 770 
STRG 780 

*/STRG 790 
*ISTRG 800 
*ISTRG 810 

STRG 820 
STRG 830 
STRG 840 
STRG 850 
STRG 860 
STRG 870 
STRG 880 
STRG 890 
STRG 900 
STRG 9iO 
STRG 920 
STRG 930 
STRG 940 
STRG 950 

*/STRG 960 
*/STRG 970 
*ISTRG 980 

STRG 990 
STRGlOOO 
STRGLOIO 
STRG1020 
STRG1030 
STRG1040 
STRG1050 
STRG1060 
STRG1070 
STRG1080 
STRG1090 
STRGllOO 
STRGl 110 
STRG1120 
STRG1130 
STRGll40 
STRG1150 
STRG1160 

:t:/STRGll 70 
STRGllBO 
STRGL190 
STRG1200 

*/STRG1210 
TEST WHETHER THE PROPDRTION OF THE SUJ1 OF SQUARES REDUCED BY :t:/STRG1220 
THE LAST VARIABLE ENTERED IS GREATER THAN DR EQUAL TO THE */STRG1230 
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I* SPECIFIED PROPORTION 
I• 

,. 

if RE LT PCT 
THEN GO TO 51501 • 
LLINEW)::O,. 
LCNZJ=NEW,. 
ANSlll=RO,. 
ANSIZJ=RE,. 
ANSl3J=ANS 131+RDr • 
ANS l4J=ANS( 41 +REr. 
NSTEP(41=NZ,. 
NSTEPl5l=NEW,. 

I* IT IS GREATER THAN OR EQUAL 

I* COMPUTE MULTIPLE CORRELATION, F-VALUE FOR ANALYSIS OF 
I* VARIANCE, ANO STANDARD ERROR OF ESTIMATE 
/~ 

,. 

ANSl6J=SQRT{ANSl41) ,. 
RD =Nlr. 
RE =ONM-RD, • 
RE =IANSl5)-ANS13>1/REr. 
ANS 17)= IANS (3 J /RO)/REt • 
ANS ( 8J=SQRT I RE J, • 

I* DIVIDE BY THE PIVOTAL ELEMENT 
I• 

530 •• 

540 •• 

,. 

RO =DINEWrNEWJ t• 

DO J = 1 TO M, • 
IF LLIJJ LT 0 
THEN GO TO 540,. 
ELSE IF LLIJJ GT 0 
THEN GO TO 530, • 
IF J = NEW 
THEN OD,. 

0( NEW1NEWl=l/R01 • 
GO TO S40,. 
ENO,. 

DI J ,J J =0·( J, JJ+D I NEW, JI **2/RO, .. 

01 NEW1JJ =OlNEW,JJ/RD,. 

ENO,. 

I* COMPUTE REGRESSION COEFFICIENTS 
I* 

I• 

BINZJ =DCNEWr HY J,. 
IF Nl GT l 
THEN CO,. 

10 =NZ-1 t. 
DO J = 1 TO ID,. 
IJ =NZ-J,. 
KK =LIIJJ ,. 
Bl I J) =DIKK,HYI r • 

DO K = 1 TO J,. 
lK =NZ-K+l,. 
HK =UIK),. 
Bl IJJ::B( IJ)-D(KKrHKl*BI IK) 1. 
ENO, .. 

END,. 
END,. 

ANS (9)=XBARI HYJ,. I* COMPUTE INTERCEPT 
DO I = l TO NZ t. 
KK =LIIJ,. 
ANSI 91 =ANSC9J-B( I J *XBARIKKJ,. 
Sill =ANS(S)•SQRTIOIKK,KKllr• 
HIJ ::8(IJ/SIIJ,. 
BETA( I) =Bl I J •STDIKKJ/STDCHYI I. 
ENO,. 

I* PERFORM A REDUCTION TO ELIMINATE THE LAST VARIABLE ENTERED 
I* 

,., 

00 I = l TO M,. 
IF LUI) GT 0 
THEN DO,. 

ENO,. 

oo·J=lTOM,. 
IF LLIJJ GE 0 
THEN 001. 

ENO,. 

IF J NE NEW 
THEN DI l ,JJ=DC I ,JJ-0( I.NEWJ•DCNEW,J I,. 
ENO,. 

DI t 1NEWJ=Dll 1NEWJl(-RDJ,. 
ENO,. 

I* ADJUST STANDARD ERROR OF THE ESTIMATE AND HULTJPLE 
I• CORRELATION COEFFICIENT 
/o 

RO ::N-NSTEPl4J t .. 

RO =ONH/RO,. 
ANSI lOJ=SQRT( 1-11-ANS 16 l**Zl•RDJ I. 
ANS 111 l=ANSI Bl*SQRHROJ r• 
CALL sour INSTEP,ANS,L,B,S,T,BETA},. 

/o 
I* TEST WHETHER THE STEP-WISE REGRESSION WAS TERMINATED 
'* IN PROCEDURE sour. ,. 

IF NSTOP GT 1 0' 
THEN GO TO $150,. 
END,. 

5150 •• 
RETURN,. 
ENO,. 

Purpose: 

/*END OF PROCEDURE STRG 

*ISTRG1240 
*/STRG1250 

STRG1260 
STRG1270 

*/STRG1280 
STRG1290 
STRG1300 
STRG1310 
STRG13ZO 
STRG1330 
STRG1340 
STRG1350 

*/STRG1360 
*/STRG1370 
*/STRG1380 
:t:/STRG1390 

STRG1400 
STRG1410 
STRG1420 
STRG1430 
STRG1440 
STRG1450 

•/STRG1460 
•/STRG1470 
*/STRG14BO 

STRG1490 
STRG1500 
STRG1510 
STRG1520 
STRG1530 
STRG1540 
STRG1550 
STRGL560 
STRG1570 
STRG1580 
STRG1590 
STRG1600 
STRG1610 
STRG1620 
STRG1630 
STRG1640 

*/STRG1650 
•/STRG1660 
•/STRG1670 

STRG16BO 
STRG1690 
STRGl 700 
STRGl 710 
STRG1720 
STRG1730 
STRGl 740 
STRGl 750 
STRGl 760 
STRGl 770 
STRGl 700 
STRGl 790 
STRGlBOO 
STRG1810 
STRG1B20 

•/STRG1B30 
STRG1B40 
STRG1B50 
STRG1860 
STRG1B70 
STRGIBBO 
STRG1B90 
STRG1900 

•/STRG1910 
•/STRG1920 
•/STRG1930 

STRGl 940 
STRG1950 
STRG1960 
STRG1970 
STRG19BO 
STRG1990 
STRG2000 
STRGZOlO 
STRG2020 
STRG2030 
STRG2040 
STRG2050 
STRG2060 

*ISTRG2070 
*ISTRGZOBO 
*/STRG2090 
*/STRG2100 

STRG2110 
STRG2120 
STRG2130 
STRG2140 
STRGZ150 

*/STRG2160 
*/STRGZ170 
*/STRG21BO 
*/STRG2190 

STRG2200 
STRG2210 
STRG2ZZO 
STRG2230 
STRG2240 

*/STRG2250 

STRG performs a stepwise multiple linear regression 
analysis for a dependent variable and a set of inde
pendent variables. 

Usage: 

CALL STRG (M, N, D, XBAR, IDX, PCT, NSTEP, 
ANS, L, B, STD); 



Description of parameters: 
M - BINARY FIXED 

N-

D(M, M) -

XBAR(M) -

IDX(M) -

PCT-

Given total number of variables in data 
matrix. 
BINARY FIXED 
Given number of observations. 
BINARY FLOAT [(53)] 
Given matrix of sums of cross-
products of deviations from mean. 
This matrix will be destroyed. 
BINARY FLOAT [(53)] 
Given vector containing the means. 
BINARY FIXED 
Given vector containing the following 
codes: 
O - independent variable available for 

selection. 
1 - independent variable to be forced 

into the regression equation. 
2 - variable not to be considered in 

the regression equation. 
3 - dependent variable. 
This input vector is destroyed. 
BINARY FLOAT 
Given constant value indicating the 
proportion of the total variance to be 
explained by any independent variable. 
Those independent variables that fall 
below this proportion will not enter 
the regression equation. To ensure 
that all variables enter the re
gression equation, set PCT=O. o. 

NSTEP(5) - BINARY FIXED 

ANS(ll) -

Resultant vector containing the fol
lowing information: 

NSTEP(l) - number of the dependent 
variable. 

NSTEP(2) - number of variables 
forced into the regres
sion equation. 

NSTEP(3) - number of variables 
deleted from the re
gression equation. 

NSTEP(4) - the number of the last 
step. 

NSTEP(5) - the number of the last 
variable entered. 

BINARY FLOAT [(53)] 
Resultant vector containing the fol
lowing information for the last step: 

ANS(l) -

ANS(2) -

Sum of squares reduced 
by this step 
Proportion of total sum 
of squares reduced 

L(K) -

B(K) -

STD(M) -

Remarks: 

ANS(3) -

ANS(4) -

ANS(5) -

ANS(6) -

ANS(7) -

ANS(S) -

ANS(9) -
ANS(lO) -

Cumulative sum of 
squares reduced, up to 
this step 
Cumulative proportion 
of total sum of squares 
reduced 
Sum of squares of the 
dependent variable 
Multiple correlation 
coefficients 
F ratio for sum of 
squares due to regres-
sion 
Standard error of the 
estimate (residual mean 
square) 
Intercept constant 
Multiple correlation co
efficient adjusted for 
degrees of freedom 

BINARY FIXED 
Resultant vector containing the 
independent variables entered in the 
regression. 
K is the number of independent 
variables in the regression equation. 
BINARY FLOAT [(53)] 
Resultant vector containing the 
partial regression coefficients cor
responding to the variables in vector 
L. 
BINARY FLOAT [(53)] 
Given vector containing the standard 
deviations. 

There must be one, and only one, dependent variable 
and at least one independent variable. 

The number of data points must be greater than 
the number of independent variables plus one. 
Forced variables are entered into the regression 
equation before all other independent variables. 
Within the set of forced variables, the one to be 
chosen first will be the one that explains the greater 
amount of variance. 

Instead of using, a.s a stopping criterion, a 
proportion of the total variance, some other 
criterion may be added to the output routine. 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitute the possible error condi
tions that may be detected: 

ERROR=l - number of variables M not greater than 
1, or N not greater than Ml-1. 
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ERROR=2 - reduced sum of squares exceeds total 
sum of squares, 

ERROR=3 - degrees of freedom is zero, for the 
variable that is currently active. 

ERROR=4 - specified constant, PCT, is greater 
than or equal to one. 

Subroutines and function subroutines required: 
SOUT, a special output routine that must be pro
vided by the user. The routine prints out the 
results of the stepwise regression. An example of 
such a routine may be found in the sample program 
STEP .. 

Method: 

The abbreviated Doolittle method is used to (1) 
select variables entering the regression· and (2) 
compute regression coefficients. Refer to c. A. 
Bennet and N, L, Franklin, Statistical Analysis in 
Chemistry and the Chemical Industry, John Wiley 
and Sons, 1954, Appendix 6A. 

Mathematical Background: 

This subroutine performs a stepwise multiple re
gression analysis for a dependent variable and a 
set of independent variables. In each step of the 
regression i=l, 2,, •• , q, where q is the number of 
independent variables, the abbreviated Doolittle 
method is used to calculate the following statistics: 

The independent variable entering in the regres
sion is selected, first, by computing the amount of 
reduction of sum of squares for each variable: 

2 
a. 

c. = _rr. 
J a .. 

(1) 
JJ 

where: 

8jj is initially an element in the s~s of cross
products of deviations matrix which will be 
modified in successive steps. 

j = 1, 2, ••• , q are independent variables (j # 
variables deleted and variables entered 
before the i-th step) 

y = dependent variable 

and, second, 1by finding the largest value of Cj• 
Set St = Cj to indicate the sum of squares that 

will be reduced in the i~th step. 
The proportion of St· to the total is obtained by: 

s. 
p = ....!... 

D 
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(2) 

where: 

n 2 
D = 'E (yJ. - Y) 

j=l 

(n = number of observations) 

If p is less than the constant specified by the 
user to limit independent variables, the analysis 
will be terminated without entering the last variable 
selected; otherwise, the following calculations are 
continued: 

The cumulative sum of squares reduced is ob
tained by 

s = s + s 
cum cum i 

and the cumulative proportion reduced by 

p = p + p 
cum cum 

(3) 

(4) 

The multiple correlation coefficient is computed 
by 

\ 

and adjusted for degrees of freedom by 

where there are k independent variables in the 
regression. 

(5) 

The F value for analysis of varianqe is given by 

scum I k 
F (6) 

(D-Scum) j (n-k-1) 

The standard error of the estimated y is obtained 
by the use of the formula 

and adjusted by 

s = s y(n-1) I. (n-k) 
c 

Then the following is computed: 

2 
a ij 

a .. = a .. + 
JJ JJ a .. 

11 

(7) 

(8) 



where: 

i = variable entered in the i-th step 

j = v1, v2, ••• , vi-l are the variables entered 
in the regression before the i-th step, and 

where k = 1,2, ••• ,mare variables including 
y (k # variables deleted or the variable 
entered in the i-th step). 

Regression coefficients are computed by 

etc. 

and the value of the intercept as 

k 

b0 = -y - I: b. x. 
j=l J J 

where k = number of independent variables in the 
regression. 

(9) 

(10) 

(11) 

Standardized regression coefficients, beta weights 

s. 
J B=b ·-8 j j y 

where Sj and Sy are standard deviations. 

(12) 

Standard errors of regression coefficients are 
given by 

Sb = {7;"""' • S 12 • . -v -jj y. • •• l 
J . 

where j = v1, v2 , ••• , vi are variables in the 
regression and t-values as 

b. 
t. = _J_ 
J sb. 

J 

(13) 

(14) 

Perform the reduction to eliminate the variable 
entered in i-th step: 

(15) 

where: 

i = variable entered in i-th step 

= 1, 2, ••• , m (j ¥variables deleted and 
variables in the regression) 

k = 1, 2, ••• , m (k # variables deleted or the 
variable entered in i-th step) 

aji = aji I -a11 

au= 1 /ail 

(16) 

(17) 

Programming Considerations: 

If the user provides the routine SOUT, the argument 
list must be consistent with the argument list of the 
call statement in subroutine STRG. 

A description of the parameters follows: 

NSTEP(5), ANS(ll) -
L(K), B(K) 

S(M) "' 

T(M) -

BETA(M) -

These parameters are the 
same as in STRG, When used 
in SOUT, however, they 
appear as input. 
BINARY FLOAT [(53)] 
Given vector containing 
standard error of regression. 
BINARY FLOAT [(53)] 
Given computed T value. 
BINARY FLOAT [(53)] 
Given beta coeffic.ient. 
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o Subroutine CANC 

CANC... CAl'!C 10 
I*********'***********************************************'"'*********** •/CANC 2C 
/* */CANC 30 
I* TO COMPUTE THE CANONICAL COROELATIONS BETWEEN TWO SETS OF */CA.NC 40 
I* VARIABLES. */CANC 50 
~ ~~~ ~ 

I********************"'*********************************************** *IC ANC 7C 

,. ,. ,. 
I• 
I• 

PROCEOUR E I N,MP, MQ, RR, ROOTS, WLAM ,CANR ,CH I SQ, NOF,COEFll, COEFL), • CANC 80 
DECLARE CANC '90 

EllROP. EXlERNAL CHARACTER 11 l t CANC lOC 
CNrFI *J ,I ,J ,K,(,M,MP,MQ,N,Nl, I EPR) CANC 110 
Fli.EO BINARY, CANC 120 
( R~ I*,* J, ROOTS I •J ,WLAMf *1 , CANR I *J ,CH I SQ l•J, COE FR I*•* I, CANC 130 
cnEFLl*t*JtDET,BAT,CON) CANC 140 
BINARY FLOAT,. /*SINGLE PRECISION VERSION l•S•/CANC 150 
BINARY FLOAT 153),,. /*DOUBLE PRECISION VEqSION /*Dll</CANC 160 

11</CANC 170 
CHECK WHETHER THE NUMBER OF LEFT-HAND VARIABLES TS EQUIJL TO 11</0NC lBO 
OR GREATER THAN THAT OF ~IGHT-HANO */CANC tern 

ERROR= 1 0', • 
IERI< ""'~'. 
IF HP LE 0 OR "1Q LE 0 
THEN DO,. 

ERR(P:i• 1 l 11 • 
GOTO FIN,. 
ENr,. 

IF MP LT HQ 
THEN 00,. 

M =MP,• 
MP = ... Q,. 
MQ =M,. 
ERROR= 1 2 1 ,. 

ENO,. 

*/CANC 2CO 
CANC 21C 
CANC 220 

I* THERE ARE NO RIGHT OR LEFT ~/CANC 230 
I* HANO VARIABLES. */CANC 240 

COPY •• 
BEGIN,• 
DECLARE 

CANC 250 
CANC 260 
CANC 27C'· 
CAf'.lC 280 
CANC 2'90 
CANC 300 
CANC 310 
CANC 320 
CANC 33C 
CANC 340 
CANC 35C' 
CANC 360 
CANC 37C 
CANC 380 

,. ,. ,. ,. ,. 

CA I MP 1HPJ 1 Tf f.IP,MQ), 6.1MO1HQJ, X (MQ,MQ) I 
BINARY FLOAT,. /*-SINGLE 
BINARY FLOATl53J ,. /*DOUBLE 

PRECISION VERSION l*S*/CANC 3'90 
PRECTSION VEPSION /*D*/CANC 400 

*/CANC 410 
PARTlTICN 1 NTERCORRELATIONS AMONG LEFT HAND VARIABLES, BETWEEN*/CANC 420 
LEFT AND RIGHT HAND VARlABLES, AND AHONG RIGHT HANO VAFIABLES*/CANC 430 

M =MP+HQ,. 
FM =M+l,. 
FN =N,. 
IF ERROR= '2' 
THEN 001 • 

*/CANC 440 
CANC 450 
CANC 460 
CANC 470 
CANC 480 
CANC 4'90 
CANC 500 IERR =l,. 

K =O,. 
00 I -= "10+1 TO M,. 
K 11:K+l, • 
L =01. 

00 J = MQ+l TO Ht• 

I* CHANGE LEFT AND RIGHT HAND */CANC 51C· 
I* VAR l ABLES */CANC 520 

CANC 530 
CANC 540 
CANC 550 

ENO,. 
ELSE DO,. 

L =L+l1. 
I* RR 22 INTO R 

R(K1LJ.,,.RRll,J},. 
ENO,. 

I* RR 21 INTO COEfl 

ENO,. 

DO J = l TO HQ,. 
COEFLCK1JI 11:RR CI ,JI,. 
ENO,. 

DO I = 1 TO HQ,. 
DO. J :: l TC HO,. 

I* RR 11 INTO COEFR 
COEFRU ,Jl=RR( I 1JJ,. 

ENO,. 
ENO,. 

00 I :c: 1 TO H1. 
oo·J = 1 TOM,. 
IF I LE HP ANO J LE MP 
THEN DO,. 

I* RR 
R( I 1Jl 11:RRI J ,J),. 
GO TO Sl01 ~ 

. ENO, .. 
"IF I LE HP ANO J GT HP 
THEN DO,. 

K 
I* RR 

COEFLI J, Kl=fl.F (I ,JJ,. 
GO TO Sl01 • 
ENO,. 

IF I GT MP AND J GT MP 
THEN DO,. 

L 
K 

=I-MP,. 
=J-MP,. 

11 INTO R 

12 INTO COEFL 

I* RR 22 INTO COEFR 
COEFR( L, K):cRRI I 1 JI 1 • 

ENO,. 

CANC 560 
*/CANC 570 

CANC 580 
CANC 590 

*/CANC 600 
CANC 610 
CANC 620 
CANC 630 
CANC 640 
CANC 650 
CANC 660 

lfl/CANC 6f"O 
CANC 680 
CANC 690 
CANC 700 
CANC 710 
CANC 720 
CANC 730 
CANC 740 
CANC 750 
CANC 760 

•ICANC 770 
CANC 780 
CANC 790 
CANC 800 
CANC 810 
CANC 820 
CANC 830 

*/CANC 840 
CANC 850 
CANC 860 
CANC 870 
CANC 880 
CANC 8CJO 
CANC 900 
CANC '910 

*/CANC 920 
CANC 930 

S"ll'.' •• 
CANC 940 
CANC 950 
CANC 960 
CANC 970 ,. ,. 

I• 

,. ,. ,. 

,. 
I• ,. 

ENO,. 
ENO,. 

SOLVE THE CANONICAL EQUATION 

CON -=(1 1 • 

CALL HINV (R1MP1DET,CONJ,. 
lF ERROR NE 1 ('1' 

Tl:IEN DO,. 
F~R('P::: 1 3'1• 

GO TO FIN,. 
END1. 

CALCULATE T "' INVERSE OF f\C 11 * PR 12 

oa I =- l TO MP,. 

ENO,• 

00 J = l TO MOt • 
Ttt,JJ=O.o,. 

Ef'4D1. 

OD ·.K = l TO MP,• 
TC I I JJ =TC I' J) +R ( 1,KJ •COEFLIK,JJ '. 
ENO,. 

CALCULATE A -= RR 21 + T 
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*/CANC 980 
*/CANC '9'90 
*ICANClOOO 

CANC1010 
CANC1020 
CANC1030 
CANC1040 
CANC1050 
CANC1060 
CANC1070 

*/CANC1080 
*/CANC10'90 
*/CANCllOO 

CANClllO 
CANC1120 
CANC1130· 
CANC1140 
CANCl 150 
CANC1160 
CANC1170 
CANC1180 

*/CANC1190 
*/CANC1200 
*/CANC1210 

,. ,. 
I• ,. 

I• 

'* ,. 
I• 

,. 
I• ,. ,. 

,. 
I• 
I• 

I• ,. ,. 
,. ,. ,. 

DO I 

FNO, • 

= l TO MO I. 
DO J = l TO HQ,. 
Alt,JJ=o.c, •. 

ENO,. 

00 K = 1 TO MP1. 
AC I ,JJ::A( I ,·JI +COEFL IK1 I J*T (K1J J,. 
ENO,• 

Cll.Lr.ULATE EIGENVALUES WITH ASSOCIATED EIGENVECTORS OF THE 
INVFRSf OF P 22 *A . 

CALL MGDU (MQ,A,COEFR,ROOTS,Xl1• 
IF ERROR NE 1 0 1 

CANC1220 
CANC1230 
CANC1240 
CANC1250 
CANC1260 
CANC1270 
CANC1280 
CANC1290 

*ICANC1300 
*ICANC1310 
:O:/CANC1320 
*/CANC1330 

CANC1340 
CANC1350 
CANC1360 THEN OCI, • 

ERROR= 1 4 1 t• 

GO TD FIN,. 
ENO,• 

I* ERROR CONDITION IN ROUTINE •/CANC1370 
I* MSDU. */CA.NC 1380 

IF lEO:R= 1 l' 
THEN EPi:OF=•?.tt• 

CANC1390 
CANC1400 
CANC1410 

*/CANC1420 
TEST WHETHER EIGENVALUES ARE GREATER THAN O.O BUT LESS THAN */CANC1430 
t.r. */CANC1440 

DO t = l TO HQ,• 
IF RODTS(J) LE O.('l OR ROOTS(J) 
THE~ 001 • 

GE 1.0 

*/CANC1450 
CANC1460 
CANC1470 
CANC1480 

. 'FRROR·-= 1 5 1 ,. 

ENO,• 

GO TO FIN,. 
ENO,. 

I* CANONICAL CORRELATION CANNOT*/CANC1490 
I* BE COMPUTED *-/CANC15CO 

CANC1510 
CANC1520 

FD~ EACH VALUE OF I = 1 7 2,. .. ,MQ CALCULATE THE STATtSTJCS 
NOTED BFLOW. 

ODl=lTOMQ,. 
I* CANONICAL CORRELATION 

CANR II J =SQRTCROOTS (I JI,. 
WLAMII J=l.O,. . 

00 J = I TO MC,. 
WLAMI JI =WLAMI l>*C lo 0-POOTS IJ J), • 
ENO,• 

BAT .. WLAMIIJ,. I* CHl-SOUAIZE 
CHI SQ I JJ =-I FN-Oo 5*FMl•LCG( BATJ, • 

CALCULATE DEGf:EES OF FREEDOM FOR CHI-SQUARE 

Nl =1-1,. 
NOFI J)•{MP-Nl) *I MQ-NlJ,. 

I-TH SET OF RIGHT HAND COEFICifNTS 

DO J .. 1 TO MQ,. 
COEFRIJ,I JacXC J, I J,. 
END,. 

I-TH SET OF LEFT HAND COEFFICIENTS 

ENDt • 
EN01 • 

ENO,. 

DO J = l TO MP,. 
OET =o.o,. 

00 K = 1 Tf' /llQ,. 
DET =DH+TIJ,Kl*COEFRIK1IJ1. 
ENO,. 

COEFL I J,J l=DET/CA"JRI 11,. 
ENO,. 

*/CANC1530 
*/CANC1540 
*/CANC1550 
lfl/CANCl 560 

CANC 1570 
*/CANC1580 

CANC1590 
CANC1600 
CANC1610 
CA~C1620 

CANC1630 
•/CANC1640 

CANC1650 
*/CANC1660 
llr/CANC1670 
*/CANC 1680 
. CANC1690 

CANC1700 
*l"CANC1710 
*/CANCl 720 
•ICANCl 730 

C'ANC1740 
CANC1750 
CANCl 760 

*/CANCl 770 
*/CANC178C 
*/CANCl 79C 

CANClBOO 
CANC 1810 
CA'l!Cl820 
CANC1830 
CANC184C 
CANC1850 
CANCl 860 

FIN •• 

CANC1870 
CANC188C 
CANC1890 
CANC1900 

RETURN,. 
ENO,. 

Purpose: 

/*END OF PROCEDU~.E CANC 
CANC191C 

•ICANC1920 

CANC computes· the canonical correlations between 
two sets of variables. It is normally preceded by a 
call to procedure CORR. 

Usage: 

CALL CANC (N, MP, MQ, RR, ROOTS, WLAM, 
CANR, CHrSQ, NDF, COEFR, COEFL); 

Description of parameters: 
. N - BINARY FIXED 

MP-

MQ-

RR(M, M) -

Given number of observations. 
BINARY FIXED 
Given number of left hand 
variables. 
BINARY FIXED 
Given number of right hand 
variables. 
BINARY FLOAT [(53)] 
Given matrix (where M= MPI- MQ), 
containing correlation coefficients. 



ROOTS(MQ) -

WLAM(MQ) -

CANR(MQ) -

CHISQ(MQ) -

NDF-

COEFR
(MQ, MQ) 

COEFL
(MP,MQ) 

Remarks: 

BINARY FLOAT [(53)] 
Resultant vector containing eigen
values computed in the subroutine 
MGDU. 
BINARY FLOAT [(53)] 
Resultant vector of length MQ 
containing lambda. 
BINARY FLOAT [ (53)] 
Resultant vector containing 
canonical correlations. 
BINARY FLOAT [(53)] 
Resultant vector containing the 
values of chi-squares. 
BINARY FIXED 
Resultant variable containing the 
number of degrees of freedom. 
BINARY FLOAT [(53)] 
Resultant matrix containing MQ 
sets of right-hand coefficients 
columnwise. 
BINARY FLOAT [(53)] 
Resultant matrix containing MQ 
sets of left-hand coefficients 
columnwise. 

The number of left-hand variables (MP) should be 
greater than or equal to the number of right-hand 
variables (MQ). If the value of MP is less than the 
value of MQ, the input matrix is rearranged to 
satisfy the above conditions. The right-hand vari
ables become left-hand variables and left-hand 
variables become right-hand variables. If this 
condition exists, the error code indicator, ERROR, 
is set to 2. 

Also, if the variables are changed, the values of 
MP and MQ are interchanged. 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitute the possible error conditions 
that may be detected: 

ERROB;:::l - no right-hand or left-hand variable -
returned values are meaningless. 

ERROB;:::2 - number of left-hand variables smaller 
than the number of right-hand variables. 

ERROB;:::3 - correlation coefficient matrix ill-con
ditioned (determined by MINV). 

ERROB;:::4 - error condition in routine MGDU, from 
MSDU. 

ERROB;:::5 - Eigenvalues less than or equal to zero 
or greater than or equal to one. 

Subroutines and function subroutines required: 

MINV 
MGDU (which, in turn, calls the subroutine MSDU) 

Method: 

Refer to W.W. Cooley and P. R. Lohnes Multivariate 
Procedures for the Behavioral Sciences, John Wiley 
and Sons, 1962, Chapter 3. 

Mathematical Background: 

This subroutine performs a canonical correlation· 
analysis between two sets of variables. 

The matrix of intercorrelations, R, is parti
tioned into four submatrices: 

R (1) 

= intercorrelations among p variables in 
the first set (that is, left-hand variables) 

= intercorrelations between the variables 
in the first and second sets 

R21 = the transpose of R12 

= intercorrelations among q variables in 
the second set (that is, right-hand 
variables) 

The equation: 

is then solved for all values of A., eigenvalues in 
the following matrix operation: 

The subroutine MGDU calculates eigenvalues 
(Ai), with associated eigenvectors, of~~ A, 
where i = 1, 2, ••• , q. 

(2) 

(3) 

(4) 

For each subscript i = 1, 2, ••• , q, the following 
statistics are calculated: 

Canonical correlation: 

CANR= ..;-;;-· (5) 

where ~ = i-th eigenvalue 
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Chi-square: 

/' = - [n-0. 5 (p + q + 1) ] log. A 
e 

where n = number of observations 

A= 
q 
TI 
= i 

(1 - A.) 
J 

Degrees of freedom for x2: 

DF= 

i-th set of right-hand coefficients: 

where v.k. = eigenvector associated with X. 
1 1 

k = 1, 2, •••• q 

i-th set of left-hand coefficients: 

CANR 

where { tjk} 

j = 1, 2, •••• p 
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(6) 

(7) 

(8) 

(9) 

Analysis of Variance 

• Subroutine AV AR 

AVAR.. AYi~. 10 
l**********************************ICl**"'******°'****"*******************IAVi't.R 20 
I* . . •IAVAR 30 
I* TD PERFORM AN ANALYSIS OF VARIANCE FOR A COMPLETE FACTORIAL *IAYAR 40 
I* DESIGN. *IAVAR 50 
I* . */AVAR 60 
l****************************************•"'*********•*****************/AVfi.R 70 

PROCEDURE I K,LEVELtNtXtGMEAN1SUMSQ,NOF rSMEANJ,,. AVAn 80 
DECLARE AVAR 90 

ERROR EXTERNAL CHARACTERll I 1 AVAR 100 
C LEVELi *) rNDFl•I rkDUNTCKI rISTEPIKJ 1LASTSIKI, Ir INCRE,J1KrlrLASTrAYAR 110 
LLtNrNlrNDlrND2rNN,NSIZJ AVAR 120 
FIXED BINARY, AVAR 130 
lXl*l rSUMSQl*l rSHEANl•J rFSUH,GMEAN,FN,FNltFN2J AVAR 140 
BINARY FLOAT,. /•SINGLE PRECISION VERSION /OSO/AVAR 150 

I• BINARY FLOAT 153) ,. /•DOUBLE PRECISION VERSION /*D"-•/AVAR 160 

'* '* I* 

'* 

ERROR='0 1 ,. AVAR 170 
NSIZ 11:1(2••KJ-1,. AVAR 180 
IF N LE 0 I• l'HERE ARE ND DATA POINTS •IAVAR 190 
THEN DO,• AVAR 200 

ERROR='l'1• AVAR 210 
GO TD FIN,. AVAR 220 
END1 • AVAR 230 

FM zN,. AVAR 240 
IF K LT 2 AVAR 250 
THEN OO,. AVAR 260 

ERRDR= 1 2 1 ,. I• ONE OR LESS FACTORS •IAVAR 270 
GD TO FIN,. AVAR 280 
END,. AVAR 290 
DO I c 1 TO K,. AVAR 300 
IF LEVELi IJ LT 2 AVAR 310 
THEN DD,. AVAR 320 

ERROR='3 1 ,. I* 1 OR MORE LEVELS LESS THEN 2*/AVAR 330 
GO TO FIN,. AVAR 340 
END,. AVAR 350 

END,. AVAR 360 
•IAVAR 370 

CALCULATE MULTIPLIERS TO BE USED JN FINDING STORAGE LOCATIONS•/AVAR 380 
FOR INPUT DATA. */AVAR 390 

ISTEPUJ•l,. 
DD I = 2 TO Kt• 
ISTEPI I J=ISTEPI 1-ll•ILEVEL( 1-11+11,. 
END,. 
DO I 1: 1 TO K,. 
KOUNTfl >=LEVELi 11,. 
END,. 

Nl ,.,N,. 

I* SET LEVEL COUNTER 

•IAVAR 400 
AVAR 410 
AVAR 420 
AVAR 430 
AVAR 440 

*/AVAR 450 
AVAR 460 
AVAR 470 
AVAR 480 

DO I = 1 TO Nr• I* PLACE DATA IN PROPER PLACE *IAVAR 490 
L =KOUNTUJ,. 

DO J = 2 TO K,. 
L =L+JSTEPIJl*IKOUNTIJ)-lJ,. 
ENO,. 

XILJ =XCNIJ,. 
Nl =Nl-l 1. 

DO J = 1 TO K,. 
IF KDUNTCJJ GT l 
THEN DO,. 

KDUNTC J)a::KDUNTCJJ-1, • 
GO TO SlO:i-
END,. 

KOUNTI JJ=LEVELIJJ t• 

END,. 

AVAR 500 
AVAR 510 
AVAR 520 
AVAR 530 
AVAR 540 
AVAR 550 
AVAR 560 
AVAR 570 
AVAR 580 
AVAR 590 
AVAR 600 

s10 •• 

AVAR 610 
AVAR 620 
AVAR 630 
AVAR 640 
AVAR 650 ENO,. 

a:LEVELI 1J , • I* CALCULATE LAST DATA POSITION•/AVAR 660 

,. 
I* 

DO J = 2 TO K,. 
l =L+lSTEPCJl*ILEVELIJ)-U,. 
END,. 

CALC\JLATE THE. LAST DATA POSITION OF EACH FACTOR 

I* LASTSllJ'=L+lt~ · 
DO l = 2 TO K,. 
LASTS( I )oLASTSC 1-ll+ISTEPC I),. 
ENO,. 

AVAR 670 
AVAR 680 
AVAR 690 

*/AVAR 700 
O/AVAR 710 
•IAVAR 720 

AVAR 730 
AVAR 740 
AVAR 750 
AVAR 760 

DD I :z 1 TO K,. I* PERFORM OPERATOR CALCULUS *IAVAR 770 

s20 •• 

L =lt• 
LL .::1,. 
FSUM ,=o.o,. 
NN =LEVELi I Ir. 
INCRE=I STEP( I It•' 
LAST =LASTS Cl) r• 

DO J = l TO NNr• 
FSUH =FSUH+XCLI,. 
L =L+INCRE1• 
END,. 

XI LI =FSUH1. 
FNl =NN,. 

DD J • l TO ·NN,. 
XlLL J=FNl•XCLL)-FSUMr. 
LL =LL+INCRE,. 
END,. 

FSUM =O.o,. 
IF L LT LAST 
THEN DO,. 

ENO,. 

IF L LE LAST-INCRE 
THEN OD,. 

L =L+INCRE,. 
LL •LL+INCRE,. 
GO TO szo,. 
END,. 
=L+INCRE+l-LAST r• 

LL ::.LL+INCRE+l..:..LAST,. 
GO TO S20 1 • 

END,. 

DO I • l TO NSIZ .... 
SUMSQ=O.O,. 
ENO,. 

I* SIGMA OPERATJON 

I• DELTA OPERATION 

'* '* ,. SET UP CONTROL FDR MEAN SQUARE OPERATOR 

LASTSUJ=LEVEUlJ ,. 
JSTEPCU=lt• 

DO I • 2 TO K,. 
LASTS I I J=LEVELCI J+l,. 

AVAR 780 
AVAR 790 
AVAR 800 
AVAR 810 
AVAR 820 
AVAR 830 
AVAR 840 

*-/AVAR 850 
AVAR 860 
AVAR 870 
AVAR 880 
AVAR 890 
AVAR 900 

*/AVAR 910 
AVAR 920 
AVAR 930 
AVAR 940 
AVAR 950 
AVAR 960 
AVAR 970 

.AVAR 980 
AVAR 990 
AVARlOOO 
AVAR1010 
AVAR1020 
AVAR1030 
AVAR1040 
AVAR1050 
AVAR1060 
AVAR1070 
AVAR1080 
AVAR1090 
AVARUOO 
AVARlllO 

•IAVAR1120 
•IAVAR1130 
*IAVAR1140 

AVAR1150 
AVAR1160 
AVARll 70 
AVAR1180 



JSTEPI I JalSJEPC 1-lJ •z,. 
ENO,. 

NN =l,. 

530 •• 

DO l = l TO K,. 
KOUNTll>=o.o,. 
ENO,. 

L =01• 
DO 1 "" 1 Td K1 • 

IF KOUNTl II NE LASTS 111 
THEN DO,. 

IF L LE 0 
THEN OD,. 

KDUNTC I J""KDUNTCIJ+l,. 
IF KOUNTlll LE LEVELlll 
THEN GO· TO S40, • 

Sito •• 

GO TD SSO,. 
END,. 

IF KDUNTIU= LEVELlII 
THEN GD TO 560,. 

L =L+lSTEPUJ,. 
GO TD S60,. 
ENO,. 

sso .. 

S60 •• 
KOUNTCU=O,. 

ENO,. 
IF L GT 0 
THEN 001• 

SUHSQIL I =SUH SQ IL J+X INNJ •X CNN),• 
NN •NN+l,. 
GO TO 530,. 
END,. 

GMEAN=XlNN)IFN,. I* CALCULATE MEAN 
I• 
I* CALCULATE FIRST DIVISOR REQUIRED TO FORM SUM Of SQUARES AND 
,. a·1v1soR. WHICH IS EQUAL TO DEGREES OF FREEDOM, REQUIRED TO 
I* FORM HEAN SQUARES ,. 

JSTEP•O,, 
ISTEPIU=l1• 
NN ao,. 

s10 •• 
NOl =lt• 
ND2 =l, • 

DO 1 = l TD K,. 
IF ISTEPlll NE 0 
THEN DO,. 

NDl =NDl•LEVELllJ ,. 
ND2 =ND2*1LEVELIIJ-U,. 
END,. 

END,• 
FNl =N*NOl,. 
FN2 =N02,. 
NN =NN+l,. 
SUHSQ(NN l=SUHSQ( NNJ /FNl1 • 

·SHEAN I NNJ=SUMSQI NNJ/FN21. 
NOFCNNJ=ND2t• 
JF NN LT LL 
THEN DO,. 

DD I = l TD K1 • 
IF ISTEPIII NE 0 
THEN I STE Pl U=O,. 
ELSE 001. 

ISTEPlU=l,. 
GO TO 570,. 
ENO,. 

ENO,• 
END,. 

FIN •• 
RETURN,. 
ENO,. 

Purpose: 

/*ENO OF PROCEDURE AVAR 

AVAR1190 
AVAR1200 
AVAR1210 
AVARl220 
AVAR1230 
AVAR1240 
AVARl250 
AVARl260 
AVAR1270 
AVAR1280 
AVARl290 
AVAR1300 
AVAR1310 
AVAR1320 
AVAR1330 
AVAR1340 
AVAR1350 
AVAR1360 
AYAR1370 
AVAR1380 
AVAR1390 
AYAfU'tOO 
AVAR1410 
AVAR1420 
AVAR1430 
AVARH40 
AVARllt50 
AVAR1460 
AVAR1470 
AVAR14BO 
AVAR1490 
AVAR1500 
AVAR1510 
AVAR1520 

*IAYAR1530 
•IAVAR1540 
•IAVAR1550 
•IAVAR1560 
*/AVAR1570 
•IAVAR1580 

AYAR1590 
AVAR1600 
AVAR1610 
AVAR1620 
AVAR1630 
AVARl(.40 
AVAR16:i0 
AVAR1660 
AYAR1670 
AVAR1680 
AVAR1690 
AVARl 700 
AVARl 710 
AVARl 720 
AVAR1730 
AVARl 740 
AVARl 750 
AYARl 760 
AVAR1770 
AYAR1780 
AVAR1790 
AVAR1800 
AYARlBlO 
AVAR1820 
AVAR1830 
AYAR1840 
AVAR1850 
AVAR1860 
AVAR1870 
AVAR1880 
AVAR1890 
AVAR19DO 

*/AVAR1910 

AV AR performs an analysis of variance for a com
plete factorial design. 

Usage: 

CALL AVAR (K, LEVEL, N, X, GMEAN, SUMSQ, 
ND F, SMEAN); 

Description of parameters: 
K - BINARY FIXED 

Given number of variables (factors}. 
LEVEL (K} - BINARY FIXED 

Given vector, the i-th element being 
the number of levels for the i-th 
factor (LEVELj_}. 

N - BINARY FIXED 
Given total number of data points 
read in (N = [2 **K] -1}. 

X - BINARY FLOAT[(53) J 
Given vector of length 

GMEAN-

SUMSQ-

NDF-

SMEAN-

Remarks: 

K 
i!!i (LEVEL i + 1} 

with data positioned in locations one 
to N, where N is the total number of 
data points read in. The length of the 
vector must not exceed 32, 767. 
BINARY FLOAT [ (53} ] 
Resultant variable containing grand 
mean. 
BINARY FLOAT [ (53) ] 
Resultant vector of length 2 to the 
Kth power minus one, ( [ 2**K ] - 1), 
containing the sums of squares. 
BINARY FIXED 
Resultant vector of length ( [ 2**K ] 
-1), containing degrees of freedom. 
BINARY FLOAT [ (53} ] 
Resultant vector of length ( [ 2**K] 
- 1), containing mean squares. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR= 1 - N, the number of data points, less than 
or equal to zero. 

ERROR=2 - There is only one factororlessthanone. 
ERROR= 3 - One or more factors have levels less 

than two. 

Method: 

The method is based on the technique discussed by 
H. o. Hartley in Mathematical Methods for Digital 
Computers, edited by A. Ralston and H. Wilf, John 
Wiley and Sons, 1962, Chapter 20. 

Mathematical Background: 

This procedure calculates ~ysis ~f variance 
in three steps: · 

1. The data is placed in properly distributed· 
positions of storage. 

The size of the data array named X required for 
an analysis of variance problem is calculated as· 
follows: 

K 
MM= IT (Li+ 1) 

i=l 

where: 
4 = number of levels of i-th factor 
K = number of factors 

(1) 
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The data is redistributed according to equation 
(4) below. Prior to that, multipliers, Sj, to be 
used in finding proper positions of storage, are 
calculated as follows: 

s = 1 
1 

(2) 

s. = 
J 

j - 1 
II 
i=l 

(L. + 1) 
l 

where j = 2, 3, ••• , K. 
Then the position to place each data point is 

calculated by the following equation: 

K 

S= KOUNT1 + L: 
j = 2 

Sj • (KOUNTj - 1) 

(3) 

(4) 

where KOUNTj = value of the j-th subscript of the 
data to be stored. The procedure increments the 
value(s) of subscript(s) after each data point is 
stored. 

2. The next step performs the calculus for the 
general K-factor experiment: operator E and 
operator 6.. An example is presented in terms of 
K = 3 to illustrate these operators. 

Let Xabc denote the experimental reading from 
the a-th level of factor A, the b-th level of factor 
B, and the c-th level of factor c. The symbols A, 
B, C will also denote the number of levels for each 
factor so that a= 1, 2, ••• , A; b = 1, 2, ••• , B; 
c = 1, 2, ••• ' c. 

With regard to the factor, A: 
operator E = sum over all levels a= 1, 

a 2, ••• , A, holding the other 
subscripts at constant levels, 

operator Ll= multiply all items by A and 
a subtract the result E from all 

items a 
In mathematical notations, these operators are 
defined as follows: 

A 

~xb::xb=L L4 a c • c 1 a a= 

Ll 
a 

X :AX -X 
abc abc • be 

x 
abc 

(5) 

(6) 

The operators I: and Ll will be applied 
sequentially with regard to all factors A, B, and C, 
Upon the completion of these operators, the stor
age array X contains deviates to be used for 
analysis of variance components. 
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3. In the next and final step the mean square 
operation for the general K-factor experiment is 
performed as follows: 

a. Square each value of deviate for analysis of 
variance stored in array X, which is the 
result of the operators E and Ll applied in 
step 2. 

b. Add the squared value into a proper sum
mation storage. In a three-factor experi
ment, for example, the squared value is 
added into one of the seven storages 
(7 = 23 -1) as shown in the first column of 
the following table. The symbols A, B, and 
C in the first column denote factors A, B, 
and c. 

After the mean square operation is completed 
for all values in the storage array X, the procedure 
forms sums of squares of analysis of variance by 
dividing the totals of squared values by the proper 
divisors. These divisors for the three-factor ex
periment mentioned above are shown in the middle 
column of the Table. The symbols A, B, and C in 
the second column denote the number of levels for 
each factor. 

The procedure then forms mean squares by 
dividing sums of squares by degrees of freedom. 
The third column of the table shows the degrees of 
freedom. The symbols A, B, and C denote the 
number of levels. 

Designation of store Divisor required to Degrees of freedom 
and of quantity con- form sum of squares required to form 

talned in it of analysis of variance mean squares 

(A)2 ABC.A (A-1) 
(B)2 ABC.B (B-1) 
(AB)2 ABC.AB (A-1) (B-1) 
(C)2 ABC.C (C-1) 
(AC)2 ABC.AC (A-1) (C-1) 
(BC)2 ABC.BC (B-1) (C-1) 
(ABC)2 ABC.ABC (A-1) (B-1) (C-1) 

Programming Considerations: 

Input data must be arranged in the following man
ner: Consider the three-variable analysis of vari
ance design, where one variable has three levels 
and the other two variables have two levels. The 
data may be represented in the form X(I, J, K). 
The left subscript - namely, I - changes first. 
When I=3, the next left subscript, J, changes, and 
so on, until I=3, J=2, and K=2. 



Discriminant Analysis 

• Subroutine DMTX 

DMTX.. OHTX 10 

I **.o*** ****** **** * ***** *******c ****ti*"'***************************** ***I DH TX 2 0 
/* */DMTX 30 
I* TO COMPUTE MEANS OF VARIABLES JN EACH GROUP ANO A POOLED •IOHTX 40 
I* DISPERSION HATPIX FOR ALL THE: GROUPS. */OMTX 50 
I* */OHTX 60 
I************'°'*~***************************************************** */DH TX 7C 

,. ,. 

,. ,. ,. 

PROCEouq,F (K,~,N,X,XBAR,OJ ,. DHTX 80 
UECLAP.E OMTX CJO 

ERQ.DR EXTERfllAL CHARACTER ( l), OMTX 100 
INl*JrJ,J,K,Kl1K21KKrl1M,Nfll) OHTX llC 
FIXED BINARY, DMTX 120 
IX(•,•1,FSUMJ OMTX 130 
FLUAT BJNAR Y, DHTX 140 
IXBl\Rl*1*lrDf*t*l1CMEANl"1ll OlilTX 15C 
elN~RY FLOAT,. . /*SINGLE PRECISION VERSION l*S*/OMTX 160 
BlNARV FLOAT 1531,. /*DOUBLE PRECISION VERSION /*D*/DMTX 170 

ERROR= 1 C1 1 • 

IF H LE 1 
THEN co,. 

ERRCR=' l',. 
GO TO FIN,. 
ENO,. 

IF K LI: l OR K GT M 
THEN DC,• 

ERROR= 1 2 1 t• 

GO TO FIN,• 
ENO,. 
DO J -= l TO K, • 
IF NIJJ LE 0 
THEN DO,• 

ENO,• 

ERROR: 13 I I. 

GO TO flN1. 
END,. 

DO I : l TO M, • 

ENO,. 
=Ct. 

DO J :i: l TO K1. 
XBARU ,JJ=O.C,. 
ENO,. 

DO I : l TO K,. 
NN =NU),. 
FSLIM :NN, • 

DO J :: l TO "IN,. 
L ::L+l,. 

00 KK = 1 TO Mto 

*IDMTX l8C 
DMTX 190 

I* THE NUMBER OF VARIABLES IS */DMTX 200 
I* LESS THAN OR EQUAL TO ONE. */DIHX 210 

DMTX 220 
DMTX 230 
DMTX 240 

I* INVALID NUMBER (If GROUPS. */OMTX 250 
OMTX 260 
OMTX 27C 
OHTX 280 
OMTX 290 
0'4TX 30C' 

I* NO OBSEPVATIONS IN AT LEAST */OMT)C 310 
. I* ONE OF THE GROUPS */OMTX 320 

0"'TX 330 
CJHTX 34(1 
0'1TX 350 
Dt.tTX 360 
0"1TX 3 70 
OMTX 38C 
DMTX 3CJC' 
OMTX 400 
D/i4TX 41C 
OMTX 42C 
OMTX 430 
OMTX 44C 
OMTX 450 
O~TX 46C 
DMTX 470 

XBAR( KK,t )=XBAR (KK, I )+XI L 1KKJ, • 
ENO,. 

OMTX 480 
OlillTX 490 
OIHX 500 

END,. 
DC KK = l TO M,. 
XBARCKK1 I l=XBARCKK1 I J/FSUK,. 
eNo,. 

ENO,• .. 

CCIMPUTE THE DISPERSION MATRIX 

00 I = l TO H,. 

END,• 
=01. 

DO J = 1 TO M,. 
0(1,Jl=O.O,. 
ENO,. 

DO l = 1 TO Kt• 
NN "'NU),. ' 

ENO,• 
=01 • 

DO J = 1 TO NN,. 
L =L+t,. 

END,. 

DO KK = l TO M1 • 
CHEAN( KKl=XC L1KK)-XBAR lKK1II1 • 
ENO,. 
DO Kl -= 1 TO H,. 

ENO,. 

DO K2 = Kl TO M1. 
D(Kl 1K21=D(Kl 1K2J+CMEANIKU•CMEANCK2),. 
END,. 

DO KK = 1 TO K1 • 
L =l+Nl KKJ 1 • 

END,• 

OMTX 51C 
o.~n 52C\ 
OMTX 530 
OMTX 5'40 
OMTX 550 

•/OMTX 560 
•IOMTX 570 
•IDMTX 580 

OMTX 590 
DMTX 600 
DMTX 610 
DMTX 620 
OMTX 630 
DMTX 6'40 
OMTX 650 
DHTX 660 
DNTlC 670 
OMTX 680 
OMTX 690 
DHTX 700 
OHTX 710 
DHTX ·120 
DMTX 730 
DMTX 71t0 
DMTX 750 

FSUM "'L-K,. 

DMTX 760 
. OHTX 770 
OMTX 780 
DMTX 790 
DMTX 800 
DHTX 810 
OHTX 820 
DHTX 830 
OMTX 8'40. 
OMTX 850 
OMTX 860 
DMTX 870 
mnx eeo 
OMTX 890 
OMTX 900 

DO I "' l TO M,. 

END,. 
FJN •• 

RETURN,. 
ENO,. 

Purpose: 

DO J = I TO M, • 
0( I ,Jl=D( I ,JJ/FSUM,. 
D(J,U=OCl,JJ,. 
ENDr ~ 

/•END OF PROCEDURE DMTX 
OMTX 910 

•IDMTX 920 

DMTX computes means of variables in each group 
and a pooled dispersion matrix for an the groups. 
This. subroutine is used in the performance of dis
criminant analysis. 

Usage: 

CALL DMTX (K, M, N, X, XBAR, D); 

K-

M-

N(K) -

X(NN,M) 

BINARY FIXED 
Given number of groups. K must be 
greater than 1. 
BINARY FIXED 
Given number of variables (must be 
the same for all groups). 
BINARY FIXED 
Given vector containing sample sizes 
of groups. N=(n1, n2 , ••• , nk) 
BINARY FLOAT 
Given matrix containing data in a 
manner equivalent to a three
dimensional array (Xijk)• The first 
subscript is case number; the second, 
variable number; the third, group 
number. NN=n1 + n2 + ••• + nk • 

XBAR(M,K) - BINARY FLOAT [(53)]'' 
Resultant matrix containing means of 
variables in K groups. 

D(M, M) - BINARY FLOAT [(53)] 

Remarks: 

Resultant matrix containing pooled 
dispersion. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of variables less than or equal to 
one. 

ERROR=2 - invalid number of groups (K ::;; 1 or K > M). 
ERROR=3 - no observations in one or more groups. 

The number of variables must be greater than or 
equal to the number of groups. 

Method: 

Refer to BMD Computer Programs Manual, edited 
by W. J. Dixon, UCLA, 1964, and T. W. Anderson, 
Introduction to Multivariate Statistical Analysis, 
John Wiley and Sons, 1958, Sections 6. 6-6. 8. 

Mathematical Background: 

This subroutine calculates means of variables in 
each group and a pooled dispersion matrix for the 
set of groups ma discriminant analysis. 

For each group k = 1, 2, ••• , K, the subroutine 
calculates means and sums of cross-products of 
deviations from means as shown below. 
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Means: 

~ 

~ ·xijk 

:xjk: 
i =1 

= 
~ (1) 

where nk = sample size in the kth group 

= 1, 2, .•• , m are variables 

Sum of cross-products of deviations from means: 

where j 1, 2, ... , m 

1 = 1, 2, ..• , m 

The pooled dispersion matrix is calculated as 
follows: 

. D = 
K 

k 1 

where K = number of groups 
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(3) 

• Subroutine DSCR 

DSCR.. DSCR 10 

l************************************************•••••••••••••••••••••1oscR 20 
/11. */DSCR 30 
I* 'TO COMPUTE A SET OF LINEAR FUNCTIONS WHICH SERVE AS INDICES •/OSCR ltO 
I* FOR CLASSIFYING AN INDIVIDUAL INTO ONE OF SEVERAL GROUPS. */OSCR 50 
/'ii. *1DSCR 60 
l*********************************************************************/OSCR 70 

I* 
I• 

I• ,. ,. 

,. 
I* ,. 

I• ,. ,. 
I• 

,. ,. 
I* 

I• ,. 
I• 

'·* 

PROCEOUR.E CK,M,N,X,X8AR,O,CMEAN,v,c,P,LG),. DSCR 80 
DECLAI< E DSCR 90 

INl*),LG(•J,J,J,K,~lrK21ltll1MrNl,NN) DSCR 100 
FIXED BINARY, DSCR 110 
ERROR EXTE~NAL CHARACTEPUJ, OSCR 120 
IX(*•*J,FNIKJ) DSCR 130 
BINARY FLOAT, DSCR litO 
( XBAR(*r* J ,0( *•*) ,C (*•*) ,CMEANI *),Pl•) ,y, FSUM,PLJ DSCR 150 
BINARY FLOAT t. /*SINGLE PRECISION VERSION /*S*/DSCR 160 
~INARV.fLOAT 153J,. /*DOUBLE PRECISION VERSION /*D*/DSCR 170 

L =O,. 
•/OSCR 180 

OSCR 190 
ERROR: IQ' 1 • 

IF M lf l 
THEN oa,. 

ERROR= 1 l 1 ,. 

GO TO FIN,. 
ENO,• 

I* NUM8EFI OF VARIABLES LESS 
I* THAN OR EQUAL TO ONE~ 

DSCR 200 
*/DSCR 210 
*IDSCR 220 

OSCR 230 
DSCR 240 
DSCR 250 

IF K LE l OR K GT M • I* INVALID NUMBER OF GROUPS. •IDSCR 260 
THEN 001. 

ERROR:'2't• 
GO TO FHh• 
ENO,. 

DSCR 270 
OSCR 280 
DSCR 290 
DSCR 300 
DSCR 310 DD 1 : l TO K,. 

IF N(ll LE 0 
THEN DDt• 

I* NO OBSERVATIONS IN ONE OR •IDSCR 320 
I* HORE GROUPS. *IDSCR 330 

ERRQR:• 3 1 ,. 

GO TO FIN,. 
ENO,. 

ENO,. 
onI:lTOK,. 
L =L+N(IJ,. 
fNO,. 

FSUM =L1 • 
DO I 
v 

: 1 TO H,. 
=C.o,. 

Nl 
L 

DC' J = l TO K,. 
V '"'V+NIJl*XBAPCI,JJ,. 
ENO,• 

CMEA~f I J=V/fSUM,. 
ENO,. 

CALCULATE GE"lERALIZED MAHALAtJOBIS 0 SQUARE 

=O, • 
0(1 I = 1 TO H,. 

ENO,. 

OD J = 1 TO M,. 
FSUM =O.Ot. 

00 KK = 1 TO Kt• 
FSUM =FSUM+N( KKI *CX'lAR( I, KKJ-CMEANI I) I 

*lXBARI J,KKl-C:~EAN( J 11,. 
ENO,. 

V =V+D(l,J)*FSUM,. 
ENO,. 

CALCULATE THE cnEFFICIENTS t:""F OISCRIHINANT FUNCTIONS 

00 I "' 1 TO K,. 
FSU~ =Ot • 

00 J = l TO M,. 

END,• 

DO KK .:: l TO H, • 
FSUH =FSUM+OI J1KKJ •XBARI J 1 I l*XBAR(KK 1 I J,. 
ENp,. 

Cl l 11 J=-1 FSUM/21,. 
DO J = 1 TO H1 •. 

CCJ+ltI J=o.o,. 

ENO,• 
ENO,. 

DO KK = 1 TO M1 • 
CIJ+l, I »=CIJ+ ltl 1+0( J rKKJ*XBARIKK, I),. 
ENO,. 

FOR fACH CASE IN EACH GROUP, CALCULATE •• DISCRIMINANT 
FUNCTIONS. 

=O, • 
=O, • 
DD I 
NN 

= 1 To K,. 
=NCI Ji. 
00 J = 1 TO NN,. 
L .. L+l,. 

00 Kl = l TO K, • 
FNI Kll-=CI l ,KlJ 1 • 

END,. 

00 K2 = l TO f~, • 
FN(Kl)=FNCKlJ+CI KZ+l,Kl l•XtL,K2), • 
ENO,. 

THE LARGEST DISCRIMINANT FUNCTION 

LL -=1,. 
FSUH =FNClJ ,. 

·oo Kl = 2 TO K,. 
IF FSUM LT FN«Kll 
THEN CO,. 

ENO,. 

LL =Kl,. 
FSUM -=FN(Kll,. 
ENO,. 

PROBABILITY ASSOCIATED WITH 'THE LARGEST DISCRIMINANT 
FUNCTION. 

ENO,. 

Pl =O,. 
00 KK = 1 TO K,. 
PL =PL+EXP(FNtKKJ-FSUMJ,. 
END,. 

Nl =Nl+l,. 
LG(NlJ=LL,. 
P(NlJ=l/PL,. 
END,. 

OSCR 340 
DSCR 350 
OSCR 360 
OSCR 370 
OSCfl 380 
DSCR 390 
OSCR 400 
DSCf! 410 
DSCR 420. 
OSCR 430 
DSCR 440 
DSCR 450 
DSCR 460 
OSCf! 470 
OSCR 480 

*/OSCR 490 
*/DSC~ 500 
*/DSCR 510 

DSCR 520 
DSCR 530 
OSCR 540 
DSCR 550 
DSCR 560 
OSCR 570 
DSCR 580 
DSCR 590 
DSCR 600 
DSCP 610 
DSCR 62<' 

*IDSCR 630 
*10.SCR 640 
*/OSCR 650 

OSCR 660 
·OSCR 670 
OSCR 680 
DSCR 690 
DSCR 700 
DSCR 710 
DSCR 720 
DSCR 730 
DSCA 740 
DSCR 750 
OSCR 760 
DSCR 770 
DSCR 780 
OSCR 790 
OSCR 800 

*l!>SCR 810 
*IDSCR 920 
*/DSCR 830 
*IDSCR 840 

OSCR 850 
OSCP 860 
DSCR 870 
OSCR 880 
OSCR 890 
OSCR 900 
OSCR 910 
OSCR CJ2Cl 
DSCR 93{' 
DSCR 940 
OSCR 950 
DSCR 960 

*IDSCR CJ70 
*/DSCR 9!!0 
*/OSCR 990 

OSCRlOOO 
OSCR1010 
OliCR1020 
OSCRHl30 
OSCR1040 
DSCR1050 
DSCR1060 
DSC~l070. 
DSCR 1080 

*/DSCRlOCJO 
*IDSCRl lOC 
•IDSCRlllO 
*IDSCR1120 

OSCRl 130 
OSCR1140 
DSCR1150 
DSCRl 160 

FIN •• 
RETURN,. 
ENO,. /*END OF PROCEDURE DSCR 

DSCR1170 
OSCR 1180 
OSCRtlqO 
DSCR1200 
DStPlZlO 
DSCR122tl 
DSCR1230 

*/DSC!' 1240 



Purpose: 

DSCR performs a discriminant analysis by calculat
ing a set of linear functions that serve as indices 
for classifying an individual into one of K groups. 

Usage: 

CALL DSCR (K, M, N, X, XBAR, D, CMEAN, V, 
C, P, LG); 

K-

M-

N(K) -

X(NN, M) -

XBAR(M,K) -

D(M, M) -

CMEAN(M) -

V-

C(MH,K) -

P(NN) -

BINARY FIXED 
Given number of groups. K must 
be greater than 1. 
BINARY FIXED 
Given number of variables. 
BINARY FIXED 
Given vector containing sample 
sizes of groups. 
N= (n1,~, ••• , nK) 
BINARY FLOAT 
Given matrix containing data in 
the manner equivalent to a three
dimensional array {Xijk}. The 
first subscript is case number; 
the second, variable number; the 
third, group number. NN = n1 + 
n2 + • • • +Dk• 
BINARY FLOAT [(53)] 
Given matrix containing means of 
M variables in K groups. 
BINARY FLOAT [(53)] 
Given matrix containing the in
verse of pooled dispersion matrix. 
BINARY FLOAT [(53)] 
Resultant vector containing com
mon means. 
BINARY FLOAT [(53) J 
Resultant variable containing 
generalized Mahalanobis D-square. 
BINARY FLOAT [(53)] 
Resultant matrix containing the 
coefficients of discriminant func
tions. The first position of each 
column (function) contains the 
value of the constant for that 
function. 
BINARY FLOAT [(53)] 
Resultant vector containing the 
probability associated with the 
largest discriminant functions of 
all cases in all groups. Calcu
lated results are stored in the 
manner equivalent to a two-dimen
sional array (the first subscript .. 

LG(NN) -

Remarks: 

is case number, and the second 
subscript is group number). 
NN=n1+n2+ • • • +llK 
BINARY FIXED 
Resultant vector containing the 
subscripts of the largest dis
criminant functions stored in 
vector P. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of variables less than or equal 
to one. 

ERROR=2 - invalid number of groups (K ~ 1 or 
K > M). 

ERROR=3 - no observations in one or more groups. 

The number of variables must be greater than or 
equal to the number of groups. 

Method: 

Refer to BMD Computer Programs Manual, edited 
by W.J. Dixon, UCLA, 1964, and T. w. Anderson, 
Introduction to Multivariate Statistical Analysis, 
John Wiley and Sons, 1958. 

Mathematical Background: 

This subroutine performs a discriminant analysis 
by calculating a set of linear functions that serve as 
indices for classifying an individual into one of K 
groups. 

For all groups combined, the following are ob
tained. 

Common means: 

K 

L ~xjk 
- k=l 
Xj =-K---- (1) 

L ~ 
k=l 

where: 

K = number of groups 

= 1, 2, ••• , m are variables 
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1\: = sample size in the k-th group 

xjk = mean of j-th variable ink-th group 

Generalized Mahalanobis n2 statistics, V: 

m m 

v 
i=l j=l 

where: 

d .. 
lJ 

K 

L 
k=l 

d.. - the inverse element of the pooled dis-
lJ persion matrix D 

(2) 

V can be used as chi:...square (under assumption of 
normality) with m (K-1) degrees of freedom to test 
the hypothesis that the mean values are the same in 
all the K groups for these m variables. ·For each 
discriminant function k* = 1, 2, ••• , K, the fol
lowing statistics are calculated, 

Coefficients: 

m 

cik* =E dij xjk (3) 

j=l 

where: 

i = 1, 2, • • •' ID· 

k = k* 

Constant: 

m m 

COk* = -1/2 L L djl ~k ~ (4) 

j=l l=l 

For each i-th case in each k-th group, the following 
calculations are performed. 

Discriminant functions: 

m 

~ = L cjk xijk + cok* 
j=l 
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(5) 

where: 

~ = 1, 2, ••• , K · 

Probability associated with largest discriminant 
function: 

1 
p = ---------

L 

where: 

E e <fk* - fL) 

k*'= 1 · 

fL =the value of the largest discriminant 
function · 

L = the subscript of the largest discrimin
ant function 

(6) 



Principal Components Analysis 

• Subroutine TRAC 

TRAC.• TRAC 10 

f ** * ** * ** **** **** *** * ************* **** ************ ******* ** ***********!TR AC ZO 
I* */TRAC 30 
I* TO COMPUTE CUMULATIVE PERCENTAGE OF EIGENVALUES GREATER */TRAC 40 
I* THAN OR EQUAL TO A CONSTANT SPECIFIED BY THE USER. */TRAC 50 
I* •/TRAC 60 
I******************************************************************** *I TRAC 70 

PROCEDURE (M,R,CON,K,pJ,. TRAC 80 
OECLAPE TRAC qQ 

ERROR EXTERNAL CHARACTER 11 I, TRAC 100 
(l,J,K,MJ TRAC 110 
FUED BINARY, TRAC 120 
(Rl*t*l1Dl*J,CDNJ TRAC 130 
BINARY HOAT,. /*SINGLE PRECISION VERSION /*S*/TRAC 140 

I* BINARY FLCAT C53J,. /*DOUBLE PRECISION VERS10N /*D*/TRAC 150 
I* */TRAC lbO 

ERROR= 1 0 1 ,. TRAC 170 
IF M LE 0 I* ORDER OF MATRlX IS ZERO. */TRAC 180 
THEN DO,. TRAC 190 

ERROR= 1 1 1 ,. TRAC 200 
GO TO S20,. TRAC 210 
END,• TRAC 220 
DO I = l TO H 1 • TRAC 230 
ENO,• TRAC 250 
=O, • TRAC 260 

I* */TRAC 270 
I* TEST WHETHER I-TH EIGENVALUE IS GREATEFI THAN OP EQUAL TO :t:/TRAC 280 
I* THE CONSTANT• */TRAC 290 
I* */TRAC 300 

DO 1 = 1 TO M,. TRAC 310 
IF DI 11 LT CON TRAC 320 
THEN GO TO sic,. TRAC 330 
r. =K+l,. TRAC 340 
OIIJ =011)/H,. TRAC 350 
ENO,. TRAC 360 

SID.. TRAC 370 
IF K LE l TRAC 380 
THEN DO, • TRAC 390 

ERROR= 1 2 1 ,. I* NOT ENOUGH EIGENVALUES */TRAC 400 
GO TO S20, • I* ARE RETAINED */TRAC 410 
END 1 • TRAC 420 
00 I = 2 TO K,. TRAC 430 
Oil) ::QIJl+OII-1),. TRAC 440 
END 1 • TRAC 450 

S2C'.. TRAC 460 
RETURN,. TRAC 470 
END,. /*END OF PROCEDURE. TRAC */TRAC 480 

Purpose: 

TRAC computes cumulative percentage of eigen
values greater than or equal to a constant specified 
by the user. 

Usage: 

CALL TRAC (M, R, CON, K, D); 

Description of parameters: 
M - BINARY FIXED 

Given number of variables. 
R(M, M) - BINARY FLOAT [(53)] 

Given matrix containing eigenvalues in 
diagonal. Eigenvalues are assumed to 
be arranged in descending order. 

CON - BINARY FLOAT [(53)] 
Given constant used to decide how many 
eigenvalues to retain. Cumulative per
centage of eigenvalues greater than or 
equal to this value is calculated. 

K - BINARY FIXED 
Resultant variable containing the number 
of eigenvalues greater than or equal to 
CON. (K is the number of factors.) 

D(M) - BINARY FLOAT [(53)] 
Resultant vector containing cumulative 
percentage of eigenvalues greater than or 
equal to CON. 

Remark: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - order of matrix equal to zero. 
ERROR=2 - number of eigenvalues retained less 

than or equal to one. 

Method: 

Each eigenvalue greater than or equal to CON is 
divided by M, and the result is added to the pre
vious total to obtain the cumulative percentage for 
each eigenvalue. 

Mathematical Background: 

This procedure finds K, the number of eigenvalues 
greater than or equal to· the value of a special con
stant. The given eigenvalues A.1' A.z, ••• , A. M 
must be arranged in descending order. 

Cumulative percentages for those K eigenvalues 
are: 

A. 
I 

M 
(1) 

where: 

=1,2, ••• ,K 

M = number of eigenvalues (or variables) 

KSM 
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• Subroutine LOAD 

LOAD.• LOAD 10 
I******************************************************************** *I LOAD 2 0 
I* */LOAD 30 
I* TO COMPUTE A FACTOR MATRIX I LOADING I FROM EIGENVALUES AND */LOAD 40 
I* ASSCICIATED EIGENVECTORS. */LOAD 50 
I* */LOAD 60 
I*****************"***,,.,.*************** *'C< ** ********* ***** ** *************IL 0 AD 70 

I• 
I* 

PROCEDURE (M,K,R,V),. LOAD 80 
bECLA!<E LOAD 90 

(I,J,K) LOAD 100 
FIXED BINARY, LOAD 110 
ERROR EXTERNAL CHAP AC TERI 11, LOAD 120 
IRl*1*l1Vl•,•),$Q) LOAD 130 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/LOAD 140 
BINA 0 V FLOAT 153) ,. /*DOUBLE PRECISION VERSION /*D*ILOflO 150 

ERROR=' 0 1 ,. 

IF K LE 1 OP K GT M 
THEN DO,. 

E:RROR= 1 2• ,. 
GO TO FIN,. 
ENDr • 

IF M LE, 0 
THEN EPQQq,= 1 1 1 1 • 

ELSE 00 1 • 

DO J·= 1 TOK,. 

ENO,. 

SQ =SQRT(R(J,JJI 1• 

DO [ -= l TO M 1. 

ENO,. 

VI I ,J)=SO*V(I ,Jl ,. 
END,. 

I* INVALID VALUE OF K 

I* ORDER OF MATRIX IS ZERO 

*/LOAD 160 
LOAD 110 

*ILOAO 180 
LOAD 190 
LOAD 200 
LOAD 210 
LOAD 220 

FIN'., 
RET.URN1. 
END,. /*END OF PROCEDURE LOAD 

*/LOAD 230 
LOAD 240 
LOAD 250 
LOAD 260 
LOAD 270 
LOAD 280 
LOAD 290 
LOAD 300 
LOAD 310 
LOAD 320 
LOAD 330 
LOAD 340 

*/LOAD 350 

Purpose: 

LOAD computes a factor matrix (loading) from 
eigenvalues and associated eigenvectors. 

Usage: 

CALL LOAD (M, K, R, V); 

Des,cription of parameters: 
M ...: BINARY FIXED 

K-

R(M, M) 

V(M, M) -

Remarks: 

Given number of variables. 
BINARY FIXED 
Given number of factors. 
BINARY FLOAT [(53)] 
Given matrix containing eigenvalues in 
the diagonal. Eigenvalues are assumed 
to be arranged in descending order. 
The first K eigenvalues are used by this 
procedure. 
BINARY FLOAT [(53)] 

Given matrix V contains eigenvectors 
columnwise. 
Resultant matrix V contains a factor 
matrix (M by K). 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - the order of the matrix is zero. 
ERROR=2 - invalid number of factors (K ::;: 1 or 

K > M). 
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Method: 

Normalized eigenvectors are converted to the factor 
pattern by multiplying the elements of each vector 
by the square root of the corresponding eigenvalue. 

Mathematical Background: 

This procedure calculates the coefficients of each 
factor by multiplying the elements of each normal
ized eigenvector by the square root of the corre
sponding eigenvalue. 

a .. = V.. , IX:" 
l] l] • v "j 

where: 

i = 1, 2, • •• , Mare indices of variables 

= 1, 2, ••• , K are indices of eigenvalues 
retained (see the subroutine TRAC) 

K ::;; M 



• Subroutine VRMX i','1 

VRMX •• VRHX 10 
I***************************************************•***********"'**• **/VRl1X 20 
I* */VRMX 30 
I* TO PE RF CRH ORTHOGONAL ROTATIC!M OF A FACTOR MATRIX. •/VRHX 40 
I* */VRHX 50 
I***************************"'**************************************** */VP.11 X 60 

I• 
I• 

,. 
I* 
I• 

I• ,. 
I• 

I• 
I• 

PROCEDURE (til,K,AoNC,TV,H,F,OJ t• VRMX 70 
DECLARE YRMX 80 

11,11,J,K,KltlL1HtNC1NVJ VRMX 90 
FIXED BINARY, VRHX 100 
ERROR EXTERNAL CHARACTERlll1 VRMX 110 
CAI *•*Ir TVl•J 1HI *I ,F l•J ,O( *I, EPS, TYL T ,fN 1 AAr BBrCCr00 1 G1 e,u, T, VRMX 120 
COS4 T 1 S tN4 Tr TAN4 T ,S INP t COSP, CTN4 T 1 COS2T tS IN2T r COST 1 SI NT rCONS) VRMX 130 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/VRMX 140 
BINARY flCAT 153) t• /*DOUBLE: PRECISIOf.I VERSION /*D*-/VIH1X 150 

EPS =.OCU6,. 
TVLT =O,. 
LL =K-11. 
NV =1,. 
NC ~o,. 

FN =M•H,. 
CONS =.7071066,. 
ERROR= 10•,. 
IF H LE l 
THEN DO,. 

ERROR•'l'1• 
GO TO FIN,. 
END,. 

IF K LE 1 OR K GT M 
THEN 001. 

ERROR= 1 2 1 ,. 

GO TO FIN,• 
END,. 

I* INJTIALJZATION 

I* NUMBER OF VARIABLES LESS 
I* THAN OR EQUAL TO ONE 

I* INVALID VALUE PF K 

CALCULATE ORIGINAL COHMUNALITIES 

DO I = 1 TO M, • 
Hill =O,. 

END,• 

DO J = 1 TO K,. 
HCIJ =H<Il+ACirJl*ACI,J),. 
END,. 

CALCULATE NORMALIZED FACTOR r-'ATRIX 

DO ·I = 1 TO H,. 
Htll =SQRTIHCJJJ,. 

ENDr. 

DO J = 1 "TQ K.,. 
A( I ,JJ=AI I ,JJIHI I J ,. 
END,. 

GO TO S20,. 

CALCULATE VARIANCE FOR FACTOP MATRIX 

•/VRMX 16C 
*/VRMX 170 

VRHX 180 
VRMX lQO 
VRHX 200 
VRMX 210 
VRMX 22C 
VP.MX 230 
VRHX 240 

*/VRHX 250 
*IVRHX 260 

VRMX 270 
VRMX 280 
VRHX 290 

*/VPMX 300 
VRMX 310 
VRHX 320 
VRMX 330 
VRHX 340 

*IVRHX 350 
*IVPHX 360 
*/VRHX 370 

VRHX 380 
VPMX 390 
VRMX 400 
VRHX 410 
VRHX 42C 
VRMX 430 

*/VRMX 440 
*IVRHX 450 
*/l/RHX 460 

VRHX 470 
VRHX 480 
VPMX 4QO 
VRMX 500 
VR14X 510 
VRHX 520 
VR"IX 530 

I• 
Slo •• 

*/VRHX 540 
*/VRMX 550 
*/VRMX 560 

VRMX 570 
VRHX 580 
VRMX 590 
VRMX 600 
VRHX 610 
VRHX 620 
VRMX 630 
VRMX 64(1 
VRMX 650 
VRMX 660 
VRMX 670 
VRMX 680 
VRMX 690 
VRHX 700 
VRMX 710 
VRHX 720 

NV =NV+l 1 • 

TVLT =TVI NV-lJ,. 
szo •• 

I* 
I* ,. 

I• 
I* 
I• 

TVINVJ=O,. 
DO J = 1 TO K,. 
AA =C, • 
BB =O,. 

DO f = l TO M, • 
CC =AII,JJ•AU,JJ,. 
AA ::AA+CC I. 
BB ::BB+Ct*CC,. 
ENO,• 

TVI NVJ =TVINVI +I H*BB-AA*AAJ /fN,. 
END,. 

IF NV GE 51 
THEN DO,. 

ERROR='3'1• 
Go ra sec,. 
ENO,. 

IF TVINVJ-TVLT LE l.CE-7 
THEN 00, • 

NC =NC.+1,. 
IF NC GT 3 
THEN GO TO sao,. 
END,. 

ROTATJC1N OF TWO FACTORS BEGINS 

00 J = l TO LL,. 
II =J+l,. 

00 Kl "' I I TO K,. 
AA ::Q, • 
BB =01. 
CC =O,. 
00 =O,. 

DO I = l TO H,. 

I* NUMBER OF ITERATIONS = 50 

I* PERFORM CONVERGENCE T~ST 

I* CALCULATE NUM AND OEN 

U :(A( I rJJ +Al I, Kl) )*(Al lrJ I-Al I,Kll J,. 
T ::ACI,Jl*ACI,Kll*Z1• 
CC ::CC+IU+T)•(U-T),. 
DO =DD+Z•U•T,. 
AA =AA+ Ur. 
BB =BB+T,. 
ENO,. 
=DD-Z*AA*BB/H,. 
=CC-IAA*AA-BB*BBJ/M,. 

IF T = B 
THEN DO,• 

IF T+B LT EPS 
THEN GO TO 5701. 

NUH + DEN IS GPEATER THAN OR EQUAL TO THE TOLERANCE FACT.OR 

COS4T=CONS,. 
SIN4T=CONS,. 
GD TO 540,. 
ENO,. 

IF T GT B 
THEN GD TO S30,. 
TAN4T=ABSC Tl/ABSCBI ,. 
IF TAN4T GE EPS 
THEN oo,. 

I* NUM IS LESS THAN DEN 

COS4T=l/SQRH l+TAN4T*TAN4T J, • 
SIN4T=TAN4T•COS4T,. 
GO TO 540,. 

*IVRMX 730 
VRHX 740 
VRMX 750 
VRHX 760 

•IVRHX 770 
VRMX 780 
VRMX 790 
VRHX 800 
VRHX 810 
VRMX 820 

*IVRMX 830 
*/VRHX 840 
*/VRHX 850 

VRHX 860 
VRMX .870 
VRHX 880 

*/VRMX 890 
VRMX '900 
VRHX 910 
VRMX '920 
VRMX Q]Q 
VRMX 940 
VRHX '950 
VRMX 960 
VRHX Q70 
VRHX 980 
VRHX 990 
VRMXlOOO 
VRHXlOlO 
VRHX1020 
VRMX1031) 
VRMX1040 
YRHX1050 
VRMX1060 

*/YRMX1070 
•IYRMX1080 
*/VRHX1090 

YRMXllOO 
VRHXlllO 
VRHX1120 
VRMX1130 
VRMX1140 
VRMX1150 

*/VRMX1160 
VRHX1170 
VRMX1180 
VRMX11'90 
VRMX1200 
VRMX1210 

530 •• 

I• 

END,. 
If B GE 0 
THEN GO TO S7Q,. 
SJNP =CONS,. 
COSP =CONS,. 
GO TC\ 560, • 

CTN4T=ABSIT/BI t• I* NUM IS GREATER THAN O&N 
If CTN4T GE EPS 
THEN DO,. 

SlN4T=l/SQRTC l+CTN4T•CTN4Tlt. 
COS4T=CTN4T*SIN4T t • 
GO TO S40,. 
ENO,. 

COS4T .. O,. 
SIN4T=l10 

I* DETERHlf\IE COS THEAT AND SIN THETA 
I• 
S4C •• 

I• 

COSZT=SQRH I l+COS4TJ /2) t. 
SIN2T=SIN4Tll2•COS2TJ,. 
COST =SQRTC<l+COS2T1/21 r• 
SINT ;;SJN2Tll2•Cosn,. 

I• DETERHJNE COS PHJ AND SIN PHJ 
I• 

sso •• 

S6Q •• 

570 •• 

END,. 

If 6 GT 0 
THEN 00,. 

CDSP =COST,. 
SI NP =SINT t. 
GO TO S50t • 
ENO,. 

COSP =CONS*(CDST+SINTI, • 
SINP "ABSCCONS•<COST-SINTJ It• 

IF T LE 0 
THEN SINP =-SINP,. 

END,. 

DO I = 1 TO H,. I* PERFORM ROTATION 
AA =ACI,JJ•COSP+A(l,1<LJ•SINP10 
AC I ,Kl l=-AI I, JJ •S INP+AI I tKlJ•tOSP, • 
A( I rJl=AA1 • 
ENO,. 

GO TO 510,. ,. 
I* DENOR·HALIZE VARIMAX LOADINGS 
I• 
s00 •• 

DD I = l TD Mt• 

ENO,. 

00 J = 1 TO K, • 
AC J ,Jl=A( I ,JJ•HI JI,. 
END,. 

NC =NV-Lt. I* CHECK ON COHMUNALJTIE~ 
H =H*H1. 

00 I = 1 TO M1 • 
f( J) =C',. 

00 J = 1 TO K,. 
FCll =f(IJ+ACI1Jl*ACltJJ,. 
END,. 

0111 =H(IJ-F(IJ,. 
ENO,. 

FIN •• 
RETURt-l, • 
ENO, .. 

Purpose: 

/*ENO OF PROCEDURE VRMX 

VRHXL220 
YRHX1230 
VRHX1240 
VRMXl250 
VRMX1260. 
VRMXl270 
VRHX1280 

*/VRMXl290 
VRHX1300 
YRMXL310 
VRMX1320 
VRMX1330 
YRHX1340 
VRMX1350 
VRMX1360 
VIUtX1370 

•IVRMX1380 
*IYRMX1390 
*/VRHX1400 

VRMXl-410 
VRHX1420 
VRHXl-430 
VRMXl"O 
VRMX1450 

*/VRMXl-460 
*/YRMX1470 
•IVRMXL480 

YRMX1490 
VRMX1500 
VRMX1510 
VRHX1520 
YRMX1S30 
VRMX1540 
VRMX1550 
VRMX1560 
YRMX1570 
VRHX1580 
VRMX1590 
VRMX1600 

*/VRMX1610 
VRMX1620 
VRMX1630 
VRMX1640 
YRMX1650 
VRMX1660 
VRHX1670 
VRMX1680 
VRMX1690 

*/VRMXl700 
*/VRMXl 710 
*IVRMX1720 

YRMX1730 
VRMXl 740 
VRMXl 750 
VRMXl 760 
VRMX1770 
VRMXl 780 

*/YRMXl 790 
VRMX1800 
VRHX1810 
YRHX1820 
VRHXL830 
VRHX1840 
VRMX1850 
VRMX1860 
YRMX1870 
VRMX1880 
YRMX1890 

*/VRMX1900 

VRMX performs an orthogonal rotation of a factor 
matrix. 

Usage: 

CALL VRMX (M, K, A, NC, TV, H, F, D); 

M-

K-

A(M,K) -

NC-

TV(51) -

BINARY FIXED 
Given number of variables. 
BINARY FIXED 
Given number of factors. 
BINARY FLOAT [ (53) J 
Given factor matrix. 
Resultant rotated M x K factor matrix. 
BINARY FIXED 
Resultant variable containing the num
ber of iteration cycles performed. 
BINARY FLOAT [(53)] 
Resultant vector containing the var
iance of the factor matrix for each 
iteration cycle. The variance prior to 
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H(M) -

F(M) -

D(M) -

Remarks: 

the first iteration cycle is also calcu
lated. This means that NOH varian
ces are stored in vector TV. Maximum 
number of iteration cycles allowed in 
this procedure is 50. 
BINARY FLOAT [(53)] 
Resultant vector containing the origi
nal communalities. 
BINARY FLOAT [ (53)] 
Resultant vector containing the final 
communalities. 
BINARY FLOAT [ (53)] 
Resultant vector containing the differ
ence between the original and final 
communalities. 

If the variance computed after each iteration cycle 
does not increase for four successive times, the 
procedure stops rotation. 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitute the possible error condi
tions that may be detected: 

ERROR=! - number of variables less than or equal 
to one. 

ERROR=2 - invalid number of factors(K:SlorK >M). 
ERROR=3 - 50 iterations executed without conver

gence. 

Method: 

Kaiser's varimax rotation as described in "Compu
ter Program for Varimax Rotation in Factor Analy
sis" by the same author, Educational and Psycholo
gical Measurement, vol. XIX, no. 3, 1959. 

Mathematical Background: 

This subroutine performs orthogonal rotations on 
an m by k factor matrix such that 

is a maximum, where i = 1, 2, •• ~ , m are var
iables, j = 1, 2, • • • • k are factors, aij is the 
loading for the i-th variable on the j-th factor, and 
hf is the commi.inality of the i-th variable defined 
below. · · 

Communalities: · 

k 

h2 =· " i L..,, 
j=l 

(2) 
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where i = 1, 2, ••• , m 

Normalized factor matrix: 

(3) 

where: 

i=l,2, ••• ,m 

j=l,2, ••• ,k 

Variance for factor matrix: 

(4) 

where c = 1, 2,. • • (iteration cycle) 

Convergence test: 

If v - v s: 10 - 7 
c c-1 (5) 

four successive times, the program stops rotation 
and performs equation (28). Otherwise, the pro
gram repeats rotation of factors until the conver
gence test is satisfied. 

Rotation of two factors: 

The subroutine rotates two normalized factors 
(b1j) at a time -- 1 with 2, 1 with 3, ••• , 1 with k, 
2 with 3, ••• , 2 with k, ••• , k - 1 with k. This 
constitutes one iteration cycle. 

Assuming that x and y are factors to be rotated, 
where xis the lower-numbered or left-hand factor, 
the following notation for rotating these two factors 
is used: 

x m 

• [cos cl> 
sin cl> 

-sin c1>l = 
cos cl> J 

x 
m 

y 
m 

(6) 



where xi and Yi are presently available normalized 
loadings, and Xi_ and Yi• the desired normalized 
loadings, are functions of cp, the angle of rotation. 
The computational steps are 1 through 5 below: 

1. Calculation of NUM and DEN: 

A = L: (xi+ y.) (x. - y.) 
• 1 1 1 
1 

B = 

c = L: 
i 

[ (x. + y.) (x. - y.) + 2xi Y·J 
1 1 1 1 1 . 

r(x. + y.) (x. - y.) - 2x. y1J 
~l 1 1 1 1 

D = 4 L: (x. + y.) (x. - y.) x. y. 
• 1 1 1 1 11 

(7) 
1 

NUM = D 2AB/m 

DEN = C [(A+ B) (A- B)] /m 

2. Comparison of NUM and DEN: 

The following four cases may arise. 

NUM < DEN, go to (2a) below 

NUM > DEN, go to (2b) below 

(NUM+ DEN) ~ E'*, go to (2c) below 

(NUM + DEN) < E', skip to the next r0tation 

* E' is a small tolerance factor. 

a. tan 40 = I NUMj/I DENI (8) 

If tan 40 < E' and 

DEN is positive, skip to the next r0tation. 

DEN is negative, set cos cp = 
sin cp = ( 42 )/2 and go to step 5. 

If tan 40 ;;:: E', calculate: 

cos 4.0 = 1/~1 + tan24e 
(9) 

sin40 = tan 40 • cos 40 

and go to step 3. 

b. ctn 40 = · I NUMl/1 DENI 

If ctn 40 < E', set cos 40 = 0 and 
sin 40 = 1. Go to step 3. 

If ctn 40 ~ E' , calculate: 

sin 40 = 1/ V1 + ctn2 40 

cos 40 = ctn 40 • sin 40 

and go to step 3. 

(10) 

(11) 

(12) 

(13) 

e. Set cos 40 = sin 40 = (.[2}/2 and go 
to step 3. 

3. Determining cos 0 and sin 0: 

cos 20 = .J (1 + cos 40 )/2 

sin 20 = sin 40/2 cos 20 

cos 0 = rJ c1 + cos 20)/2 

sin 0 = sin 20/ 2 cos 0 

4. Determining cos cl> and sin cl>: 

a. If DEN is positive, set 

cos cl> = cos 0 

sin cl> = sine 
and go to (4b). 

If DEN is negative, calculate 

.J2 ...f2 
cos cp = 2 cos e + 2 sin 0 

and go to (4b). 

b. If NUM is positive, set 

cos cl> = I cos c1i I 
sin cl> = I sin cl> I 
and go to step 5. 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 
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If NUM is negative, set 

cos <I> = I cos <I> I 
sin <I> = -1 sin <I> I 

5. Rotation: 

where 

= x. sin <I>+ y. cos <I> l . l 

i = 1, 2, ••• , m 

(24) 

(25) 

(26) 

(27) 

After one cycle of k(k - 1)/2 rotations is completed, 
the subroutine goes back to calculate the variance 
for the factor matrix by equation (4). 

Denormaliz ation: 

a .. 
lJ 

= b .. 
lJ 

hi (28) 

where: 

i = 1, 2, • ••' m 

= i, 2, ••• ' k 

Check on communalities: 

Final communalities 

k 

f2 L: 2 
(29) = a .. i lJ 

j=l 

Difference 

di = h~ ?: (30) 
l l 

where i = 1, 2~ ••• , m. 

218 Statistics-•Nonparametric Statistics 

Nonparametric Statistics 

• Subroutine KLMO 

KLMO.. KLMO 10 
l*********************************************************************/KLMO 20 
I* *IKLMO 30 
I* TESTS THE DIFFERENCE BETWEEN EMPIRICAL AND THEORETICAL */KLMO 40 
I* DlSTRIBUTIDNS USING THE KOLMOGOROV-SHIRNOV TEST. •IKLHO 50 
I* . */KLHO . 60 
l*********************************************************************/KLMO 70 

PROCEOUREIX,NtZtPROB,IFCOO,u,s1,. KU.0 80 
DECLARE KLMD 90 

cxt•l,YtTEMP,PROB,s,u,z,o,oN,EitES,FI,FSJ FLOAT BlNARY, KLMO 100 
C l,J,IL1NrIFCODI FIXED BINARY, KLMO 110 
ERROR EXTERNAL CHARACTER C 1),. KLMO 120 

ERROR=' 0 1 , • KLMO 130 
IF N l T 100 KLMO 140 
THEN IF N=O I* N < 100--SET ERROR IND. t/l(LMO 150 

THEN 001. Klt40 160 
ERROR='4'1• KLMO 170 
GO TO sec,. Klf10 180 
END1. KLMO 190 

ELSE ERROR,. 1 31 ,. Klti!O 200 
DO 1=1 TO N-1,. I* SORT X INTO */KLMO 21C 

DO J=l+l TO N,. I* ASCENDING SEQUENCE *IKLMO 220 
IF XII 1 GT XCJ) KLMO 230 
THEN 00,. l(LMO 24C 

TEHP=XIJI,. KLM0250 
XIII =XlJ),. KLMO 260 
XIJJ =TEMP,. KUIO 270 
END.. KLMO 280 

END1 • KLMO 290 
END,. KLMO 300 

I* COMPUTES MAX. DEV• ON IN *IKLMO 310 
I* ABS. VAL. BETWEEN EHP. AND */KLMD 320 

DN,FS=o.o,. 
I* THEO. FUNCTIONS OVER ALL X •IKLMO 330 

l(lf10 340 
KLMO 350 
KLHO 360 
ICLMO 370 
KLMO 380 
KLMO 390 
KLMO 400 
KLMO 410 
KLMO 420 
KLMO 430 
l(LMO 440 
KLMO 450 
KLMO 460 
KLMO 470 
KLMO 480 

IL =11• 
SIC •• 

520 •• 
ENDt • 

530 •• 
J 

540 •• 

DO l=Il TO N-t. • 
J =I•• 
IF XIJJ•XIJ+lJ 
THEN GO TO S20r. 
ELSE GO TO S40,. 

oN,. 

IL =J+l, • 
FI •FSt. 
FS •FLOATIJJ/N,. I* EMP. DIST• FUNCT • C.ALCULATED•IKLMO 490 

KLMO 500 
KLHO 510 
KLMO 520 
KLMO 530 

IF IFC00=2 
THEN DO,• 

550 •• 

S60 •• 

s10 •• 

IF S LE 0 
THEN 

oo,. 
ERROR=' l', • 
GO TO seo,. 
END,. 

I* INVALID VALUE OF S 
KLMO 540 

*IKLMD 550 
KlHO 560 
KLMO 570 

ELSE 001 • I• EXPONENTI Al PDF 
KLMO 580 

*IKLt40 590 
KLMO 600' 
KLMO 610 

Z =CICIJ>-UJ/S+t.o,. 
'IF Z LE 0 

END,. 

THEN 

oo,. 
• 
El 
ES 

=o.o,. 

=ABSIY-FIJ, • 
•ABSCY-FSJ,. 

I* l < OR = 0 •IKLMO 620 
KLMO 630 
KLMO 640 
KLMO 650 
KLMO 660 
KLMO 670 
KLllllO 680 

I* COMPUTE MAX. DEV. ON BETWEEN•IKLMO 690 
I* EMP. AND THEO. FUNCTIONS •tKL!lllO 700 

ON =HAXCDN1El1ES1t. KLMD 710 
IF IL=N KLMO 720 
THEN GO TO S30, • KLMO 730 

.ELSE IF IL LT N KLMD 740 
THEN GO TO SlOt• KLMO 750 
ELSE 00,. KLMO 760 

f* CALC. ASYMPTOTIC VALUE'i •IKLMO 770 
I* USING SKIR *IKLMO 780 

Z .::QN•SQRTINJ •• KLMO 790 
CALL SMIR IZ1PROBJ,. KLMO 800 
PROB•l.OEO-PROB, • KU10 810 
GO TO sac,. KUIO 820 
END,. KLMO 830 

ENO,. KLMO 81t0 
ELSE 001. I* EXPONENTIAL PDF 

ENO,. 

Y=l.-EXPC-ZI,. 
GO TO S701 • 
END,. 

ELSE IF IFCOO LT 2 

*IKLMO 850 
KLMO 860 
KLMO 870 
KLMO 880 
KLJllO 89(.'I 
KLMO 900 
KLMO 910 

THEN IF S LE 0 
THEN GO TO SSO,. 
ELSE 001 • 

I* 'INVALID VALUE OF S 
I* NORMAL PDF 

Z =txl JJ-UI /S,. 
CALL NOTR(Z,Y,OJ,. 
GO TO S701• 
ENO,. 

ELSE IF IFC00•4 
THEN IF S LE U 

ELSE 

. THEN GO TO SSO,. I• INVALID VAL. OF S OR U 
-ELSE IF X(JJ LE U I* UNIFORM PDF 

THEN GO TO S6C , • 
ELSE IF XCJJ LE S 

THEN OO,. 
V =CXIJJ-UJ/CS-UJ,. 
GO TO S70, ~ 
ENO,. 

ELSE DO,. 

IF IFCOD LT 4-

y -1.0,. 
GO TO S70,. 
ENO,. 

THEN IF S=O . I• INVALID VALUE OF S 
THEN GO TO S50,. 
ELSE 001 • t• CAUCHY PDF 

. V =ATAN( (XIJJ-Ul/SJ•0.3183099•0 .. 5,. 
·GO TO S7o,·. . 
ENO,. 

KLMO 920 
*/KlMO 930 
*/KL-MO 940 

KLMIJ 950 
KLMO 960 
KU10 970 
KLMO 980 
KLMO 990 
KLMOlOOO 

*/KLM01010 
O/KLH01020 

KlM01030 
KLM01040 
KLM01050 
KLM01060 
KUKJ1070 
KLM01080 
KLM01090 
«LMOl·lOO 
KlHOlllO 
KlM01120 
KLM01130 

*IKLMD1140 
KLMOl 150. 

•IKLM01160 
KLMDlllO 
KLMD1180 
KLMD1190 



sao •• 
RETURN,. 
ENDr • 

Purpose: 

ELSE ERROR= 12'1• I• USER'S PDF 

I •END OF PROCEDURE KLMD 

*/KLH01200 
KLM01210 
KLM01220 

•IKLM01230 

KLMO tests the difference between empirical and 
theoretical distributions using the Kolmogorov
Smirnov test. 

Usage: 

CALL KLMO (X, N, Z, PROB, IFCOD, U, S).; 

X(N) - BINARY FLOAT 
Given vector of independent observations •. 

N - BINARY. FIXED 
Given number of observations in X. 

Z - BINARY FL0AT 
Resultant variable containing the greatest 
value with respect to X of ,JN ( IF N(x) -
F(x) I), wh~re F(x) is a theoretical dis
tribution ftinction and FN(x) is an 
empirical distribution function. 

PROB - BINARY FLOAT 
Resultant variable containing the prob
ability of the statistic being greater than 
or equal to Z if the hypothesis that X is 
from the density under consideration is 
true. For example, PROB=O. 05 implies 
that X can be considered to be from the 
density under consideration with 5% 
probability of being incorrect. 
PROB= 1. - SMIR (Z). 

IFCOD - BINARY FIXED 
Given code denoting the particular 
theoretical probability distribution 
function being considered. When IFCOD 
=1, F (x) is the normal PDF 
=2, F (x) is the exponential PDF 
=3,F(x) is the Cauchy PDF 
=4, F (x) is the uniform PDF 
=5, F (x) is user-supplied. 

U - BINARY FLOAT 
When IFCOD is 1or2, U is the given 
mean of the density given above. 
When IFCOD is 3, U is the given median 
of the Cauchy density. 
When IFCOD is 4, U is the given left 
endpoint of the uniform density. 
When IFCOD is 5, U is user-specified •. 

S .,. BINARY FLOAT 
When IFCOD is 1or2, Sis the given 
standard deviation of density given above, 
and should be positive. 
When IFCOD is 3, (U-S) specifies the 

Remarks: 

first quartile of the Cauchy density. 
S given should be nonzero. 
If IFCOD is 4, S is the given right end
point of the uniform density. S should 
be greater than u. 
If IFCOD is 5, S is user-specified. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - invalid value of S (if IFCOD = 4, 
S or U is invalid). 

ERROR=2 - requested user's PDF has not been 
supplied. 

ERROR=3 - number of observations less than 100. 
ERROR=4 - number of observations equal to zero. 

N should be greater than or equal to 100 (see the 
mathematical background for subroutine SMIR, for 
the asymptotic formulae). Also, probability levels 
determined by this program. will not be correct if 
the same samples used in this test are used to 
estimate parameters for the continuous distribution. 

Any user-supplied cumulative probability dis
tribution function should be coded beginning with 
program comments "USER'S PDF" and should 
return to S70. 

Subroutines and function subroutines required: 

SMIR 
NDTR 

Method: 

For references see: 

W. Feller, "On the Kolmogorov-Smirnov limit 
theorems for empirical dil;\tributions", Annals of 
Math. Stat., 19, pp. 177-189. 

N. Smirnov, "Table for estimating the goodness of 
fit of empirical distributions", Annals ·of Math. 
Stat., 19, pp. 279'-281. 

R. Von Mises, Mathematical Theory of Probability 
and statistics. Academic Press, New York, 1964, 
pp. 490-493. 

B. V. Gnedenko, The Theory of Probability. 
Chelsea Publishing Co. , New York, 1962, pp. 384-
401. 
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H. W. Lilliefors, "On the Kolmogorov-Smirnov test 
for normality with mean and variance unknown", 
J. A. s. A., 62 (1967), pp. 399-402. 

Mathematical Background: 

Given a sample of n independent and identically dis
tributed random variables X1, X2, ••• , Xn with 
continuous cumulative distribution function F(x), 
this subroutine tests the difference in absolute value 
between the empirical distribution Fn(x) and theo
retical distribution F(x), using Kolmogorov
Smirnov' s limiting distribution, 

For this purpose: 

1, The order statistics { x(i) } are determined 
from the set {xi} by sorting {xi} into a nondecreas
ing sequence, 

2. The empirical cumulative distribution function 
Fn(x) is computed. This is the following step-func
tion: 

0 

F (x) = k/n 
n 

1 

x(k) s x < x(k+l); k=l, ••• , n-1 

3. The maximum deviation Dn in absolute value 
between the empirical and theoretical distribution 
is computed: 

D = 
n 

Max 
-oo<x<co 

Since Fn(x) and F(x) are nondecreasing functions, 
the result is: 

D = n 
Max 

l::;;k::;;n 

Dn is a random variable, and L(z) is the limiting 
cumulative distribution function of nl/2 Dn: 

{nl/2 lim Prob 
n-+ co 

= L(z) 

4. Finally, the values are computed for: 

z = n112 D 
n 

and the probability of being greater than or equal to 
the computed value of nl/2 Dn is computed: 

220 Statistics--Nonparametric Statistics 

P = 1 - L(z) 

Generally, theoretic al distribution functions are 
to be included by the user, as specified in the pro
gram. However, four functions are evaluated in 
KLMO, as follows: 

x f dF(t) = F(x) 

-co 

(1) 

is evaluated at the points of the set {x(i)} , where 
F(x) is one of the following: 

• The normal pdf with mean u and variance s2 

2 • The exponential pdf with mean u and variance 
s 

• The Cauchy pdf with median u, and first · 
quartile s - u 

• The uniform pdf with endpoints u and s 

Any user-written pdf should evaluate equation (1) 
above, using the parameters u and s at his con
venience. Instructions given in the program KLMO 
should be followed. 

Lilliefors (1967) notes that critical values de
termined by this test are not correct when one or 
more parameters are estimated from the sample. 
The user should refer to his article for notes on 
approximations that may be considered if such 
estimates are used. 

Programming Considerations: 

It is doubtful that the user will wish to perform this 
test using double-precision accuracy. However, if 
one wishes to communicate with KLMO in a double
precision program, he might declare 

XX FLOAT BINARY (53) 
X FLOAT BINARY 

Before calling KLMO, the user might do the 
following: 

DO I = 1 TON, , 
X(I) = XX(I), • 
END,. 

After exiting from KLMO, the user might do the 
the following: 

DO I= 1 TON, • 
XX(I) = X(I), , 
END,. 

(Note that subroutine SMIR has the double-precision 
option.) 



• Subroutine KLM2 

r<.LM2... KLM2 10 

I *** ***** ****** **** • *********** ** *************************************/KL 112 20 
I* */KLM2 30 
I* TESTS THE DIFFERENCE BETWEEN TWO S·AHPLE DISTRIBUTION *IKUl2 ltO 
I* FUNCTIONS USING THE KOLHOGORCV-SMIRNOV TEST. */KLM2 50 
I* */KLM2 60 
l****************'U***************************************************/KLM2 70 

PROCEOURE(X,Y,N,HtZ,PROBJ,. 1<.ll12 80 
DECLARE KLM2 90 

CX(•J,Y(*J1TEHP1XMlrXNl1ZrPROlhD) FLOAT BINARY, KLM2 100 
11,J,K,L,M,NI FIXED BINARY, KUIZ 110 
EPl'<OFl EXTERNAL CHARACTER 11), • KLM2 120 

ERRDR='C 1 ,. KLM2 130 
tF N LT lCO OP H LT 100 I* MORN IS LESS THAN 100 */KLM"2 140 
THEN IF N=O OR H=O I* SET ERROR INDICATOR *IKLHZ 150 

THEN OD,. KLM2 160 
ER?Qi:::141,. KLM2 170 
GO TO 560, • KLK2 180 
ENO,. KLM2 190 

ELSE ERROR=' 3',. KLMZ 200 
DO I= l TO N-1 1 • I* SOPT X ·JNTO •IKLM2 210 

00 J=l+l TO N,. I* ASCENDING SEQUENCE •/KLM2 220 
IF XCI I GT XCJI KLM2 230 
THEN 00,. KLMZ 240 

TEMP =XU),. KUt2 250 
XCll =XCJ),. KLM2 260 
X{J) =TEMP,. KUIZ 270 
END,• KLMZ 280 

END,. KLMZ 290 
ENO, • KLM2 300 
00 I =l TO H-1, • I* SORT Y INTO */KLMZ 310 

ENO,• 

00 J=l+l TO M,. I* ASCENDING SEQUENCE */KLM2 320 
IF Y( I l GT Y(JJ KLM2 330 
THEN DO, • KLM2 340 

ENO,. 

TEMP ==Yl I J,. KLM2 350 
Y<ll =YIJI,. KLMZ 360 
Y<JI =TEMP,. KLMZ 37C 
END,. KLMZ 380 

KLHZ 390 
KLMZ 400 

XNl =l/FLOATINl,. 
XMl :l/FLOAT(MI,. 

I* CALC. Q:ABSIFN-GHI */KLHZ 410 
I* OVER THE SPECTRUM OF X & Y */KLM2 420 

KLM2 430 
KLH2 440 

O,J,J,K,L ==O,. 
SLO •• 

IF VtJ+LJ GT Xtl+ll 
THEN DC',• 

S2t'1 •• 

530 •• 

S40 •• 

K=l, • 

1-=1+ l,. 
IF N LE I 
THEN 00,. 

L=lt • 
GO TO S30,. 
END,, 

ELSE lF XII) GE XU+l) 
THEN GO TO SZO,. 
ELSE 

lF K = 0 
THEN 

oo,. 
J=J+l,. 
IF J LT H 
THEN lf Y(J+l) LE 'l'(JI 

THEN GO TC' S40 t. 
ELSE .GO TO 550, • 

ELSE DO,• 
L=l ,. 
GO TO S5C,. 
END,. 

END,. 
ELSE GO TO 550,. 

ELSE ~~0 Xi 1+'ll = YtJ+ll 

S50 •• 

THEN DO,. 
K::O, • 
GO TO SZO, • 
END,. 

El Sf GO TO S40, • 
I* CHOOSE THE MAXIMUM 
I* DIFFERENCE, 0 

0 ::MAX( D,ABSI FL DA TC l I *XNl-FLOATlJl*XMl) J,. 
IF L=O 
THEN GO TO SlO,. 
ELSE DO,. 

I* CALCULATE THE STATISTIC Z 
I* AND z•s PROBABILITY 

l =D*SQRTI (FLOATINJ *FLOATI Ml I II FLOAT (NJ+FLOATCMI JI t • 

CALL SHIR ll,PROBI t• 

ENO,• 
SbO •• 

RETURN,• 
END,• 

Purpose: 

I* END OF- PROCEDURE KLMZ 

KLMZ 450 
KLMZ 460 
KLMZ 470 
KLM2 480 
KLMZ 490 
KLMZ 500 
KLMZ 510 
KLMZ 520 
Kl.'12 530 
KLM2 540 
KlM2 550 
KLM2 560 
KLHZ 570 
KU12 580 
KLH2 590 
KU12 600 
KU12 610 
KLM2 620 
KLMZ 630 
KLMZ 640 
KLMZ 650 
KLMZ 660 
KLM2 670 
KLMZ 680 
KLM2 690 
Kl"12 700 
i<LM2 11C 
KLM2 720 
KLl12 730 
KLMZ 74C 
KLMZ 750 
KLMZ 760 
KLMZ 770 
KLHZ 780 
KL\112 790 
KLM2 aco 

*IKLH2 810 
*IKLH2 820 

KLMZ 830 
K.LHZ 840 
KLMZ 850 
KLM2 860 
KLHZ 870 

*/KLMZ 880 
*/KLMZ 890 

KLMZ 900 
UHZ 910 
KLMZ 930 
KLMZ 940 
KLM2 950 

*IKLMZ 960 

KLM2 tests the difference between two sample dis
tribution functions using the Kolmogorov-Smirnov test. 

Usage: 

CALL KLM2 (X, Y, N, M, Z, PROB); 

X(N) - BINARY FLOAT 
Given vector containing N independent 
observations. 

Y(M) - BINARY FLOAT 
Given vector containing M independent 
observations. 

N - BINARY FIXED 
Given number of observations in X. 

M - BINARY FIXED 
Given number of observations in Y. 

Z - BINARY FLOAT 
Resultant variable containing the greatest 
value with respect to the spectrum of X 
and Y of 

!MN 
VM-f:N 

where FN is the empirical distribution 
function of the set (x) and ~(y) is the 
empirical distribution function of the set 
(y). 

PROB - BINARY FLOAT 

Remarks: 

Resultant variable containing the prob
ability of the statistic being greater than 
or equal to Z if the hypothesis that X and 
Y are from the same PDF is true. For 
example, PROB==O. 05 implies that one 
can reject the null hypothesis that the 
sets X and Y are from the same density 
with 5% probability of being incorrect. 
PROB==l-SMffi (Z). 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR==3 - number of observations N, or number 
of observations M, less than 100, 

ERROR==4 - number of observations N, or number 
of observations M, equal to zero. 

See the mathematical background for this sub
routine and for subroutine SMIR, concerning 
asymptotic formulae. 

Subroutines and function subroutines required: 
SMffi 

Method: 

For references see: 

W. Feller, "On the Kolmogorov-Smirnov limit 
theorems for empirical distributions", Annals of 
Math. Stat., 19, pp. 177-189. 

Statistics--Nonparametric Statistics 221 



N. Smirnov, "Table for estimating the goodness of 
fit of empirical distributions", Annals of Math. 
Stat., 19, pp. 279-281. 

B. V. Gnedenko; The Theory of Probability. 
Chelsea Publishing Co. New York, 1962, pp. 384-
401. 

Mathematical Background: 

Given a sample of n i. i. d. (independent and indenti
cally distributed) random variables X, and a sample 
of m i. i. d. random variables Y, this subroutine 
tests the difference between the two empirical dis
tribution functions Fn(x) and Gm(y) using 
Kolmogorov-Smirnov' s limiting distribution. For 
this purpose: 

1. The sets X and Y are sorted into the ordered 
sets {X(i)} and { Y (i)}, which are nondecreasing se
quences. 

2. The empirical cumulative distribution func
tions Fn(x) for the set X, and Gm(y) for the set Y, 
are computed. For example, 

0 '< x x(l) 

F n(x) = k/n x(k) s: x < x(k+l); k=l, ... ,n-1 

1 

3. The maximum difference in absolute value 
between the two sample distribution functions is 
computed: 

D _ = max I F (x) - G (y) I 1n,n n m 
x, y 

The statistic~ Dm, 11 is a random variable with 
limiting cumulative distrfbution function L(z), which 
is described under subroutine SMIR in this manual. 
That is, 

lim Prob {· /riiD ~) < z } = L(z) 
m, n-+co, co 'Vrn+n rn, n 

4. Finally, the probability (asymptotic) of the 
statistic -J mn Dm n being not less tha'n its com
puted value1!1"tilder the assumption of equality of the 
two theoretical distribution functions from which X 
and Y were taken, is computed: 

P = 1 - L(z) 
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Programming Considerations: 

It is doubtful that the user will wish to perform this 
test using double-precision accuracy. However, if. 
one wishes to communicate with KLM2 in a double
precision program, he might declare 

(XX, YY) FLOAT BINARY (53) 
(Y,X) FLOAT BINARY 

giving X and XX, Y and YY the same dimensions. 

Before calling KLM2, he might do the following: 

DO I=l TON,. 
X(I) =XX(I), . 
END,. 

DO J=l TOM,. 
Y(J) =YY(J),. 
END,. 

Immediately after exiting from KLM2, he might do 
the following: 

DO I=l TON,. 
XX(I)=X(I), • 
END,. 

DO J=l TOM,. 
YY(J)=Y(J),. 
END,. 



• Subroutine SMffi 

SHIR.. SHIR lC 
/*********************************************************************/SHIR 20 
" N~ra ~ 
I* COMPUTES VALUES OF THE LIMITING DISTRIBUTION FUNCTION FOR THE*/SHIR 4C 
I* KOLKOGDROV-SMIRNOV STATISTIC. */SMIR 50 
I* . •/SMIP 60 
/*********************************"***********************************/SHIR 70 

PROCEDURE (X,YI,. SHIR 80 
DECLARE . SH IR 90 

IXtY1Ql,Q2,Q4,Q8) FLOtl.T BINARY, .!•SINGLE PRECISION "/*S*/SHJR 100 
·I* U1Y1Ql,Q2,Q41081 FLOAT !UNARY l53J,,/•DOUBLE PRECISION /*D*/SMJR 110 

IF X LT 1.0 . . ' SHIR 120 
·THEN IF X LE .27· I* X LESS THAN .27-SET Y */SHIR 130 

THEN y =o.o,. SHIR 140 
. i• CALCULATE L(XJ ' */SHIP 150 

I* JN RANGE 1.27111 */SHl't 160 
ELSE OO,. SHIR 170 

Ql •EXPl-l.23370lEO/X**2lr• I• SINGLE PREC. l•S•/SMIR 180 
. I• Ql =EXPl-l.23370050136170EO/X**2),. SHIR 190 

I• DOUBLE P.RECo /*D*/SM IR 2(10 
Q2 =Ql*Ql ,. SMIR 210 
04 =02*02,. SMIR 220 

. QB =Q4*04r• SHIR 230 
IF QB-l.OE-25 GE 0 SHIR 240 
THEN v =12.50662BEO/XJ•Ol•ll.OEO+aa•n.OEO+QB•Q8)),. SHIR 250 

I• SINGLE PREC. l*S*/SHIR 260 ,. THEN V =l2.50662B274631001EO/XUQI•ll.OEO+QB• SMIR 270 
(l.OEC+QB•CBJJ,. /*DOUBLE PREC. /•D•/SMIR 280 

ELSE Y ::i:l2.50662BEO/Xl*Ol.. I* SINGLE PREC. l•S•/SHIR 290 ,. ELSEY =12.506628274631001EO/Xl*Ql,. . . SMIR 300 
I• DOUBLE P~EC. /*D*/SHIR 310 

ENO,. SHIR 320 
. 'ELSE IF X LT 3.1 StiltR 330 

*/SHIR 31t0 
*/SHIR 350 

SHIR 360 
THEN DOto 

Ql •EXPl-2.0EO*X*XI,. 
Q2 =Ql•Ql '. 
Q4 =Q2•02t. 
QB ' =-04*041. 

I* CALCULATE LCX> 
I* IN RANGE (l,3.11 

v =l • oec-2.oEo• I a1-Q4+QB•IQ1-oe1>,. 
ENO,. 

ELSE Y .. I.Oro I* X > OR = 3.1--SET Y 
RETURN,. 
END,. I* END OF PROCEDURE S~JR 

Purpose: 

SMlfl 370 
SM IR 380 
SHIR 390 
SHI~ 400 
SHIR 410 

*/SPUR 420 
SHIR 430 

•/SHIR 440 

SMffi computes values of the limiting distribution 
· fw:i.ction for the Kolmogorov-Smirnov statistici. 

·Usage: 

CALL SMffi {X, Y); 

X - BINARY FLOAT [(53)] 
.. Given variable containing the argument of the 
Srnirnov function. 

Y - BINARYFLOAT [(53)] 
Resultant variable containing the Smirnov 
function value. 

Remarks: 

Accuracy tests were made referring to the table 
given in the reference below. 

Two arguments, X=. 62, and X=l. 87, gave re
sults that differ from the Smirnov tables by 2.9 and· 
1. 9 in the 5th decimal place. All other results 
showed .smaller errors, and error specifications 
are ·given in the accuracy tables .in this manual. In 
double-precision mode, these same arguments re
sulted in differences from tabled values by 3 and 2 
ift the 5th de.cimal place. It is noted in Lindgren 
{reference below) that for high-significance levels 
{say, • 01 and • 05) asymptotic formulas give values 
that are too high {by 1.5% when N=80) •. That is, at 
high-significance levels, thE'. hypothesis of no differ
ence will be rejected too seldom using asymptotic 

.formulas. 

Method: 

For references see: 

E. T. Whittaker and G. N. Watson, A Course of 
Modern Analysis, Cambridge University Press, 
Cambridge, England, 1952, 462-476. 

W. Feller, "On the Kolmogorov-Smirnov limit 
theorems for empiral distributions", Annals of 
Math. Stat. 19, pp. 177-189. 

N. Smirnov, "Table for estimating the goodness.of 
fit of empirical distributions", Annals of Math. stat. 
19, pp. 279-281. 

V. W. Lindgren, Statistical Theory; The Macmillan 
Company, New York, 1962. 

Mathematical Background: 

This subroutine computes the values of Kolmogorov
Srnirnov' s limiting distribution for a given argu-
ment x.. ' 

L{x) =lo 
1-2 

x~O 

co {l) 

~· k-1 2 2 LJ {-1) exp{-2k x ) x>O 

k=l 

L{x) is the limit {Kolmogorov) of the cumulative 
distribution fu}lction of vnDn, and of {Smirnov) 
[mn/{m+n)J 1 2 Dm,n where: 

Dn is the maximum, over all x, of the differ
ence I Fn{x) - F{x) I between the sample distribu
tion function Fn{x) and the c9ntini:Lous theoretical 
distribution function F{x), and 

Dm,n is the maximum, over all.x,. of the differ
ence between the two sample distribution fUnctions 
Fm{x) and Gn(x), from two indepe:r;ident samples of 
sizes m and n. 

When x is very small, the series (1) converges 
slowly, but, using Jacobi's theta-functions 
02(u, t) and e 4{u, t): 

co 

02{u, t) = 2 L exp [irr{k+l/2)2t] cos [{2k+l)u] 

k=O 

co 

e4 (u, t) = 1-2 
k-1 2 

{-1) exp{i'ITk t) cos {2ku) 

k=O 
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and using the Jacobi imaginary transformation 

e 4 co, t) == (-it) - 112 e2 co, -1/t) 

it follows that: 

L(x) 

I<);; '""' 2 2 2 (..., ,.,,/x) L..J exp [-(.2k-l) 1T /Bx ] 

k==J, 

which converges quiokly when x is small. The com
putation here uses, with errors Ei(x), i==l,2: 

0 x:;;; o. 27 

3 

. r;;":: '""' 2 2 2 ( 'V ;c; rr/x) L..J exp [-(2k-1) 1T /Bx ] + 

k==l 

E1 (x); 0, 27 < x < 1. O 

L (x) 
4 

1-2L: 
k-1 . 2 2 

(-1) exp (-2k x ) + E2(x) 

k==l 

l, 0:,; x < 3.1 

1 3.1:;;; x < "' 

where: 

-15 E1 (x) :;;; 6 (10 ) when x < 1 

-20 
E2 (x)<10 when x ~ 1 
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• Subroutine CHSQ 

CHSQ. • CHSQ 10 
l*********************************************************************ICHSQ 20 
I* */CHSQ 30 
I* TO COMPUTE CHI-SQUARE FROM 4 CONTINGENCY TABLE.. */CHSQ 40 
I* */CHSQ 50 
l*********************************************************************/CHSQ 60 

,. 

I• 

I• 

,. ,. ,. 

,. 
I• ,. 

I• 
I• 
I• 

,. 
I• 

PROCEDURE IAtN,H,CS,NOF,PrTPJ,. CHSQ 70 
DECLARE CH SQ 80 

ERROR EXTERNAL CHARACTER I 1 J, CHSQ 90 
IAI•,•) ,cs,GS,TRINI ,TCIMJ ,P,TP,EJ CHSQ 100 
BINARY FLOAT, /+SINGLE PRECISION VERSION /+S+/CHSQ 110 
BINARY FLOATl53J t /*DOUBLE PRECISION VERSION /+O+/CHSQ 120 
11, [COUNT ,J,H,N, NOFrNAr NB,NC,NDrNAB,NCD,NAC,NBOtNZJ CHSQ 130 
FIXED BINARY, CHSQ 140 
IWN,F,w,w1,w2,W3.W41 FLOAT BINARYl531t. CHSQ 150 

ERROR=•Q•,. 
CS =0.01. 
P =o.o,. 
TP =O.O,. 
NDF =IN-ll*tH-1} ,. 
IF N LE 1 OR H LE 1 
THEN DO,. 

I* FIND DEGREES OF FREEOOH 

GS 

ERROR='2'1• 
GO TO FIN,. 
ENO,. 

00 I :: 1 TO N,. 
TRI I J=O.O r• 

CO J = 1 TO M1. 
TRI I J=TR(I )+AU ,JI,. 
ENO,. 

IF TRUJ LE 0 
THEN DO,. 

END1 • 

ERROR,='3't• 
GO TO FIN,.; 
END,• 

DO J = l TO H,. 
TCtJJ=o.:o,. 

00 I·= 1 TON, • 
TC (J J=TCIJJ+AI I ,JJ,. 
END,• 

IF TCIJJ LE 0 
THEN OO,. 

ERROR= 1 3 1 ,. 

GO TO FIN,. 
END,. 

ENDr .. 
=O.O,. 
DO I = 1 TO N,. 
GS =GS+TR( I Jr• 
ENO,. 

I* DEGREES OF FREEDOM = 0 

I* CALCULATE ROW TOTALS 

I* SOME ROW TOTAt = ZERO 

I* CALCULATE COLUMN TOTALS 

I* SOME COLUMN TOTAL = ZERO 

I• COMPUTE GRANO SUH 

COMPUTE CHI-SQUARE FOR 2 BY 2 TABLE (SPECIAL CASE) 

JF N = 2 AND H ::: 2 
THEN 00 1 • 

cs =GS• I ABS (Al 111J •Al2t2 J-AI 2, I )*A (l _ 2J J 
-GS/2.0J **21 (TC I ll*TCl2J•TR 11 l*TR (2) J,. 

IF GS GT 40.0 
THEN GO TD FIN,. 
ELSE oo,. 

IF <TRIU*TCIUJ/GS GE 5.0 AND 
URl2J•TCUU/GS GE 5 .. 0 AND 
ITRUJ•TCl2U/GS GE 5.0 AND 
ITRl2J•TCl2JJ/GS GE 5.0 

THEN GO 10 FIN,. 
ELSE DO,. 

NA 
NB 
NC 
NO 
K 

:::AU,lJ,. 
=AUr21t• 
=A 12 ,lJ r. 
=AC2,2J,. 
=1,. 

OBTAIN THE MARGJNAL TOTALS ANO GRANO TOTAL 

NAB :::NA+NB I. 
NCO =NC+NO,. 
NAC =NA+NCf .. 
NBD =NB+No, .. 
NZ =NA+NB+NC+NO, • 

COMPUTE N FACTORIAL 

WN =1,. 
IF NZ GT 1 
THEN DO,. 

ENO,. 

DO I = 2 TO NZ 1 • 

Fl =I,. 
WN =WN*FI,. 
ENO,. 

COMPUTE EXACT PROBABILITY 

*ICHSQ 160 
CHSQ 170 
CHSQ 180 
CHSQ 190 
CHSQ 200 

*/CHSQ 210 
CHSQ 220 
CHSQ 230 

*ICHSQ 240 
CHSQ 250 
CHSQ 260 

*/CHSQ 270 
•/CHSQ 280 

CHSQ 290 
CHSQ ·300 
CHSQ 310 
CHSQ 320 
CHSQ 330 

*/CHSQ 340 
CHSQ 350 
CHSQ 360 
CHSQ 370 
CHSQ 380 

*/CHSQ 390 
CHSQ 400 
CHSQ 410 
CHSQ 420 
CHSQ 430 
CHSQ 440 
CHSQ 450 

*ICHSQ 460 
CHSQ 470 
CHSQ 480 
CHSQ 490 

•/CHSQ 500 
CHSQ 510 
CHSQ 520 
CHSQ 530 

•ICHSQ 540 
*/CHSQ 550 
*/CHSQ 560 

CHSQ 570 
CHSQ 580 
CHSQ 590 
CHSQ 600 
CHSQ 610 
CHSQ 620 
CHSQ 630 
CHSQ 640 
CHSQ 650 
CHSQ 660 
CHSQ 670 
CHSQ 680 
CHSQ 690 
CHSQ 700 
CHSQ 710 
CHSQ 720 
CHSQ 730 
CHSQ 740 

*/CHSQ 750 
*ICHSQ 760 
*/CHSQ 770 

CHSQ 780 
CHSQ 790 
CHSQ 800 
CHSQ 810 
CHSQ 820 

*/CHSQ 830 
*/CHSQ 840 
*/CHSQ 850 

CHSQ 860 
CHSQ 870 
CHSQ 880 
CHSQ 890 
CHSQ 900 
CHSQ 910 
CHSQ 920 
CHSQ 930 

I• 
s10 •• 

*ICHSQ 940 
*/CHSQ 950 
•ICHSQ 960 

CHSQ 970 
CHSQ 980 
CHSQ 990 
CHSQlOOO 
CHSQ1010 
CHSQ1020 
CHSQ1030 
CHSQ1040 
CHSQ1050 
CHSQ1060 
CHSQ1070 
CHSQlOBO 
CHSQ1090 
CHSQl 100 
CHSQlllO 
CHSQ1120 
CHSQl 130 
CHSQ1140 
CHSQl 150 
CttSOll60 
CHSQl 170 
CHSQ1180 
CHSQ1190 
CHSQ1200 
CHSQ1210 
CHSQ1220 
CHSQ1230 

Wl =lr• 
IF NS GT 0 
THEN oo,. 

J =NA+l,. 
DO I = J TO NAB,. 
Fl =It• 
Wl =Wl•FI I. 
ENO,. 

ENO,• 
W2 :::1.0,. 
If NC 'GT 0 
THEN DO,. 

J =ND+l,. 
DO I = J TO NCOr • 
Fl =I,. 
W2 =W2*Flt• 
ENO,. 

ENO,. 
W3 =1.0,. 
'IF NA GT 0 
THEN DO,. 

J =NC+l,. 
DO I :: J TO NAC1. 
Fl =I,. 
W3 =W3*FI,. 
ENO,. 



,. 
I• ,. 
,. ,. ,. ,. 

,. 
I• ,. 
s20 •• 

,. ,. ,. 
szs .• 

,. ,. ,. 

END,. 
Wit ::zJ.o,. 
IF ND GT· 0 
THEN DO,. 

J zNB+L,. 
00 I "" J TO NBD,. 
Fl ... J,. 
Wit •W4•Fl,. 
ENO,. 

ENO,. 
w1 .. •n•w2•w3•w1t,. 
W •Wl/WN,. 
P •P+W•. 
IF K GT I 
THEN TP aJP+W,. 
K •K+l, • 

TEST WHETHER FREQUENCY IS ZERO COi 

CHSQl240 
CHSQ1250 
CHSQl260 
CHSQl270 
CHSQL280 
CHSQL290 
CHSQL300 
CHSQL310 
CHSQL320 
CHSQL330 
CHSQ1340 
CHSQ1350 
CHSQ1360 
CHSQL370 
CHSQ1380 
CHSQ1390 

•ICHSQ1400 
•ICHSQL410 
•/CHSQL-4-20 

IF NA LE 0 OR NB LE 0 DR NC LE 0 OR ND LE 0 
THEN GO TD FIN .. 

CHSQ1430 
CHSQ1440 

•ICHSQ1450 
AOJUST DATA IN DROER TD COMPUTE THE PROBABILITY ASSOCIATED •ICHSQL460 
WITH MORE EXTREME FREQUENCIES CBUT WITH SAME MARGINAL TOTALSl•/CHSQ1470 

IF NA LE NB 
THEN DO,. 

IF NC LE NO 
THEN DDt• 

IF NA GT NC 
THEN GO TO 520,. 
ENO.. . 

GD TO 525,. 
END,. 

IF NC GT NO 
THEN DO,. 

IF NS GT NO 
THEN GO TO 5251 • 
ENO,. 

MOVEBTOAANDCTOD 

NA •NA+l,. 
NB =NB-11 • 
NC ""NC-11 • 
ND ,,.ND+l,. 
GO .TO 510,. 

MOVEATOBANDDTDC 

END,. 

NA =NA-lt• 

END,. 

NB =NB+lr• 
NC 111NC+1,. 
ND =ND-1,. 
Go 10· s10,. 
ENO,. 

I• END OF TWO BY TWO CASE 

COMPUTE CHI SQUARE FDR OTHER CONTINGENCY TABLES 

ICDUNT=01 • 
DD J .. 1 TO M,. 

DD J = l TD N,. 
E =TRUl•TCCJl/GS,. 
lf E LE 5.0 
THEN ICOUNT:ai.ICOUNT+l,. 
CS =CS+IAU,JJ-E J•CAU ,Jl-EJ/E,. 
END,. 

ENO,. 

•ICHSQ1480 
CHSQ1490 
CHSQlSOO 
CHSQ1510 
CHSQ1520 
CHSQ1530 
CHSQL540 
CHSQ1550 
CHSQ1560 
CHSQL570: 
CHSQ1580 
CHSQ1590 
CHSQ1600 
CHSQL610 
CHSQL620 

•ICHSQ1630 
•/CHSQ1640 
•ICHSQ1650 

CHSQ1660 
CHSQ1670 
CHSQ1680 
CHSQ1690 
CHSQl 700 
CHSQl 710 

•ICHSQl 720 
•ICHSQl 730 
•/CHSQ1740 

CHSQl 750 
CHSQ1760 
CHSQl 770 
CHSQ1780 
CHSQ1790 
CHSQlBOO 
CHSQlBlO 
CHSQ1820 

*/CHSQl830 
•ICHSQlB40 
•/CHSQ1850 
•/CHSQl860 

CHSQL87D 
CHSQ1880 
CHSQl890 
CHSQ1900 
CHSQ1910 
CHSQL920 
CHSQ1930 
CHSQ1940 

IF !COUNT GT 0 
CHSQ1950 
CHSQL960 

THEN ERROR='l'r• I* SOHE EXPECTEO VALUES ARE */CHSQL970 ,. 
FIN •• 

RETURN,. 
END,. 

Purpose: 

I* LESS THAN 5.0 ·•/CHSQ1980 

I* END OF PROCEDURE CHSQ 

CHSQ1990 
CHSQZOOO 

*/CHSQ2010 

CHSQ computes .chi-square from a contingency 
table. 

Usage: 

CALL CHSQ (A, N, M, CS, NDF, P, TP); 

A(N,M) - BINARY FLOAT [(53)] 

N-

M-

cs-

NDF-

Given matrix containing contingency 
table of integer values. 
BINARY FIXED 
Given number of rows in matrix A. 
BINARY FIXED 
Given number of columns in matrix A. 
BINARY FLOAT [(53)] 
Resultant chi-square. 
BINARY FIXED 
Resultant number of degrees of freedom. 

P-

TP-

BINARY FLOAT [(53)] 
Resultant exact probability for a 2x2 
contingency table. If the contingency 
table is not 2x2, the value of P will be 
zero (P=O). 
BINARY FLOAT [ (53)] 
Resultant variable containing the prob
ability by the Tocher-modification 
method for a 2 x 2 contingency table. If 
the contingency table is not 2 x 2, the 
value of TP will be set to zero (TP=O). 

Remarks: 

P, CS, and TP above are computed only when the 
contingency table is 2x2, the total of the frequencies 
is less than or equal to 40, and the exp~cted fre
quency in any cell is· 1ess than five. 

If no errors are detected in the processing of 
data, the error indicator, ERROR, is set to zero. 
The following constitute the possible error condi
tions that may be detected: 

ERROR=l - some expected values less than 5. o. 
ERROR=2 - degrees of freedom equal to zero. 
ERROR=3 - some row total or column total less than 

or equal to zero. 

Method: 

Described in S. Siegel Nonparametric Statistics for 
the Behavioral Sciences, McGraw-Hill, New York, 
1956, chapters 6 and 8. 

Mathematical Background: 

When the observations are classified by two char
acteristics (two-way classification), the chi-square 
test may be used to test 'the hypothesis that the two 
characteristics are independent--namely, that the· 
distribution of one characteristic is the same re
gardless of the other characteristic. Two-way- . 
classification tables of this type are frequently 
called contingency tables, and different formulas 
are used to compute chi-square for the following 
two types of contingency tables: 

1. For 2 x 2 table: 

2 
a. X = 

N( I AD-BC I -~) 2 

(A+B) (C+D) (A+C) (B+D) 

where A, B, C, and D stand for frequencies in a 
2 x 2 table as shown below, and N=A+B+C+D. 

(1) 

Statistics--Nonparametric Statistics 225 



Yes No 

::.1 A 

I 

B 

I c ·n 

b. If N ~ 40 .and the expected frequency in 
any cell is. 5, the Fisher e:Xact proba- · 
bility is computed. · 

The exact probability of observing a 
. particular set of frequencies in a 2 x 2 
table, when the marginal totals are re
garded as fixed, is given. by the form
ula: 

p == (A+B)! <c;'n)! (A+C)! ,(B+D)! 

N! A! B! C! D!' 
(2) 

However, more extreme distribu-
tions of frequencies' could occur with 

. the same marginal totals. 
· · To find the Fisher exact prob.ability; 
we add the probabllity of obtaini'ng the' 
existing distribution of frequencies to 
'the probabUities 'of obtaining all th~ 
more extreme distributions of frequen-

. cies. ,·, ' 

The more· extreme distributions of 
frequencies are determined by system
atically subtracting one from the small
est frequency in the table, while keep
ing the marginal totals fixed. .This 
iterative ·proces~ continues u~tilthe 
smallest cell has a zero value. . This 'is 
the most extreme case •.. 

For. example: 

Observed data More extreme. outcqmes with same 
!Ilarginal totals 

table .. a . :. ._ . table b table c 

6
B···· -m::L·· .. 7 .. B. rno·. B ~·. 

' ' . ' . ' . ' 

5 .16 6 06 

6 B 14 6 B 14 6 B 14 

B! 61 61 B! 
p = . . = 20/143 = . 139B6 

. · ·a . 14! 21 61 4! 21 

Bl 6! 6! Bl 
~ = 14! ll 7! 5!.1!' = 16/1001 = • 0159B 

st 6! 61 st 
Pc= 14! ot B! 61 O! 

= 1/3003 = .00033 

The probability associated with the oc
currence of values as. extreme or more ex
treme than those observed (table a) is giv
en by adding the three probabilities 

• 139B6 + . 0159B + ; 00033 = . 15617 

Thus; PF=. 15617 is the Fisher exact 
probability. 

Tocher's modification determines the 
probability of all: cases more extreme than 
the observed one, and not including the ob
served one. 

PT= Pb+ pc+ .. '' (3) 

That is, 

(4) 

For the example in tables a, b, and c: 

PT = . 0159B + • 00033 = . 01631 using 
equation (3) 

PT= . 15617 - • 139B6 = . 01631 using 
equation (4) · 

· The probability (PT) provided by · 
Tocher's modification to the Fisher·ex
act test is for a one-tailed test of H0• 
For a two-tailed test, the PT yielded 
must be doubled. 

2. For other contingency tables: 

2 
2 

n m (A .. - E .. ) 

x = L: L: lJ lJ (5) 
i=l j=l E.~ 

lJ 

where:. 

A .. = frequency in the cell i, j 
lJ 

T. T. 
E =~ 

ij N 

T .. = 
1 

n 

L: 
j=l 

(6) 

i =l, 2, ••• , n (row totals) 
(7) 



n 
T. = I: A •. 1, 2, ••• , m (column totals) 

J i=l lJ 
(8) 

n 
N= I: T. (grand total) (9) 

i=l 1 

The degrees of freedom: 

d. f. (n - 1) (m - 1) (10) 

• Subroutine KRNK 

KRNK. • KRNK 10 
I *********************************************************************/KRNK 20 
I* •IKRNK 30 
I* TO TEST CORRELATION BETWEEN TWO VARIABLES BY ME-ANS OF THE */KRNK 40 
I* KENDALL PANK CORRELATION COEFFlCIENT. *IKRNK 50 
I* •IKRNK 60 
l******•"'***"'****•*************************************.O:**************/KRNK 70 

,. 

,. ,. ,. ,. 

PROCEDURE CA,B,Rl,R2,N1TAU,so,z,NRI,. KRNK BO 
DECLAPE . KRNK qQ 

(AC •• ,ec •J ,Rl(•l ,R2 C•J, TAU, so, z,RSAVE1SAVER1S1 TA, re, FNl1FNJ KRNK 100 
FLOAT BINARY, . KRNK 110 
l1,JSORT 1 J 1 KT 1 N,NR) KRNK 120 
BINARY FIXED, KRNK 130 
ERROR EXTERNAL CHARACTER C 11 , • KRNK 140 

ERROR=•o•,. 
DO I=l TON,. 
RUii =O,. 
R2111 =O,. 
ENO,. 

TAU =O.O,. 
SD =O.('I,. 
z =o.o,. 
IF N LE I 
THEN oo, I 

ERROR=• l',. 
GO TO FIN,, 
END,. 

FN .. ,,,, I 

FNl =N•IN-U, • 
IF NR= l 
THEN OD,, 

DO I = l TO N,. 
IHlll=AUI,. 
R2Cll=8III,. 
ENO,. 

END, •. 
ELSE DO,, 

I* .lNITIALlZATION 
*IKRNK 150 
*/KRNK 160 

KRNK 170 
KRNK 180 
KRNK 190 
KRNK 200 
KRNK 210 
KRNK 220 
KRNK 230 

I* NUMBER OF OBSERVATIONS LESS O/KRNK 240 
I* THAN DR EQUAL TO ONE. */KRNK 250 

KRNK 260 
KRNK 270 
KRNK 280 
KRNK 290 
KRNK 300 

I* DETERMINE IF DATA IS RANKED •IKRNK 310 
KRNK 320 
KRfjK 330 

I-* MOVE RANKED DATA TO RI R2 •/KRNK 340 
KRNK 350 
KRNK 360 
KRNK 370 
KRNK 380 

R4NK DATA IN A AND 8 VECTORS AND ASSIGN TIED OBSERVATIONS 
AVERAGE OF TIED RANKS. 

*/KRNK 390 
*/KRNK 400 
*IKRNK 410 
•/KRNK. 420 

CALl RANK tA ,Rl 1Nl,. 
CALl RANK (8 1 R2 1NJ,. 
END,. 

SLO •• 
JSORT=Ot, 

KRNK 430 
KRNK 440 
KRNK 450 
KRNK 460 
KRNK 470 ,. ,. ,. 

,. ,. ,. ,. ,. 

,. ,. ,. 

SORT RANK VECTORS Rl AND R2 JN SEQUENCE. OF VARIABLE A 

DO I = 2 TO N,. 
IF RlC I I LT Rll 1-11 
THEN DO,. 

ENO,. 

ISORT=I SORT+lt • 
RSAVE=Rl 111 t • 

RH.ll=RlCI-U,. 
RH.1-l)::::rR.SAVE,. 
SAVER=R21 I I,. 
R2111.,.R211-llt• 
R2CI-11=SAVER1• 
END,. 

IF ISORT NE 0 
THEN GO TO SlC·r. 

COMPUTE S ON VARIABLE B. $-TARTING WITH THE FIRST RANK, ADD 
TO S FOf' EACH LARGEP RANK TO ITS RIGHT ANO SUBTRACT 1 FOR 
EACH SMALLER RANK. REPEAT FOR ALL RANKS. 

=O,, 
DO I = l TO N-1, • 

ENO,. 

DO J = l+l TO N,. 
IF R21JJ GT R211J 
THEN S =S+t.o,. 
ELSE IF R21JI LT R21JJ 
THEN S =S-l .Ot. 
ENO,. 

COMPUTE TIED SCORE INDEX FOP BOTH VARIABLES 

KT· =21, 
CALL TIE IH,N 1 KT1TAJ,. 
IF El\.ROR= 1 2' 
THEN 

*/KRNK 480 
*/KRNK 490 
*/KRNK 500 

KRNK 510 
KRNK 520 
KRNK 530 
KRNK 540 
KRNK 550 
KRNK 560 
KRNK 570 
KRNK 580 
KRNK 590 
KRNK 600 
KRNK 610 
KRNK 620 
KRNK 630 
KRNK 640 

*/KRNK 650 
l •/KRNK 660 

*/KRNK 670 
*/KRNK 680 
*/KRNK 690 

KRNK 700 
KRNK 710 
KRNK 720 
KRNK 730 
KRNK 740 
KRNK 750 
KJINK 760 
KRNK 770 
KRNK 780 

•/KRNK 790 
*/KRNK 800 
*/KRNK 810 

s2a •• 

KRNK 820 
KRNK 830 
KRNK 840 
KRNK 850 
KRNK 860 

,. ,. ,. 

oo,. 
EF~.OF= 1 3'1 • 
co· TO Fm,. 
ENO,. 

CALl TIE CR21N1KT1T8),, 
IF ERPOl'.:: 1 2 1 

THEN Go Ta s20,. 
0 IF TA= O.D AND TB= O.O 
THEN TAU =S/10.S•FNU,. 

I* ALL RANKS fOR ONE VARIABLE •/KRNK 870 
'* APE ea.UAL */KRNK; 880 

I* COl~PUTE TAU 

KRNK 890 
KRNK 900 
KRNK 910 
KRNK 920 
KRNK 930 

EL"SE TAU =SIC I SQRTI0.5*FN1-TA)) *ISQFi.TCO.S•FNl-161)), • 

O/KRNK 940 
KRNK 950 
KRNK 960 

. . . */KRNK 970 
COMPUTE STANDARD DEVIATION AND Z. VALUE IF N IS LO OR GREATER */KRNK 980 

JF N GE tO 
THEN DO,, 

SD =C SQRT( ( 2.. O*I FN+FN+SJ J J( 9. O*FNll J J, • 
l =TAU/SD,. 
~NO,, 

ELSE ERROR=' 2 1 1 • I* SAMPLE SIZE LESS THAN 10 

*/KRNK 990 
KRNKIOOO 
KRNK1010 

.KRNKL020 
KRNK1030 
KRNK1040 

FIN.. . 
*/KRNK1050 

KRNKL060 
KRNK1070 

*/KRNKlOBO 
RETURN,. 
ENDt • /*ENO OF PROCEDURE KRNK 

Purpose: 

KRNK measures the correlation between two varia
bles by means of the Kendall rank correlation co-
efficient.· · . 
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Usage: 

CALL KRNK (A, B, Rl, R2, N, TAU, SD, Z, NR); 

A(N) -

B(N) -

Rl(N) -

R2(N) -

N-

TAU-

SD -

z-

NR-

Remarks: 

BINARY FLOAT 
Given vector containing observations 
for the first variable. 
BINARY FLOAT 
Given vector containing observations 
for the second variable. 
BINARY FLOAT 
Resultant vector containing rank of the 
data in vector A. 
BINARY FLOAT 
Resultant vector containing rank of 
the data in vector B. 
BINARY FIXED 
Given number of observations. 
BINARY FLOAT 
Resultant variable containing the Ken
dall rank correlation coefficient. 
BINARY FLOAT 
Resultant variable containing standard 
deviation. 
BINARY FLOAT 
Resultant variable containing statistic 
to be used to measure the significance 
of TAU in terms of normal distribution. 
BINARY FIXED 
Given code containing the following: 

O - for raw data in vectors A and B. 
1 - for the rank of data in vectors A 

and B. 

If no1errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 
ERROR=l - number of observations less than or 

equal to one. 
ERROR=2 - sample size less then 10. If this con

dition exists, Rl and R2 will contain 
invalid values; SD and Z will be set to 
zero. 

ERROR=3 - all ranks for one variable are equal. 

Subroutines and function subroutines required: 
RANK 
TIE 

Method: 

Described in S. Siegel, Nonparameteric Statistics 
for the Behavioral Sciences, McGraw-Hill, New 
York, 1956, chapter 9. 
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Mathematical Background: 

The subroutine computes the Kendall rank correla
tion coefficient, given two vectors of n observations 
for two variables, A and B. The observations on 
each variable are ranked from 1 to n. Tied obser
vations are assigned the average of the tied ranks. 
Ranks are sorted in sequence of variable A. 

A correction factor for ties is obtained: 

T = '°"' t(t - l) for variable A 
a L-1 2 

(1) 
'""' t(t - 1) Tb = L.J - 2-- for variable B 

where t = number of observations tied for a given 
rank. 

The Kendall rank correlation coefficient is then 
computed for the following two cases: 

(1) if Ta and Tb are zero, 

where: 

s 
r=-1----

-2- n (n - 1) 

n = number of ranks 

(2) 

S =total score calculated for ranks in vari
able B by selecting each rank in turn, ad
ding 1 for each larger rank to its right, 
subtracting 1 for each smaller rank to its 
right. 

(2) if Ta and/or Tb are not zero, 

s 
T = (3) 

, / .!_ n (n - 1) - T ./_!:_ n (n - 1) - T V2 a'\/2 b 

The standard deviation is calculated: 

s= 
2(2n + 5) 

9n (n - 1) 
(4) 

The statistic used to measure the significance of T 

is: 



• Subroutine QTST 

QTST • • QTST 10 
l********************************************************************O/QTST 20 
I* •/QTST 30 
I* TO TEST WHETHER THREE OR MOliE MATCHED GROUPS OF DICHOTOMOUS */OTST ltO 
I* DATA DIFFER .SIGNIFICANTLY BY ThE COCHRAN Q-TEST • •/QTST 50 
I* •/QTST 60 
1•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••1a1s1 10 

I• 

I• 
I• 
I• 
I• 

I• 
I• ,. 

PROCEDURE ClrN1H,Q,NDFJ,. QTST 80 
DECLARE QTST 90 

ERR.OR EXTERNAL CHARACTEfl Cl), QTST 100 
I Al*•*), TRI NJ, TC( HI ,Q,RSCrCSQ,GDrFM) QTST 110 
BINARY FLOAT, QTST 120 
llrJ1HrN;NOFJ QTST 130 
BINARY FIXED,. QTST 140 

•/QTST 150 
ERROR=' 0' t. QTST 160 

•IQTST 170 
O/QTST 180 
•IQTST 190 
•IQTST 200 
•IQTST 210 

IF M LT 3 OR N LE l 
THEN ao,. 

ERRIJR= 1 1 1 t• 
GO TO FIN,. 
EN01. 

I* NUMBER OF CASES IN EACH 
I* GROUP ts LESS THAN 3 OR 
I* THE NUMBER OF OBSERVATIONS 
I* l S LESS THAN Cl'R EQUAL TO 
I* ONE. 

FH zH,. QTST 220 
*/QTST 230 

COMPUTE SUM OF SQUARES OF ROW AND COLUMN TOTALS RSQ AND CSQ, •/QTST 240 
ANO GRANO TOTAL OF ALL ELEMENTS. •/QTST 250 

Q 
NOF 
GD 
RSQ 
CSQ 

DO I = 1 TO Nt • 
TRll J=o.o,. 

DD J "" 1 TO M,. 
T~IIJ=TRIIJ+ACI,JJ ,. 
ENO,• 

END1. 
DO J "" l TO M,. 
TCIJJ=o.o,. 

00 I = 1 TO N1 • 
TCIJ J=TCIJJ+A(l ,JJ, • 
END,• 

ENO,. 
=o.o,. 
=a.a,. 
=o.o,. 
.. a.a,. 
=o.o,. 
DO I = 1 TO N1. 
GD =GD+TRI I J,. 
RSQ =RSO+T~IIJ*TRCIJ,. 
ENO,. 
DO J = l TO M,. 
CSO =CSO+TCIJl*TCCJJ,. 
ENO,• 

Q =FM*GD-RSQ, • 
If Q LT 1 
THEN aa,. 

ERRDR• 1 2 1 t• 

GD TD FIN,• 
ENO,. 

COMPUTE CCICHRAN Q TEST VALUE. 

I* CALCULATE COLUMN SUMS 

*/OTST 260 
QTST 270 
QTST 280 
QTST 290 
QTST 300 
QTST 310 
QTST 320 

*IQTST 330 
QTST 340 
QTST 350 
QTST 360 
QTST 370 
QTST 380 
QTST 390 
QTST 400 
QTST 410 
QTST 4iO 
QTST 430 
QTSf 440 

I* GRAND TOTAL */!JTST 450 
I* SU" OF ROW TOTAL SQUARED *IQTST 46C 

QTST 470 
QTST 480 

I* SUM OF COLUMN TOTAL SQUARED *IQT ST 490 

I* TEST FOP Q NEAR ZERO 

QTST 500 
QTST 510 

•IQTST 520. 
QTST 530 
QTST 540 
QTST 550 
QTST 560 

•/QTST 570 
•IQTST 580 

Q =IFM-1.0) *IFK*CSQ-GD*GD) II F"*GD-RSQ), • 
NOF =M-lto I* FIND OEGREES·Of FREEDOM 

FIN •• 

*IQTST 590 
QTST 600 

*IQTST 610 
QTST 620 
QTST 630 

•IQTST MO 
RETURN,. 
END,• 

Purpose: 

l•END OF PROCEDURE QTST 

QTST uses the Cochran Q-test to determine whether 
three or more matched groups of dichotomous data 
differ significantly. 

Usage: 

CALL QTST (A, N, M, Q, NDF); 

A(N,M) -

N-

M-

Q-

NDF 

BINARY FLOAT 
Given matrix of dichotomous data. 
ta elements must be either 0 or 1. 
BINARY FIXED 
Given number of sets in each group. 
BINARY FIXED 
Given number of groups. 
BINARY FLOAT 
Resultant Cochran Q statistic. 
BINARY FIXED 

Da-

Resultant number of degrees of freedom. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of groups, M, is less than three 
and/or the number of sets, N, is less 
than or equal to one. 

ERROR=2 - all values of matrix A are equal. 

Method: 

Described ins. Siegel, Nonparameteric Statistics 
for the Behavioral Sciences, McGraw-Hill, New 
York, 1956, chapter 7. 

Mathematical Background: 

This subroutine determines the Cochran Q-test 
statistic, given a matrix A of dichotomous. data 
with n rows (sets) and m columns (groups). 

Row and column totals are calculated: 

m 
L. = 

l I: A •. 
lJ 

(row totals) 
j = 1 

where i = 1, 2, ••• ' n 

n 
G. L A .. 

J i=l 
lJ 

(column totals) 

where j = 1, 2, ••• , m 

The Cochran Q statistic is computed: 

Q 

(m - 1) [m E 
j = 1 

G~ -(· ~ G.) 2] 
J j = 1 J 

L. -
l 

n 

L 
i=l 

L.2 
l 

The degrees of freedom are: 

(1) 

(2) 

(3) 

d.f. = m - 1 (4) 
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• Subroutine RANK 

l<ANK.. RANK 10 
I*********************************************************************! RANK 20 
I* */RANK 30 
I* TO P ANK A VECTOR OF VALUES• */RANK 40 
/'k */RANK 50'. 
I*****************************************************************•*** I RANK 60 

I* 

I* 
I* 
I* 

I* 
I* 
I* 

,. 
I* 
I* 

I* 
I* 
I• 

I* 

PROCEDURE IA,R,N"J,. RANK 70 
DECLARE RANK 80 

EPPOR EXTERNAL CHARACTERl1J1 RANK 90 
(Al*>1R(*J,EQUAL1PtSMALL,X) RANK 100 
BINARY FLOAT, RANK 110 
(I,J,NJ RANK 120 
BINARY FIXED,. RANK 130 

ERROR= 1 0 1 ,. 

00 I = 1 TO Nt. 
RI I) =·c.o,. 
END,. 

*/RANK 140 
RANK 150 
RANK 160 
RANK 170 
RANK 180 
RANK 190 IF N LE 1 

THEN 00,. I* VECTOR LENGTH lS ONE OR LESS*/RANK 200 
ERROR= I l t t. 

GO TO FIN,. 
ENO,• 

FIND RANK OF DATA 

00 I = 1 TO N,. 

TEST WHETHER DATA POINT IS ALREADY RANKED 

IF RfII LE 0 
THEN 00, • 

SMALL=O. O, • 
EOUAL=O • O, • 
X -=Al I 1,. 

DO J = 1 TO N,. 
IF A(JJ LJ X 

I* DATA POINT TO BE RANKED 

COUNT NUMBER OF DATA POINTS WHICH ARE SMALLER 

THEN SMALL=SMALL+l.O,. 
ELSE IF AIJJ= X 
THEN DO,. 

COUNT NUMBER OF DATA POINTS WHICH ARE EQUAL 

END,. 

EQUAL=EQUAL+l t.• 

R(J) "'-1.0,. 
ENO,. 

IF EQUAL LE 1.0 I* TEST FOR TIE 

RANK 210 
RANK 220 
RANK 230 

*/RANK 240 
*/RANK 250 
*/RANK 260 

RANK 270 
*IPANK 280 
*/RANK 290 
*/RANK 300 

P ANK 310 
RANK 320 
RANK 330 
RANK 340 

*/RANK 350 
RANK 360 
RANK 370 

- */RANK 380 
*/RANK 390 
*/RANK 400 

RANK 410 
RANK 420 
RANK 430 

*/RANK 440 
*!RANK 450 
*!RANK :460 

RANK 470 
RANK 480 
RANK 490 
RANK 500 

I* STORE RANK OF DATA POINT WHERE NO TIE 

*!RANK 510 
*!RANK 520 
*fP.ANK 530 
*!RANK 1540 I* 

THEN J<.[ I> =SMALL+l .O,. 
I* 
I* CALCULATE RANK OF TI ED DAT A POINTS 

RANK 15150-
*IRANK 560 
*!RANK 1570 
*IP ANK 1580 I*. 

ELSE P =SMALL+IEQUAL+l.Ol/2.0,. RANK 590 
RANK 600 
FANK 610 
RANK 620 
RANK 630 
PANK 640 
RANK 650 
RANK 660 
RANK 670 

OD J = l TO N.,. • 
JF R(J)= -1.0 
THEN R(JJ =P,. 
ENO,. 

ENO,• 
ENO,. 

FIN •• 
RETURN,. 
END,• 

Purpose: 

/*END OF PROCEDURE Q.ANK */RANK 680 

RANK ranks a vector of data. 

Usage: 

CALL RANK (A, R, N); 

A(N) -

R(N) -

N 

Remarks: 

BINARY FLOAT 
Given vector containing data to be rank
ed~ 

BINARY FLOAT 
Resultant vector containing the ranks of 
the data in A. Smallest value is ranked 
1; largest is ranked N. Ties are as
signed the average of the tied ranks. 
BINARY FIXED 
Given number of values. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
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following constitutes the possible error condition 
that may be detected: 

ERROR=l - vector length one or less. 

Method: 

Vector is searched for successively larger elements. 
If ties occur, they are located and their rank value 
is computed. For example, if two values are tied · 
for sixth rank, they are assigned a rank of 6. 5 
(=(6+ 7) /2). . 



• Subroutine SRNK 

SRNK.. SRNK LO 
I*******************°'*************************************************/ SR NK 20 
I* */SRNK 30 
I* TO TEST CORRELATION BETWEEN TWO VARIABLES BY MEANS Of */SRNK 40 
I* SPEARMAN RANK CORRELATION COEFFICIENT.. */SRNK 50 
I* •/SRNK 60 
I******************* ***********************'"'**********"***************/SRNK 70 

,. 

,. ,. ,. 
,. ,. ,. ,. 

,. ,. ,. 

PROCEDURE IA,BtRlrR2,N,RSrT,NOf,NRJ,. SRNK 60 
DECLARE SRNK 90 

IAI •> ,B{lC<J ,RU•> tR2(*) ,Rs,r,o,x,v,rsA,TSB,FNN) SRNK 100 
BINARY FLOAT, SRNK 110 
(KT,N,NOF,NRI SRNK 120 
BINARY FIXED, SRNK 130 
ERROR EXTERNAL CHARACTER ( l), • SRNK 140 

FNN =N*N*N-N,. 
NOF =O,. 
T =O.O,. 
RS =O.o,. 
ERROR=' 0 I I. 

DO I=l TON,. 
Rl(I l =O,. 
R2(11 =O .. 
END,.. 

[F N LE l 
THEN DO,. 

ERROR: I l' , • 
GO TO FIN,. 
END,. 

*/SRNK 150 
SRNK. 160 
SRNK 170 
SRNK 180 
SRNK lqQ 
SRNK 200 
SRNK 210 
SRNK 220 
SRNK 230 
SRNK 240 

I* NUMBER OF OBSERVATIONS IS */SRNK 250 
/*LESS THAN OR EQUAL TO ONE. *ISRNK 260 

SRNK 270 
SRNK 280 
SRNK 290 

~ETERHINE WHETHER DATA JS RANKED. 
*ISRNK 300 
*ISPNK 310 
*ISRNK 320 

IF NR NE 1 SRNK 330 

RANK DATA JN A AND 8 VECTORS AND ASSIGN TIED OBSERVATIONS 
AVERAGE OF TIED RANKS. 

*ISRNK 340 
*ISRNK 350 
*ISRNK 360 

THEN 00,. 
CALL RANK IA,Rl,NJ,. 
CALL RANK (8,R2,NJ,. 
ENO,. 

ELSE DO,. 

END,. 

00 I = 1 TO N,. 
Pl(l)=AII),. 
R21Il=BI1),. 
ENO,. 

I* HOVE RANKED DATA 

*ISRNK 370 
SRNK 380 
SRNK 390 
SRNK 400 
SRNK 410 
SRNK 420 

*ISRNK 430 
SRNK 440 
SRNK 450 
SRNK 460 
SRNK 470 

*ISRNK 480 
COMPUTE SUM OF SQUARES OF RANK DIFFERENCES. *ISRNK 490 

*ISRNK 500 
=O, • 
DO I = 1 TO N,. 
0 =D+(Rl( tl-R2(J JI **21 • 
END,. 

KT =l,. 
CALL TIE IRr,N,KT,TSAJ ,. 
IF ERRDR= 1 2 1 

THEN 

SRNK 510 
SRNK 520 
SRNK 530 
SRNK 540 
SRNK 550 

I* CDHPUTE TIED ~CORE INO~X *ISRNK 560 
I* All RANKS FOR ON~ VARI ABLE *ISRNK 570 
I* ARE EQUAL *ISRNK 5.80 

SlO •• SRNK 590 
oo,. 
ERROR='3't• 
GO TO FJ.N,. 
ENO,. 

I* ALL RANKS FOR ONE VARIABLE •ISRNK 600 
I* ARE EQUAL *ISRNK 610 

,. ,. ,. 

,. ,. ,. 

CALL TIE (R2,N,KTtTSBJ,. 
IF EFIFIOR= 1 2 1 

THEN GO TO 5101. 

COMPUTE SPEARMAN RANK CORRELATJON COEFFICIENT 

IF TSA NE 0 ANO TSB NE 0 
THEN 00, .. 

X =FNN/12..0-TSA,. 
V =X+TSA-TSB .. 
RS =( HY-0JJ{2.0•ISQRHX*YI J J ,. 
ENO,. 

ELSE RS :::1.0-6. O*DIFNNt • 

COMPUTE T AND DEGREES OF FPEEDOH IF N IS 10 OR LARGER 

IFNGElO 
THEN DO,. 

T =RS>l<SCRTUN-2.0JJ{l.O-RS*RSJJ,. 
NDF =N-2,. 
END,. 

SRNK 620 
SRNK 630 
SRNK 640 
SRNK 650 
SRNK 660 

•ISRNK 670 
•ISRNK 680 
*ISRNK 690 

SRNK 700 
SRNK 710 
SRNlt 720 
SRNK 730 
SRNK 74('1 
SRNK 750 
SRNK 760 

*/·SRNK 770 
•ISRNK 780 
*/SRNK 790 

SRNK 800 
SRNK 810 
SRNK 820 
SRNK 830 
SRNK 840 

ELSE EPROR= 1 2 1 ,. I* SAMPLE SIZE LESS THAN 10 •ISRNK 850 
FIN •• 

RETURN •• 
ENO,. 

Purpose: 

/*ENO OF PROCEDURE SRNK 

SRNK 860 
SRNK 870 

•ISRNK aeo 

SRNK tests the correlation between two variables 
by means of the Spearman rank correlation coeffi
cient. 

Usage: 

CALL SRNK (A, B, Rl, R2, N, RS, T, NDF, NR); 

A(N) 

B(N) 

BINARY FLOAT 
Given vector containing the observa
tions for the first variable. 
BINARY FLOAT 

Rl(N) -

R2(N) -

N 

RS 

T 

NDF -

NR 

Remarks: 

Given vector containing the observa
tions for the second variable. 
BINARY FLOAT 
Resultant vector containing rank of the 
data in vector A. 
BINARY FLOAT 
Resultant vector containing rank of the 
data in vector B. 
BINARY FIXED 
Given number of observations. 
BINARY FLOAT 
Resultant variable containing the Spear

. man rank correlation coefficients. 
BINARY FLOAT 
Resultant variable containing the mea
sure to be used to test the significance 
of RS. 
BINARY FIXED 
Resultant variable containing the num
ber of degrees of freedom. 
BINARY FIXED 
Given code containing the following: 

0 - for raw data in vectors A and B. 
1 - for the rank of data in vectors 

A and B. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - number of observations less than or 
equal to one. If this condition exists, 
Rl and R2 will contain invalid values. 

ERROR=2 sample size less than 10. (T and NDF 
are not computed if this condition is 
detected.) 

ERROR=3 - All ranks for one variable are equal. 

Procedures and function procedures required: 
RANK 
TIE 

Method: 

Described in S. Siegel, Nonparametric Statistics 
for the Behavioral Sciences, McGraw-Hill, New 
York, 1956, chapter 9. 

Mathematical Background: 

This subroutine measures the correlation between 
two variables by means of the Spearman rank cor
relation coefficient, given two vectors of n obser
vations for the variables. 
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The observations on each variable are ranked 
from 1 to n. Tied observations are assigned the 
average of the tied ranks. 

The sum of squares of rank differences is cal
culated: 

n 

D = L 
i = 1 

(A - B.) 2 
i l 

where: 

Ai = first ranked vector 

B. = second ranked vector 
l 

n = number of ranks 

A correction factor for ties is obtained: 

3 L t -t 
T = --

a 12 
over variable A 

over variable B 

(1) 

(2) 

where t = number of observations tied for a given 
rank. 

The Spearman rank correlation coefficient is 
then computed for the following two cases: 

(1) if Ta and Tb are zero 

= 1 -
6D (3) r s 3 

n -n 

(2) if Ta and/ or Th are not zero 

X+Y-D 
r (4) 

s 
2yXY 

where: 

N3 -N 
X= -T (5) 

12 a 

3 
N -N 

Y=-- -T (6) 
12 b 
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The significance of rs can be measured by the 
statistic: 

t = r 
s R r s 

The degrees of freedom are: 

d. f. = N-2 

(7) 

(8) 



• Subroutine TIE 

TIE.. TIE 10' 
I **************°'******************************************************/TJ E 20 
I* */TIE 30 
I* TO CALCULATE CORRELATION FACTOR DUE TO TIES. */TIE 40 
I* */TIE 50 
/*********************************************************************/TIE 60 

PROCEDURE IR,N·,KT,TJ r• TIE 70 
DECLAPE TIE 80 

(R1•1,r,x,v,cn TIE 90 
BINARY FLOAT, TIE 100 
ERROR EXTERNAL CHARACTER( l), TIE llO 
fl,JND,KT,NJ TIE 120 
BINARY FIXED,• TIE 130 

I* *ITI E 140 
ERROR='('',• TIE 150 
IF N LE 1 TIE 160 
THEN 00,. I* VECTOR LENGTH IS ONE OR LESS*/TIE 170 

ERROR=' l' t• TIE 180 
GO TO FIN,. TlE 190 
ENO,. TIE 200 

T =O.O,. I* INITl·ALIZATION */TIE 210 
Y =Ooci,. TIE 220 

sic.. TIE 230 
X =N+l,. TIE 240 
IND =O,. TIE 250 

DO I = l TO Nu /* FlND NEXT LARGEST RANK */TIE 260 
IF Riii GT Y AND Riil LT X TIE 270 
THEN DO,• Tl E 280 

X =RIU,. TIE 290 
IND =IND+l,. TIE 300 
END,. TIE 310 

END, • TIE 320 
I* */Tl E 330 
I• IF All RANKS HAVE BEEN TESTED RETURN *IT!E 31t0 
I* *ITt E 350 

IF IND NE 0 TIE 360 
THEN oe,. TIE 370 

Y =X,. TIE 300 
CT =O.O,. TIE 390 

DO I = 1 TO N,. I* COUNT TIES •!TIE 400 
IF RCIJ= X TIE 410 
THEN CT =CT+I.O,. TIE 'tZO 
ENO,. TIE 430 

IF CT NE 0.0 TIE 440 
THEN oo,. TIE 450 

IF KT= 1 TIE 460 
THEN T =T+ICT*CT*CT-CTJ/12.0,. TIE 470 
ELSE T =T+CT•ICT-1.0J/2.0,. TIE 480 
ENO,. TIE 490 

GO TO 510,. TIE 500 
END,. TIE 510 

FIN.. TIE 520 
If CT=N I* All RANKS FOR ONE VARIABLE */TIE 530 
THEN ERROR= 1 2 1 ,. I* ARE EQUAL •/TIE 540 
RETURN,• TIE 550 
ENO,. /*ENO OF PROCEDURE TIE */TIE 560 

Purpose: 

TIE calculates correction factor due to ties. 

Usage: 

CALL TIE (R, N, KT, T); 

R(N) - BINARY FLOAT 

N-

KT -

Given vector of ranks containing values 
from 1 to N. 
BINARY FIXED 
Given number of ranked values. 
BINARY FIXED 
Given code for calculation of correction 
factor 
1 - solve equation 1 
2 - solve equation 2 

T - BINARY FLOAT 
Resultant variable containing correction 
factor 

Equation 1 T=SUM(CT**3-CT)/12 
Equation 2 T=SUM(CT*(CT-1)/2) 

where CT is the number of observations 
tied for a given rank. 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=! - vector length one or less. 
ERROR=2 - all ranks of one variable are equal. 

Method: 

Vector is searched for successively larger ranks. 
Ties are counted and correction factor 1 or 2 
summed, 
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• Subroutine TWA V 

TKAV.. ,. TwAv 10 
l*********************************************************************/TWAV 20 
I* •ITWAV 30 
I* TO TEST WHETHER A NUMBER OF SAMPLES ARE FROM THE SAME •ITWAV 40 
,. POPULATION BY THE FRIEDMAN nm-WAY ANALYSIS OF VARIANCE •ITWAV 50 
I* TEST• •ITWAV 60 
I* •ITWAV 70 
l*********************************************************************ITWAV 80 

,. 

,. ,. ,. ,. 

,. ,. ,. 

,. ,. ,. 

PROCEDURE (A,R,NrHtXR,NOF,NRtr. TWAV 90 
DECLARE TWAV LOO 

ERROR EXTERNAL CHARACTER ( lJ, TWAV 110 
CAl*r*) ,RC*•*) rWAIM) ,we IHI rXA:rFMrFNM,RTSQI TWAV 120 
BINARY FLOAT, TVAV l30 
IJ,NR 1 N,M,NDFJ TWAV 140 
BINARY FIXED,. TWAV 150 

ERROR• 1 0 1 ,. 

XR =o.o,. 
NDF =01 • 

*/TWAV 160 
TWAV 170 
TWAV 180 
TWAY 190 

IF H LT 3 OR N LE 1 
THEN oo,.· 

ERROR= 11'1• 
60 TO FIN,. 
ENO,. 

I* THE NUMBER OF CASES [S LESS */TWAV 200 
I* THAN 3 OR THE NUMBER OF */TWAV 210 
I* GROUPS IS LESS THAN OR EQUAL*/TWAV 220 
I* TO ONE ' */1'WAV 230 

FM =M1 • 
FNM =N*(M+l),. 
IF NR NE 1 
THEN oa,. 

RANK DATA IN EACH GROUP AND ASSIGN TIEO OBSERVATIONS 
AVERAGE OF TIED RANK. 

ENO,. 
ELSE DO,• 

DO I = 1 TO N,. 
DO J = 1 TD Mt. 
KA(J)aAU 1 J) 1 • 

ENO,. 
CALL RANK CWA,WB.,MJ ,. 

END,. 

DO J = l TO M1. 
R(I,JJ=WBIJJ,. 
END,. 

DO I .. l TD N, • 

ENO,. 

DD J = 1 TO M, • 
Rll1.Jl=A(I,JJ,. 
END,. 

ENO,.· 

CALCULATE SUM OF SQUARES OF SUMS OF RANKS 

RTSQ •0.01 • 
DO I = 1 TO Mt• 
WAI U•O.O,. 

DD J • l TO N,. 
WAC I J•WAC U+R(J,U ,. 
ENO,. 

RTSQ =RTSQ+WAl I )*WAii I 1 • 

END,. 

CALCULATE FRIEDMAN TEST VALUE, XR, AND DEGREES OF FREEDOM 

XR =I lZ.O/CFM•FNMI l•RTS0-3.0*FNM,. 
NDF af4-0-1r. 

TWAV 240 
TWAV 250 
TWAV 260 
TWAV 270 
TWAV 280 

•/THAY 290 
•ITWAV 300 
*/TWAV 310 
*ITWAY 320 

TWAV 330 
TWAV 340 
TWAV 350 
TWAV 360 
TWAV 370 
TWAV 380 
TWAV 390 
TWAV 400 
TWAV 410 
TWAV 420 
TWAV 430 
TWAV 440 
TWAV 450 
TWAV 460 
TWAV 470 
TWAV 480 
TWAV 490 

•ITWAV 500 
•ITWAV 510 
•ITWAV 520 

TWAV 530 
TWAV 51t0 
TWAV 550 
TWAY 560 
TWAV .570 
TWAV 580 
TWAY 590 
TWAV 600 

*ITWAV 610 
•ITWAV 620 
•ITWAV 630 

FIN •• 

TWAV 640 
TWAV 650 
TWAV 660 
TWAV 670 RETURN,. 

END,• 

Purpose: 

/•END OF PROCEDURE TWAV */TWAV 680 

TWA V tests whether a number of samples are from 
the same population, by the Friedman two-way 
analysis of variance test. 

Usage:. 

CALL TWAV (A, R, N, M, XR, NDF, NR); 

A(N,M) -. BINARY FLOAT 
Given matrix of original data. 

R(N,M) - BINARY FLOAT 

N-

M-

XR-

NDF-

Resultant matrix of the ranks of the data. 
BINARY FIXED 
Given number of groups. 
BINARY FIXED 
Given number of cases in each group. 
BINARY FLOAT 
Resultant Friedman statistic. 
BINARY FIXED 
Resultant number of degrees of freedom. 
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NR 

Remarks: 

BINARY FIXED 
Given code: 
0 for raw data in A; 
1 for ranks of the data in A. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitutes the possible error condition 
that may be detected: 

ERROR=l - number of groups less than or equal to 
one, or number of cases less .than three. 

Subroutines and function subroutines required: 

RANK 

Method: 

Described in S. Siegel, Nonparametric Statistics 
for the Behavioral Sciences, McOraw-Hill, New 
York, 1956, chapter 7. 

Mathematical Background: 

This subroutine determines the Friedman tWo-way 
analysis of variance statistic, given a matrix A 
with n rows (groups) and m columns (cases). Data 
in each group is .ranked .from 1 to m. Tied observa
tions are assigned the average of the tied ranks. 

The sum of ranks is calculated: 

n 
R = 1: A .. 

j i = 1 lJ 

Friedman1s statistic is then computed: 

2 12 
Xr = nm(m+l) 

m 

1: 
j =.1 

(R.) 2 - 3n (m+l) 
J 

The degrees of freedom are: 

d.f.=m-1 

(1) 

(2) 

(3) 



@ Subroutine UTST 

UTST.. UTST 10 
1•••*********************************"'**-"*********:fl++•+***************/UTST 20 
/+ +/UTST 30 
/+ TO TEST WHETHER TWO INDEPENDENT GROUPS ARE FROM THE SAME +/UTST 40 
/+ POPULATION BY MEANS OF A HANN-WHtTNEY U-TEST • +/UTST 50 
I* +/UTST 60 
1•••••••••••••••••••••••••••••••••••••••••••••••••*•••••••••••••••••••1ursr 10 

PROCEDURE (A,R,Nl,N2,u,zJ,. UTST BO 
DECLARE UTST 90 

ERROR EXTERNAL CHARACTER fl), UTST 100 
IAI•) ,R(•J ,u,z,R2,UP,TS,S,FN,FN2,FNX) UTST llO 
BINARY FLOAT, UTST 120 
I (,KT,N,Nl.N2J UTST 130 
BINARY FIXED,. ursr 140 

/+ +/UTST 150 
ERROR='O•,. UTST 160 

/+ +/UTST 170 
/+ RANK SCORES FROM BOTH GROUPS TOGETHER lN ASCENDING ORDER, +/UTST 180 
I* AND ASSIGN TIED OBSERVATIONS AVERAGE OF TJEO RANKS •IUTST 190 
I• •/UTST 200 

=Nl+NZ,. UTST 210 
00 l=l TO N,. UTST 220 
RllJ =D,. UTST 230 
END,. UTST 240 

U =O.O,. UTST 250 
Z =O.o,. UTST 260 
Iii Nl GT NZ UTST Z70 
THEN 00 1 • UTST Z80 

ERROR='!',. I• Nl IS GREATER THAN NZ */UTST 290 
GD TO FIN,. UTST 300 
ENO,. UTST 310 

If N LE Z UTST 320 
THEN DO,. I• COMBINED SAMPLE LESS THAN OR•/UTST 330 

ERROR=•z•,. I• EQUAL TO TWO. •IUTST 340 
GD TO FIN,. UTST 350 
ENO,. UTST -360 

CALL RANK IA,R,NI,. UTST 370 
IF Nl LE l OR NZ LE 1 UTST 380 
THEN oo,. ursr 390 

ERROR='2't• UTST 400 
GD TO FIN,. UTST 410 
ENO,. UTST 4ZO 

RZ =o.o,. ,. SUH RANKS IN LARGE GROUP •/UTST 430 
DO I = Nl+l TO Nr. UTST 41t0 
RZ =RZ+R([J r• UTST 450 
END,. UTST 460 

FNX =Nl•N2r.. UTST 470 
FN =Nr. UTST 480 
FNZ =NZ,. UTST 490 
UP =FNX+FNZ•( CFNZ+l.OJ/2.0)-R2,. I• CALCULATE U */UTST 500 
U =FNX-UP,. UTST 510 
IF UP LT U UTST 520 
THEN U =UP,. UTST 530 
IF Nl GE 10 I* TEST FOR Nl LESS THAN 10 •/UTST 540 
THEN 00 1 • UTST 550 

KT =1 1 • UTST 560 
CALL TIE IRrNrKT,TSJ,. I• COMPUTE STANDARD DEVIATION •/UTST 570 
IF ERROR='Z' UTST 580 
THEN 00 1 • /* ALL RANKS FOR ONE VARIABLE •IUTST 590 

ERROR=''r' 1. I* ARE EQUAL •/UTST 600 
GO TO FINr. UTST 610 
ENO,. UTST 620 

IF TS NE 0 UTST 630 
THEN S =SQRT< I FNXICFN•<FN-1.0J I J•t I (FN•FN•FN-FNI /12. J-TSI I, .UTST 640 
ELSE S =SQRTCFNX•IFN+l.OJ/ 12.0J ,. UTST 650 
Z ,,.IU-FNX•0.5llS,. UTST 660 
ENO,. UTST 670 

ELSE ERROR=-'3' 1 • I* NUMBER Of CASES IN THE */UTST 680 
FJN.. I* SMALLER GROUP IS LESS THAN *"IUTST 690 

RETURN,. I* TEN */UTST 700 
END 1 • !*END OF PROCEDURE UTST *IUTST 710 

Purpose: 

UTST tests whether two independent groups are from 
the same population, by means of Mann-Whitney 
U-test. 

Usage: 

CALL UTST (A, R, Nl, N2, U, Z ); 

A(N) - BINARY FLOAT 
Given vector of cases. consisting of two inde..., 
pendent groups. Smaller group precedes 
larger group. N = N 1 + N2. 

R(N) - BINARY FLOAT 
Resultant vector of ranks. Smallest value is 
ranked 1; largest is ranked N. Ties are 
assigned average of tied ranks. 

Nl - BINARY FIXED 

N2 -
Given number of cases in smaller group. 
BINARY FIXED 
Given number of cases in larger group. 

U- BINARY FLOAT 
Resultant statistic used to test homogeneity 
of the two groups. 

Z - BINARY FLOAT 
Resultant measure for determining the sig
nificance of U in terms of normal distribution 
(if Nl is less than 10, Z is set to zero). 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - Nl greater than N2. 
ERROR=2 - Combined samples less than or equal to 

two. 
ERROR=3 - number of cases in the smaller group is 

less than 10 (in this case Z is set to zero). 
ERROR=4 - all ranks for one variable are equal. 

Subroutines and function subroutines required: 

Method: 

RANK 
TIE 

Described in S. Siegel, Nonparametric Statistics for 
the Behavioral Sciences, McGraw-Hill, New York, 
1956, chapter 6. 

Mathematical Background: 

This subroutine tests whether two independent 
groups are from the same population, by means of 
the Mann-Whitney U-test, given an input vector A 
with the smaller group preceding the larger group. 
The scores for both groups are ranked together in 
ascending order. Tied observations are assigned 
the average of the tied ranks. 

The sum of ranks in the larger group, R2, is 
calculated. The U statistic is then computed as 
follows: 

n2 (n2 + 1). 
U' =n n + - R 

1 2 2 2 

where: 

n1 = number of cases in smaller group 

n2 = number of cases in larger group 

U =n n - U' 1 2 

(1) 
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if U' < U, set U = U' 

A correction factor for ties is obtained: 

. : 3 i"" ,t - t T = L..J i---
. ! 12 

(2) 

(3) 

where t = number of observations tied for a given 
rank. 

The standard deviation is computed for two cases: 

(1) if T = 0 

s =. /_n_l_n_2_<_n_l_+_n_2_+_1_) ·v 12 (4) 

(2) if T > 0 

s (5) 

where N =total number of cases (n1 + n2) 

The measure used to determine the significance of U 
is then calculated: 

U-X Z=-s-

- Nl N2 
where X = mean = ---

2 

Z is set to zero if Nl is less than 10. 
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(6) 

• Subroutine WTST 

WTST. • WTST 10 
l••••*****************************************************************/WTST 20 
I* */WTST 30 
.I* TO TEST DEGREE Of ASSOCIATION AMONG A NUMBER OF VARIABLES */WTST "O 
I* BY THE KENDALL COEFFICIENT OF CONCORDANCE. •/WTST 50 
I• •/WTST 60 
l*********************************************************************/WTST 70 

,. 

,. ,. ,. ,. ,. 

,. ,. ,. 

,. ,. ,. 

,. ,. ,. 

,. 

PROCEDURE IAtR1NrMtW1CStNDF,NRlr• WTST .80 
DFCLARE WTST 90. 

ERROR EXTERNAL CHARACTER ( lJ" WTST 100 
IAI .,.,,RI•,•) ,WAC HJ ,WBIHJ .w,cs,s11.s, Tl1T tfN,FH] WTST 110 
BINAA.Y FLOAT, WTST 120 
1I,J1KT1H1N1NDF,NR) WTST 130' 
BINARY FIXED,. WTST 140 

+/WTST 150. 
ERROR='0 1 t• WTST 160 

WTST 170 
Wrsr 180 
WTST 190 
WTST 200 
WTST 210 
IHST 220 
WTST 230 
WTST 240 · 
WTST 250 
WTST 260 

DO l=l TON,. 
DO J=l TO M,. 
RCl,J1 =Ou 
ENO,. 

END,. 
W =O.O,. 
cs =o.o,. 
NDF =Or. 
IF N LT 3 DR M LT 3 
THEN DO,• 

EFIROR='l'r• 
GD TO FIN,. 
ENO,. 

I* NUMBER DF VARIABLES (N) DR •IWTST 270 
I* NUMBER OF CASES IMJ JS LESS !llifTST 280 
I* THAN 3 */WTST 290 

.•/WTST 300 
. DETERMINE WHETHER DATA IS RANKED. IF IT HAS NOT BEEN DONE */WTST 310 

T 
KT 

FN 
FH 
SH 

SH 

RANK DAT.A FDR UL VARIABLES .ASSIGNING TIED OBSERVATIONS *IWTST 320 
AVERAGE OF TIED RANKS AND COMPUTE CORRECTION FOR TIED SCORES •IWTST 330 

-=01. 
=1,. 
DO I = 1 TD Nt • 
IF NR NE l 
THEN DO,. 

DO J • l TO H,. 
WAIJ)=.ACI ,J),. 
ENO,. 

CALL RANK (WA,WB,H),. 
END,. 

ELSE DO,• 

ENO,. 

DO J 11 l TO Ht. 
WBIJJ=A(l ,JI,. 
ENO,. 

CALL TIE CWB,M1KT1TIJ ,. 
IF ERROR•'2' 
THEN 001. 

ERROR.., 1 3 1 ,. 

GO TO FJN,. 
ENO,. 
=T+TI, • 
DO J = 1 TO M,. 
Rlt,Jl..,.WBIJ),. 
ENO,. 

ENO,. 
=N,. 
=M,. 
=o.o,. 

•IWTST 340 
WTST 350 
WTST 360 
WTST 370 
WTST 380 
WTST 390 
WTST 400 
WTST 410 
WTST 420 
WTST 430 
WTST 440 
WTST 450 
WTST 460 
WTST 470 
WTST 480 
WTST 490 
WTST 500 
WTST 510 
WTST 520 

I* ALL RANKS FDR ONE VAR!Al!LE •IWTST 530 
I• ARE EQUAL *IWTST 540 

WTST 550 
WTST 560 
WTST 570 
WTST 580 
WTST 590 
WTST 600 
WTST 610 
WTST 620 
WTST 630 

CALCULATE VECTOR SUMS AND COMPUTE MEANS OF SUMS 
•IWTST 640 
*IWTST 650 
*/WTST 660 

DO J • l TO M,. 
WA(J)=O.C,. 

DO I = l TO Nt • 
WAIJl=WACJ)+RC I ,JJ,. 
ENO,. 

SM =SH+WACJI",.· 
ENO,. 
=SM/FH,. 

COMPUTE THE SUM OF SQUARES OF DEVIATION 

=Or• 
DO J = 1 TO M,. 
S =S+IWA(JJ-SMJ••2,. 
END,. . 
=SIC C (FN•FN)*IFM•FH•F~FMJ /12.0J-FN*TI, • 

COMPUTE DEGREES OF FREEDOM ANO CHI-SQUARE IF M IS OYER 7 

WTST 670 
WTST 680 
WTST 690 
WTST 700 
WTST 710 
WTST 720 
WTST 730 
WTST 740 

*IWTST 750 
•IWTST 760 
•IWTST 770 

WTST 780 
'WTST 790 
WTST 800 
WTST. 810 
WTST 820 

*IWTST 830 
*IWTST 840 

·•1wrsi 850 
IF M GT 1 
THEN 001. 

WTST 860 
WTST 870 
WTST 880 
WTST 890 
WTST· 900 

CS =FN*IF"-1.0J•W,. 
NOF •M-1,. 
END,. 

ELSE ERR('IR='2' t• 

FIN •• 
RETURN,. 
ENO,. 

I* NUMBER OF CASES CHI IS LESS •IWTST 910 
I* THAN DR EQUAL TO 7 */WTST 920 

WTST 930 

/*END OF PROCEDURE WTST 
WTST 940 

*IWTST 950 

Purpose: 

WTST measures the degree of association among a 
number of variables by the Kendall coefficient of 
concordance. · 

Usage: 

CALL WTST (A, R, N, M, W, CS, NDF, NR); 

A(N, M) BINARY FLOAT 
Given matrix of original· data. 



R(N, M) - BINARY FLOAT 

N 

M 

w 

cs 

NDF 

Resultant matrix, N by M, of the ranks 
of the data. Smallest. value is ranked 1; 
largest is ranked M. Ties are assigned 
average of tied ranks. The data is 
ranked by rows. 

- BINARY FIXED 
Given number of variables. 

- BINARY FIXED 
Given number of cases. 

- BINARY FLOAT 
Resultant variable containing Kendall 
coefficient of concordance.· 

- BINARY FLOAT 
Resultant variable containing the value 
of chi-square. 

- BINARY FIXED 
Resultant variable containing number of 
degrees of freedom. 

NR - BINARY FIXED 

Remarks: 

Given code containing the follqwing: 
0 for raw data in A. 
1 for the rank of data in A. 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR= 1 - number of variables, N, or number of 
cases, M, less than three. 

ERROR= 2 - number of cases, M, less than or' 
equal to seven (CS and NDF are set to 
zero.) 

ERROR = 3 - all ranks for one variable are equal. 

Subroutines and function subroutines are required: 

RANK 
TIE 

Method:· 

Described ins. Siegel, Nonparametric Statistics for 
the Behavioral Sciences, McGraw-Hill, New York, 
1956, chapter 6. 

Mathematical Background: 

rhis subroutine computes the Kendall coefficient of 
concordance, given a matrix A of n rows (variables) 
and m columns (cases). The observations on all 
variables are ranked from 1 to m. Tied observa
tions are assigned the average of the tied ranks. 

A correction factor for ties is obtained: 

n 3 
T = !: .L:...!.. 

i= 1 12 
(1) 

where t = number of observations tied for a given 
rank. 

Sums of ranks are calculated: 

n 
Y. = ~ R .. 

J i = 1 lJ 
(2) 

where j = 1, 2, ••• , m. 

From these, the mean of sums of ranks is found: 

m 
L Y. 

J R --j_=_1 __ 
m 

The sum of squares of deviations is derived: · 

m 
s = ~ (Yj - R)2 

j=l 

The Kendall coefficient of concordance is then 
computed: 

(3) 

(4) 

s 
w = 1 2 3 (S) 

12 n (m - m) - n T 

Form larger than 7, chi-square is: 

2 
X =n (m-1) W (6) 

The degrees of freedom are: 

d.f. =n - 1 (7) 
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o Subroutine HTES , 

HTE S.. HTES LO 
/*********************************************************************IHTES 20 
I* . . •IHTES 30 

~= ri~ g:~~~t:~~o~~E w~~~~K~~Ew~~~!~N~~s~:~~s~~~E:Rg: ~~~E ~-::~~- ::~f~~ . ;g 
I* PENDENT SAMPLES. */HTES 60 
I* */HTES 70 
/*********************************************************************/HTES 80 

,. 

I• 
I• ,. ,. 
,. 

,. ,. ,. 
,. ,. ,. 

I• ,. ,. 

PROCEDURE (A,R,H,NSrHI,. HTES 90 
DECLARE , , . ·~ ·· ,. HTES 100 

I 4t *) ,RC*J ,H,S,SUHR, T ,XK,XNI HTES ·110 
EHNARY FLOAT, HTES 120 
IMC*l1l1J,K,L 1 N,NSI HTES 130 
BINARY FIXED, . HTES lltO 
ERROR EXTERNAL CHARACTER ( 11 t. HTES 150 

ERROR::a•Q•,. 
H =o.o,. 
IF NS LT 3 
THEN ERROR= 1 1',. 
ELSE 00,. 

N =O,. 

I*} NI.Tl AL IZAT ION 

I* SET ERROR INDICATOR 

*/HTES 160 
*/HTES 170 

HTES 180 
HTES 190 

•IHTES 200 
HTES 210 
HTES 220 

DO I = 1 TO NS,. 
IF HUI LE 0 
THEN 00,. 

I* CALCULATE TOTAL NUMBER OF *IHTES 230 
I* CASES IN ALL SAMPLES */HTES 240 

XN 

EPROR= 1 3 1 ,. 

GO TO SlO,. 
ENO,. 

N =N+MCI tr• 
ENO,. 
=N, • 

RANK DATA FROM All SAMPLES IN ASCENDING ORDER A'm ASSIGN 
TIED OBSERVATIONS AVERAGE OF TIED RANKS 

=O, • 
=O, • 
DO I = 1 TO NS 1 • 

K =M(ll,. 
XK =Kt• 
SUMP =O.c;,. 

HTES 250 
HTES 260 
HTES 270 
HTES 280 
HTES 290 
HTES 300 
HTES 310 

*/HTES 320 
*/HTES 330 
*/HTES 340 
•IHTES 350 

HTES 360 
*/HTES 370 

HTES 380 
HTES 390 
HTES 400 
HTES 410 
HTES 4ZO 
HTES "t3D 

DO L = 1 TO K,. I* SUH RANKS FOR EACH SAMPLE •IHTES 440 
J =J+l,. 
SUMR •SOMR+R I J J,. 
ENO,. 

S :S+ SUMR*SUMR/ XK1 • 
ENO,. 

CALCULATE Ht ,UN_CORRE~.TED FOR TIES: 

iot ( 12. O*SJ /I XN*XN+XNI 1-3.!J*fXN+l), • 

COMPUTE CciRRECTI ON FACTOR FOR TIES 

K =l,. 
CALL TIE CRtN1K1T1,. 
IF T = Ci.O OR ERRDR= 1 Z1 

THEN GO TO SlOt. 
ELSE DO,• 

s =t.o-111z.o•TJ /CXN••3-XNJ I •• 

CORRECT 1-1 FOR TIES 

h ,=H/S,. 
ENO,. 

ENO,. 

'HTES 450 
HTES 460 
HTES 470 
HTES 480 
HTES 490 

*/HTES, 500 
. •/HTES 510 
.· •IHTES· 520 

HTES. 530 
•IHTES 540 
•IHTES 550 
*/HTES 560 

~TES 570 
HTES 580 
HTES 590 
HTES 600 
HTES 610 
HTES 620 

*IHTES 630 
*/HTfS 64C 
*/HTES 650 

HTES 660 
HTES 670 

510 •• 
RETUPNr • 
ENO,. /*ENO OF PROCEDURE HTES 

· HTES '680 
HTES 690 
HTES 700 

*/HTES no 

Purpose: 

HTES calculates the Kruskal.,-Wallis H-statistic 
from tt"le ranks of observations obtained from three 
or more independent samples. 

Usage: 

CALL HTES (A, R, M, NS, H); 

A(N) - . BINARY FLOAT 
Given vector of observed data stored 
columnwise. Jn other words, the data 
from the first sample, second, third, etc.~ 
are stored in consecutive locations of vec
tor A. N=M(l)+M(2)+ .•. +M(NS) (that is, 
the total number of cases) 

R(N) - BINARY FLOAT 
Resultant vector containing the ranks of 
data of vector A. The smallest value is 
ranked one, and the largest is ranked N. 
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Ties are assigned the average of the tied 
ranks, . ' .·. 

M BINARY FIXED . 
Given vec.tor" of length NS containing the 
number of cases in each sample. 

NS BINARY FIXED 
Given variable containing the number of 
samples. 

H BINARY FLOAT 
Resultant variable containing the value of 
H-statistic. 

Remarks: 

If no errors are detected in the-processing of data, 
the error i.lldicator, ERROR, is set to zero. The 
following co~stitute the possible ~rror ·conditions 
that may be detected: 

ERROR=! - number of samples, NS, less than 
three. If this condition exists,, R will 
contain invalid values. 

ERROR=2 - all ranks for one variable are equal. 
ERROR=3 - the number of cases in one of the 

samples is less than or equal to zero. 
If this condition exists, R will contain 
invalid values. 

Subroutines and. function subroutines required: 

TIE 
RANK 

Method: 

Refer fo: 

The computational procedures are described in 
S. Siegel, Nonparametric Statistics for the Behav
ioral Sciences, McGraw Hill, New York, 1956, 
chapter 8. 

Mathematical Background: 

From the data in vector A, the ranks are computed 
by the subroutine RANK and stored in vector R ac
cording to ascending values of the cases, with, ties 
assigned the average of.the tied ranks. The. ranks 
are summed for each sample, aild the H-statistfo is 
calculated from the formula: 

H ~ [ N(!!-1) Jr SU~~ J -8(N+l) (1) 

where: 

N = total number of cases 



SUMRi = sum of ranks for the i-th. sample 
Mi = number of cases in the i-th sample 
NS = the number of samples 

His corrected for ties; if present, using the value 
of T obtained from procedure TIE. The correction 
formula is: 

H 
ff. = uncorrected 

corrected 

where: 

3 
T =" (t -t) summed over all samples 

L..J 12 ' 

t = number of tied observations in a group 

(2) 

His approximately distributed as x2 with (NS-1) de
grees of freedom, if the number of cases in each 
group is not too small (not less than five). 

Distribution Functions 

• Subroutine NDTR 

NDTR • • ' ~ NDTR 10 
l**********************************•***********.**********************INDtR 20 
I* •INDTR 30 
/O COMPUTES Y=PI )()=THE PROBABILITY THAT THE RANDOM YAPIABLE U, *INOTP 40 

~= ~~~T~~~~~:~E Ng~"~~~y N~~M!L b~N~~~~ !~A~. 0~s E~~~~ ~~M:Ure~~XJ,=~~g~: :g 
I* •INDTR 70 
l****************************•*****************************•**********/NDTR 80 

PROCEDURE (X,P,oJ,. NDTR <JO 
DECLARE NQfq LOO 

(D,r,p,x,AXJ FLOAT BINARY,. NDTR 110 
AX =ABS( >O, • I* CALC. PROB. P & DENS ITV 0 O/NDTR 120 
T =L.OEO/C l .OE0+.2316419EO*AXI 1. NDTR 130 
D =0.3909423EC•EXP 1-X*X/Z .oecJ '. NDTR 140 
p . =1.oeo-D•T*C ((Cl. 330274EO•T-l .821256EOI H+l. 78147BEOl*T- NOTR 150 

0.3565638)*T+0.3193815EOI te NOTR 160 
IF X LT 0 I* X < 0 *INDTR 170 
THEN P=l.OEO-P,. I* COMPLEMENT PilOB~ P */NOTR LBO 
RETURN,. NOTR 190 
END,. I* END OF PROCEDURE NDTR it:/NDTR 200 

Purpose: 

NDTR computes Y=P(x), the probability that the 
random available X, distributed normally (0, 1) ~ is 
less than or equal to x. f(x), the ordinate of the 
normal density at x, is also ·computed.· ' 

Usage: 

CALL NDTR (X, P, D); 

X - BINARY FLOAT 
Given variable containing the scalar for which 
P (x) is computed. 

P BINARY FLOAT 
Resultant variable containing probability. 

D - BINARY FLOAT 
Resultant variable containing density. 

fylethod: 

Refer to: 

C. Hastings, Approximations for Digital Compu
ters. Princeton University Press, Princeton, 
N. J., 1955. 
M. Abramowitz and I. A. Stegun, Handbook of 
Mathematical Functions. Dover Publications, Inc., 
N.Y., equation26.2.17. 

Mathematical Background: 

This subroutine computes y = P(x) = Prob (X ~ x), 
where X is a random variable distributed normally 
with mean zero and variance one. 

1 x 2 
P (x) = V2ii J exp (-u /2)du 

..PJ 

The following approximation is used: 

5 
i I: aiw; x 2:0 

i=l 
P (x) = 1 - f(x) 
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.where: 

w :;:: 1/(1 + p~) 
. • 2 .. 

f(:x) :;:; exp ( .. :x /2) /...j<ifif" 

p :;: 0.2316419 

lilr1 = Q.3193815 

a2 :;:; ... Q. s 565f33 s 

9.3 :;:: 1.781478 

a4 :;:: -1. 821256 

a5 = 1.330274 

·. 7 . 
The ll:!.ax:Unum error i13 7 (10 - ) ; f(:x) is also pre-
sentetl in. output. 

• Subroutine BDTR 

BOTR. • BDTR 10 
I*********.****"'*~*********************************************"******/ B DTR 20 
I* •IBDTR 30 
I* BOTR COMPUTES P OCJ .. PROBABILITY THAT THE RANDOM VARIABLE •/BOTR ltO 
I* DISTRIBUTED ACCORDING TO THE BETA DISTR18UTJON WITH P"RA- */BDTR 50 
I• METERS A ANO e, IS LESS THAN OR EQUAL TO. x. FCA,e~x>. THE •IBDTR 60 
I• ORDINATE OF fHE aeTA DENSITY AT x, IS •tso C°"PUTEO. *IBOTR 70 
I* *IBOTR 80 
l******•**************************************************************IBDTR 90 

PRQCEOURE IX1A.1B1P1DJ10 BOTR 100 
DECLARE BDTR 110 

I xx.at.XX, DLlX,AAtBB 1Gl1G2,G3,G4,0D,PP, XD,FF,FN,XI ,ss,cc, BDTR 120 
RR,Dl.Bl;TAI BlNARYC53J, BDTR no 
I :X1A11;\1P1D1XS,Df,OUMHVJ BINARY, BDTR 140 
tD BINARY FIXED, BDT11 150 
~RROR EXTERNAL CHARACTER(l),. BOTR 160 

·u; X LT 0 DR X GT 1 I* T~ST THE VALUE OF X •IBDTR 170 
THEN DO,, BDTR 180 

e1:qmq,=•1•,, 8DTR 190 
GO TO SlO,, BDTR 200 
ENO,• BDTR 210 

IF A LT .4999'9 OR B LT .'!-9999 I* TEST THE VALUES OF A "-ND B "fl/BOTR 220 
OR A GT ie+5 OR 8 GT LE+S BDTP 230 
THEN l)Or • BDTR 240 

ERJf.Ofl.='2',, BDTR 250 
s10 •• 

D,P 11'·1E+75r• 
GO TD 5140,. 
END,• 

AA =A,• 
Bl:i ... 9, •. 
CAl,.L LGAMIAA1Gl1,. 
CALL LGAMI BB 1G21,. 
CALL l.Gt\MUA+BB,G3J,. 
DLEH:'TA•Gt+G2~G3,. 
IF X LE lE-8 
THEN QO,. 

szo •• 

530 •• 

S4C. f 

p =O,. 
IF A LT l 
THEN 

ELSE 

ENO,. 

oo,. 
D =1E+75,. 
GO TO 5130,. 
END". 
IF A "' 1 
THEN 

ELSE 

oa,. 
DO =-OLBETA,. 
IF 00 GT -l.68E+2 
THEN QC,. 

D =EXPIDDI,. 
GO TO Sl3C,. 
ENO,. 

ELSE GO TO 540,. 
ENO,. 

oo,. 
D =Or• 
GO TO Sl.,30,. 
ENO,. 

IF 1-X LE LE-8 
THEN 001. 

p •L,, 
IF B p l 
THEtf GD TO 520,. 
ELSE 'If B=l 

. THEN GO TO 530,, 
ELSE GO TO S4C,. 

ENO,. 
XX =Xr. 
DUO( :c:;LOG( X:X I, • 
DL LX =LOG( 1-XX I,, 
XO =XXltl-XXJ,. 
ID =C,. 

I* COMPUTE LOGCBEiA<~,BJ I 

I* TEST FDR X NEAR O.O 

I• TEST FDR X NEAR l .O 

I* SET PROGRAM PARA'1ETf.RS 

BDTR 260 
BDTR 270 
BOTR 280 
BOTR 290 

*IBOTR 300 
BDTR 310 
BOTP 320 
BOTR 330 
BPTR 340 
BDTP: 350 

•IBOTR 360 
BOTR 370 
BDTR 380 
BDTR 390 
BDTR 400 
BDTR 410 
BOTR ltZO 
BDTR 430 
BDTR lt40 
BDTR 450 
BDTR· 460 
BDTR 470 
BDTR 480 
BDTR 490 
BQTR 500 
BOTR 510 
BDTR 520 
BOTR 530 
BDTR 540 
BDTR 550 
BDTR 560 
BDTR 570 
BDTR 580 
BDTR 590 
8DTR 600 
BOTR 610 
BOTR 620 
BDTR 630 
BDTR 640 

•IBDTR 650 
BPTR 660 
BDTR 670 
BDTR 680 
BOTR 690 
BOTR 700 
aoTR no 
BDTR 720 
BDTR 730 

•IBDTR 740 
BOTR 750 
BDTR 760 
BDTR 770 
BDTR 780 

OD =I .U-11 *DLXX+C BB-11 •DLLX•DLBETA1. I* CO,,.PUTE ORDINATE •IBOTR 790 
BDTR BOO 
BDTP · 810 
BOTR 820 
BOTR 830 
BDTR 840 
BDTR 850 
BOTR 860 
BDTR 870 
BDTR 880 
BDTR 890 
BDTR 900 
BDTR 910 

IF DD GT Lo68E+2 
THEN DO,. 

0 =lE+75,. 
GO TO SSO,. 
ENO,, 

EL.SE If DD LE -l~6BE+2 

D 
550 •• 

THEN DOt • 
0 =C,. 
GD TO S5C,. 
END,. 

=EXPIDDI,. 

IF ABSCA-11 LE lE-8 
THEN IF ARSC B-ll LE lE-8 

THEN OQ,. 
p =X,. 
GO TO snc •• 
ENO,. 

ELSE 00 1 • 

PP =BB*DLlX,, 
IF PP LE l.68E+2 
THEN DO,. 

P =lu. 
GO TC' .51301. 
ENO,. 

ELSI; JO,. 

ENO,• 

P =l-EXPIPPJ,. 
GO TO 51201. 
ENO,. 

lF ABSCB-ll LE lE-8 
THEN DO,, 

PP =AA*DLXX,. 
IF ·PP 1.E ..:.1.68E+2 
THEN DO,• 

p =C, • 
. GO TO Sl30t. 
ENO,• 

El,.SE OD,, 

ENO,. 

P =E~P(PPJ,. 

GO TC 5120,. 
ENO,. 

I* A OR 8 BOTH WITHIN lE-8 OF l*/BOTR '920 
BOTR 930 
BDTR 940 
BDTR 950 
BOTR 960 
BOTR 970 
BDTR 980 
BOTR q90 
BDTRIOOO 
BOTRlOlO 
BDTR1020 
BDTR1030 
BOTR1040 
BOTR1050 
BOTR1060 
BDTR\070 
BOTR1080 
BOTRl090 
BDTR1100 
BDTP 1110 
80TR112Q 
BDTR113C 
80TR1140 
BDTR1150 
BOTR.1160 
BDTP 1170 
BOTRl 180 
BDTRl lqQ 
BOTRl 200 
BDTR12LO 
BDTR1220 



IF A GT 1000 
THEN DO,. 

XS =2*AA/XO,. 
OF =2•BB,. 
CALL CDTRCXS,OF,P,OUMMY),. 
P =1-P, • 
GO TO SlltO,. 
ENO,. 

IF 8 GT 1000 
THEN OD,. 

XS =2•BB•xo,. 
OF =2•AA,. 
CALL CDTRIXSrOF,P,OUMMY),. 
GO TO Sl4Q,. . 
ENO,. 

I* TEST FOR A OR 8 GREATER 
I• THAN 1000 

•/BDTR 1230 
•IBDTR1240 

BDTR1250 
BDTR1260 
BDTR 1270 
BDTR12BO 
BDTR12'90 
BDTP 1300 
BDTRl '310 
BDTRl'.320 
BOTRlBO 
~DTR 1340 
BDTR1350 
BDTP 1360 
80TRl370 

IF X LE • 5 
THEN IF AA LE l 

THEN DO,. 
RR =AA+l, • 
GO TO S6C,. 
END,. 

ELSE DO,. 
RR =<AA,. 

I* SELECT PARAMETERS FDR CON- *IBOTR1380 
I• TINUED FRACTION COMPUTATION *IBDTP1'390 

eDTR 1400 
BDTR1410 
BDTR142Q 
BDTR1430 
8DTR1440 
8DTR1450 

S60 •• 
DO =I RR-1> - I RR+BB-11 *XX* EXP I DLXX/5) +2 t. 
IF DO LE 0 
THEN GO TO SSO,. 
ELSE GO TO S9t'J,. 
END,. 

IF 88 LE l 
THEN 00,. 

RR 
s10 •• 

RR =BB+l,. 
GO TO S70,. 
ENO,• 
=BB,. 

Oil =IRR-11-1 AAt-RR-lJ *C 1-XXl*EXPIDLlX/5) •2, • 
IF DO LE 0 
THEN GO TO S90,. 

sea •• 
ID =11. 
FF ""OL lX,. 
OllX =DLXX,. 
OLXX ·=FF,~ 
XO -=l/XO, • 
FF =AA,. 
AA =BB,• 
BB =FF,. 
G2 =Gl,. 

S9C •• 
FF =Ot. 
IF AA LE l 
THEN DO,. 

CALL LGAMIAA+l,G4J,. 

I* TEST fOR A LESS THAN l 

00 =AA*OLXX+BB*DllX+G3-G2-G4, • 
IF DD GT -l.68E+2 
THEN FF=FF+EXPCOO),. 
AA -=AA+l, .. 
ENO,. 

FN =AA+BB-1 1 • I* COMPUTE P USING CONTINUED 
RR dA-lt• I* FRACTION EXPANSION 
SS :::sC I 186-801 ... RR+BO I) I c (RR+2*BO-l I*( RR+Z•ao) J >•xa,. 

DO X.1=79 TO 1 BY -1,. 
OD =C IX I•CFN+XI 11 IC CRR+2•XI+ l l•<RR+2•XI)) 1•xo,. 
CC =CIC BB-XI J •IRR+XI J >II IRR+2•Xl-U*C RR+2•XI J) )*XO,• 
SS =CC/Cl+DD/Cl-SSJJ,. 
ENO,. 

SS =l/tl-SSJ ,. 
IF SS LE 0 
THEN GO TO sue,. 
CALL LGAMIAA+BB,GlJ 1• 

CALL LGAMIAA+lrG4),. 
PP =Gl-G2-G4+AA*DLXX+C 88-1 >•DllX+LOGC SS I,. 
IF PP LE -l.6BE+2 
THEN QQ, • 

pp ::rFF1. 
GO TO SlOO,. 
END,. 

pp =EXP( PP )+FF,. 
SlOC! •• 

IF ID GT 0 
THEN PP=l-PP, • 
P =PP,. 
IF P LT 0 
THEN If ABSI Pl GT lE-7 

THEN GD TO Sll.O,. 
ELSE DO,. 

P .. a,. 
GO TO 5130,. 
ENO,. 

ELSE IF P GT 1 
THEN IF ABS( 1-PI GT lE-7 

THEN 
suo •• 

ELSE 
s120 •• 

sno •• 

oo,. 
ERROf;.= 1 3 1 ,. 

P =+1E+75r. 
GO TO Sl'+O,. 
ENO,. 

ELSE oo,~ 
p =1,. 
GO TO S130,. 
ENO,. 

IF P LE lE-8 
THEN DO,. 

p :::sQ,. 

GO TO Sl301. 
ENO,. 

ELSE IF 1-P LE lE-8 
THEtf P=t ,. 

ERROR=•O• ,. 
Sl4C •• 

RETURN,• 
ENO,. 

Purpose: 

I* SET ERROR INDICATOR 

I* ENO OF PROCEDURE BOTR 

BDTR1460 
BDTR147C 
BOTR1480 
BDTR1490 
BDTR1500 
BDTR1510 
BDTR 1520 
BOTR 1530 
BDTR151t0 
8DTR1550 
BDTR1560 
BDTR1570 
BOTR1580 
BDTR1590 
BDTR 1600· 
BDTR1610 
80TR1620 
BOTR1630 
BDTR1640 
l!OTR 1650 
BOTR1660 
8DTR1670 
6DTR1680 
BOTR1690 
BOTRl 700 
BDTRl 710 
BOTR 1720 
BOTRl 730 

*/BOTRl 740 
BDTRl 750 
BOTR 1760 
BDTR 1770 
BDTRl 780 
BDTR1790 
BDTR 1800 
8DTR1810 

*/BDTR1820 
*IBOTR183D 

BOTR1840 
BDTR l 850 
BDTR1860 
BOTP 1870 
eon 1880 
80TR1890. 
BOTR1900 
BOTR1910 
BDTR.1920 
80TR1930 
BOTR.1940 
BOTR1950 
8DTR1960 
BDTR 1970 
BDTR1980 
BDTR.1990 
BDTR2000 
E'OTR.2010 
8DTRZ020 
BDTR203C 
BDTP2040 
80TRZ050 

•/8DTR2060 
BDTP2070 
BDTR2080 
BOTR2090 
BDTR2100 
BDTR2110 
BDTR2120 
BDTR2130 
BDTR214-0 
8DTR2150 
BOTR2160 
BDTR2110 
BDTR2180 
BDTR2190 
BDTR2200 
BDTR2210 
BOTRZ220 
BDTR2230 
BDTR224-0 
BDTR2250 
BDTR2260 
BOTR2270 
BDTR2280 
BOTR229D 
BDTR2l00 
BDTR2310 
BOTR2320 
BDTR2330 
BDTR234-0 
BDTR2350 
BDTR2360 
BDTR2370 
BDTR2380 

·*/BOTRZ390 

BDTR computes P(x) = probability that the random 
variable X, distributed according to the beta dis.,. 
tribution with parameters A and B, is less than or 

equal to x. f (A, B, X), the ordinate of the beta 
density of X, is also computed. 

Usage: 

CALL BDTR (X, A, B, P, D);. 

X ... BINARY FLOAT 
Given variable containing the scalar for which 
P(x) is computed. 

A -BINARY FLOAT 
Given variable containing the beta distribution 
parameter. 

B -BINARY FLOAT 
Given variable containing the beta distribution 
parameter. 

P -BINARY FLOAT 
Resultant variable containing the probability. 

D -BINARY FLOAT 
Resultant variable containing the density. 

Remarks~ 

If no errors are detected in the processing of data, 
the error indicator, ERROR; is set to zero. The 
following constitute the possible error conditions 
that may be detected: 

ERROR=l - invalid value of X. (X<O or » 1) 
ERROR=2 - invalid valqe of A or B (A or B < • 5, or 

A or B> 105). 
If either of the above conditions exists, 
the values of P and Dare set to -1. E75. 

ERROR=3 - Invalid output (:P<o or P > 1). If this 
condition exists, the value of P is set to 
1. E75. 

Subroutines and. function subroutines required: 

CDTR 
LGAM 
NDTR 

Method: 

Refer to: 

R. E. Bargmann ands. P. Ghosh, "Statistical 
Description Programs for a Computer Language", 
IBM Research Report RC-1094, 1963. 
M. Abramowitz and I. A. Stegun, Handbook of 
Mathematical Funct:lons. u. s. Department of 
Commerce, National Bureau of standards Applied 
Mathematics Series, 1966. 

Mathematical Background: 

This subroutine computes P=J,c (m, n) =Prob (X :S:x), 
where X is a random variable following the beta 
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distribution with .degrees ?f freedom {continuous 
parameters) m and n. For .computation to take 
place, 0::;. x:::: 1, o. 5:::: m:::: 10+5, and o. 5 sns10+5• 
D, the ordinate of the beta density at x, is also pre
sented in the output. 

For 0 s x s 1, I (m, n) may be written as: x ; . . 

x 
I {m, n) = J f {m, n, y) dy x . 

. . 0 

where: 

1 .· in-1 n-1 
f (m, n, y) = B{m,n) y (1-y). 

(1) 

B (m,n) 
. r (m) r (n). - . • . .·. 

r(m + n) , D - f {m,n,x) 
' ,' . ~' 

Ix(m, n) can be reduced to a binominal partial sum 
that can be evaluated by means of a continued frac-. 
tion expansion. 

L~t N .;,, m+n-1 and r = ni-1. Then: 

I (m,n) =I (r+l, N-r) 
x x 

... • N -

Ix (r+l, . ~-r) = L .. (~)xs 
s = r+l . 

·· N-s 
(1-x) 

. - (r ~1} xr+l (1-x)N-r-ls 

where 0:::: s s N 

S is a continued fraction, with 80 terms being 
sufficient for the desired accuracy. 

_ (N - i - r) (r+ i) x 
ci -:- (r + .2L"'." 1) (r+ 2i) . 1 - x 

;.\: ;, ..- ·:' 
d = i (N +. i) .. 

i (r+.2i+1)c(r+ 2i) 
x 

1- x. 

(2) 

(3) 

(4) 

(5). 

The .above continued fraction e~pailSion ()f Ix' (in, n) · · 
llolds for positive m and n (integers or .. n()~integers), 
'.'l" ~ O (m + n ~ 1), and r ~ 0 (m ~ 1). Jn order to 
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fulfill these last two conditions, if m < 1, the follow
ing transformation must be made before computation 
of Ix (m, n) can take place: 

- r (m + n) m n + + 
Ix(m,n) -r (m+l)r (n) x (1-x) Ix(m 1,n) 

(6) 

The quantities on the right-hand side of equation (6) 
are those that are computed • 

. ,Jt is known that Ix(m,n) = I1_x(n,m). Thus, either 
of the two parameter sets indicated bythis equation 
may be used in computing the beta integral. The 
parameter set selection is made by applying the 
following empirically derived rule: 

Let p and q be the degrees of freedom corre
sponding to z, where z = x if x s. 5 or (1-x) 
otherwise. If the quantity [ (p-1) - (p+q-1) 
z 6/5 + 2] is positive, use the parameter set 
corresponding to z. Otherwise, use the para
meter set corresponding to (1-z). 

. -8 -8 .. 
If O sx s10 or 0 s1-x s10 , the approximation 
is made that x = 0 or 1 respectively. P and D are 
then set according to the following table: 

0 sx s10-8 0 :::; 1-x:::; 10-8 

p =O p = 1 

If: Then: If: Then: 

A< 1 D = 10 75 B < 1 D = 1075 

A= 1 D = 1/B(m,n) B =1 D =1/B(m,n) 

A> 1 D = 0 B > 1 D = 0 

Ifeither morn, or both are within 10""'8 of 1, the 
beta integral is solved explicitly form= 1, n: = 1, 
or m =n = 1: 

If: 

A= 1, B = 1 

A= 1, Bf. 1 

A /.1, B = 1 

Then:· 

P=x 

n 
P = 1 - (1.-" x) 

... m 
P=x 



If morn is greater than 1000, the chi-square ap
proximation is used: 

z1 = 2m (1-x)/x is distr:ihuted as X 2 with 2n 
degrees of freedom and P = 1 PX 2 (z1) for m > 
1000. 

z2 = 2nx/ (1-x) is distr:ibuted as x2with 2 m 
degrees of freedom and P = Px2 (z2) for n > 1000. 
If both m and n are greater than 1000, the approx
imation corresponding to z1 is used. 

The values of P very near zero or one may be some
what imprecise. To eliminate ~ossible misinte~re
tation of results, if O s;p s;10- or O s;l-P s;10- , 
Pis set to O or 1 respectively. 

• ·Subroutine CDTR 

CDTR. • CDTR 10 
/*************** .. ****************************************************/CDTR 20 
I* */CDTR 30 
I* COMPUTES PUJ .. PROBABILITY THAT THE RANDOM VARIABLE U, */CDTR 40 
I* DISTRIBUTED ACCORDING TO THE CHI-SQUARE DISTRIBUTION WITH G */CDTR 50 
I* DEGREES OF FREEDOM, IS LESS THAN DR EQUAL TD X. FIG,XI, THE */CDTR 60 
I* ORDINATE OF THE' CHI-SQUARE DENSITY AT X, IS ALSO COMPUTED. */COTA 70 
I*. */CDTR 80 
l*'!l***************************************************•*********o*****ICDTR 90 

PROCEDURE l>C,G,P,D),. CDTR 100 
DECLARE COTA 110 

UX,DLXJC,DLX2,GG,G2, QLT3 'THETA, THPl,GLG2,oo, TU, sea, cc,x2, CDTR 120 
XI rFAC,TLOG, TERM,GTHtA21A18rCtDT2tDT3t THPI) COTR· 130 
FLOAT BINARY (531. CDTR· HO 
U,J,K,13) FIXED BINARY1 CDT.A 150 
ERROR EXTERNAL CHARACTER ( 1) t CllTR 160 
1x,G,o,sc,p, Tl,T2, T3,DUMMYJ FLOAT BINARY,. CDTR 170 

I* TEST INPUT VALIDITY •/CDTR. 180 
IF G LT .49999 OR G. GT 2.E+05 OR X LT 0 CDTR 190 
THEN DO,. I• SET ERROR INDICATOR •ICDTR 200 

o,p =-l.E75,. CDTR 210 
ERROR=' 1 1 t • CDTR 220 
GO TO Sl50,. COTA 230 
END,. COTA 240 

-ELSE IF X -LE 1. E-08 I•. TEST· FOR X NEAR ZERO •ICDTR 250 

sio •• 

S30 •• 

540 •• 

THEN DO,. I• SET p· AND D DEPENDING •/CDTR: 260 
p •o.o,. ,,. ON THE PARAMETER G O/COTR 270 
IF G LT 2.0 CDTR 280 
THEN DO,. CDTR 290 

D ,.l.E751. CDTR 300 
GO TO S30t • COTA 310 
ENO,. CDTR 320 

ELSE IF G .. 2.0 COTA 330 
THEN DO,. COTA. 340 

D •0.5,. CDTR 350 
GD TD 530,. CDTR 360 
END,• CDTR. 370 

ELSE DO,. CDTR · 380 
D aQ.O,. CDTR 390 
GO TO S30,. COTR. 400 
END 1 • CDTR 410 

ENDt• 
ELSE IF X GT l.E+06 I• TEST FDR X > 1.£+06 

I*. SET P AHO D 

CDTR 420 
O/COTR "\30 
ta/COTA "\'tO 

CDTR 'o\-50 
CDTR 460 
CDTR "\70 

THEN oo,. 
D =0.01• 
P =1.0,. 
GO TO 530, • 
ENO,. 

ELSE DOt • I• SET PROGRAM PARAMETERS 
XX =PRECISIONIX,53),. 
DLXX =LOG(XX),. 
X2 :oXX/2.EO,. 
DLXZ =LDGlX2J,. . 
GG =PRECISIDN(G,53) t• 
GZ =GG/2.EO,. 

I* COMPUTE THE ORDINATE 
CALL LGAMIG2rGLG2J,. 

CDTR 4-80 
*/COTR 490 

COTR 500 
CDTR 510 
COTA 520 
CDTR 530 
COTA 540 
CDTR 550 

*/CDTR, 560 
COTA 570 
CDTR 580 
CDTR 590 

DD ,.CG2-l. EO l*DLXX-XZ-GZ*• 69314718D559945EO-Gl.G21 • 
IF DD LE l.6BE02 
THEN IF IDD+ l.6BE02J LE 0 

THEN DO,. 
o · .. o.o,. 

CDTR ·600 
CDTR 610 
CDTR .620 

.' . CDTR 630 
I* TEST FOR G > 1000. & );( > · 2000*/CDTR 640 

IF G LE 1000 CDTR 650 
THEN IF X GT 2000 CDTR :660 

THEN COTA 670 

oa,. 
p =t.o,. 

ERROR .. '0'1• 
GO TO 5150,. 
ENO,. 

ELSE D01. 
I* COMPUTE THETA 
K =FLDORCGZJ,. 
THETA=G2-FLDATIK,53J,. 
GD TO S401 • 
ENO,. 

ELSE QO,. I* WILSON HILFERTY APPROX. 

ENO,• 
ELSE DO,. 

A =LOGIXX/GGJ/3.EO,. 
A ,,.EXPl"AI. •.. 
B =2.E0/19.EO*GGJ t• 
CrSC =IA-1.EO+B)/SQRT(BJ;. 
CALL NDTRISC,P1DUMHYJ 1 • 
GO TO 560,. 
ENO,. 

OD,D =EXP( DDJ1. 
GO TO 510,. 
END,. 

COTA 680 
CDTR ·690 
COTA ·1co 
CDTR 710 
CDTR ,720 
CDTR 730 
.CDTR 740 
COTR 750 

*/COTR 760 
COTR "770 
.COTR 780 
CDTR 790 
CDTR 800 

*/COTR 810 
CDTR 820 
CDTR :830 
COTR 840 
CDTR 850 
COTR 860 

ELSE DO,. 

CDTR .870 
CDTR 880 
COTR 890 
COTA 900 
COTR 910 
CDTR 920 
COTR 930 
CDTR 940 
CDTR 950 
CDTR 1)60 
CDTR 970 
CDTR 980 END,. 

0 =l.E75,. 
GD TO SlO, • 
ENO,. 

JF THETA LE 1.E-8 
THEN THETA.,.O.EO,. 
THP 1 =THETA+t .eo,. 

COTR 990 
COTRlOOO 
CDTR101D 
COTR1020 

•ICDTR1030 
•ICDTRlO'tO 

COTR1050 ·IF THETA GT 0 

.. THEN IF XX LE 10.EO 
THEN DO,. 

I* SELECT METHOD FDR 
I* COMPUTING Tl 

I* COMPUTE Tl FD?: • 
I• THETA > 0 & X .< DR = 10 

SER =X2•1 L.EO/THPl-XZ/<THPl+l.EOJ J t • 

J •lt• 
CC .afLDATIJ,53J,... 
DO IT1""3 TO 30, • 
XI. =FLDATllT1,53>t• 
CALL LGAMIXl,FACJ,. 
TLOG =Xl*DLX2-FAC-LDGIXl+THETAJ,. 
TERM =EXPITlOGJ,. 
TERM •SIGNICCJ•ABS(TERMJ,. 
SER •SER+ TERM, .. 
cc -cc,. 
IF ABSCTERMJ LT l.E-9 
THEN GO TO S80,. 
END_•.•. 

•/CDTR1060 
*/CDTR1070 

CDTR1080 
. CDTR1090 

COTRUOO 
CDTRlllO 

. CDTR1120 
CDTRU30 
CDTR1140 
COTRU50 

·. COTR1160 
COTR1170 
COTRUBO 
CDTR1190 
COTR1200 
CDTR1210 
CDTR1Z20 
CDTR.1230 
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GO TO S90t • 
ENO,. 

COTR121t0 
tDTR1250 

ELSE OOt. 
A2 =O.EOt. 
00 l=l TO 25,. 
XI =FlOATC [,53)',. 

I* Tl FOR THET A>O AND 10<X<2000•/CDTR 1260 
CDTR1270 
CDTR1280 
COTR1290 

CALL LGAMITHPl1GTHl1. 
TU _.. ( 13.EO*XXI /Xl+THPl*LOGU3. EO•X)(/Xll-GTH--LOGIXl >t • 
IF ITU+l.6BEOZI GT 0 
THEN DO •• 

Tll 21.EXPCTltJ,. 
AZ "'A2+T 11,. 
ENO,. 

ENO,. 
GO TO Sl30,. 
ENO,. 

ELSE IF X2 GE l.68E02 
THEN oo,. 

sso •• 
Tl =l.O,. 

IF G GE 2 
THEN IF G GE 4 

THEN DO,• 

OT3 •O.EO,. 
Otl 13,.z TO K,. 

I* COMPUTE Tl FOR THETA "' 0 

I* SELECT APPRO. EXP. FOR P 

I* CALC. FOR G > OR • ~ 
,. ·ANO < OR "' loo 

THPI •FLOAT(l3t53)+THETA,. 
CAl.L LGAM ITHf>I 1GTH),. 
DL T 3 •T HP I •OLXZ-DL XX-X2-GTH, • 
IF .(OLT3+1.68E021 GT 0 
THEN OT3 •DT3+EXPfDLT3J,. 
ENO,. 
T3 •DT3,. 
P •T l-T3-T3, • 
GO TD S60t • 
ENO,. 

ELSE DO,. 
P •Tl,• 

560 •• 
IF P LT O 
THEN IF ABSCPI LE 1.E-7 

THEN 
570 •• 

oo,. 
p -o.o,. 
GO TO S30,. 
ENO,. 

ELSE GO TO 590,. 
ELSE IF P GT 1.0 

THEN IF ABSU.-PJ GT l.E-7 
THEN GO TO 590,. 
ELSE GO TO S20t• 

ELSE GO TD SlOO,. 
ENO,. 

ELSE GO TO 5145,. 
ENO,. . 

ELSE 00,. 
Tll,Tl =1.EO-EXPl-XZJ, • 
GO TO SSO,. 
ENO,. 

sea •• 
IF (SERI LE 0 
THEN GO to 590,. 
ELSE oo,. 

CALL LGAM (THPl,GTHJ, • 
TLOG =THETA*DLXZ+LOG(SERJ-GTH,. 
IF (TLOG+l .68E021 LE 0 
THEN GO TO S 110 t • 

ELSE GO TO 5120,. 
ENO,. 

590 •• 
ERROR=' 2 1 ,. 

P =l.E75,. 
Go ro s1so,. 

5100 •• 
IF P LE l.E-8 
THEN GO TD S70, • 
ELSE lF 11.0-PI LE l.E-8 

THEN GO TO SZO,. 
ELSE GO TO S30,. 

suo •• 
Tl =O.O,. 
Go TO SSO,. 

s120 •• 
r11,n =EXPITLOG),. 
GO TO SSO,. 

5130 •• 

I* SET ERROR INDICATOR 

A =l. 012820Sl+THETA/ 156. EO-XX/312 .EO,"' 
8 =ABSCAJ,. 
C =-X2+THP l*OLX.2+LOGI B l-GTK-3 .95124371858142EO,. 
IF (C+l.68EQ2) LE Cl 
fHEN DO,. 

c ""o.Eo,. 
Sl40 •• 

C =A2+C,. 
Tll,Tl =l.EO-C,. 
GO TO 550,. 
ENO,• 

ELSE IF A LT 0 

5145 •• 

THEN DO,. 
C "'-EXPIC),. 
GO TO 5_140,. 
ENO,. 

ELSE IF A =O 
tHEN 00,. 

c =o.eo,. 
GO TO 5140,. 
ENO,. 

ELSE oo,. 
C =EXP(CJ,. 
GO TO 5140,. 
END,. 

CALL LGAM ITHPl,GTHJ,. l•CCMPUTE P FOR O<G<Z 
DT2 =THET A*OLXX-X2 .. THP l* • 69314 7180559945EO-GTH, • 
IF IDT2+l.68E02) LE 0 
THEN DO, .. 

p :fl,. 
GO TO 560 1 • 

ENO,• 
ELSE OO,. 

or2,r2 =EXPI OlZ),. 
P -=Tl+T2+T2,. 
GO TO S60,. 
ENO,. 

5150 •• 
RETURN,. 
ENO,. 

/*COMPUTE P FOR G > OR = 2 

I* END OF PROCEDURE CDTR 
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CDTR1300 
COTR1310 
CDTR1320 
&DTR1330 
CDTR13"t0 
COTR1350 
CDTR1360 
CDTA.1370 
COTR1380 
COTR1390 
CDTRl'tOO 

•ICOTRl'tlO 
CDTR1420 
CDTR1430 

•ICDTR1440 
CDTR1450 
CDTR1460 

•/CDTR1470 
•/CDTRI't80 

CDTRl't90 
CDTR1500 
CDTR1510 
CDTR1520 
CDTR1530 
CDTR151t0 
CDTR1550 
CDTR1560 
COTR1570 
CDTR1580 
CDTR1590 
COTR1600 
CDTR1610 
COTR1620 
COTR1630 
CDTR16't0 
C0TR1650 
CDTR1660 
CDTR1670 
CDTR1680 
CDTR1690 
CDTR1700 
COTR17U;l 
COTR1720 
CDTR1730 
CDTR1740 
CDTR1750 
COTR1760 
COTR1770 
CDTR 1780 
CDTR1790 
CDTR1800 
CDTR1810 
CDTR1B20 
CDTRla3o 
CDTR1840 
CDTR1B50 
CDTR1660 
CDTR1870 
CDTR1880 
CDTR1890 
tDTR 1900 
CDTR1910 
CDTR19ZO 
CDTR1930 
COTR1940 
CDTR1950 

•ICDTR1960 
CDTR1970 
CDTR1980 
CDTR1990 
CDTRZOOO 
CDTRZOlO 
CDTRZOZO 
CDTR2030 
CDTR2040 
CDTR2050 
CDTR2060 
CDTR2070 
COTR2080 
COTR2090 
COTR2100 
CDTR2110 
COTRZ120 
COTR2130 
COTR2140 
COTR2150 
CDTR2160 
CDTR2170 
CDTR2"180 
COTR2190 
CDTR2200 
COTR2210 
COTRZZZO 
COTR2230 
CDTR2240 
CDTR2250 
CDTR2260 
CDTR2270 
CDTR2280 
COTR2290 
CDTR2300 
CDTR2310 
CDTR2320 
COTR233 .. 
COTR2340 
CDTR2350 
COTR2360 
COTR2370 

*/COTRZ380 
COTR2390 
CDTR2400 

•/CDTR2410 
COTR2420 
COTR2430 
COTR2440 
CDTR2450 
COTR2460 
COTR2470 
CDfR2480 
CDTR2490 
CDTR2500 
CDTR2510 

*/COTR2520 

Purpose: 

CDTR computes P(x) = the probability that the ran
dom variable X, distributed according to the chi
square distribution with G degrees of freedom, is 
less than or equal to x. f (G x), the ordinate of the 
chi-square density at x, is also computed. 

Usage: 

CALL CDTR (X, G, P, D); 

X - BINARY FLOAT 
Given random variable following the chi
square distribution. 

G - BINARY FLOAT 
Given variable containing the number of 
degrees of freedom of the chi-square distri
bution. G is a continuous parameter such that 
. 5 s- G :,; 2 (105). 

P - BINARY FLOAT 
Resultant variable containi:ag the probability. 

D - BINARY FLOAT 
Resultant variable containing the density. 

Remarks: 

If° no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. The 
following consitute the possible error conditions that 
may be detected: 

ERROR=l - invalid value of X. 
(X < 0) or invalid value of G. 
(G < . 5 or G > 200, 000) 
If this condition exists, the values of P 
and Dare set to -1. E75. 

ERROR=2 - invalid output (P < 0 or P > 1) or the 
series Tl has failed to converge. If 
this condition exists, the values of P 
and Dare set to -1. E75. 

Subroutines and function subroutines required: 

Method: 

LGAM 
NDTR 

For reference see: 

1. R. E. Bargmann ands. P. Ghosh, 
"Statistical Distribution Programs for a 
Computer Language", IBM Research 
Report RC-1094, 1963. 

2. M. Abramowitz and I. A. Stegun, Hand
book of Mathematical Functions U. s. 



Department of Commerce, National 
Bureau of Standards Applied Mathematics 
Series, 1966. 

Mathematical Background: 

This subroutine computes P=P(x)=Prob. (X s x), 
where X is a random variable following the x2 dis
tribution with continuous parameter g. X must5be 
greater than or equal to zero and • 5 s g s 2 (10 ) for 
computation to take place. D, the ordmate of the 
x2 density at x, is also presented in the output. 

where: 

For x 2: 0, P(x) may be written as: 

x 
P(x) = f f(g, y) dy 

0 

f (g, y) = y(g-2)/2 e -y/2 /<2g/2 r ( !) ) 
2 

D = f(g,x) 

To evaluate the integral,. we first define 

a = .[_ [.[.J 
2 2 ' 

where-fdenotes the largest integer less than or 
equal tof. e is thus the fractional part of+. 

(1) 

Substituting this expression into the integral and per
forming the proper reductions, we find: 

If: 

0 <.. g <2 

2 :S::g <4 

g 2: 4 

where: 

T2 = f(2+26, x) 

[:J 
T3 = ~ f(2i+29, x) 

i=2 

Then: 

P(x) =Tl+ T2 

P(x) =Tl 

P(x) = Tl - 2T3 

T2 and T3 may be evaluated directly using logs and 
antilogs. 

If 9 = O ( ~ is an integer), Tl is easily evaluated as: 

Tl= 1 - e -x/2 

If 9 > 0 , Tl can be expanded in the following infinite 
series: 

Tl 

where 
x z =2. 

This series is used in the range 10-8 <x $10, 
and not m:ore than 30 terms are necessary to ensure 
convergence within error bounds of 10-9. 

For x > 10, 1-Tl is evaluated by the Euler
McLaurin formula up to third derivative terms 
(see Reference 2, equation 23.1.30). One finds: 

N 
1 - Tl= j h(u) du 

0 

where: 

h(u) =-1- ( 2u) - (1+ 9) 
!tl+ 9) Nx u -1 e -Nx/2u 

N N-1 
f h(u> du = L h (u) + ; h <N) - 1~ h' <N) 
O u=O 

1 
+- h"' (N) 720 

(Note: h'=h"' = 0 at O.) 

In order to achieve accuracy consistent with that 
obtained by the method of equation (2), N=26 is 
used in equation (3). 

If O ~x ~10- 8 , the approximation is made that 
x=O. P is set to O, and D is set to 1. E75, . 5, or 
0, corresponding tog less than 2, equal to 2, or 
greater than 2 respectively. 

(3) 

If g > 1000, Wilson and Hilferty' s approximation 
is used. (~) 1/3 is awroximately normally dis
tributed with mean 1 -gg and variance* (see ref
erence 2, equation 26.4.14). If g :s.1000 and 
x>2000, or g>lOOO andx>106, Pis set to 1. 

Since Tl may have an error of about 10-9, values 
of P(x) very near zero or one may be somewhat 
imprecise. To elimmate possible misinterpretation 
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of results, if 0~P(x)s=10-8 or 0 ~1 -P(x) ~lo-8 , 
P(x) is set to O or 1 respectively. 

The x2 distribution is a member of the gamma 
family of probability distributions. The general 
form for distributions of this class is: 

x 
P G(x) =JG (n,A; ':If; u) du 

0 

where 

n-1 -(u-a)/':I!/ __ n · 
G (n, a, ':If; u) = (u-a) e / ( '!'I' (n) ). 

This subroutine may, therefore, also be used to 
compute the probability integral from zero to x and 
the corresponding ordinate at x for any member of 
this gamma family by setting: 

x = 2(u-a)/ w and_g = 2n 

Th~n P(x) will be the desired probability, and 
~will be the desired ordinate. 
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• Subroutine NDTI 

NDTI • • NOT I 10 
/* .. **********************"*******il**********************************/NDT 1 20 
I* •INDTI 30 
I* COMPUTES' X•P**X(-1}( VJ, THE ARGUMENT X SUCH THAT Y=P(XJ=THE. •INDTI 40 
I* PROBABILITY THAT THE RANDOM VARIABLE Ur DISTRIBUTED NORMALLY •INOTI 50 
I* 10,111 IS LESS THAN OR EQUAL TO X. FCXJ THE ORDINATE OF THE •/NDTI 60 
I* NORMAL DENSJTY, AT Xr IS ALSO COMPUTED. •INDTI 70 
" ~~TI ~ 
1*****************************************••*******************41******/NDTI 90 

PROCEDURElPrX1D>t • , . NDTI 100 
DECLARE NDTl 110 

(p,x,o,r2, n FLOAT BINARY, NOT! 120 
ERROR EXTERNAL CHARACTER (1) t. NOT! 130 

ERROR••o•,. .tmTI 140 
X.,D =01 • NOT! 150 

"[f p LT.a.a NOTI 160 
THEN NOTI 170 

SlO.~· NDTI 180 
' DD,• I* P < 0--SET ERROR U!OICATOR *INDTI 190 

ERRORa• t •,. NOTI 200 
GO·TD S3Q.,. NOTI 210 
END., • NOT I 220 

ELSE IF P • 0 .O NDTI 230 

szo •• 

THEN DO,• I* P "" 0-SET X AND D •INDTl 240 
X .. -.999999E+741 • NDTI 250 

o =o.o,. 
GO TO S30,. 
ENO.,. 

ELSE IF P GT 1.0 
THEN GO TO SlO, • 
ELSE IF P = 1.0 

NDTI 260 
NOTI 270 
NDTl 280 
NDTI 290 
NDTI 300 

.'/* P > 1--SET ~RROR INDICATOR •l~g~~ ~~g 

THEN DO.,• I* P = 1-SET X AND D */NDTl 330 
NDTI 340 
NDTl 350 
NDTl 360 

X ... 999999E+74.,. 
GO TO 520.,. 
ENO,. 

ELSE DO.,. 
D .. p.,. 
IF D GT 0.5 

/*P>DANDP<l •INDTI 370 
NDTI 380 
NDTI 390 

I* COMPLEMENT P ' *INDTI 400 
THEN D ... 1 •. 0-0, • , . . • · NOTl 410 

I* CALC. EQUATION 2 IN WRITE UP*/NDTl 420 
TZ •LOG(l.O/CD•DJJ,. NDTI 430 
T =SQRTCT2)., • NDTl 440 

I* CALC. EQUATION l IN WRITE UP•/NDTI 450 
=T-12.515517+0.802853*T+0.010328*T2) I NDTI 460 

I l.o+l.432788*T+O .189269*T2+0.0013D8*T NDTI 470 
*T2J.,. NDTI 480 

If P LE 0.5 I* P < OR = .5 */NDTI 490 
THEN X =-X,./* NEGATE X */NDTJ 500 

, I* CALCULATE DENSITY */NDTI 510 
D ::sQ.3989423•EXPl-X*X/2.0) t•. NOTl 520 
ENDr • NDTl 530 

530 •• 
RETURN,• 
ENO,. I* ENO OF PROCEDURE NDTI 

NDTI 540 
NDTI 550 

*/NDTI 560 

Purpose: 

-1 
NDTI computes x = P (y) such that y = P(x), the 
probability that the random variable X, distributed 
normally (0, 1) is less than or equal to x. f(x}, the 
ordinate of the normal density at x, is also com
puted. 

Usage: 

CALL NDTI (P, X, D); 

P - BINARY FLOAT 
Given variable containing the probability. 

X - BINARY FLOAT 
Resultant variable such that P:::;:Y= the prob
ability that u, the random variable, is less 
than or equal to X. · 

D - BINARY FLOAT 
Resultant variable containing the density 
f (X). . 

Remarks: 

If no errors are detected in the processing of data, 
the error indicator, ERROR, is set to zero. 'How
ever, if P=O, Xis set to -(10)74, and Dis set to 
zero. If P=l, X is set to (10) 74 and D is set to 



zero. The following constitutes the possible error 
condition that may be detected: 

ERROR=! - Invalid value of P. P is either less than 
zero or greater than one. 

Method: 

Refer to: 

C. Hastings, Approximations for Digital" Computers, 
Princeton University Press, Princeton,. N. J., 1955. 

M. Abramowitz and Stegun, I. A. Handbook of Math
ematical Functions, Dover Publications, Inc. , N. Y. , 
equation 26. 2. 23. 

Mathematical Background: 

This subroutine computes x = P-1(y) such that 
y = P(x)· = Prob(X Sx), where Xis a random var
iable distributed normally with mean zero and · 
variance one. That is, given P(x), the following is 
solved for x: 

x 

P(x) = .Arr .1 exp (-u2 /2) du 

The following approximation is used: 

2 . 3 . 
x = w - 2: a.w1/2: b.w1 

i=O 1 i=O 1 . 

where: 

w =hn. (1/p2) (0 < p s. 5) 

a0 = 2. 515517 

a1 = o. 802853 

a2 = o. 010328 

bl = 1. 432788 

b2 = o. 189269 

b3 = o. 001308 

(1) 

(2) 

If P{x) is greater than o. 5, 1-P(x) is used as p in 
{2) above, and the result of (1), x, is negated. The 
maximum error is o. 00045; f(x) is also calculated. 
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APPENDIX A: ACCURACY OF SUBROUTINES 

The subroutines in SSP can be broken down into 
three major categories from the standpoint of ac-
curacy: . 

(1) those having little or no effect on accuracy, 
(2) those whose accuracy depends on the char

acteristics · of the input data, and 
(3) those in which definite statements on accu

racy can be made. 

SUBROUTINES WITH LITTLE OR NO EFFECT ON 
ACCURACY 

The following subroutines do not materially affect 
the accuracy of the results, either because of the 
simple nature of the computation or because they do 
not modify the data. 

ABST RANK 
BUND SRNK 
CHSQ SUBM 
HTES SBST 
KLM2 TABl 
KRNK TA~2 

MOMN TALY 
MPIT TIE 
MPRM TRAC 
MTPI TTST 
MSCG TWAV 
MSCS UTST 
ORDR WTST 
QTST 

SUBROUTINES WITH DATA-DEPENDENT ACCURACY 

The accuracy of the following subroutines cannot be 
predicted because it depends on the characteristics 
of the input data and on the size of the problem. The 
programmer using these subroutines must be aware 
of the limitations dictated ,by numerical analysis 
considerations. It cannot be assumed that the re
sults are accurate simply because subroutine execu
tion is completed. 

ACFM/ACFE DFEC MATE 
AHIM/AHIE DFEO MATU 
ALIM/ALIE DGT3 MDLG 
APCI/APC2 DMTX MDLS/MDRS 
APLL DSCR MDSB 
ASN EXSM . MEAT 
AVAR FFT MEBS 
CANC FFTM MEST 
CORR FMFP MFG 
DERE KLMO MFGR 
DET3 LOAD MFS 
DET5 MAGS MFSB 
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MGB1/MGB2 POSV QH24 
MGDU PRTC QH32 
MIG PRTR QH48 
MINV QA2 QHFG/QHFE/ 
MIS QA4 QHSQ/QHSE 
MLSQ QAS QL2 
MLTR QA12 QL4 
MMGG QA16 QLS 
MMGS QA24 QL12 
MMGT QATR QL16 
MMSS QG2 ·QL24 
MSDU QG4 QSF 
MSTU QG8 QTFG/QTFE 
MVAT QG16 RTF 
MVEB QG24 RTFD 
MVST QG32 SE15 
MVSU GH2 SE35 
MVUB QH4 SG13/SE13 
PEC/PTC QHS STRG 
POST QH16 VRMX 

SUBROUTINES WITH DEFINITE ACCURACY 
CHARACTERISTICS 

The subroutines in this section have accuracy char
acteristics that can be specified on an individual 
basis. The mathematical descriptions for many of 
these subroutines contain information on truncation 
error of a strictly theoretical nature. The actual 
implementation of these subroutines on System/360 
results in the accuracy noted in the following table. 
The standard reference for comparing the accuracy 
of these subroutines is M. Abramowitz, I.A. Stegun, 
Handbook of Mathematical Functions, National 
Bureau of Standards, Washington, D. c., March 
1965. However, in certain cases, other tables were 
used, as noted below. It should be remembered 
that in System/360 single-precision floating point, 
there are just over six significant figures. 

Maximum differences below are given in terms of 
number of decimal places (DP) and/ or number of 
significant digits (SD) that agree. The number of digits 
tabled should be considered when accuracy state
ments are viewed; that is, certain tables are given 
to only five places, whereas the algorithms used 
may be more accurate. Jn compiling maximum 
differences, the maximum was taken over the set of 



points indicated in the table. The average clifference 
was normally much smaller. 

Functions 
Name Functions checked 

calculated with reference 

BDTR p=Ix (a,b) Ix-1 (a,b) 
Tables by Leon 
H. Harter: New 
Tables of the 
Incomplete 
Gamma Function 
Ratio and of 
Percentage 
Points of the 
x 2 and Beta 
Distribution, 
1964 

CDTR y=Pg(X) 
where Pis 

y=Pg(X) 

the x2 

distribution 
function 
with para-
meter g. 

K(k) K(m); k+-
(single K (a); k= sin O! 
precision) 

CELI 
(a in degrees) 

Complete 
elliptic 1--- - - - -- t- - - - - - - ---
1st integral K(k) K(m); k=tm 

(double 
·precision) 

K(O! ); k_= sin a 
(a in degrees) 

The notation x = a (b) c implies that a, a+ b, 
a+ 2b, ••• , c were the arguments (x) used. 

Range 
Maximum 

checked 
with reference 

difference 

p=. 0001, • 0005 correct to 5 DP 
a=1 (1) 40 
b=5(5) 40 

p=.0100,.0500 
a= 2(2)10 
b=5 (5) 30 

x=. 001 (. 001) • 01; 1 in the 5th DP 
• 01(.01) 1. O; 
1. 0 (.1) 2. O; 
2. 0 (. 2) 10. O; 
10. 0 (. 5) 20. O; 
20 (1) 40 
40 (2) 76 

for 

g= 1(1)30 

m=. 01 (. 01). 99 2 in 7th SD 

a= 1(1)73 2 in 7th SD 

a= 74(1)86 3 in 7th SD 

- ·-- - - - - - - -- --1---- - - - - ----

m = . 01(. 01). 86 1in16th SD 

m = • 87(. 01) • 96 4in16th SD 
m = • 97(. 01). 99 11in16th SD 
O! = 1(1)75 1in16th SD 
<1. :.: 76(1)80 2 in 16th SD 
<1. = 81(1)86 11in16th SD 
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Name 

CEL2 
Generalized 
complete 
elliptic 
2nd 

Functions 
calculated 

K(k) 

with A= B = 1 
E(k) 
with A= 1 

B = 1 -k2 
(single 
precision) 

Functions 
checked 

with reference 

K(m);k=F 

K(O! ); k = sin O! 

(a in degrees) 

E<m>; k=lm' 

E(a); k =sin O! 

K'E + E'K - KK' 

(Legendre's re-
lation) 

Range 
checked Maximum 

with reference difference 

m = • 01(. 01) • 99 2 in 7th SD 

O! = 1(1) 73 2 in 7th SD . -

O! = 74(1)86 
., 

3 in 7th SD 

m =. 01(01) 2 in 7th SD 

O! = 1(1) 86 2 in 7th SD 

m = • 01(. 01) • 99 7 in 7th SD 

O! = 1(1) 89 1in6th SD 

integral - - - - - --- - - -- --- - - -.- - - --+-- ----- ---
K(k) K(m); k = F m = • 01(. 01)~ 99 2 in 16th SD 

ELil 

with A= B = 1 
E(k) K(O!); k = sin O! 
with A = 1 (O! in degrees) . 

B = 1 -k2 
(double 
precision) 

F(C /a) 
with 
x =tan C 

k =~ ck~ 1-k2 

(single 
precision) 

E(O!); k = sin o: 
K'E + E'K - KK' 
(Legendre's 
relation) 

F(C/a) 
(I,:, a in degrees) 

O! = 1(1)80 

ix. = 81(1)86 
O! = 1(1)89 
m = • 01(. 01). 99 
O! = 1(1)89 

c = 0(5)10 
O! = 0(2)90 

c = 15(5)35 
O! ,;, 0(2)90 

c = 40(5)50 
a = 0(2)90 

c = 55(5)85 
O! = 0(2)90 

Incomplete 1--------1------ -- ------- - --- - -~ - -
elliptic 1st F(cp/a) F(cp/oo cp = 0(5)85 
integral with (cp , a in degrees) a = 0(2)90 

x =tan cp 

k ~~ 
ck '\' 1 - k 

(double 
precision) 

F(cp/a) + F(l/J/a). 

(cp, a, l/J in degrees) 
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cp = 0(5)85 

O! = 0(2)80 

lfi = arctan f. 
f = 1/(cos o: ·tan c,o) 

2 in 16th SD 

11in16th SD 
2in16th SD 
9 in 16th SD 
9 iri 16th SD 

2 in 7th DP 

7 in 7th SD 

11 in 7th DP 

3 in 7th SD 

1 in 9th DP (prob
ably due to rounding 
errors in table) 

2 in 15th DP 



Name 

ELI2 
Generalized 
incomplete 
elliptic 
2nd integral 

Functions 
calculated 

F(I;; /a) 
with A= B = 1 

E(( /a) 
withA=1 
andB=1-k2 

x =tan i;: 
k = sin a 
ck =~ 1 - k2 

(single 
precision) 

Functions 
checked 

with reference 

F((/a) 
(I;; , a in degrees) 

E(I;; /a) 
(I;; , Ci. in degrees) 

-------+--------
F(cp/a) F(cp/a) 
with A = B = 1 (cp , a in degrees) 
E(<p I Ci.) 
with A= 1 

B = 1-k2 

and 
x = tan <p 
k = sin a 
ck={l-k2 

(double 
precision) 

E(<p/ot.) 
(cp , ot. in degrees) 

E(cp/a) +E(l/!/a) 

= E(]-!a.) + s~n2a sin cp 
sm zf! 

(<p , a in degrees) 

F(<p/a) + F(zf!/ot.) 

= F(~!ot.) 
(<p, ot. in degrees) 

Range 
checked 

with reference 

i;: = 0(5)10 
ot. = 0(2) 90 

i;: = 15(5)35 
ot. = 0(2)90 

i;: = 40(5)50 
ot. = 0(2)90 

i;: = 55(5)85 
ot. = 0(2)90 

I;: = 0, 5 
a = 0(2)90 

c = 10(5)35 
a = 0(2)90 

' = 40(5)55 
ot. = 0(2)90 

' = 60(5)85 
ot. = 0(2)90 

Maximum 
difference 

2 in 7th DP 

7 in 7th SD 

11 in 7th DP 

3 in 7th SD 

2 in 7th DP 

7 in 7th SD 

12 in 7th DP 

36 in 7th DP 

---+---------
<p = 0(5)85 
ot. = 0(2)90 

<p = 0(5)85 
ot. = 0(2)90 

<p. = 0(5)85 
. ot. = 0(2)90 

zf! = arctan f 
f = 1/ (cos a . tan Cf)) 

<p = 0(5)85 

ot. = 0(2) 82 

zf! = arctan f 
f = 1/ (cos o: ·tan Cf)) 

1 in 9th DP (prob
ably due to rounding 
errors in table) 

1 in 9th DP 
(probably due to 
rounding errors in 
table) 

2 in 15th DP 

3 in 15th DP 
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Functions 
Functions Range 

Maximum 
Name 

calculated 
checked checked 

difference 
with reference with reference 

JELF sn u =sin cp sn u =sin cp cp = 0(1)89 1in6th DP + 

Jacobian en u =cos cp (cp , a in degrees) O'. = 0(5)85 
elliptic 

dn u =l 1-k2 sin2cp 
en u =cos cp cp = 0(1)89 2 in 6th DP + 

functions 
with 

(cp , °' in degrees) °' = 0(5)85 

cp =am u or dn u =ll-k2sin2 cp cp = 0(1)89 1in6th DP + 

u = F(<p/O'.), (cp, °' in degrees) °' = 0(5)85 
k = sin°' 
sck = 1-k2 sn u k2 = . 00(. 05). 95 1 in 6th DP ++ 

(single t = 0(1)25 

precision) u = t. K(k)/25 

en u k2 = . 00(. 05). 95 2 in 6th DP++ 
t = 0(1)25 
u = t. K(k)/25 

dn u k2 = . 00(. 05). 95 1 in 6th DP++ 

t = 0(1)25 
u = t. K(k)/25 

sn u - sn(2K-u) k2 = . 00(. 05). 90 6 in 6th DP 
t = 0(1)25 6 in 6th DP 

sn u + sn(2K + u) u = t. K(k)/25 

sn u + sn(4K - u) 10 in 6th DP 

en u + cn(2K - u) k2 = . 00(. 05). 90 4 in 6th DP 
t = 0(1)25 

en u + cn(2K + u) u = t. K(k)/25 4 in 6th DP 

en u - cn(4K - u) 6 in 6th DP 

dn u - dn(2K - u) k2 = . 00(. 05). 90 3 in 6th DP 
dn u - dn(2K+ u) t = 0(1)25 3 in 6th DP 

u = t. K(k)/25 
dn u - dn(4K - u) 5 in 6th DP 

1--------------- --------- --------- .._ __ -- - -- ---I 

+ Calculation ofu = F(cp/ a.) with double-precision subroutine 
++ Difference between result of single- and double-precision routines 
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Functions 
Functions Range 

Maximum 
Name 

calculated 
checked checked 

difference 
with reference with reference 

sn u =sin cp sn u =sin cp cp = 5(5)85 2 in 15th DP + 
(cp, a. in degrees) Ci. = 0(2)90 

Jacobian en u =cos cp en u =cos cp cp = 5(5)85 3 in 15th DP + 
elliptic 

dn u =V 1- k2a 
(cp , et. in degrees) Ci. = 0(2)90 

functions 

(a= sin2c,o) dn u ='11-k2sin2cp cp = 5(5)85 2 in 15th DP + 
with (cp , a. in degrees) Ci. = 0(2)90 
cp=amu 
u = F(cp/a.) sn u - sn(2K - u) k2 = • 00(. 05). 90 5 in 15th DP 
k = sin et. t = 0(1)25 
sck = 1 - k2 

(double sn u + sn(2K + u) u = t.K(k)/25 5 in 15th DP 

precision) 
sn u + sn(4K - u) 12 in 15th DP 

en u + cn(2K - u) k2 = . 00(. 05). 90 3 in 15th DP 
t = 0(1)25 

en u + cn(2K + u) u = t. K(k)/25 3 in 15th DP 

en u - cn(4K - u) 7 in 15th DP 

dn u - dn(2K - u) k2 = .00(.05).90 3 in 15th DP 
t = 0(1)25 

dn u - dn(2K + u) u = t. K(k)/25 2 in 15th DP 

dn u - dn(4K - u) 6 in 15th DP 

LGAM Inr (x) ln r (x) x=1 6 in 9th DP 
(log of x=l. 005(. 005) 
the gamma 1.025 9 in 8th DP 
function) x=l. 980(. 005) 

1. 995 9 in 8th SD 
x=l. 03(. 01)1. 31 8 in 9th SD 
x=l. 32(. 01)1. 67 8 in 10th SD 
x=l. 68(. 01)1. 97 7 in 9th SD 
x=2 6 in 9th SD 

log10r (x) x=3. 0(1. 0) 100. 0 No error in 8 place 
tables 

NDTR Y = P (x) y = p (x) x = -6 (. 01)6 7 in 7th DP 

P =normal 

pdf 

NDTI x = p-1 (y) 
-1 

x = p (y) y =. 01(. 01). 99 5 in4th DP 

p =normal 

pdf 
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Functions Range 
Functions checked I checked Maximum 

Name calculated with reference with reference difference 
-· 

SMIR L(x) L (x); x = 0(. 01) • 61 1 in 6th DP 
Kolmogorov- Tables by (1 in 6th DP) 
Smirnov N. Smirnov, 

x = .62 3 in 5th DP limiting reprinted in 
(see program distribution Annals of Math. 

Stat. 19, pp. comments) 

280- 231 < 6- and 
(3 in 5thDP) 

7- place x = • 63 (. 01) 1. 04 3 in 6th DP 
tables). (2 in 6th DP) 
Double-preci-

x = 1. 05(. 01)1.15 6 in 6th DP sion version 
differences (2 in 6th DP) 

are given in x == 1.16(. 01) 1. 20 9 in 6th DP 
parentheses in (2 in 6th DP) 
the right-hand 

x = 1. 21(.01) 1.45 8 in 6th DP 
column. 

(3 in 6th DP) 

x = 1. 46(. 01) 1. 65 6 in 6th DP 
(1 in 6th DP) 

x = 1. 66(. 01) 1. 86 2 in 6th DP 
(0 in 6th DP) 

x =1. 87 2 in 5th DP 
(2 in 5th DP) 

x =1. 88 (. 01) 2. 04 2 in 6th DP 
(1 in 6th DP) 

x = 2. 05 (. 01) 2. 50 1 in 6th DP 
(1 in 6th DP) 

x = 2. 51 (. 01) 3. 5 2 in 7th DP 
(1 in 7th DP) 

'-·--
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·APPENDIX B: SAMPLE PROGRAM DESCRIPTIONS 

The following programs are intended to exemplify 
linkage of subroutines within SSP/PL/I. These' 
programs are only examples and are not meant 
to be representative of the state of the art. 

When supplying data for the sample programs, 
the user is reminded that all fixed point numbers 
must be right-adjusted and that all floating point 
numbers may appear anywhere in the field, pro
vided the decimal point is included. 

The necessary job control and process cards 
are included in the sample programs but are· not 
separately shown· in the deck setup illustrations. 

Note that arrays are limited, for each dimension, 
to an upper bound of 32, 767. 

DATA SCREENING DACR 

Problem Description 

A set of observations is read along with information 
on propositions to be satisfied and limits on a 
selected variable. From this input a subset is ob
tained and a histogram of frequency over given class 
intervals is plotted for the selected variable. Total, 
average, standard deviation, minimum; and maxi
mum are calculated for the selected variable. This 
procedure is repeated until all sets of input data · 
have been processed. 

Program 

Description 

The data screening sample program consists· of a 
main routine, DACR, a special input routine DATl, 
and three subroutines from the Scientific Subroutine 
Package: SBST, TABl, and BOOL. There is also 
one special plotting routine, HIST. For a descrip
tion of subroutine BOOL see subroutine SBST. 

Capacity 

· 1. Up to 4999 observations 
2. Up to 70 variables 
3. Up to 99 conditions (with the existing sub.,. 

routine BOOL only two conditions are considered). 
4. Up to 10 data cards per observation 

Input 

Control Cards 

. . 
A parameter card with the following format must 
precede each matrix. of observations. 

Columns Contents 

1-6 Problem number 
(maybe. 
alphameric) 

7-11 Number of 
observations 

12-16 Number of 
variables 

17-21 Number of 
conditions 

22-26 Number of 
selections 

27-31 Number. of data 
cards per 
observation 

Data Cards 

For Sample 
Problem 

SAMPLE 

0100 

0004 

02 

00003 

01 

1. For the observation matrix, di:i.ta cards have 
seven fields of ten columns each. The decimal point 
may appear anywhere in a field. If no decimal point 
is included, it is assumed that the decimal point is 
to the right of the last digit. The number in each 
field may be preceded by blanks. All values for an 
observation are punched consecutively and may con
tinue from card to card. However, a new observa
tion must start in the first field of a new card. 

2. For the condition matrix three ;ten-column 
fields are used, The first contains the variable 
number (right-justified); the next, the relations .. 
code; and the last, a floating point number that re
lates to the condition. 

Selection Card 

For each selection there will be a new selection 
card. The card is prepared as follows: 

Columns 

1-5 

6-15 
16-25 
26-35 

Contents 

Number of the 
variable to be 
tabulated 
Lower bound 
Number of intervals* 
Upper bound 

For Sample 
Problem 

00003 

.120~ 
20. 

210. 

The number of selection cards must agree with 
the value of the selection indicator, which appears 
in columns 22-26 of the control card. 

*In the number of intervals, it should be noted that 
two extra intervals must be specified for those ele
ments that fall below the lower bound and those that 
fall above the upper bound. 
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Deck Setup 

The deck setup is shown in Figure 11. 

Selection 
Cards 

Data 

Selection 
Cards 

Data 

Control 
Card 

Selection 
Cards 

Last problem 

Second problem 

Data First problem 

Control 
Card 

DATl 

HIST 

BOOL 
Procedures and main program 

TA Bl 

SBST 

DACR 

Figure U. 

Sample 

A listing of input cards for the sample problem is 
shown in Figure 12. 
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SAP'IPLE ICC 4 2 3 I 10 
46. ... 113. 12. 20 
24. 72. 11c. 6. 30 
32, u. 154. 16. 40 
41. f6. 129. 10. 50 
50. '5. 1'72. 9, 60 
•63. 15. 203. 12. 70 
29. 10. 122. 14. 60 
26. ... 136. 13. 90 
52. 11. 141. LI. 100 
36. fl. 153. 16. llO 
31. •6. 165. 9. 120 
72. lC. 11e. 10. 130 
53. 11. 2CS. 14. 140 
21. os. 219. 12. 150 
49. "· 150. .. 160 
26. 62. l6C. 16. 170 
53, 12. 161. 13. 160 
47. 73. 142. 15. 190 
37. fl, 193. 16. 200 
64. •6. 156. 14. 210 
65. •C. 114. 10. 220 
62. •4. 153. 12. 230 
19. f6. 225. 9. 240 
46. fl. lSE .. ll. 250 
33, 12. 121. 4. 260 
37. '5. 132. 13. 270 
41. 16. 148. 16. 280 
52. 11. 123. 16. 290 
29. •6. 12S. 14. 300 
32. '5. 155. "· 310 
24. 12. 172. 16. 320 
56. 73. 163. 10. 330 
63. '5. 15E. LI. 340 
67. "· 146. 2. 350 
56. f6. 171. 9. 360 
41. '5. 153. 12. 370 
49. ... 165 .. 14. 360 
52. 72. 172. 16. 390 
23. 76. 183. 15. 400 
56. 11. 195. 16. 410 
52. <6. ua. 1. 420 
40. f6. 165. 14. 430 
39. f6. 215. 16. 440 
23. 71. 154. IZ. 450 

. 56. •s. 14CJ • 10. 460 
is. '5. 162. 16. 470 
37. f6. 152. 16. 460 
46. lC. 15<;. IS. 490 
41. ... 131. 14. 500 
62. 71. 163. 12. 510 
29. 72. 191. 4. 520 
19. "· 16S .. 10. 530 
46. ... 158 • 16. 540 
37. f4. 13'i. 16. 550 
34. f6. 156. 10. 560 
64. fl. 153 .. 12. 570 
57. fl. 141. 13. 580 
32. •6. 157. "· 590 
29. lC. 183. 15. 600 
53. lZ. 164'. 16. 610 
47. 12. 156 .. 16. 620 
56. 13. 16C. ,., 630 
61. 74. 169. IZ. 640. 
21. •6. 161. 10. 650 
25. 16. 178. ll. 660 
23. 12. 157. 16. 610 
29. f6. 186. 16. 660 
39. lC. lS'i. 14. 690 
42. lC. 154. IC. 700 
56. •Z. lS'i. 12. 710 
63. lC. 177. 12. 120 
51. 11. 161. 9. 730 
41. ... lSE • 10. 740 
33. "· lSE. 16. 750 
37. f6. 157. 16. 760 
25. lC. 163. IS. 770 
63. "· 159. 12. 760 
53. 11. 202. .. 790 
51. 12. 167 .. 14. 600 
47. 13. IM. 14. 610 
39. 15. 151· 12. 620 
28. ". 166. 10. 630 
64. '". 156. 16. 640 
55. 67. 14Lt. 16. 650 
5 l. ... 177 • 10. 660 
46. fS. l57. 12 ~ 870 
72. ... 125 • 10. 660 
66. '5. 131. 12. 690 
26. 74. 14S. 16. 900 
21. 11. lts. 11. 910 
23. 72. 158. 12. 920 
23. 1.t. 163. 12. 930 
60. "· 157. 9. 940 
30. . .. 142. 10. 950 
39. '1. 162. 16. %0 
4•. , .. 154. I .. 970 
SC. 66. 15E. 10. 960 
<!. . .. 161. 14. 990 ... ... 157 • 15. 1000 
32. 11. 156. 16. 1010 

l 2 65 1020 
4 6 6 1030 

3 12C. 2C. 210. 1040 
I 2c. 7. 7C. 1050 
4 LC. 12. :;1C. 1060 

Figure 12. 

Output 

Description 

The output consists of the subset vector whose 
element values indicate which corresponding observa
tions are rejected (element = zero) and accepted 



(element 1 =nonzero), summary statistics for each 
selected variable, and a histogram of frequencies 
versus intervals for that variable. 

CATA SCREEN ING PRCSLE~ SAMPLE 

SLBSET VECTCR 
1 1.c 51 c. c 
2 c .c " 1.c 
3 l .C 5' 1.c 

1.c 54 l.C 
l .C 55 1.C 

• l .C ,. 1.c 
7 l .C 57 1.c 
e 1.c 5E l.C 
9 l.C 5< l.C 

lC 1.c 6C 1.c 
11 1.c 61 1.c 
lZ c .i: 62 1.c 
13 l.C 63 1.c 
14 1.c .. 1.c 
15 o.c E5 l .C 
16 l .C 66 1.c 
17 1.c 67 l .C 
IE 1.c •• 1.0 
19 1.c 6< 1.c 
2C 1. c 7C 1.c 
21 l .C 71 l.C 
22 1.c 72 1.c ,, 1.~ 73 1.0 
24 1.c 74 l·C 
25 c.c 7' l.C 
26 l.C 7f 1.c 
27 1.c 77 1.c 
28 l.C 7E c.c ,. 1.c 79 l.C 
3C l.C EC l .C 
31 1.c El 1.c 
32 l.C " t.C 
~~ l.C " l.C 
34 o.c .. 1.c 
35 1.c E5 l.C 

" 1.c .. 1.c 
37 1.c e1 c.c 

" l.C " c.c 
39 1.c .. l.O 
4C l.C 9C l.C 
41 c. c 91 l.C 
42 1.c <2 l.C 
43 1.c 93 l.C 
44 l .C 94 l.C 
45 1.c 95 l .C 
46 l.C 96 l.C 
47 1.c S7 l.C 
4' l .C SE l.C 
49 1.c 99 l.C 
5C l .G lCO l.C 

SUMMARY SJATISTICS FOR VARIABLE 

Sample 

The output listing for the sample problem is shown in 
Figure 13. 

TOTAL =14492.000 AVERAGE= 161.022 STANDARD DEVIATION= 19.329 MINIMUM= 114.0CO MAXIMUM= 225.000 

FREQUENCY 

23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
ll 
10 

9 
8 
7 
6 
5 
4 
3 
2 
l 

INTERVAL 
CLASS 

Figure 13. 

HJSTCJGRAM 

10 23 14 

. . 

LO 11 12 l3 14 15 16 17 18 19 20 
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SU•llAflY STATISTICS FCR VARIABLE 

TOTAL = 3E!C4.COC AHRAGE == 42,.~67 STAf\DARD CEVIATION = 13.467 MINIMU.,. = 19.0CO "'HIJllU"' = 65.0'JO 

HSTC:GR,6F"' 

FflEc;;UENC·Y Z ZC 19 17 19 13 
------------------:-------~----------------:---------------: 

2D 
19 
18 
17 
16 
15 
14 
13 
12 
11 
ID 

9 
8 
7 

• 5 
• 
3 
2 
1 

.. 
-----------·-----------------------------------------

lf\TER'd•L 
CL.ASS 

SlJMf"ARY STATISTICS FOR VARIABLE 

.• 

TCTAL = 1205.00C AVERAGE = 13.38i; STAN.OARD DEVIATION = 2.685 MINIMUM"" 9.0QO MAXIMUM = LB.COO 

HISTOGRAM 

FREC::UENCY 6 13 5 16 4 11 21 ----------------------------------------------------------------
21 
2D 
19 
18 
17 
16 
15 
14 
13 
12 
11 
ID 

9 
8 
7 

. . 

• 5 
4 
3 
2 
1 

INTERVAL 
CL~SS 

ENC Of CA"SE 

ENC OF SAMPLE PROGRAM 

Figure 13. (Continued) 

Program Modifications 

. ' 

. . . . 
• • . 
• 

1. Changes in the input format statement of the 
special input routine, DATl: 

OnlY. the format statement for input data may 
be changed. Since sample data are either two- or 
three-digit numbers, rather than using ten-column 
fields, as· in the sample problem, each row of data 
might have been keypunched in three-column fields; 
if so, the format is changed to (7F(3, 0)). This 
format assumes seven 3-column fields per card. 

•• 

2. If there are more than seven variables in a 
problem, each row of data is continued on the second 
card until the last data point is keypunched. How
ever, each row must begin on a new card. If there 
is more than one data card per observation, the value 
of the data card count indicator (NCARD), which 
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lD 11 12 

appears in columns 27-31 of the control card, must be 
changed to agree with the number of data cards. 

3. Subroutine BOOL can be replaced if the user 
wishes to use a different boolean expression (see 
description in subroutine SBST). The boolean ex
pression provided in the sample program is for both 
conditions to be satisfied: 

T = R(l) * R(2) 

Operating Instructions 

The sample program for data screening is a standard 
PL/I program. Special operating instructions are not 
required. Data set SYSIN is used for input; data set 
SYSPRINT is used for output. 



Timing 

The execution time of this sample program on 
System/360 Model 40, using an IBM 2540 Card 
Reader as input and an IBM 1403, Model Nl, as 
output, is 40 seconds. 

DACR.. DACR 10 
l*********************************************************************IDACR 20 
I* •/DACR 30 
I* TO PERFORM DATA SCREENING CALCULATIONS ON A SET Of" *IDACR 40 
I* OBSERVATIONS. */DACR 50 
I* */DACR 60 
/*********************************************************************/DACR 70 

PROCEDURE OPTIONS IHAJNJ ,. DACR 80 
DECLARE DACR 90 

lN01NStNN1NNN,NCtl1J1NOVARrNX,NCOL,Lltl2) DACR 100 
FIXED BINARY, DACR 110 
PRl CHARACTER (6), DACR 120 
ERROR EXTERNAL CHARACTER IL), DACR 130 
CH CHARACTER 180), DACR 140 
INV,NCARD) EXTERNAL, DACR 150 
BDOL ENTRY,. DACR 160 ,. 
ON ENDFILE ISYSIN) GD.TO EXIT,. 

STRT •• 

*IDACR 170 
DACR 180 
OACR 190 
DACR 200 
DACR 210 ,. ,. ,. ,. ,. ,. ,. ,. 

GET EDIT CCHI CAIBOJJ,. 
GET STRING (°CHJ EDIT IPRl1N01NX,NC,NS,NCARDJ IAC61,5 Fl5JJ,. 

PRl ••••••• PROBLEM NUMBER IMAY BE ALPHAHERICJ 
NO ••• •••• .NUMBER OF· OBSERVATIONS 
NX ••• ••••.NUMBER Of VARIABLES 
NC ••• •••• .NUMBER OF CONDITIONS· 
NS •••••••• NUMBER OF SELECTIONS 
NCARO ••••• NUMBER OF DATA CARDS PER OBSERVATION 

NCARD,..NCARD*BO t • 

ONE •• 
BEGIN,. 
DECLARE 

,. ,. ,. 
.I• 

IACNOrNXJ ,CC31NCJ 1UBDC3J ,SINOJ 1RINC I 1STATS 151 rDINXJ rDDC3J J 
FLOAT BINARY,. 

IF INPUT DATA JS TD BE SAVED ON A DATA SET, INITIALIZE 
NV=l. OTHERWISE NV:zO. 

NV :o,. 
DD I .. 1 TO ND1. 
CALL DATUNX,DI t• 

END,. 
NCARD=BO,. 

DO J :::z 1 TO NX,. 
All1Jl•O(JI ,. 
ENO,. 

DO I = 1 TO NCt• 
NNN =3,. 
CALL DATl lNNN1DDI,. 

• DO J = 1 TO 31. 
CCJ,IJ=DOCJI , .. 
END,. 

ENO,. 
CALL SBST CAtC1R1BOOL1S1NO,NX,NCI,. 

I* READ IN DATA 

I* READ IN CONDITIONS 

*IDACR 220 
*/DACR 230 
•IDACR 240 
•/DACR 250 
*/DACR 260 
*/DACR 270 
•/DACR 280 
•/DACR 290 

DACR 300 
DACR 310 
DACR 320 
DACR 330 
DACR 340 
DACR 350 

*/DACR 360 
•IDACR 370 
•IDACR 380 
*/DACR 390 

DACR. 400 
•/DACR 410 

DACR 420 
DACR 430 
DACR 440 
DACR 450 
OACR 460 
DACR 470 

•IOACR 480 
OACR 490 
DACR 500 
DACR 510 
DACR 520 
OACR 530 
DACR 540 
DACR 550 

PUT EDIT I 'DATA SCREENING PROBLEM• rPRl) 
IF ERROR NE 'D' 

IPAGE1COLUMNl 101 ,A,X (41,AI, .DACR 560 

THEN Do, .. · 
PUT EDIT l'IN ROUTINE SBST ERROR CODE= 1 1ERRDRI 

C SKIPl2 I 1COLUHNI JOI ,A,AI 11 J,. 
GO TO FIN,. 
ENO,. 

PUT EDIT I 'SUBSET VECTOR•) ISKIPl3J,COLUMNUOl,A1SKIPl3JJ,. 
NCDL =CEJLIN0/50),. 
If NCDL LE 1 

DACR 570 
DACR 580 
DACR 590 
DACR 600 
DACR 610 
DACR 620 
OACR 630 
OACR 640 
OACR 650 

THEN PUT EDIT lll1SllJ DD I• 1 TO NO)) ICOLUHNUOJ,F(6J,F(5,UJ,. DACR 660 
ELSE DO, .. 

ll =o,. 
DO I = 1 TO 50,. 
Ll .,..Ll+l,. 
L2 =SO•INCOL-U+Ll,. 
IF L2= NO 
THEN NCOL =NCOL-11 • 

DACR 670 
DACR 680 
DACR 690 
DACR 700 
DACR 710 
OACR 720 
DACR 730 

PUT EDIT I (J,SIJJ DO J= Ll TO L2 BV 50) J 
, 19) IFl61,Fl5,U J 1,. 

lSKIP,COLUMNUOI OACR 740 

ENO,. 
ENO,. 
DO J = l TO NS,. 
GET EDIT ICHI IAISOJJ,. . 
GET STRING ICHJ EDIT INOVAR, CUBDII J 00 I=" 1 TO 31 I 

CFCS) r3 FUO,OJJ r• 

DACR 750 
DACR 760 
DACR 770 
DACR 780 
DACR 790 
DACR 800 
DACR 810 

I* •/OACR 820 
I* NOVAR ••••• NUM8ER OF THE VARIABLE TO BE TABULATED •/DACR 830 
I* UBO l U •••• LOWER BOUND . */DACR 840 
,. ueoc21 •••• NUMBER OF INTERVALS •/DACR 850 
I• UBOC31 ..... UPPER BOUND */DACR 860 
/* •/DACR 870 

NN :UBOl21 ,.. DACR 880 
TWO.. DACR 890 

BEGIN,. DACR 900 
DECLARE DACR 910 

lFREQINNl,PCTINNJ) FLOAT BINARY,. DACR 920 
CALL TABl u,s,NOVAR,UBO,FREQ,PCT,STATS,NO,NXJ,. DACR 930 
IF ERROR NE 1 0 1 DACR 940 
THEN PUT EDIT ('IN ROUTINE TABl ERROR CODE= •,ERROR) DACR 950 

(SKIPCllrCOLUMNUO),A,AUJI,. DACR 960 
ELSE DO,. OACR 970 

PUT EDIT ('SUMMARY STATISTICS FDR VARIABLE 1 1NOVARJ OACR 980 
IPAGE,SKIPl41,COLUMNUOJ,A,Fl311,. DACR 990 
PUT EDIT l 1 TOTAL =1 1STATSIU,•AVERAGE =•,STATSl2J, DACRlOOD 

•STANDARD DEVIATION =•1STATSC31,•MINIMUM =•,STATSl4J 1 DACR101D 
'MAXIMUM = 1 ,STATSl5J) OACR1020 
(SKJPt21,COLUHNUOJ151ArFl913 I 1Xl2) I 1 r. DACR1030 

CALL HIST CJ,F~EQ,NNJ,. D~CR104D 

END,. 
END,. 

ENO,. 

OACR1050 
DACR1D60 
DACR101D 
DACR108D 
DACR1090 
DACRllOD 
DACRUlO 
DACR1120 
DACRl 130 
DACR1140 

PUT EDIT l 1 EtllD OF CASE'I ISKJPl21 1 CDLUMNl101 1AI,. 
END,. 
GO TO STRT,. 

EXIT.• 
PUT FILE ISYSPRINTI EDIT l'END OF SAMPLE PROGRAM'> 

l SKIP( 5J rCOLUHNI 10) rAJ,. 
FIN •• 

END,. /•END OF PROCEDURE DACR */OACR1150 

BOOL.. BOOL 10 
l••••••••••••••••••••••••••••*************•••••••••*******************/BOCL 20 
I* */BOOL 30 
I• TO PERFCRM.A l!OOLEAf\ CPERATIC" FCR Tl-IE PROCEDURE SBSTr Wl-IICH */BOCL 40 
I* IS USED BY THE DATA SCREENING SAMPLE PRCGRAM. •IBOOL 50 
I• •IBOCL 60 
l•*•****************•••••••••*********•*******************************/BOCL" 70 

PROCEDURE IR,TJ,. eooL 80 
DECLARE (R(*l 1 T) fLCAT B[r\ARY,". BOCL 9C 

I* BOOL CHECKS GNLY THE FIRST TWO CDNDITIClllS CF PROCEDURE SBST */BOCL 100 
T =Rlll*Rl2J,. BOOL 110 
RETLRP..,. BDCL 120 _ 
ENO,. /OEND CF PROCECUPE BOOL */BOOL 130 

HIST.. HIST 10 
/**********************•**********************************************/HI ST 20 
~ WHIU ~ 
I* TC PLOT A HISTOGRAM CF FREQUENCIES FCR THE DATA SCREENING */HIST 4D 
I* SAMPLE PROGRAM. */HJ ST 50 
I* , . */HIST 6D 
/*****************•****"'*********•************************************IHI ST 70. 

,. ,. ,. 

PROCEDURE INZ1FREQ,IN1t. . HIST OD 
DECLARE HI ST 90 

ll1lNrIX1J1JSCAL,L1MAX,NU,NZJ HIST lDO 
FIXED BINARY, HIST 110 
(K,JOUTCINJ) CHARACTER IU, HIST 120 
IFREQl•I rFHAX,X) FLOAT BINARY,. "HIST 130 

PRINT TITLE AND FREQUENCY VECTOR 

PUT EDIT I 'HISTOGRAM 1 1NZI (SKIP(3,,COLUHNl57J,A,Fl3JI .. 
NU =FLDORUDD/INI,. 
PUT EDIT C'FREQUENCY',(FREQIJ) DO J = l TO INJI 

I SK1Pl2J ,COLUHNI 101 ,A, I INIFI NUI I 1 •. 

PUT EDIT 1 1---------------------------•, •------------------------------------'I 
IRIFMll J ,. • 

*/HJ ST 140 
*/HIST 150 
•/HIST 160 

F•11 •• 

HIST 110 
HI ST 180 
HI ST 190 
HI ST 200 
HISf 210 
HI ST 220 
HIST 230 
11151 2'10 
lllST 2'0 

,. ,. ,. 

,. ,. ,. 

FORMAT ISKIP1COLUMNU211A1AI ,. 
FHAX =01. 

DO I = 1 TO IN,. 
IF FREQII J GT fl'AX 
THEN FPIAX =FREQ I I),. 
END,4. 

JSCAL=lt. 
IF FHAX GT SD 
THEN DO,. 

JSCAL=FLOOR I I FHAX+49)/501 ,. 

I• FIND LARGEST FREQUENCY 

I* SCALE IF NECESSARY 

PUT EDIT C1EACH 1 ,•••, 1 EQUAL 1 ,JSCAL, 1 POJNTS 1 1 
CSKIP,CCLUHNI lDJ ,A ,AU I tArF12J ,A,SKIPI 1 • 

END,. 

*/Ill SI 260 
Hl ST 270 
HI ST 280 
HI ST· 290 
HI ST 300 

*/HJ ST 310 
HJ"ST 320 
HI ST 330 
HI ST 340 
HIST 350 
HI ST 360 
HJ ST 370 

JOUT =· I •• I* CLEAR CUTPUT AREA" TO BLANKS */HIST 380 

HAX 

LOCATE FREQUENCIES IN EACH INTERVAL 

=FLOORIFHAX/JSCAll,. 
DO I = 1 TO MAX,. 
X =HAX-IJ-1) ,. 

DD J = 1 TO IN,. 
IF FREQI JI /JSCAL GE X 
THEN JOUTC J)='*' •• 
END,. 

IX =X•JSCAL,. 

PRINT LINE OF FREQUENCIES 

*/HJ ST 390 
*/HI ST 400 
O/HI ST 410 

HI ST 420 
HIST 430 
HJ ST 44D 
HIST 450 
HIST 460 
HIST 470 
HIST 480 
HIST 490 

*/HJ ST 500 
•/HIST 51D 
*/HIST 520 

PUT EDIT IIX,IJOUTILJ DC L = 1 TO IN)J 
X141, llNJ IXCNU-11,AC1) J J ,. 

{SKIP1 COLUHN(l01tFC5J, HIST 530 
HI ST 540 

ENO,. 
CO I = 1 TO IN,. 
FREQI I J=I r. 

I* GENERATE CONST ANTS 

PUT E~~~'i•-----· ------· ---l.-----•, , ___ .:....---~-------------------~-------•I 
lRIFHUlr• . 

PUT EDIT l'INTERVAL ·•,(FREQll) DO I: 1 TC INJJ 
ISKIPl21 1CCLUHNl 1CI ,A, I 11\JFCNU) I,. 

PUT EDIT l'CLASS•J tSKIP,COLUHNllOJ,AJ,. 
RETURN,. 
END,. /*END. CF PROCEDURE HIST 

HJ ST 550 
*IHI ST 560 

HJ ST 570 
!:"ti ST 580 
HIST 5qo 
liIST 600 
HIST 610 
HI ST 62C 
HIST 63C 
HI ST 640 
HI ST 650 

*IHI ST 66C 

CATI.. DATl lD 
l**************************************************************·*******/DATL 2D 
I• */DATl· 30 
I* TO READ FLCATlhG POINT DATA, ONE OBSERVATION AT A TIME. O/OATl 4D 
I* DATA HAY BE SAVED ON A DATA SET. . . *IDATl 50 
I• */DATl 60 
l******************************•**************************************IDA T 1 70 

PROCEDURE CM1Dlr• DATl 80 
DECLARE DATl · 9Q 

XDATA FILE STREAM ENVIRONMENT (CONSECUTIVE V(Z000,2001 J, DATl 100 
INCARD 1 HYI EXTERNAL, DATl 110 
CH CHARACTERINCARDI, DATl 120 
11 9 H1MHI BINARY FIXED, DATl l30 
Dl•J FLOAT BlNARY,. DATl 1~0 

I* •/DATl 150 
ON ENDFILE ISYSINI DATl 160 
GO TO EXIT,. OATl 170 
GET EDIT tCHJ IAC NCARO) J,. DAll 18D 
HM =CEILCH/71 r• OATl 190 
GET STRING lCHJ EDIT I IDCIJ DD l= 1 TO HI I OATl 200 

((MM)ll1JFll010ltXllOJJJ,,. DAll 210 
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~~E~v~u~ FILE (XDATAJ EDIT (IDIIJ DO I= I TO 1"1) ((!'JFt6 .. 0JI,. 
REVERT ENOFILE (SYSINJ, .. 
RETURN ... 

EXI~UT FILE ISYSPRINTI EDlT l'ERROR INSUFFICIENT DATA') 
( SKIPI lJ ,COLUMN I 10) tAl, • 

STOP,. 
ENO,,. /*END CF PROCEDURE DAT l 

MULTIPLE LINEAR REGRESSION REGR 

Problem Description 

DA Tl 220 
DATl 230 
DATl 240 
DATl 250 
OATl 260 
DA Tl 270 
DATl 280 
DATl 2'10 

*/OATl 300 

Multiple linear regression analysis is performed for 
a set of independent variables and a dependent vari
able. Selection of different sets of independent 
variables and designation of a dependent variable 
can be made as many times as desired. 

The sample problem for multiple linear regres
sion consists of 30 observations with six variables, 
as presented in Table 1. The first five variables 
are independent variables (predictors), and the last 
is the dependent variable (criteria). All five inde
pendent variables are used to predict the dependent 
variable in the first analysis, and only the second, 
third, and fifth variables are used to predict the 
dependent variable in the second analysis. 

Table 1. Sample Data for Multiple Linear Regression 

Variables 

Observation x, X2 x, x. x, x6 
l 29 289 216 85 14 l 
2 30 391 244 92 16 2 
3 30 424 246 90 18 2 
4 30 313 239 91 10 0 
5 35 243 275 95 30 2 
6 35 365 219 95 21 2 
7 43 396 267 100 39 3 
8 43 356 274 79 19 2 
9 44 346 255 126 56 3 

10 44 156 258 95 28 0 
11 44 278 249 llO 42 4 
12 44 349 252 88 21 l 
13 44 141 236 129 56 l 
14 44 245 236 97 24 l 
15 45 297 256 lll 45 3 
16 45 310 262 94 20 2 
17 45 151 339 96 35 3 
18 45 370 357 88 15 4 
19 45 379 198 147 64 4 
20 45 463 206 105 31 3 
21 45 316 245 132 60 4 
22 45 280 225 108 36 4 
23 44 395 215 101 27 l 
24 49 139 220 136 59 0 
25 49 245 205 113 37 4 
26 49 373 215 88 25 l 
27 51 224 215 118 54 3 
28 51 677 210 116 33 4 
29 51 424 210 140 59 4 
30 51 150 210 105 30 0 

Program 

Description 

The multiple linear regression program consists of 
the main program named REGR, two special input 

routines named DAT2 and IDTl, and four sub
routines from the Scientific Subroutine Package: 
CORR, ORDR, MINV, and MLTR. 

Capacity 

1. Up to 99, 999 observations can be read if obser
vations are read into the computer one at a time by 
the special input subroutine named DAT2. If all data 
are to be stored in core before the calculation of 
correlation coefficients, the limitation on the number 
of observations depends on the size of core storage 
available for input data. 

2. Up to 96 variables can be handled. 
3. Up to 99 selections can be handled. 
4. Up to eight cards per observation can be read. 
5. (12 F (6, 0)) format for input data cards. 

Therefore, if a problem satisfies the above conditions, 
the sample program need not be modified. If the 
input data cards are prepared using a different for
mat, the input format in the subroutine DA T2 must 
be modified. The general rules for program modi
fications are described later. 

6. Up to 40 independent variables for one selec
tion-can be read. 

Input 

Control Cards 

One control card is required for each problem and 
is read by the main program, REGR. This card is 
prepared as follows: 

For 
Columns Contents Sample 

Problem 

1-6 Problem number (may be SAMPLE 
alphameric) 

7-11 Number of observations 00030 
12-13 Number of variables 06 
14-15 Number of selections 02 

(see below) 
16-17 Number of data cards per 01 

observation 

Leading zeros do not have to be keypunched. 

Data Cards 

Since input data is read into the computer one obser
vation at a time, each row of data in Table 1 is key
punched on a\separate card using the format (12 F 
(6, O)). This format assumes twelve 6-column 
fields per card. 
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Selection Cards 

For each selection there must be at least two cards, 
as described below. If the number of selections 
specified is zero, the program will terminate. An 
error message is printed out. 

The first card is used to specify a single dependent 
variable in a multiple linear regression analysis. 
Any one variable in the set of original variables can 
be designated as a dependent variable, and any posi
tive number of variables can be specified as inde
pendent variables. Selection of a single dependent 
variable and a set of independent variables can be 
performed over and over again using the same set of 
original variables. 

The first card is prepared as follows: 

Columns 

1-2 

3-4 

5-6 

Contents 

Option code for table 
of residuals 0 if 
table is not desired; 
1 if table is 
desired. 
Dependent variable 
designated for the 
forthcoming re
gressl.on. 
Number of independ
ent variables in
cluded in the forth
coming regression, 
(the subscript num -
hers of individual 
variables are 
specified below}. 

For Sample Problem 
Selection 1 Selection 2 

01 01 

06 06 

05 03 

The second card is prepared as follows: 

Columns 

1-2 ! 

3-4 

5-6 

7-8 

9-10 

etc. 

Contents 

1st independent 
variable included 
2nd independent 
variable included 
3rd independent 
variable included 
4th independent 
variable included 
5th independent 
variable included 

For Sample Problem 
Selection 1 Selection 2 

01 02 

02 03 

03 05 

04 

05 

The input format of' (40 F (2)) is used for the 
second carci. 

Deck Setup 

Deck setup is shown in Figure 14. 

Control 
Card 

Last problem 

Data Second problem 

Figure 14. 

Sample 

Control 
Card 

First problem 

Procedures and main program 

The listing of input cards for the sample problem is 
shown in Figure 15. 
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SAflPLECCC3CCt:O 2 I 
Z9 2'5 21< es 14 
3C 3c; l 244 52 I< 
3C lf21f 24• <C IE 
3C 313 23< SI IC 
35 243 275 <5 3C 
35 3t:5 21< <5 21 
43 35• 2<7 ICC 35 
4? 356 274 75 I< 
44 34• 255 126 s• .. 15fl .t:5E <5 2B 
44 21E 249 llC 42 
44 349 252 " 2l 
44 141 23fl 12'i ,. 
44 245 23< '7 24 ., 2<7 25< 111 45 ., 31C 262 94 2C 
45 151 335 96 35 
45 37C 35 7 " 15 
45 37< 19' 147 64 
45 4<3 20~ 1C5 31 
45 31< 245 U2 6C 
45 2EC 225 !CS ,. .. 3r;5 215 lCI 27 .. U'i 22C l?fl 59 .. 21f5 2C5 113 37 .. 313 215 " 25 
51 2(:'t 215 ue 54 
51 <77 210 116 --
5l 424 210 l4C 5c; 
51 15C .t:lC IC5 3C 

Cl06C5 
c1c2nc1tcs 
ClC6C3 
C2C3C5 

Figure 15. 

Description 

The output based on the selection card of the. sample 
program for multiple linear regression includes: 

1. Means 
2. Standard deviations 
3. Correlation coefficients between independent 

variables and dependent variables 
4. Regression coefficients 
5. Standard errors of regression coefficients 

MULTIPLE REGRESSION•••.• SAMPLE 

NUMBER OF OBSERVATIONS.•• 30 

NUMBER OF VARIABLES.••• •• 

SELECTION ••••• 1 

VARIABLE MEAN STANDARD CORRELATION STD• ERROR 

10 
20 
30 
40 
50 
60 
70 
9C 
90 

lOO 
l 10 
12C 
130 
140 
15(: 
too 
170 
lBO 
l';o 
210 
210 
220 
230 
240 
250 
260 
270 
290 
29V 
3:10 
3 l:i 
320 
330 
340 
350 

NO, 
l 43.13333 
2 3H·.16650 

DEVIATION 
6. 52116 

114 • .42990 

x vs y 
0.20422 
0.42189 

REGRESSION 
COEFFICIENT 

0 .01242 
0.00739 
0.o15(14 
0.00151 

Of REG.COEFF. 
0.03635 
0.00186 

3 241.19999 36. 43074 0.11900 
4 105. 66666 17.85640 Q,37822 
5 34.13333 15.97571 0.39412 0 .04919 

DEPENDENT 
6 2. 26667 1.41259 

INTERCEPT -6.07928 

MULTIPLE CORP.ELATION 0.13575 

STD. ERROR QF ESTIMATE I.05162 

ANALYSIS OF VARIANCE FOR 1\-lE REGRESSION 

0 .00635 
0.03679 
0.04141 

6. Computed T values 
7. Intercept 
8. Multiple correlation coefficients 
9. Standard error of estimate 

10. Beta coefficients 
11. Analysis of variance for the multiple regression 
12. Table of residuals (optional) 

Sample 

The output listing for the sample problem is shown in 
Figure 16. 

COMPUTED 
T VALUE 

0.34111 
3.96545 
2.36e01 
0.04100 
1.18702 

BETA 
COEFF. 

0.05735 
0.59026 
o.30190 
0.01907 
o.55631 

SOURCE OF VARIATION DEGREES 
OF FPEEDDM 

5 

SUM OF 
SQUAFES 

31.32506 
26.54161 
57.86667 

MEAN 
SQUAHS 
6.26501 
1.10590 

F VALUE 

ATRRIBUTABLE TO REGRESSION' 
DEVIATION FROM REGRESSION 

TOTAL 

Figure 16 

5.66508 
24 
29 
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MULTIPLE REGRESS ION•• •• • SAMPLE 

SELECTION ..... l 
TABLE OF RESIDUALS 

CASE NO. 
L 
2 
3 
4 
5 
6 
7 
B 
9 

LO 
LL 
L2 
13 
L4 
L5 
L6 
17 
LB 
L9 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

Y VALUE 
t.coooo 
2.00000 
2 .COCCO 
0.00000 
2. ococo 
2 .cooco 
3.00000 
2 .00000 
3.00000 
c.ococo 
4. 00000 
1.00000 
l. 00000 
1.00000 
3.00000 
2. 00000 
3.00000 
4.coooo 
·4.00000 
3. ococo 
4. 00000 
4. 00000 
1. 00000 
o.coooo 
4. 00000 
l.00000 
3 .00000 
4.00000 
4.00000 
0.00000 

Y ESTIMATE 
(1.48091 
l.1161C 
2.14506 
o. 8288C 
1.9(1522 
l. 52125 
3.46447 
2.25887 
3. 80259 
1.02042 
2. 49735 
2.00066 
2.0C735 
1. 15308 
2.90446 
1. 83532 
2. 56004 
3.45229 
3.62661 
2. 68068 
3.64885 
1. 86542 
2.C9863 
1.97217 
1.41253 
t.88027 
2.27646 
4.5L080 
3.95745 
(1.45458 

MULTIPLE REGRESSION ••••• SAMPLE 

NUMBER OF OBSERVAHONS •.. 30 

NUMBER OF VARIABLES•.•••• 

SELECTtoN •• ••. 2 

VARlABLE MEAN STANDARD 
NO. DEVIATION 

2 316. 1665D 114. 42990 
3 241.79999 36.43074 
5 34.13333 15. '97571 

DEPENDENT 
6 2.26667 1.41259 

INTERCEPT -5. 53528 

MULTIPLE CORRELATION 0. 73423 

STD. ERROR OF ESTIMATE 1.01282 

RESIOUfil 
0.51909 
0.2233C 

-C..14586 
-o. 82880 

o. 09478 
0.41875 

-0.46447 
-0.25887 
-0.802'59 
-1.0204? 

1. 50265 
-l.COC66 
-l.C0735 
-0.153(8 

O.C9554 
0.16468 
C.439'i6 
o. 54711 
C.?7339 
0.31932 
0.35115 
2.13458 

-l.O'W63 
-1.97217 

2.58747 
-0.88027 

C. 72354 
-C'.5108G 

o. 04255 
-C.45458 

CORRELATION 
x vs y 
0.42189 
O. ll '90C 
0.39412 

REGRESSION 
COEFFICIENT 

0 .00744 
0.o1497 
0.05363 

STD• ERROR 
OF REG.COEFF. 

0.(10112 
O.C0551 
0.01258 

COMPUTED 
T VALUE 

4. 31 763 
2. 71693 
4.26262 

BETA 
COEFF • 

0.60233 
0.36618 
0.6C648 

ANALYSIS OF VAPIANCE FOR THE llEGRESSION 

SOURCE OF VARIATION DEGREES 

ATPPIBUTABLE TO REGRESSION 
DEVIATION FROM REGRESSION 

TOTAL 

OF FREEDOM 
3 

SUM OF 
SQUARES 

31.19594 
26.67C73 
57. 86667 

26 
29 

MULTIPLE REGRESS ION• •• • •SAMPLE 

SELECTION ••••• 2 
TABLE OF RESIDUALS 

CASE NO. 
L 
2 
3 
4 
5 
6 
7 
B 
9 

LC 
11 
L2 
13 
14 
15 
L6 
17 
L8 
L9 
20 
2L 
22 
23 
24 
25 
26 
27 
28 
29 
30 

Y VALUE 
1. 00000 
2.00000 
2.00000 
C.00000 
2.00000 
2. 00000 
3.000CO 
2.coooo 
3. ococc 
c.ocooo 
4. coooo 
i·.aoooo 
l.OOOCO 
l .COOCO 
3. 00000 
2 .00000 
3.00000 
4. coooo 
4. COCCO 
3.0COOO 
4. coooo 
4.00000 
1. ocooc 
o. oooco 
4. coooo 
1. ccooo 
3. 00000 
4. 00000 
4.0000C 
o.cooco 

END OF SAMPLE PR.OGRAM 

Figure 16, (Continued) 

V ESTI~.ATE 
c. 59869 
t. 88363 
2.20619 
C.90704 
l.99Bl2 
1. 58408 
3.49858 
2.23348 
3. 85875 
o. 98943 . 
2. 51254 
1.95925 
2. 04998 
1.10726 
2.91951 
1.76539 
2. 54C52 

. 3.36591 
3.67961 
2.65435 
3. 7C045 
lo 84629 
2.069GC 
1.95640 
1.34Cl9 
1.79817 
2. 24542 
4.41268 
3.92577 
0.33332 

RESIDUAL 
(1.40131 
0.11637 

-o. 26619 
-0.90704 

C.0C·l88 
0-.41592 

-0.49858 
-o. 23348 
-0.85875 
-C.93943 

1.48746 
-0.95925 
-t.04998 
-0.10726 

o. 08049 
0.23461 
0.45948 
O. 634C9 
0.32C39 
o. 34565 
o. 29955 
2.15371 

-1. 06900 
-1.95640 

2.65981 
-0.79817 

o. 75458 
-0.41268 

0.07423 
-o. 33332 

HEAN 
SQUARES 

10.39865 
1.02580 

F VALUE 

10.13714 
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Program Modifications 

Input data in a different format can also be handled 
by providing a special format statement. 

1. Changes in the input format statement of the 
special input routine DA T2: 

Only the format statement for input data may be 
changed. Since sample dataare either one-, two-, or 
three-digit numbers, rather than using six-column 
fields, as in the sample problem, each row of data 
might have been keypunched in six 3-column fields; 
if so, the format is changed to (6 F (3, 0)). 

The special input subroutine, DAT2, is nor
mally written by the user to handle different formats 
for different problems. The user may modify this 
routine to perform listing of input data, transforma
tion of data, and so on. When doing so, attention 
should be paid to the format statement in DA T2 
(DAT2 230) which writes on the intermediate data 
set. The format in this statement must be the 
same as the format in statement REGR 1860. 

2. If there are more than twelve variables in a 
problem, each row of data _is co;ntinued on the next 
cards, until the last data point is keypunched. How
ever, each row of data must begin on a new card. 

In the sample problem there is one data card 
per row, so the value of the card count indicator 
(NC ARD), which appears in columns 16 and 17 of the 
control card, is set to one. If there is more than 
one data card per row, the value of the card count 
indicator (NCARD) must agree with the number of 
data cards per row. 

3. Although the program will allow 96 variables, 
the maximum number of independent variables that 
may be specified on one selection is 40. 

Error Mess ages 

The following error conditions will result in 
messages: 

1. The number of selections is not specified on 
the control card: NUMBER OF SELECTIONS NOT 
SPECIFIED. JOB TERMINATED. 

Operating Instructions 

The sample program for multiple linear regression 
is a standard PL/I program. Special operating 
instructions are not required. Data set SYSIN is 
used for input; data set SYS PRINT, for output. A 
scratch tape (data set XDATA) is used as inter
mediate storage. 

Timing 

The execution time of this sample program on a 
System/360 Model_40, using an IBM 2540 Card 

Reader as input and an IBM 1403, Model Nl, as 
output, is 40 seconds. 

REGR.. REGR 10 

/ *i'I'**************************************** ***************************/ R EGR ZO I* +/REGR 30 
/+ TO READ THE PROBLEM PARAMETER CARD FOR A MULTIPLE REGRESSION,+/REGR ltO 
I* READ SUBSET SELECTION CARDS, CALL THE PROCEDURES TO CALCULATE*/REGR 50 
/* MEANS, STANDARD DEVIATIONS, SIMPLE ANO MULTIPLE CORRELATION +/REGR 60 
I* CDEFFICIENTSf REGRESSION' COEFFICIENTS, T-VALUESt BETA COEFF- */REGR 70 
I* ICIENTSr AND ANALYSIS OF VARIANCE FOR MULTIPLE REGRESSION, */REGR BO 
I* ANO PRINT THE RESULTS. */REGR 90 
I* */REGR 100 
I*********************************************************************/ R EGR 110 

PROCEDURE OPTIONS (HAIN) r• REGR 120 
DECLARE REGR 130 

ll,II,IO,J,K,L 1 H1 MM,N 1 NDEP 1 NRESI,NS1L11L2) FIXED BINARY, REGR 140 
XDATA FILE STREAM ENVIRONMENT !CONSECUTIVE Vl20001200)), REGR 150 
lNCAROrNVI EXTERNAL, REGR 160 
ERROR EXTERNAL CHARACTER Ill, REGR 170 
CH CHARACTER 1801 t REGR 180 
PRl CHARACTER 16),. REGR 190 ,. 

FMl •• 
*/REGR 200 

REGR 210 

,. ,. ,. 
FORMAT tAl6J,Fl5Jt3 Fl2JJ,. 

ON ENOFILE ISYSINJ GO TO EXIT,. 

INPUT DATA JS SAVED IF NV IS SET TO 1 

NV =l,. ,. 
SlOO •• 

GET EDIT ICHI IA(80) J t• 
GET STRING (CHI EDIT IPRlrNrMtNS,NCARDJ IRlFHl)J,. 

REGR 220 
REGR 230 

•/REGR 240 
•/REGR 250 
*/REGR 260 

REGR 270 
*/REGR 280 

REGR 290 
REGR 300 
REGR 310 

I* */REGR 320 
I* NAHE - PROBLEM NUMBER fMAY BE ALPHAHERIC) */REGR 330 
I* N - NUMBER OF OBSERVATIONS */REGR 340 
I* M - NUMBER OF VARIABLES */REGR 350 
I* NS - NUMBER OF SELECT IONS •/REGR 360 
I* NCARO- NUMBER OF DATA CARDS PER OBSERVATJON •/REGR 370 
f* •/REGR 380 

NCARD=NCARO*BO,. REGR 390 
I* */REGR 400 
STRT.. REGR 410 

BEGIN,. REGR 420 
FM2.. REGR 430 

. ,. ,. 

, . . ,. ,. 

,. ,. ,. 

FORMAT (PAGE, SKIP (4) r COLUMN I 10l 1A1Al6) 1 SKIP (21,COLUMNl10) ,A, Ar REGR 440 
Ff5) 1 SK1Pl2l ,COLUMN I lOl ,A,Fl5) rS~IPl2) ,COLUMN( lOJ,A,F 121) t• REGR 450 

DECLARE REGR 460 
IXI 1 11) ,W(M) ,RESJJ REGR 470 
FLOAT BINARY, REGR 480 
IRI M,MI ,RXI Hr Ml rXBAR lMJ ,RY( HJ tDlHJ rSTD I HJ r ANS 110), FSUM,OET rCONJREGR 490 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/REGR 500 
BINARY FLOAT 1531 t. /•DOUBLE PRECISION VERSION /*D*/REGR 510 

ID =o,. 
x =o,. 
OPEN FlLE IXOATA) OUTPUT,. 
CALL CORR {N,H,IO,X,XBAR,STO,RX,R,OJ,. 
CLOSE ·FILE IXDATAI ,. 
IF ERROR NE 1 0 1 

THEN PUT EDIT I 'IN ROUTINE CORR ERROR CODE = 
ISKIP(2J 1COLUMNllOJ ,A,AI 1)) t • 

TEST NUMBER OF SELECTIONS 

IF NS LE 0 
THEN DO,• 

',ERROR) 

.P:/REGR 520 
REGR 530 
REGR 540 
REGR -550 
REGR 560 
REGR 570 
REGR 580 
REGR 590 
REGR 600 

*/REGR 610 
*/REGR 620 
*/REGR 630 

REGR 640 
REGR 650 

PUT EDIT I 'NUMBER OF SELECTIONS NOT 
ISKIPf4) ,COLUHNUOJ ,Al,. 

GO TO S300,. 
ENO,. 

SPECIFIED. JOB TERHINATED 1 tREGR 660 
REGR 670 
REGR 6BO 
REGR 690 

DO I = 1 TO NS,• 
PUT EDIT ('MULTIPLE REGRESSION ••••• •,PR1, 1 NUMBER OF OBSERVA 1 , 

1TIONS ••• 1 1Nr 'NUMBER OF VARIABLES ....... • ,H, 
1 SELECTION ...... •wt) IRIFH21lr• 

READ SUBSET SELECTION CARD 

GET EDIT ICHJ IAISOJJ,. 
GET STRING ICHI EDIT <NRESJ,NDEP,KI 13 fl2)1,. 

REGR 700 
REGR 710 
REGR 720 
REGR 730 

*/REGR 740 
*/REGR 750 
*/REGR 760 

KREO •• 
BEGIN,. 

REGR 770 
REGR 780 
REGR 790 
REGR 800 

FH3 •• 

FH4 ... 

,. 
,. 
,. ,. ,. ,. ,. ,. ,. ,. ,. 

,. 
I• ,. 

,. 

FOR HAT I SKIP 1 COLUHN 110) ,F l4J, 7 F(l4,5l Ir. 

FORMAT I PAGE, SKIP 14) ,COLUMN I 10) ,A,Af6), SKIPl21 rCOLUMN( lOJ t 
ArF12J J,. 

DECLARE 
IRZI K, Kl ,BC Kl ,SB IKJ 'T IKJ 1 BETA( K) ,RT IKJ) 
BINARY FLOAT, /*SINGLE PRECISION VERSION 
BINARY FLOAT l5a), /*DOUBLE PRECISION VERSION 
IISAVEfK+lJJ I 

FIXED BINARY,. 

CALL IDTl IKrISAVEJ ,. 

NRESI - OPTION CODE FOR TABLE OF RESIDUALS 
0 If IT JS NOT DESIRED. 
1 IF IT IS DESIRED. 

NDEP - DEPENDENT VARIABLE. 
K - NUMBER OF INDEPENDENT VARIABLES INCLUDED 
ISAVE - A VECTOR CONTAINING THE INDEPENDENT VARIABLES 

I NCLUDEO 

CALL ORDR IHrR1NDEP1K1ISAVErRZ,RT1t. 
IF ERROR NE 1 0 1 

THEN DO,. 
PUT EDIT I 'IN ROUTINE ORDR ERROR CODE = 

ISKJPl2J ,COLUMN( 10) ,A,AI 11),. 
GO TO SZOO,. 
END,. 

CON =O .. O,. . 
CALL MJNV(RZrK1DET,CONJ,. 

TEST SINGULARITY OF THE MATRIX INVERTED 

IF ERROR NE 1 0 1 

THEN oo,. 

1 rERROR) 

PUT EDJTI' IN ROUTINE MINV ERROR = 
COLUHNllOJ ,A,AC lJ),. 

•,ERROR) ISKIPl2J, 

GO TO S200,. 
ENO,. 

REGR 810 
REGR 820 
REGR 830 
REGR 840 
REGR 650 
REGR 860 
REGR 670 

/*S*/REGR 880 
/*D*/REGR 890 

REGR 900 
REGR 910 

*/REGR 920 
REGR 930 

*/REGR 940 
*/REGR 950 
*/REGR 960 
*/REGR 970 
*/REGR 980 
*/REGR 990 
•IREGRlOOO 
*/REGRlOlO 
*/REGR1020 

REGR1030 
REGR1040 
REGR1050 
REGR1060 
REGR1070 
REGRIOBO 
REGR1090 
REGRllOO 
REGRll 10 

*/REGR1120 
•IREGR1130 
*/REGR1140 

REGR1150 
REGR1160 
REGRll 70 
REGRll60 
REGR1190 
REGR1200 

*/REGR1210 
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,. 
I• 
I• 
I• ,. 
I• 

I• 
I• 
I• 
I• 

I• 
I• 
I• 

CALL ML TR tN1K1XBAR,STD 1DrRZ,RT1 lSAVE1 e,se, r,BETA,ANSJ I. 
IF ERROR NE 1 0 1 

THEN DD1. 
PUT EDIT l'IN ROUTINE MLTR ERROR CODE= 1 ,ERRDRI 

( SKIPl2J ,COLUMNllOJ 1A1AI 1) I 1 • 
GO TO S2001. 
END,. 

PRINT MEANS, STANDARD DEVIATJDNSr INTERCORRELATIONS BETWEEN 
X AND y, REGRESSION CDEFFICIENTSr STANDARD DEVIATIONS OF 
REGRESSION COEFFICIENTS, COMPUTED T VALUES, AND BETA 
COEFFICIENTS. 

MM =K+l,. 
PUT EDIT I' VARIABLE', 1 HEAN 1 , 1 STANDARD' 1 'CORRELATION', 

•REGRESSION I' I STD. ERROR• I •COMPUTED•,• BETA' I 1 ND. I I 

'DEVI All ON', •x vs v•, •COEFFICIENT', •oF REG.COEFF. •, 
1 T VALUE 1 r 1 CDEFF. 1 I (SKI PC 2),COLUHNCLO),A,XISJ,A, 
Xl61 rA1X l6l 1ArXC4J 1A1X 14) 1A1X 15 J 1A1Xl7 J 1A1SKIP1 
~~~~~~~!~I 1A 1X 11~) 1A1Xl7l 1A1X1711A1XC3J 1A1X 131 ,A, 

DO J = 1 TD Kt• 
L =ISAVEIJ) t• 

REGR1220 
REGRl230 
REGR1240 
REGR1250 
REGR1260 
REGR1270 
REGR1280 

*/REGR1290 
•/REGR1300 
•/REGR1310 
•IREGR1320 
•/REGR1330 
•/REGR1340 

REGR1350 
REGR1360 
REGR1370° 
REGR1380 
REGR1390 
REGR1400 
REGR1410 
REGR1420 
REGR1430 

PUT EDIT IL1XBARILJ rSTDILJ 1RT I JI 1BIJJ,SBIJJ, TCJJ 1BETAIJ I J 
CR(FH31 J, • 

REGR1440 
REGR1450 
REGR1460 

END,. 
PUT EDIT ('DEPENDENT') ISKIPl2J,COLUMN(lOl,AJ,. 
L =ISAVEIHHJ,. 
PUT.EDIT IL1XBARILl1STDILll IR(FM3JJ,. 

PRINT INTERCEPT, MULTIPLE CORRELATION COEFFICIENT, ANO 
STANDARD ERROR OF ESTIMATE 

REGR1470 
REGR1480 
REGR1490 
REGR1500 

•IREGR1510 
•/REGR1520 
*/REGR1530 
•/REGR1540 

PUT EDIT l•INTERCEPT•,ANSllJ,•MULTIPLE CORRELATION 1 1ANS(2J, REGR1550 
•STD. ERROR OF ESTIMATE 1 1ANSl3,I (SKIP(3),COLUMNl10,, REGR1560 
A,X(IO) 1Fll6151r12 I ( SKIPIZ),COLUMNflOJ ,A, Ffl3r 51 J J,. 

PRINT ANALYSIS OF VARIANCE FOR THE REGRESSION 

PUT EDIT I• ANAL VS IS OF VARIANCE FOR THE REGRESS ION ', 
•SOURCE OF VARIATION 1 1'DEGREES 1 ,•SUH oF•,•MEAN', 
' F VALUE'1'0f FREEOOH•,•SQUARES'1 1 SQUARES•J 
ISKIPI 2) 1COLUMNC31J1A1SkIPC2J rCOLUMNI 15 J, A1Xl7J 1A1 
XC711A1XllOJ rA1XI09J 1ArSKIP1CDLUHNl40),A, Xl41 r Ar 
X19J 1AI ,. 

L =ANSIB) r• 
PUT EDIT l'ATRRIBUTABLE TO REGRESSION 1 rKrANSl4J,ANSl611 

ANSI 101 r •DEVIATION FROM REGRESSION 1 1L1ANS(7), 
ANSI 9J I ISKIP,COLUMNI lOJ .A,f(6 I 13 Fl l6r!il 1SKIP1 
COLUMNl10l1A1Fl6J12 Fll6r5JI,. 

L =N-1,. 
FSUH =ANSl4J+ANS(7J t• 
PUT EDIT( 'TOTAL t 1LrFSUHI ICOLUHNC15 J 1A1Xll9 I 1FC6J ,F 116151J 1 • 
IF NRESI LE 0 
THEN GO TO 5200,. 
PUT EDIT l 1 HULTlPLE REGRESSION ••••• 1 ,PRl1 1 SELECTION ••••• 1 ,IJ 

IRIFH4JJ t• 
PUT EDIT 11 TABLE OF RESIDUALS 1 1 1 CASE N0. 1 , 1 Y VALUE•, 

•v ESTIMATE•, •RESIDUAL•> 1sK1P,COLUHN12s1,fl,SKIPI2J, 
COLUMN I lOl 1A1Xl5J 1A1X 151,A,X 161 ,AJ,. 

HM =ISAVElK+lJ,. 
OPEN FILE IXDATAI INPUT,. 

DO lI = 1 TO Nr. 
GET FILE lXOATA) eon ( IWIJJ Do J .. 1 TO HJ J 

I IM)Fl610J J ,. 
FSUM =ANSI lJ t• 

DO J = 1 TO Kt• 
L =ISAVEIJJ 1• 
FSUM .. fSUH+WILJ•BIJJ,. 
END,. 

RESI =WI MHl-FSUH,. 
PUT EDIT IU1WIMH) rFSUH1RESJJ CCOLUMNl10J,FC511FU5r5J1 

. 2 FU415J J ,. 
END,. 

CLOSE FILE IXDATAJ,. 
GO TO SlOO,. 

REGR1570 
•IREGR1580 
•/REGR1590 
•/REGR1600 

EXIT•• 

REGR1610 
REGR1620 
REGR1630 
REGR1640 
REGR1650 
REGR1660 
REGR1670 
REGR1680< 
REGR1690 
REGRl 700 
REGR1710 
REGRl 720 
REGR1730 
REGR1740 
REGR1750 
REGRl 760 
REGRl 770 
REGRl 780 
REGR1790 
REGRISOO 
REGRlBlO 
REGR1820 
REGR1830 
REGR1840 
REGR1850 
REGR1860 
REGR1870 
REGR1880 
REGR1890 
REGR1900 
REGR1910 
REGR1920 
REGR1930 
REGR1940 
REGR1950 
REGR1960 
REGR2010 
REGR.2020 
REGR2030 
REGR2040 
REGR2050 

PUT FILE I SYSPRJNTJ EDIT I 1 ENO OF SAMPLE PROGRAM' J 
I SKIPI 511COLUHNC lOl 1AI,. 

S300 •• 
ENO,. /*END OF PROCEDURE REGR */REGR2060_ 

DAT2.. DAT2 10 
l***********************************'°'*********************************/DAT2 20 
I• */DAT2 30 
I• TO READ FLOATING POINT DATA, ONE OBSERVATION AT A TIHE. •IOAT2 40 
I* DATA MAY BE SAYED ON A DATA SET• */DAT2 50 
I* */DAT2 60 
/*********************************************************************/DAT2 70 

,. 

PROCEDURE C H1D 11 • DlT2 80 
DECLARE DAT2 90 

XOATA FILE STREAM ENVIRONMENT I CONSECUTIVE VIZ000,200J), DAT2 100 
INCARD,NVJ EXTERNAL, OAT2 110 
CH CHARACTERINCARDI, DAT2 120 
11,H,MHI FIXED. BINARY, DAT2 130 
Dt•I FLOAT BINAPY,. DAT2 140 

ON ENDFILE I SYSlNI 
GO TO EXIT,. 
GET EDIT (CHI IAINCARDJI,. 
HH ::CEILCH/12J,. 
GET STRING ICHI EDIT ttotIJ DO I= 1 TO H)I 

11 HM)( ( 121FI 6r011 XI BJ JI,• 
IF NY= 1 
THEN PUT FILF. IXDATAI EDIT 110111 DO I= l TO MJJ C1Mlfl6 1 0>1r. 
PEVERT ENDFILE ISYSJNJ,. 
RETURN,. 

EXIT•• 

•IOAT2 150 
OAT2 160 
DAT2 170 
DATZ 180 
DAT2 190 
DATZ 200 
DAT2 210 
DAT2 220 
DAT2 230 
DATZ 240 
DAT2 250 
DAT2 260 
DAT2 270 
DAT2 28Q 
DAT2 290 

PUT FILE I SY SPRINT> EDIT I 'ERP OR INSUFFICIENT DATA' I 
( SKIPI ll 1COLUMNI101 ,AJ,. 

STOP,. . 
ENO,. /*ENO OF PROCEDURE OAT2 */DAT2 300 

IDTL.. IDTl 10 
I*********************************************************************/ I OTl 20 
I* */IOTl 30 
I* TO READ FIXED POINT DATA. */IDTl 40 
I* •/IOTl 50 
!****************************** ***************************************/ l DTl 60 

PROCEDURE (H,IXJ,. IDTl 70 
DECLARE I on 80 

CH CHARACTER 1801, IDTl 90 
l1Xl•J,NF1Nl1N21M1IJ IDTl 100 
FIXED BINARY,. IOTl 110 

NF 
NI 
N2 

=40,. IDTl 120 
=1 1 • IDTl 130 
=NF,. IDTl 140 

SlO •• 
IF H LE N2 
THEN N2 =H 1 • 

GET EDIT fCHJ UfBO)J,. 
GET STRING ICtO EDIT llIXllJ 
NL =N2+1,. 
IFNlLEM 
THEN DD,. 

N2 =N2+NF,. 
GO TO SlO,. 
ENO,• 

RETURN1. 
END,. 

DO I= Nl TO N2JJ ltNFIFI 2J J t. 

/*END OF PROCEDURE IDT 1 

STEPWISE MULTIPLE REGRESSION STEP 

Problem Description 

IDTl 150 
IDTl 160 
IDTl 170 
IDTl lBO 
IDTl 190 
lOTl 200 
IDTl 210 
IDTl 220· 
IDTl 230 
IOTl 240 
IDTl 250 
IDTl 260 

*/IDTl 270 

Stepwise multiple regression analysis is performed 
for a set of independent variables and a dependent 
variable. Selection of different sets of independent 
variables and designation of a dependent variable can 
be made as many times as desired. 

1. The sample problem for stepwise multiple re
gression consists of 30 observations with six variables, 
as presented in Table 1 earlier in this Appendix. 

2. The first five variables are independent vari
ables, and the last variable is the dependent variable. 
All five independent variables are used to predict 
the dependent variable in the first analysis, and only 
the second, third, and fifth variables are used to 
predict the dependent variable in the second analysis. 

Program 

Description 

The stepwise multiple regression program consists · 
of the main routine named STEP, two special input 
subroutines named DAT2 and IDT2, ·an output/sub
routine n:µned SOUT, and two routines from the 

·Scientific SUbroutine Package: CORR and STRG. 

Capacity 

1. Up to 99, 999 observations if observations are 
read into the computer one at a time by the special 
input routine. If all data are to be stored in core 
before the calculation of correlation coefficients, the 
limitation on the number of observations depends on 
the size of core storage available for input data. 

2. Up to 72 variables 
3. Up to 99 selections (must be greater than zero) 
4. (12 F(6, 0)) format for input .data cards. There

fore if a problem satisfies the above conditions, the 
sample program need not be modified. If the input 
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data cards are prepared using a different format, the 
input format ill the special input routine, DAT2, 
must be modified. The general rules for program 
modifications are described later. 

Control Card 

One control card is required for each problem and is 
read by the main program, STEP. This card is pre
pared as follows: 

Columns 

1-6 

7-11 
12-13 
14-15 
16-20 

21 

22-23 

Contents 

Problem number (may be 
alphameric) 
Number of observations 
Number of variables 
Number o~ selections 
A constant value of pro
portion of sum of squares 
that will be used to limit 
variables entering in the· 
regression 
Option code for table of 
residuals 

0 - if it is not desired 
1 - if it is desired 

Number of cards per 
observation 

For 
Sample 

Problem 

SAMPLE 

00030 
06 
02 
o.o 

1 

1 

Leading zeros do not have to be keypunched. 

Data Cards 

Since input data is read into the computer one obser
vation at a time, each row of data in table is key
punched on a separate card using the format (12 F 
(6, 0)). This format assumes twelve 6-column 
fields per card. If there are more than twelve vari
ables in a problem, each row of data is continued on 
the next card until the last data point is keypunched. 
However, each row of data must begin on a new card. 

Selection Card 

The selection card is used to specify a single de-
. pendent variable and a non-null set of independent 
variables in a stepwise multiple regression analysis. 
Any variable in the set of original' variables can be 
designated as a dependent variable, and any number 
of variables can be specified as independent variables. 
Selection of a dependent variable and a set of inde
pendent variables can be performed over and over 
again using the same set of original variables. 

There must be a selection card in order for the 
program to continue. In the selection. card each 
variable is specified using one of the following codes: 

0 or blank - Independent variable available for 
selection 

1 · - IndeJ>endent variable forced in 

2 
3 

regression 
- Variable to be deleted 
- Dependent variable 

For Sample Problem 
Columns Contents Selectionl Selection2 

1 First variable 0 2 
2 Second variable 0 0 
3 Third variable 0 0 
4 Fourth variable 0 2 
5 Fifth variable 0 0 
6 Sixth variable 3 3 

72 72nd variable 

Leading zeros do not have to be keypunched. If more 
than 72 selections are made, continue selection 
specification codes beginning in column 1 of asecond 
card. 

Deck Setup 

Deck setup is shown in Figure 17. 
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Last problem 

Second problem 

First problem 

Procedures and main pragram 

Figure 17. 

Sample 

The listing of the input cards for the sample problem 
is shown in Figure 18. 

SAMPLECCC3C0602 c.01 1 
I 

10 ,. 2'• 216 85 14 ·1 20 
3C 3•1 2'4 ., 16 2 30 
30 4C'4 246 •c 18 2 40 
3C 313 23' •1 10 0 50 
35 243 275 95 3C 2 60 
35 365 219 •5 21 2 10 
43 396 267 100 3• 3 BC 
43 356 274 19 19 2 90 
44 346 255 126 56 3 100 
44 156 258 95 28 0 110 
44 218 249 llC 42 4 120 
44 349 252 •• 21 1 130 
44 141 23< 129 56 1 140 
44 245 236 <1 24 1 150 
45 2'1 256 ·111 45 3 160 
45 31C 262 •4 2C 2 110 
45 151 339 96 35 3 180 
45 37C 357 EB 15 4 190 
45 379 198 141 64 4 200 
45 4<3 206 1C5 31 3 210 .. 316 245 132 6C 4 220 
45 28C 225 lCB .. 4 230 
44 395 215 lCl 27 1 240 
49 13c; 220 136 5• 0 250 
4• 245 205 113 37 4 260 .. 313 215 •• 25 1 210 
51 224 "215 118 54 3 280 
51 611 210 116 33 4 290 
51 424 210 140 59 4 300 
51 150 210 1C5 3C 0 310 

C00003 320 
2CC203 330 

Figure 18. 

Output 

Description 

The output of the sample program for stepwise mul
tiple regression includes: 

1. Means 
2. Standard deviations 
3. Correlation coefficients between independent 

variables and dependent variables 
4. Swn of squares reduced in the step 
5. Proportion reduced in the step 
6. Multiple correlation coefficient 
7. F value for analysis of variance 
8. Standard error of estimate 
9. Computed T value 

10. Beta coefficients 
11. Table of residuals (optional) 

Sample 

The output listing for the sample problem is shown 
in Figure 19. 

STEP-WISE MULTIPLE REGRESSION, •••• SAMPLE 

NUMBER OF OBSERVATIONS 30 
NUMBER OF VARIABLES 6 
NUKBER OF SELECTIONS Z 

CONSTANT TD LIMIT VARIABLE 0.00000 

VARIABLE MEAN 

43.13333 
316.16650 
241.79999 
105.66666 

34.13333 

STANDARD 
DEVIA Tl ON NO. 

l 
2 
3 
4 
5 

• 2.26667 

6. 52176 
ll4.4299C. 
36.43074 
17.85640 
15.97571 
1.41259 

CORRELATION MATRIX 

ROW 1 
1.00000 -0.06721 -0.13"689 

ROW 2 
-0.06721 1.00000 -C.17857 

ROW 3 
-0.13689 -0.17857 l.oooco 

ROW 4 
0.49755 -0.05227 -C.40874 

ROW 5 
o.55849 -0.18381 -C.26319 

ROW 6 
Q.28422 0.42189 0;11900 

SELECTION ••••• 1 

DEPENDENT VAR I ABLE• ••• • ••• • ••• 6 
NUMBER OF VARIABLES FORCED •••• 0 
NUMBER OF VAR(ABLES DELETED •• • 0 

STEP l 

VARIABLE ENTERED •••• • 2 

0.49755 

-0.05227 

-0.40874 

1.00000 

0.93552 

o. 37822 

0 .55849 

-0.18381 

-C.26319 

Q.93552 

i. caooo 

Q.39412 

SUH OF SQUARES PEDUCED lN THIS STEP •••• 
PROPORTION REDUCED IN THIS STEP ........ . 

lCr.300 
0.178 

CUMULATIVE SUM OF SQUARES REDUCED •• •• •• 
CUMULATIVE PROPORTION REDUCED ••••• ••.•• 

FOR l VARIABLES ENTERED 
HULTIPLE CORRELATION COEFFICIENT... 0.422 

(ADJUSTED FOR O.F.J............ 0.422 
F-VALUE FOR ANALYSIS OF VARIANCE... 6.063 
STANDARD ERROR OF ESTIMATE••••••••• 1.303 

(ADJUSTED FOR O.F.J ••••••••• •• 1.303 

VARIABLE 
NUMBER 

2 
INTERCEPT 

Figure 19. 

REGRESSION 
COEFFICIENT 

D.00521 
Q.62005 

STD. ERROR OF 
REG. COEFF. 

0.00212 

!0.3CO 
0.! 78 OF 

COMPUTED 
T-YALUE 
2.462 

0.28422 

0.42189 

Q.11900 

0 .. 31922 

o.39412 

1.00000 

BETA 
COEFFICIENT 
Q.42189 
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STEP 2 

VARIABLE ENTERED••••• 5 

SUH OF SQUARES REDUCED IN THIS STEP •• •• 
PROPORTION REDUCED IN THIS STEP.••••••• 

13.324 
0.230 

CUMULATIVE SUM OF SQUARES REDUCED •••••• 
CUMULATIVE PROPORTION REDUCED ••••• ••••• 

23.624 

FOR 2 VARIABLES ENTERED 
MULTIPLE CORRELATION COEFFICIENT.•. 0.639 

(ADJUSTED FOR D.F • J • u • •. • •• • • 0.622 
F-VALUE FQR ANALYSIS OF VARIANCE •• • 9.314 
STANDARD ERROR OF ESTIMATE.•••••••. 1.126 

(ADJUSTED FOR O.F.l.oo•••••••• 1.146 

YAP IABLE 
NUMBER 

2 
5 

INTERCEPT 

STEP 3 

REGRESSION 
COEFFICIENT 

0.00632 
0.04316 

-1.20349 

VAPIABLE ENTERED••••• 3 

STD. ERROR OF 
REG. COEFF. 

0.00186 
o. 01332 

SUH OF SQUARES REDUCED IN THIS STEP •••• 
PROPORTION REDUCED IN THIS STEP ....... . 

C .408 OF 

COMPUTED 
T-VALUE 

3.3<H 
3.241 

7.572 
0.131 

CUMULATIVE SUM OF SQUARES REDUCED •• ••.• 
CUMULATIVE PROPORTION REDUCED.••••••••• 

31.196 
0.539 OF 

FOR 3 VAR I ABLES ENTERED 
MULTIPLE CORRELATION CC1EFF ICIENT • • • 

(ADJUSTED FOR D.F.lo•••••••••• 
F-VALUE FOR ANALYSIS OF VARIANCE ••• 
STANDARD ERROR OF ESTIMATE •• •.••••• 

(ADJUSTED FOR O.F.1.oo•••••••• 

0. 734 
o. 711 

10.137 
1.013 
lo 050 

VARIABLE 
NUMBER 

2 
5 
3 

REGRESSION 
COEFFICIENT 

O.C0744 
0.05363 
O.Cl497 

STD. ERROR OF 
PEG. COEFF. 

o. 00172 
o. 01258 
0.00551 

INTERCEPT -5.53529 

STEP 4 

VARIABLE ENTERED ••••• 1 

SUM OF SOUAFES FEOUCED IN THIS STEP •••• 
PROPCRTION REDUCED IN THIS STEP.••••••• 

CUMULATIVE SUM OF SQUARES REDUCED u. • •. 

CUMULATIVE PFOPORTION t<.EDUCEO ••• •. ••. •• 

FOR 4 VARIABLES ENTEPED 
MULTIPLE CORRELATION COEFFICIENT ••• 

(ADJUSTED FOR O.F.) ••••••••••• 
F-VALUE·FOR ANALYSIS OF VARIANCE ... 
STANDARD ERROR OF ESTIMATE:: •• ••••••• 

lllDJUSTED FOR D.F.>••••••••••• 

o. 736 
0.699 
7 .375 
1.030 
1. 088 

VARIABLE 
NU~l8ER 

2 
5 
3 
l 

REGRESS ION 
COEFFICIENT 

C.OC741 
0.05076 
C.Cl493 
O.C'l226 

STD. ERROP OF 
REG• COEFF. 

(1.00175 
0.01524 
C.00561 
0.03541 

INTERCEPT -5.q4617 

STEP 5 

VARIABLE ENTERED ••••• 4 

SUM OF SQU.\RES REDUCED IN THIS STEP •••• 
PROPORTION PEDUCEO IN THIS STEP•••••••• 

CUMULATIVf SUM OF SQUARES REDUCED •••••• 
CUMULATIVE PROPOPTION ~EDUCED ••• ••••••• 

FOR 5 VARIABLES ENTERED 
MULTIPLE CORRELATION COEFFICIENT ... 

(ADJUSTED FOR O.F.) ••••••••••• 
F-VALUE FOR ANALYSIS OF VARIANCE ••• 
STAND.dFD EF!ROR OF ESTIMATE ••••••••• 

(ADJUSTED FOR D.F.J ••••••••••• 

o. 736 
0.684 
5.665 
1. 052 
1.133 

VARIABLE 
NUMBER 

2 
5 
3 

REGRESSION 
COEFFICIENT 

O.C0739 
o.04919 
0.01504 
0.("1242 
0.00151 

STD. ERROR OF 
REG. CQEFF. 

('. 00186 
C.C4141 
C.1)0635 

1 
4 

INTERCEPT -6.01g29 

Figure 19. (Continued) 

c .. 03635 
0.03679 

COMPUTED 
T-VALUE 
4.318 
4.263 
2. 717 

c.121 
0.002 

31.323 
C.541 OF 

COMPUTED 
T-VALUE 
4.222 
3.332 
2.662 
0 .346 

c .co2 
C.'COC 

31.325 
C.541 OF 

COMPUTED 
T-VALUE 
3.%5 
1.188 
2.369 
o.342 
0.041 

. 57.867 

BETA 
COEFFICIENT 
0.51162 
0.48817 

57. 867 

BETA 
COEFFICIENT 
0.60233 
0 .60648 
0.38618 

57.867 

BETA 
COEFFICIENT 
0.59997 
0.57411 
0.38499 
0.05661 

57.867 

BETA 
COEFFICIENT 
0.59826 
0.55632 
0.38790 

.0.05735 
0.01907 

STEP-WISE MULTIPLE REGRESSION ••• • .SAMPLE 

SELECTION.•• •• 1 

TABLE OF RESIDUALS 

CASE ND. 
1 
2 
3 
4 
5 
6 
1 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

Y VALUE 
l.COOOO 
2 .00000 
2 .00000 
0.00000 
2.00000 
2·. 00000 
3.00000 
2 .• 00000 
3. 00000 
o. 00000 
4. 00000 
1. 00000 
1.00000 
1.00000 
3.COOOO 
2. 00000 
3. 0000'0 
4.00000 
4.00000 
3. 00000 
4. 00000 
4.00000 
1. coooo 
o. 00000 
4.000CO 
l.COOOO 
3. 00000 
4.00000 
4 .00000 
o. 00000 

Y ESTIMATE 
o. 48090 
l.7767C 
2.14586 
o. 82880 
1.90522 
l.52125 
3.46447 
2.25887 
3.80259 
1.02042 
2.49735 
2.00065 
2.00736 
1.15308 
2. 90446 
lo 83531 
2.560C4 
3.45228 
3.62661 
2. 68068 
3. 64886 
l. 86541 
2. 09863 
1.97217 
1.41254 
1.88027 
2. 27646 
4.51080 
3."95746 
0.45458 

STEP-WISE MULTIPLE RfGRESSION ••• •.SAMPLE 

SELECTION ••••• 2 

DEPENDENT VAR I ABLE •••••••••••• 
NUMBER OF VARIA.BLES FORCED •••• 
NUMBER OF VARIABLES DELETED ••• 

STEP 1 

VARIABLE ENTERED ••••• 2 

RESIDUAL 
0.51910 
0.22330 

-0.14586 
-c. 82880 

C.C9478 
0.47875 

-0.46447 
-o. 25887 
-0.80259 
-1. 02042 

1. 50265 
-1. OC065 
-1.00736 
-0.153('8 

0.09554 
Q.16469 
C.43996 
0.54772 
0.37339 
0.31932 
o.35114 
2- 13459 

-1.09863 
-1.97217 
2. 58746 

-o. 88027 
o. 72354 

-0.51C80 
0.04254 

-o. 45458 

SUM OF SQUARES REDUCED IN THIS STEP •••• 
PROPORTION REDUCED IN THIS STEP.· ••••••• 

10.300 
c.17a 

CUMULATIVE SUM Of SQUARES REDUCED •••••• 
CUMULATIVE PROPORTION REDUCED •••• •••••• 

FOR 1 VARIABLES ENTERED 
MULTIPLE CORRELATION COEFFICIENT •• , 

(ADJUSTED FOR O.F.) ••••••••••• 
F-VALUE FOR ANALYSIS OF VARIANCE •• , 
STANDARD ERROR OF ESTH1ATE. • • ••••• , 

{ADJUSTED FOR D.F.) ••••••••••• 

('1.422 
(I. 422 
6.063 
1. 303 
1.303 

VARIABLE 
NUMBER 

2 
INTERC:EPT 

REGRESSION 
COEFFICIENT 

0.00521 
o. 62005 

STO • ERROR OF 
REG. COEFf. 

0.00212 

STEP 2 

VARIABLE: ENTERED ••••• 5 

SUH OF SQUARES REDUCED IN THIS STEP.••• 
PQ.OPCRTION REDUCED IN THIS STEP••.••• •• 

CUMULATIVE SUM OF SQUARES REDUCED• ••••• 
CUMULATIVE PROPORTION o_EQUCED •••• •••. •• 

FOR 2 VARUBLES ENTERED 
MULTIPLE CORRELATION COEFFICIENT ••• 

I ADJUSTED FOR O.F.J. •••••••••• 
F-VALUE FOR ANALYSIS OF VARIANCE..• 
STANDARD ERROR OF ESTIMATE.•••••• •• 

!ADJUSTED FOR O.F.J ••••••••••• 

C.639 
C-.622 
9. 314 
l.126 
1.146 

VAR I ABLE 
NUMBER 

2 
5 

INTERCEPT 

REGRESSION 
COEFFICIENT 

O.C0632 
0.04316 

-1.20349 

STD. ERROR OF 
REG. COEFF. 

0.00186 
0.01332 

STEP 3 

VARIABLE ENTERED ..... 3 

SUH OF SQUARES REDUCED IN THIS STEP •• •• 
·PROPORTION REDUCED IN THIS STEP •• •••••• 

CUMULATIVE SUM OF SQUARES REDUCED ••• ••• 
CUMULATIVE PROPORTION REDUCED •• ••••• ••• 

FOR 3 VARIABLES ENTERED 

1C.3CO 
0.178 OF 

COMPUTED 
T-VALUE 

? .462 

13. 324 
C.230 

23.624 
C'.4('8 OF 

COMPUTED 
T-VALUE 

3.397 
3.241 

7 .572 
C.131 

MULTIPLE CORRELA Tl ON COEFFICIENT ••• 
(ADJUSTED FOR D.F.J ••••••••••• 

F-VALUE FOR ANALYSIS OF VARIANCE ••• 
STANDARD ERROR OF ESTIMATE.• ••••••• 

IADJUSTED FOR O.F.J ••••••••••• 

o. 734 
o·. 111 

10.137 

VARIABLE 
NUMBER 

2 
5 
3 

INTERCEPT 

REGRESS I ON 
COEFFICIENT 

0.00744 
0.05363 
o.ol4<n 

-5. 53529 

Figure 19. (Continued) 

1.013 
1. 050 

STD. ERROR OF 
REG. COEFF. 

0.00112 
C.01258 
0.00551 

COMPUTED 
T-VALUE 

4.318 
4.263 
2. 717 
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57. Bb1 

BETA 
COEFFICIENT 
0.42189 

57.867 

BETA 
COEFFICIENT 
0. 51162 
0048817 

57.867 

BETA 
COE FF IC IENT 
0 .60233 
0 .60648 
0.38618 



STEP-WISE MULTIPLE REGPESS[ON ••••• SAHPLF 

SELECTION••• •• 2 

TABLE OF RESIDUALS 

CASE NO. V VALUE V ESTIMATE PESIDUAL 
I 1.00000 o. 59069 0.40131 
2 2.00000 l. 88363 C.11637 
3 2.00000 2. 2662C -C.2662C' 
4 c.00000 0.90704 -C.90704 
5 2.coooo 1. 99813 C.C0187 
6 2.00000 1. 58408 0.41592 
7 3.00000 3.49859 -C.49859 
8 2 .00000 2. 23348 -o. 23348 
9 3.COOCC 3. 85876 -C.85876 

10 o.coooo C.98943 -('1.98943 
II 4.00000 z. 51255 1.48745 
12 1.00000 1.95926 -C.95926 
13 l .COOOIJ 2. C4998 -1.04998 
14 1.00000 1.10726 -C.10726 
15 3.00000 2. 91951 0.08C49 
16 2 .oooco l. 76539 C.23461 
17 3.00000 2. 54052 o. 45948 
18 4.0000C 3. 36591 c. 634r.9 
19 4.00000 3.67961 o. 32039 
20 3.00000 2.65435 o. 34565 
21 4.0000C 3. 70045 o. 29955 
22 4.C:OOOO 1. 8462Q 2.15371 
23 1.00000 z. 069CC -1.06900 
24 ~.COC'OO 1.95640 -l.9564C 
25 4.00000 1. 34020 2. 6598C 
26 t.coooo 1. 79817 -0.79817 
27 3.COOOO z. 24542 o. 75458 
28 4.COOOC 4.41268 -C.41268 
29 4.COOCO 3.92577 0.07423 
30 0.00000 C.33332 -o. 33332 

ENO Of SAMPLE PROGRAM 

Figure 19. (Continued) 

Program Modifications 

Input data in a different format can be handled by 
providing a special format statement. The special 
input routine, DAT2 is normally written by the user 
to handle different formats for different problems. 
The user may modify this routine to perform test
ing of input data, transformation of data and so on. 
Wlien doing so, attention should be paid to the format 
statement in DA T2 (DA T2 230), which writes on the 
intermediate data set. The format in this statement 
must be the same as the format in statement STEP 
1390. 

Operating Instructions 

The sample program for stepwise multiple regression 
is a standard PL/I program. Special operating in
structions are not required. Data set SYSIN is used 
for input; data set SYSPRINT, for output. A scratch 
tape (data set XDATA) is used as intermediate 
storage. 

Error Messages 

The following error condition will result in a 
message: 

1. The number of selections not specified on the 
control card: NUMBER OF SELECTIONS NOT SPECI
FIED. JOB TERMINATED. 

Timing 

The execution of this sample program on a System/360 
Model 40, using an IBM 2540 Card Reader as input and 
an IBM 1403, Model Nl, as output, is 41 seconds. 

STEP.. STEP 10 
/******•*******************************************•******************/STEP 20 
I• •/STEP 30 
I• TD READ THE PROBLEM PARAMETER CARD FOR A STEP-WISE REGRESSION*/STEP 40 
I• READ SUBSET SELECTION CARD, CALL THE PROCEDURES TO CALCULATE •/STEP 50 
I* MEANS, STANDARD· DEVIATIONS, ANO THE PROCEDURE THAT PERFORMS */STEP 60 
I* STEP-WISE REGRESSION. •/STEP 70 
~ ~=p ~ 

/*********************************************************************/STEP 90 
PROCEDURE OPTIONS CHAIN),. STEP 100 
DECLARE STEP 110 

XDATA FILE STREAM ENVIRONMENT ICDNSECUTlVE Vl2000,200J), STEP 120 
ll11DtJ1KtKK,H,HM1N1NR1NS,NSEL) FIXED BINARY, STEP 130 
PRl CHARACTER 161, STEP 140 
CNCARD1NVJ EXTERNAL, STEP 150 
ERROR EXTERNAL CHARACTER 11 J t STEP 160 
CH CHARACTER (BO),. STEP 170 ,. 

ON ENDFlLE ISYSINJ GO TO EXIT,. 
s100 •• 

*/STEP 180 
STEP 190 
STEP 200 
STEP 210 

,. ,. 
I• ,. ,. ,. ,. 
I• 
I• ,. ,. 
I• 
I• 
I• ,. 

GET EDIT ICHJ IACBOI J t• 
GET STRING lc'.HJ EDIT CPRl,N,H,NS,PCT1NRtNCAROJ 

. F16tOJ 1FllJ,Fl2U ,. 

READ PROBLEM PARAMETER CARD 

IAl6J,f(5J,2 FIZI. STEP 220 
STEP 230 

*/STEP 240 
•/STEP 250 
*/STEP 260 

PRl - PROBLEM CODE CHAY BE ALPHAHERICJ •/STEP 270 
N - NUMBER OF OBSERVATIONS •/STEP 280 
M - NUMBER OF VARIABLES •/STEP 290 
NS - NUMBER OF SELECTIONS */STEP 300 
PCT - A CONSTANT VALUE CF PROPORTION OF SUM OF SQUARES THAT */STEP 310 

Will BE USED TO LIMIT VARIABLES ENTERING IN THE REGRES-•/STEP 320 
SION •/STEP 330 

NR - OPTION CODE FOR TABLE OF RESIDUALS */STEP 340 
0 - IF JT JS NOT DESIRED •/STEP 350 
1 - IF IT JS DESIRED ~/STEP 360 

NCARO - NUMBER OF DATA CARDS PER OBSERVATION */STEP 370 

NV =NRt• 
. NCARD=NCARD•8o,. 

*/STEP 380 
STEP 390 
STEP 400 

I• 
PUT EDlT I 'STEP-WISE MULTIPLE REGRESSION.••••' rPRl) 

IPAGE,COLUHN( 10) tAtAI t• 
PUT SKJPl21 ~. 
PUT EDIT I 1NUM8ER OF OBSERVATIONS' ,NJ IRI FM!) 1 r. 
PUT EDIT I 'NUMBER OF VARIABLES 'rMJ IRIFMU Jr• 
PUT EDIT l 1NUH8ER Of SELECTIONS 1 rNSJ IRIFHlllt• 

*/STEP 410 
STEP 420 
STEP 430 
STEP 440 
STEP 450 

FMl •• 

STEP 460 
STEP 470 
STEP 480 

FORMAT I SKIPll J,COLUMNUOJ ,A,Fl5)J t• 
PUT EDIT I 'CONSTANT TO LIMIT VARIABLE' ,PCT) 

I SKJPIZJ, COLUMN I 101 ,A,Fl9r51), • 
ONE •• 

STEP 490 
STEP 500 
STEP 510 
STEP 520 

I* 

I* ,. ,. 

I• ,. ,. 

I* 
I* 
I• 

,. ,. 

BEGIN,. 
DECLARE 

CXBAR(HI, STD I Ht rDIMJ r 81HJ1RXI M,MJ 1RIM,HJ ,ANSUl I 1XI lt lJ t 
RESI ,YESTJ 

STEP 530 
STEP 540 
STEP 550 
STEP 560 

BINARY FLOAT, 
BINARY FLOAT 15311 
UOXIMI tLIMJ ,NSTEP(SJ I 

!•SINGLE PRECISION VERSION l•S•/STEP 570 
/•DOUBLE PRECISION VERSION /*D*/STEP 580 

IO =O,. 
x =o,. 

FIXED BINARY,. STEP 590 
STEP 600 
STEP 610 

OPEN FILE IXOATAJ OUTPUT,. 
CALL CORR IN1M1lO,X1XBAR1STDrRX1RrBI t• 
CLOSE FILE IXDATAJ ,. 
IF ERROR NE 1 0 1 

THEN PUT EDIT I• IN RCUTI NE CORR ERROR CODE = 
ISKIPI 211COLUHNI 10) ,A,AI 11 J t • 

PRINT HEA111S ANO STANDARD DEVIATION 

I ,ERROR) 

PUT EDIT I 'VAR I ABLE', 'MEAN' t •STANDARD',' NO. 1 ,' DEVIATION' J 
(SKIP(ZJ ,COLUMN( 1011A1X 15J ,A1XI 51tA,SKIP,COLUMN11311A1XI16) 
1Al I. 
DO I = l TO M, • 
PUT EDIT II1XBARllJ1STDIJJJ ISKIP,COLUHNU3J,Fl2J,Fll41Slt 

Fll2 1 5)) 1 • 

END,. 

PRJNT CORRELATION MATRIX 

STEP 620 
STEP 630 
STEP 640 
STEP 650 
STEP 660 
STEP 670 

•/STEP 680 
*/STEP 690 
•/STEP 700 

STEP 710 
STEP 720 
STEP 730 
STEP 740 
STEP 750 
STEP 760 
STEP 770 

*/STEP 780 
*/STEP 790 
•/STEP 800 

PUT EDIT I 'CORRELATION MATRIX' J I SKIPC2t ,COLUMN I 10},A),. STEP 810 
00 J = 1 TO H,. STEP 820 
PUT EDIT l'ROW 1 ,II ISKIPl21tCOLUHNllOJ,A,Fl3111• STEP 830 
PUT EDIT ICRIJ,JJ DO J= l TO MU ISKJP,COLUMNllOJ,9 FU2,S)),. STEP 840 
ENO,. STEP 85D 

JF NS ·LE 0 I* TEST NUMBER OF SELECTIONS */STEP 860 
THEN DOt. STEP 870 

PUT EDIT I' NUMBER OF SELECTIONS NOT SPECJFJE01 J STEP 880 
ISKIPC21,COLUHNClOJ,A),. STEP 890 

GO TO S200 1 • STEP 900 
ENO,.. STEP 910 

SAVE THE MATRIX OF SUMS OF CROSS-PRODUCTS Of DEVIATION 

R =RX,. 
NSEL =11. 
GO TO Sl50,. 

COPY THE MATRIX OF SUMS OF CROSS-PRODUCTS Of DEVIATIONS 

*/STEP 920 
*/STEP 930 
*/STEP 940 

STEP .950 
STEP 960 
STEP 970 

I* 
Sl45 •• 

*/STEP 980 
•/STEP 990 
*/STEPlOOO 

STEP1010 
RX =R1. 

Sl50.. I* READ A SELECT ION CARD 

,. 
I• 
I• 
I• 
I• 
I• ,. ,. 

PUT EDIT C'SELECTION ••••• •,NSELI ISKJPl3J,COLUMNC10J,A,Fl2)),. 
CALL IOT2 IMtlDXI t• 

IN EACH POSITION OF JDX, ONE Of THE FOLLOWING CODES MUST BE 
SPECIFIED. 

0 OR BLANK - INDEPENDENT VARIABLE AVAILABLE FOR SELECTION 
1 - INDEPENDENT VARIABLE TO BE FORCED JN REGRES

SION 
- VARIABLE TO BE DELETED 
- DEPENDENT VARIABLE 

STEP1020 
*/STEP1030 

STEP1040 
STEP1050 

•/STEP1060 
*/STEP1070 
*/STEP1080 
*/STEP1090 
•/STEPllOO 
*/STEPlllO 
•/STEPl 120 
•ISTEf!ll30 
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I* ,. ,. 

,. ,. 
I• 

I* 
I* ,. 

I• 
I• 

CALL THE PROCEDURE TO PERFORM A STEP-WISE 
*ISTEP1140 

REGRESSION ANALYSlS*/STEPl 150 

CALL STRG IM,NrRXrXBAR,IDX,PCT rNSTEPtANS 1Lr BrSTDJ, • 
IF ERROR NE '0' . 
THEN PUT EDIT l 1 IN ROUTINE STRG ERROR CODE"" 'rERRORJ 

lSKIPl2J rCDLU~NUOJ 1ArAUJ J ,. . 

FINO-WHETHER. TO PRINT THE TABLE OF RESIDUALS 

IF NR LE 0 
THEN GO TO 5185,. 

PRINT TABLE OF RESIDUALS 

PUT ED.IT C'STEP~WISE MULTIPLE REGRESSION•••••'rPRU 

PUT E~~~G~:~~~~~~~~~~ :~=~~ :NsELJ <SKIPl3J 1 COLUMNI 10) ,A,FI 2'J I 1 • 
PUT EDIT l'TABLE OF RESIDUALS• •. •c4se NO.•,•v VALUE•,•v ESTIMATE•, 

'RESIDUAL I) 
ISKIPl2J 1CDLUMNl26J 1A1SKIPl2) ,COLUMN( lOl 1ArXC5J 1A1X151rAr 
XC6J,AJ •• 

MM aNSTEP I lJ r. 
OPEN FILE CXDATAJ INPUT,. 

OD I a 1 TD N,. 
GET FILE IXDATAJ EDIT llOIJJ DO J= 1 ro MJI CIMJFl610U1. 
YEST =ANSC9Jr• 
K aNST·EPl4h• 

DD J s: 1 TO Kt• 
KK =LtJI •• 
YEST •YEST+BIJl•DIKKI t• 
END,. 

RESI =OIHHl-VEST,. 
·PUT EDIT II1DIHMJ 1YEST 1RESU ICDLUHNUOlrFl51rFU5r5), 

2 FIHr5JJ,. 
ENO,. 

CLOSE FILE IXOATAI r• 

TE~T WHETHER ALL SELECTIONS ARE COHPLETEO 

*/STEP1160 
STEPll 70 
STEPllBO 
STEP1190 
STEP1200 

*ISTEP1210 
*ISTEP1220 
•ISTEP1230 

STEP1240 
STEP1250 

*/STEP1260 
•ISTEP1270 
*/STEP1280 

STEP1290 
STEP1300 
STEP1310 
STEP1320 
STEP1330 
STEP1340 
STEP1350 
STEP1360 
STEPL370 
STEP1380 
STEP1390 
STEP1400 
STEP1410 
STEP1420 
STEP1430 
STEP1440 
STEP1450 
STEP1460 
STEP1470 
STEP14BO 
STEP1490 
STEP1500 

I* 
Sl85. • 

•ISTEP1510 
•ISTEP1520 
•ISTEP1530 

STEP1540 
STEP1550 
STEP1560 

IF NSEL LT NS 
THEN oo,. 

ENO,. 

NSEL =NSEL+lt •.. 
PUT EDIT C'STEP-WISE MULTIPLE REGRESSION ••••• •.,PRlJ 

IPAGErCOLUMNUOJ 1A1AJ 1 • 
GO TD Sllt51 • 
ENO,. 

GO TD SlOO,. 

STEP1570 
STEP1580 
STEP1590 
STEP1600 
STEP1610 
STEP1620 
STEP1630 

EXIT •• STEP1640 
STEP1650 
STEP16<,.0 
STEP1670 

PUT FILE C SY SPRINT J EDIT I 'ENO OF SAMPLE PROGRAM' I 
ISKIPI 51,COLUHNI 101 rAI,. 

s200 •• 
.ENO,. l*ENO OF PROCEDURE STEP */STEP1680 

DAT2.. DAT2 10 
l*********************************************************************/DAT2 20 
I* . */DAT2 30 
I* TO READ FLOATING POINT DATA, ONE OBSERVATION AT A TIME. •IDAT2 1tO· 
I* DATA MAY BE SAYED ON A DATA SET. */DAT2 50 
I* •!DATZ 60 
l*********************************************************************/DAT2 70 

,. 

PROCEDURE 04,D 1 r. DA12 ao 
DECLARE DAT2 90 

XDATA FILE STREAM ENVIRONMENT ICONSECUTIVE Vl20001200JJ, DAT2 100 
INCARDrNVI EXTERNAL, DAT2 110 
CH CHARACTERINCAROI, 0AT2 120 
11,HrMM) FIXED BINARY, DAT2 130 
Dl*J FLOAT BINARY,. OAT2 lltO 

ON ENOFILE ( SVSJNJ 
GO TO EXIT,. 
GET EDIT (CHJ UINCAROIJ,. 
HM =CEILIH/1211, 
GET STRING ICHJ EDIT (IDtU 00 I= 1 TO MIJ 

((HM)C ( 12H· 16rCJ 1J:\ BJ I Jr. 
IF NV= 1 • 
TH=:N PUT FILE 1.~0A.TAI EDIT (CDllJ DO I= l TO MJJ ((M1FC6r011 1 • 

REVERT ENDFILE CSYSINlr. 
RETURN,• 

EXIT •• 

*IDAT2 150 
DAT2 160 
DAT2 170 
DAT2 180 
DAT2 190 
DATZ 200 
DAT2 210 
DAT2 220 
DAT2 230 
OAT2 21t0 
OAT2 250 
DAT2 260 
OAT2 270 
DAT2 280 
DAT2 290 

PUT FILE lSYSPRJNTJ EDIT ( 1 ERROR INSUFFICIENT OATA'J 
I SKJPI 1JrCOLUHNl101 1A) r. 

STOP,• 
ENO,. /*ENO OF PROCEDURE DAT2 */DAT2 300 

IDT2 •• IDT2 10 
l*************************************""******'il***•********************/lDT2 20 
I* */IDT2 30 

./* TO READ FIXED POINT DATA. *llDT2 '40 
I* *I IDT2 50 
I***********************************************'**********************! I OT 2 60 

PROCEDURE IHrIXlr• JOT2 70 
DECLARE JOT2 80 

CH CHARACTER CBOJ, IDT2 90 1....... 
llXl*lrNFrNl1N2r'H,I) IDT2 100 
FIXED BINARY,. JOT2 110 

NF 
Nl 
N2 

=72, • IOT2 120 
=lr • IDT2 130 
"'NF,• IDT2 140 

SlO •• 
IF H LE N2 
THEN N2 =H,. 
GET· EDIT ICH) IAl8Q)),. 
GET STRING (CHJ EDIT I crxc J) 
Nl · ""N2+lr. 
JF· NL LE f4 
THEN DO,. 

N2 =N2+NF, • 
GO.TO 510,. 
END,• 

RETURN,. 
ENDr • 

OD I= Nl TO N2JI ICNFIFllJlr• 

/*END Of PROCEDURE IDT2 

IDT2 150 
IDT2 160 
1012 170 
JDT2 180 
1DT2·1CJO 
IDT2 200 
IOT2 210 
IDT2 220 
IDT2 230 
IDT2 240 
IDTZ 250 
IDTZ 260 

*I IOT2 270 

souT.. sour 10 
'************** ** *** c:••**** *********~** *******************************'sour 20 
I* •/SOUT 30 
I*. TO PRINT THE RESULTS OF A STEP-WISE MULTIPLE REGRESSION. */SOUT 40 
I* *ISOUT ~O 

l****************************************************************Ct****ISOUT !-."~ 

I• 

I• ,. 
I• 

,. ,. ,. 

PROCEO.URE I NSTEPrANS1l1BrS1T rBETAI 1. 
DECLARE 

NSTOP EXTERNAL CHARACTER" UI r 
IANS<•J ,Be •J ,s1•1, T1•1, BETAl•l I 
BINARY FLOAT, /*SINGLE PRECISION VERSION 
BINARY FLOAT (5311 !*DOUBLE- PRECISION VERSION 
INSTEPl*I tll *J rl rNl . 
FIXED BINAPY,. 

TEST WHETHER THIS l S THE FIRST ST.EP 

IF NSTEP(4) LE 1 
THEN 001 • 

PUT EDIT l'DEPENDENT VARIABLE••••••••••••'rNSTEPlll) 
I SKIP12J ,COLUMN( lOJ 1ArFC 21 J,. 

PUT EDIT l 1 NUHBER OF VARIABLES FORCED •••• •,NSTEPC2JJ 
I SKI P1 COLUMNClOI ,A, Fl Z J J 1. 

PUT EDIT C'NUMeEP. OF VARIABLES DELETEO ••• •,NSTEPUJ) 
I SKI PrCOLUHN(lOJ ,A,f( 2) J 1. 

ENDr. 

PRINT THE RE SUL TS OF A STEP 

PUT EDIT l 1STEP 1 rNSTEP(41J (SKIP(31,CDLUMNl10J,A,fl3JI,. 
PUT EDIT ('VARIABLE ENTERED ••••• •,NSTEP(5)) 

{ 5Kl PC 21,COLUMNI101rArFC21J1. 
PUT SKI PC 2J,. -
IF t-JSTEP( 41 LE NSTEPC 21 
THEN PUT EDIT I' CFOPCED VARJABLEl'I CSKIPrCOLUMNUOJ,AJ,. 
!>UT EDIT C'SUM OF SQUARES REDUCED IN THIS STEP••••'rANSClJI 

IRIF/1l)J,. 
FHl •• 

FORHAT ( SKIPI 1J ,COLUHNI 101rA1FC13 ,31) r. 
PUT EDIT ('Pl<OPORTJCIN REOUCl:D IN THIS STEPo•••••••'rANSl211 

IP.I FMll J 1 • 

PUT SKJP(2J,. 
PUT EDIT l'CUMULATIVE SUH OF· SQUARES REOUCED••••••'tANSl3JI 

IRIF~lJJ,. 

SOUT "j\) 

sr.iuT 30 
~UUT ~O 
~t)UT 100 

/*S*/SOUT 110 
/*D*/SOUT 120 

sour 130 
SOUT 140 

*ISOUT 150 
*/SOUT 160 
*/SOUT 170 

sour 100 
snur lCJo 
SOIJT 200 
sour 210 
sour 220 
SOUT 230 
sour 240 
SOUT 250 
sour 260 

*/SOUT 270 
•ISOIJ'T 280 
*/SDUT 290 

SOUT 300 
sour 310 
sour 320 
sour 330 
sour 340 
sour 350 
sour 360 
sour 370 
SOUT 380 
SOUT 390 
sour 400 
SOUT 410 
sour 420 
SOUT 430 
SOUT 440 

PUT EDIT l'CUMULATJVE PROPORTION REDUCED •••••••••• •,ANS(4),• 
ANSI 51 J C Ski P,COLUHNI 10 J ,A,FC 13,31 tA ,FC 13r31J1 • 

OF'r SOUT-450 

PUT EDIT ( 1FOR 1 rNSTEPl4J r' VARIABLES ENTERED') 
I SKIPl2J, COLUMNC 1011A1FC3J ,A It• 

PUT EDIT l'MULT1PLE CORRELATION COEFFICIENT ••• 1 ,ANSCbll 
ISKIPI 11,COLUMNC l21 rAtFC9,3) Ir. 

PUT EDIT l'IADJUSTED FOR D.F.l•••••••••••'1ANSl10JI 
C SKI PO 1rCOLUMNI171tArFl9r3J)1 • 

PUT EDIT { 'f"-YALUE FOR ANALYSIS OF VARIANCE ••• •,ANSC11 I 
I SKI Pl l J,COLUHNI 12) rArFC9.3J It• . 

PUT EDIT I 'STANDARD ERROR OF ESTIMATE •••••• ••.' rANS.CBJ I 
I SKI P(l ),COLUMN I 121,A,FC 9.31 Jr• 

PUT EDIT l 1 0DJUSTEO FOR O.F.J.••••••••••'rANSllllJ 
I SKIP( l I 1COLUHNI 171,A,FI913111. 

PUT EDIT l'VARI·A8LE 1 r 1REGRESS10"'•'STO. ERROR OF •,•tOHPUTED•, 
'BETA' r 1 NUHBE1P, 'COEFFICIENT' r 'REG. COEFF. 1 r 1T-VALUE 1 r 
'COEFFICIENT' J 
C SKJPI 21rCOLUMNC12) 15 lA,KI 511,SKIPI11rCOLUHNI131 rAr Xl61 rAt 
X14), A,XI 81 rArXC6) rAI t• 
ooNSTEP( 41 1 • 

DO I = 1 TO N"" 

SOUT 460 
SOUT 470 
SDUT 480 
sour 490 
sour 500 
sour 510 
sour 520 
sour 530 
sour 540 
SOUT 550 
SOUT 560 
sour 570 
sour 5so 
sour 590 
sour 600 
sour 610 
sour 620 
SOUT 630 

PUT EDIT 'I LI 11 rBI II ,Sil J 1TC I J rBETACI I J ISKIPU),COLUf4NI lltl1 
. Fl 3J ,Fl 18,51 rFU6,51rF11413J1Flllt15J h· 

SOUT 640 
sour 650 
SOUT .660 
sour 670 

END,. , 
PUT EDIT l'JNTERCEPT 1 rANSl'9)) ISKIPrCCl..UHNU211ArF11415JJ,. 
NSTOP"''~'•• 
FIETUR.N,. 
ENO,. l*ENO OF PROCEDURE SOUT 

CANONICAL CORRELATION CANO 

Problem Description 

sour 680 
SOUT 690 
sour 100 
SOUT 710 

*/SOUT 720 

This program analyzes the interrelatio.ns between 
two sets of variables measured on the same sub
jects. These variables are predictors in one set 
and criteria in the other set, but it is irrelevant 
whether the variables in the first set or in the sec
ond set are considered as the prediction variables. 
The canonical correlation, which gives the maxi
mum correlation between linear functions of the two 
sets of variables, is calculated. x2 is :ilso com
puted to testthe significance of canonical correlation. 

The sample problem for canonical correlation 
consists of four variables in the first set (left-hand 
side) and three variables in the second set· (right
hand side) as presented in Table 2. These two sets 
of measurements have been made on 23 subjects. 
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Table 2. Sample Data for Canonical Correlation 

First set Second set 

Observation X1 X2 X3 . Xi Y1 Y2 

1 191 155 65 19 179 145 
2 195 149 70 20 201 152 
3 181 148 71 19 185 149 
4 183 153 82 18 188 149 
5 176 144 67 18 171 142 
6 208 ·157 81 22 192 152 
7 189 150 75 21 190 149 
8 197 159 90 20 189 152 
9 188 152 76 19 197 159 

10 192 150 78 20 187 151 
11 179 158 99 18 186 148 
12 183 147 65 18 174 147 
13 174 150 71 19 185 152 
14 190 159 91 19 195 157 
15 188 151 98 20 187 158 
16 163 137 59 18 161 130 
17 195 155 85 20 183 158 
18 196 153 80 21 173 148 
19 181 145 77 20 182 146 
20 175 140 70 19 165 137 
21 192 154 69 20 185 152 
22 174 143 79 20 178 147 
23 176 139 70 20 176 143 

Program 

Description 

The canonical correlation program consists of the 
main routine named CANO, a special input routine, 
DAT2, and five subroutines from the Scientific 
Subroutine Package: CORR, CANC, MINV, MGDU, 
and MSDU. 

Capacity 

The capacity of the sample program and the format 
required for data input have been set up as follows: 

1. The number of variables in the first set (that 
is, left-hand variables) must be greater than or 
equal to the number of variables in the second set 
(that is, right-hand variables). 

2. Up to 99, 999 observations 
3. Up to ten data cards per observation 
4. (12 F (6, 0)) format for input data cards. 

Therefore, if a problem satisfies the above condi
tions, it is not necessary to modify the sample 
program. However, if the input data cards are 
prepared using a different format, the input format 

Y3 

70 
69 
75 
86 
71 
77 
72 
82 
84 
72 
89 
70 
65 
99 
87 
63 
81 
74 
70. 
81 
63 
73 
69 

in the special input subroutine, DAT2, must be 
modified. The general rules for program modifi
cation are described later. 

Input 

Control Card 

One control card is required for each problem and 
is read by the main program, CANO. This card is 
prepared as follows: 

Columns Contents For Sample 
Problem 

1-6 Problem number (may SAMPLE 
be alphameric) 

7-11 Number of observations 00023 
12-13 Number of variables in 04 

the first set (that is, 
left-hand variables)* 

14-15 Number of variables in 03 
the second set (that is, 
right-hand variables) 

16-17 Number of data cards 01 
per observation 

Leading zeros do not have to be keypunched, but 
must be right-justified within the field. 

Data Cards 

Since input data are read into the computer one ob
. servation at a time, each row of data in Table 2 is 
keypunched on a separate card using the format 
(12 F (6, 0)). This format assumes twelve 6-column 
fields per card. 

Deck Setup 

Deck setup is shown in Figure 20, 

*The number of variables in the first set must be 
greater than or equal to the number of variables 
in the second set. 
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Data ~ 
,c=C=o=n=tr=ol=:::;;i_ La•t pr~ble.m 

Card 

.2=.==a- Second problem Data 'l 
Control 

Card 

Dato ~ l ,c:!=.==i'Ly Finl problem 

Procedures and main program 

Figure 20. 

Sample 

The listing of input cards for the sample problem is 
shown in Figure 21. 

CANON I CAL COltRELA TlON • • • • • SA~PLE 
•o. OF 1'.'18SEltVAT10~S 23 

""· OF LEFT HA.NO VAIUARLES 4 
NO. OF ltIGHT HANO YA~JABLES 3 

MEANS 
185.47826 l49.913C4 76.Bb955 19 .47826 183 .ccccc 

STANDARD DEVIATIONS 
1C.1C342 6.31673 10.46338 1.08165 9.84424 

COQQELATI ON COE FF tCI ENTS 

ROW 1 
l .coccc 0.74852 c. "37082 o. 66441 r:' .62291 0.66081: 

ROW 2 
C.74852 l. coooo· Q.63252 0.2259C c .668 ll o.121ao 

ROW 3 
0.37Cl12 C.63252 1. occcc 0.206'37 0.47394 0.6C·l69 

ROW· 4 
0.66441 O. 2259C 0.20657 l.CCCCC c .32870 0.34%3 

ROW 5 
0.622'H 0.66811 C.47394 o. 32&7(\ l .COOCC 0.8255'3 

ROW 6 
0.66C90 0.7276(1 C.6Cl69 C.34963 C! .82555 l .cci::cr:: 

•ow 1 
0.24683 0.53194 C!. 7S684 -0.1~733 0. 39258 c.47.'j57 

Figure 22. 

SAfl.PL E CCC2 3 C403Q'l 
1"1 155 65 19 179 145 7C 
1Cj5 l« 10 20 201 152 6< 
181 148 71 19 185 149 75 
183 153 82 18 188 149 86 
176 144 67 18 171 142 71 
2CE 157 81 22 192 152 11 
18< 150 75 21 l9C 149 72 
197 15Cj 90 20 18< 152 82 
188 152 76 19 197 159 84 
192 15C 78 20 187 151 72 
179 15E •• 18 186 148 B9 
183 147 65 lB 174 147 7C 
174 15C 71 19 185 152 65 
19G }51j 91 19 195 157 99 
1B6 151 98 20 IB7 ISE B7 
163 1:37 .. lB 161 130 63 
195 155 BS 20 183 15B Bl 
196 153 BO 21 173 14B 74 
IBI 145 11 20 1B2 146 1C 
175 14C 7C ,. 165 137 Bl 
192 154 69 20 1B5 152 63 
174 143 7< 20 ne 147 73 
176 uc; 70 20 17< 1<3 69 

Figure 21. 

Description 

The output of the sample program for canonical 
correlation includes: 

1. Means 
2. Standard deviations 
3. Correlation coefficients 
4. Eigenvalues and corresponding canonical 

correlation 
5. Lambda 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
llO 
120 
130 
140 
150 
160 
170 
lBO 
190 
200 
210 
220 
230 
240 

6. Chi-square for left- and right-hand variables. 

Sample 

The output listing for the sample problem is shown 
in Figure 22. 

148.1!2608 75.7~912 

6. 1'3965 9.C5647 

0 .24693 

0.53191.. 

0.7%84 

-o.1~733 · 

0.39258 

0.47657 

l.COr:'OI'.' 
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NUM13ER OF 
EIGENVALUES 

REMOVED 
0 
l 
2 

LARGi:sr 
EIGENVALUE 
~EMAINING 

O.H~BC 
0.4191(' 
0.00767 

CCPRESPONDI NG 
CANONICAL 

CCPAELATION 
C.89376 
0.64738 
C.C876C 

CANONICAL COR~ELATION C.69376 

COEFFICIENTS f:JR LEFT HANO VA~IASLES 
l).~6310 -C.16059 1.05822 

COEFFICIENTS FOR ~IGtn HAND VARIABLES 
-O.r.!2133 C.44090 0.89730 

CANONICAL CORRELATION C.6473ij 

COEFFICIENTS FOP LEFT HANO VARIABLES 

I} .09454 -o. 83915 0066309 

COEFFICIENTS FOR RIGHT HANO VAP.IABLES 
-0.4'3641 -0.55503 0.7G692 

CANONICAL CC'P.RElATION O.G876C 

COEFFICIENTS FOP LEFT HANO VARIABLES 
0.02681 0.36C55 -0.28827 

COEFFICIENTS FOR RIGHT HAND VARIABLES 
c. 70325 -c. 70384 0.10028 

END OF SAMPLE PROGRAM 

Figure 22. (Continued) 

Program Modifications 

lAMeOA 

·= .11598 
':1.57644 
0. 99233 

-C.56651 

-o .64892 

-o. 32496 

CHI-SQUAR.E 

40.93277 
10.46676 

l'J.14636 

Input data in a different format can also be handled 
by providing a specific format statement. In order 
to familiarize the user with program modifications, 
the following general rule is supplied in terms of the 
sample problem: 

1. Changes in the input format statement of the 
special input routine, DAT2. · 

Since sample data are either two- or three-digit 
numbers, rather than using six-column fields as in 
the sample problem, each row of data might have 
been keypunched in seven 3-column fields; if so, the 
format would be changed to (7 F (3, 0)). Note that 
the current input format statement will allow a max
imum of twelve variables per card. 

The special input routine is normally written 
by the user to handle different formats for different 
problems. The user may modify this subroutine to 
perform testing of input data, transformation of 
data, and so on. 

2. If there is more than one card per row of data, 
the value of the card count indicator (NC ARD), which 
appears in columns 16-17 of the control card, must 
be changed to agree with the number of data cards 
per row. 

Operating Instructions 

The sample program for canonical correlation is a 
standard PL/I program. Special operating instruc
tions are not required. Data set SYSIN is used for 
input; data set SYSPRINT, for output. 

DEGREES 
OF 

FREEDOM 
12 

• 2 

The execution of this sample program on a System/ 
360 Model 40, using an IBM 2540 Card Reader as 
input and an IBM 1403, Model Nl, as output, is 17 
seconds. 

CANO.. Cl No 10 
/*********************************************************************/CANO 20 
I* */CANO 30 
I* TD READ THE PROBLEM PARAMElER CARD FOR A CANONICAL CORRE- */CANO 40 
I* LATION, CALL TWO PROCEDURES TO CALCULATE SIMPLE CORRELATIONS,•/CANO 50 
I* CANONICAL CORRELATIONS, CHI-SQUARES, DEGREES OF FREEDOM "FOR */CANO 60 
I* CHI-SQUARES, AND COEFFICIENTS FOR LEFT AND RIGHT HANO */CANO 70 
,. VARIABLES, NAMELY CANONICAL VARIATES, AND PRINT THE RESUL rs. •/CANO 80 
I* . •/CANO 90 
/*********************************************************************/CANO 100 

PROCEDURE OPTIONS I MAI NJ,. CANO 110 
DECLARE CANO .120 

I l 110,J,M,MH,MP '"Q,N,Nl) CANO 130 
FIXED BINARY, CANO 140 
CH CHARACTER I BOJ, CANO 150 
ERROR EXTERNAL CHARACTE:R 111 r CANO 160 
INCARD,NVI EXTERNAL, CANO 170 
PR CHARACTER 16),. CANO 180 

I* •/CANO. 190 
ON ENOFILE ISVSINJ GO TO EXIT,. CANO 200 

SlOO.. CANO 210 
GET EDJT CCHJ UC 80)), • CANO 220 
GET STRING CCHI EDIT IPR1NrMP1M01NCAROJ IAC6J,Fl5),3 FC2JJ,. CANO 230 

I* */CANO 240 
I* PR ••••••• PROBLEM NUMBER IHAY BE ALPHAMERJCJ */CANO 250 
I* N •••• ••••NUMBER OF OBSERVATIONS */CANO 260 
I* KP.••• ••• NUMBER OF LEFT HAND VARIABLES */CANO 270 
I* MQ ••••••• NUHBER OF RIGHT HANO VARIABLES */CANO 280 
I* NCARO •••• NUMBER OF CARDS PER OBSERVATION */CANO 290 

I* PUT EDIT l'CANONICAL C~RREi.~TION ••••• 1 ,Pd, 1 NO. OF DBSERVATI0°NS•1ff/1~:~~ ;~~ 
'NO. Of LEFT HAND VARIABLES' ,MP, CANO 320 
•NO. OF RIGHT HAND ~ARIABLES 1 ,MQJ IPAGE,COLUMNUOl1A1A(6J, CANri .330 
SKIPI 1J1COLUMNI 12) ,A,XI 8) 1F14J ,SKIP I U rCOLUMNI 1Zl 1A1 Ft511 CANO 340 
SKIPl1J,COLUMNl12J,A,Fl4)),. CANO 350 

M =HP+MQ 1• CANO 360 
NCARD=NCARD•so,. CANO 370 
NV =01. .CANO 380 

STRT.. CANO 390 
BEGIN,. CANO· 400 
DECLARE . CANO 410 

ICOEFLC MP,MQ) 1COEFR(MQ1 HQ) ,R(M,H) ,RX Ull1MJ ,CHISQ(MQJ ,CANRIMQ), CANO 420 
STDIMJ ,XBAR(M) ,XI lrU 1B(HJ ,ROOTS IMQJ 1WLAM(MQJ I CANO 430 
BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/CANO 440 

I* BINARY FLOAT (531 1 !*DOUBLE PRECISION VERSION J.•D•/CANO 450 
NDflMQJ FIXED BINARY,. CANO 460 

10 =01. CANO 470 
X =O. o,. CANO 480 
CALL CORR IN1M1I01XtXBAR,ST01RX1R1BJ ,. CANO 490 
If ERROR NE 'O' CANO 500 
THEN 001. CANO 510 

Pi.JT EDIT ('IN ROUTINE CORR ERROR CODE= 1 rERRORJ CANO 520 
'5KIPlZJ,COLUMNllOl1A1AflJJ,. CANO 530 

GO TD SlOO,. CANO 540 
END,. . CANO 550 

I* */CANO 560 
I* PRINT MEANS, STAtllDARD DEVIATIONS, AND CORRELATION */CANO 570 
I* COEFFICIENTS Of All VARIABLES */CANO 580 
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I• 
PUT EDIT l 1 MEANS 1 ) (R(fHl)J,. 

FMt •• 

*/CANO 590 
CANO 600 
CANO 610 
CANO 620 
CANO 630 
CANO 640 
CANO 650 
CANO 660 

FORMAT ISKIPlZJ,COLUMNllOJ,A),. 
PUT EDIT llXBARll) DO I= 1 TO M>J IRIFH2JI,. 

FHZ •• 

I• 
I• 
I• 
I• 

'* I• 
I• 

I• 
I* 
I• 

FORMAT (SKIP,COLUMNl101r7 FU5,5)),. 
PUT EDIT ('STANDARD DEVIATIDNS'I IRIFHUJ,. 
PUT EDIT llSTD(lJ DO I= L TO HI) (R(FM2JJ,. 
PUT EDIT ('CORRELATION COEFFICIENTS') ISKIPl2JrCOLUHNllOJ,Alt• 

DO I = L TO M, • 
PUT EDIT l'RDW',II (5KIPl2JrCOLUMNl101rArF14JJ,. 

CANO 670 
CANO 680 
CANO 690 

PUT EDIT llRII,Jl DO J= l TO HJJ ISKlPrCOLUMNllOJ,9 FIL2r5>J,. 
END,. 

CANO 700 
CANO 710 
CANO 720 

CALL CANC l_NrHPr HQ,R,ROOTS,WLAM,CANR,CHI SC,NOFrCOEFR,COEFL I,• 
IF ERROR NE • 0' 
THEN DO,• 

PUT EDIT ('IN ROUTINE CANC ERROR CODE = 'r ERROR) 
ISKIPIZ I ,COLUMN CLO I rArAl lJ),. 

IF ERROR ,,;, 'l9 
THEN GO TO 5100, • 
ENO,. 

PRINT EIGENVALUES, .CANONICAL CORRELATIONS, LAMBDA, 
CHI-SQUARES DEGREES OF FREEDOM 

PUT EDIT ('NUMBER OF ', t LARGEST', •CORRESPONDING', 'DEGREES' 1 

'EIGENVALUES' , t EIGENVALUE' , t CANONICAL' r 'LAMBDA', 
'CHI-SQUARE' r 'Of'• 'REMOVED' r 1 REMAINJNG', 1 CORRELAT10N 1 , 

'FREEDOM' I I SKIP 141 1 COLUMNI L3 I ,A 1 X( 5 J ,A,Xl7),A 1 Xf31J, Ar 
SKIP ,COLUMN I 11 J ,A,XI SJ, A,X 17J,A,X171,ArXtSI, A, Xl7), A, 
SKIP ,COLUMN I 131 ,A,X (7), A,X 17) ,A,X l3ZJ, Al,• 
DO l = l TO HQ,• 
NL =l-l 1. 

TEST WHETHER EIGENVALUE I$ GREATER THAN ZERO 

MM =Nlr. 
IF ROOTSIII GT O.O 
THEN DO,. 

ENO,. 

PUT EDIT I NlrROOTS 11 I ;CANRI I J,WLAMll I ,CHI SQ I I 1 rNDf(] I J 
I SKIP I U ,COLUMN I lOJ ,FC7 J ,Fl l9r51tf116151, 
2 F114,5J 1 Xl5),F1511 1 • 

MM =HQ,. 
ENO,. 

PRINT CA~ONICAL CORRELATION 

00 1 = 1 TO HH,. 

CANO 730 
CANO 740 
CANO 750 
CANO 760, 
CANO 770 
CANO 780 
CANO 790 
CANO 800 

*/CANO 810 
*/CANO 820 
*/CANO 830 
*/CANO 840 

CANO 850 
CANO 860 
CANO 870 
CANO 880 
CANO 890 
CANO 900 
CANO 910 
CANO 920 

*/CANO 930 
*/CANO 940 
*/CANO 950 

CANO 960 
CANO 970 
CANO 980 
CANO 990 
CANOlOOO 
CAN01010 
CAN01020 
CAN01030 
CAN01040 

*/CAN01050 
*/CAN01060 
*/CAN01070 

CANOlOBO 
PUT EDIT ('CANONICAL CORRELATION' ,CANRI 11 J ISK IP 15) ,COLUHNI 1011 CAN01090 

ENO,. 

A,fllZ,511,. 
PUT EDIT ('COEFFICIENTS FOR LEFT HANO VARIABLES' J (RIFMlJJ,. 
PUT EDIT ((COEFLIJ,II DO J::: 1 TO HPl) (RlfH2)),. 
PUT EDIT I 'COEFFICIENTS FOR RIGHT HAND VARIABLES' I 
PUT EDIT llCOEFR(J,II DO J= 1 TO f1'lll tRIFH2J),,. 
END,. 

GO TO 5100,. 

CANOUOO 
CANOL 110 
CAN01120 

EXIT •• 

Uq FKlJ), • CAN01130 
CANOL 140 
CAN01150 
CAN01160 
CANOll 70 
CANOllBO 

PUT FILE ISYSPRLNTI EDIT ('END OF SAMPLE PROGRAM') 
I SKIP (51tCOLUMN(101 ,AJ,. 

END,. /*END OF PROCEDURE CANO 

CAN01190 
CANOL200 

•ICAN01210 

DATZ.. DATZ 10 
I******************************~'************************************ **I DAT 2 2 0 
I* */DATZ 30 
I* TO READ FLOATING POINT DATA, ONE OBSERVATION AT A TIME. */OA.TZ 40 
I* DATA MAY BE SAVED ON A DATA SET• */DATZ 50 
I* */DATZ 60 
I*******************************'°'*******$**************************** *I DAT 2 10 

l• 

PROCEDURE (~,QI,. OATZ 80 
DECLARE DATZ 90 

XDATA F[LE STREAM ENVIRONMENT (CONSECUTIVE 'vczooo,zoo11, DATZ LOO 
lNCARD,NVI EXTERNAL, DATZ LlO 
CH CHARACTER I NC ARO), DATZ lZO 
(J,M,MMI FIXED BINARY, DATZ 130 
DI*) FLCAT BINARY,. DATZ 140 

ON ENDFILE ( SYSINI 
GD TO EXIT,. 

'GET EDIT ICHI lldNCARO)),. 

*/DATZ L50 
DATZ 160 
DATZ 170 
DATZ 180 
DATZ 190 
DATZ ZOO 
DATZ ZlO 
DATZ 220 
DATZ 230 
OATZ Z40 
DATZ 250 
DATZ 260 
DATZ Z70 
DATZ ZBO 
DATZ 290 

MM =CEILIM/12),. 
GET STR.ING (CHI EDIT 110111 DD I= 1 TO Ml} 

I !MM) I ( 121Fl6 7 0) 7 X(8) I l,. 
IF NV= l 
THEN PUT FILE IXDATAJ EDIT ((O(J) DO I= l TOM)} ((M}f(6,C)),. 
REVERT ENDFILE ISYS!Nl,. 
RETURN,, 

EXIT •• 
PUT FILE lSYSPRINTJ EDIT !'ERROR INSUFFICIENT DATA'I 

{SKIP! ll ,COLUMN( l0l 1AI,. 
S_TOP,. 
END1. /*ENO OF· PROCEDURE DATZ 

ANALYSIS OF VARIANCE ANOV 

Problem Description 

*/DATZ 300 

An analysis of variance is performed for a factorial 
design by use of three special operators suggested 
by H. O. Hartley. * The analysis of many other 

*H. o. Hartley, "Analysis of Variance" in Mathe
matical Methods for Digital Computers, edited by 
A. Ralston and H. Wilf, John Wiley and Sons, 1962, 
Chapter 20. · · 

designs can be derived by first reducing them to 
factorial designs, and then pooling certain com
ponents of the analysis-of-variance table. 

Consider a three-factor factorial experiment in 
a randomized complete block design, as presented 
in Table 3. In this experiment factor A has four 
levels, factors B and C have three levels, and the 
entire experiment is replicated twice. The repli
cates are completely unrelated and do not constitute 
a factor. 

Table 3. Sample Data for Analysis of Variance 

R eplicate b, b, b, 

(Block) a1 a, a, a4 a, a, a, a4 a, a, a, a4 

r 3 10 9 B 24 B 9 3 2 B 9 B 

r I • • • • c, 4 12 3 9 22 7 16 2 2 2 7 2 

c, 5 10 5 B 23 9 17 3 2 B 6 3 

{" 
2 14 9 13 29 16 11 3 2 7 5 3 

r z , • • • c, 7 11 5 B 28 18 10 6 6 6 5 9 

c, 9 10 27 8 28 16 11 7 8 9 8 15 

Nevertheless, for the purpose of this program, a 
four-factor experiment (with factors A, B, C, and 
R) is assumed. Thus, each element of the data in 
Table 3 may be represented in the form: 

where a 1,2,3,4 

b 1,2,3 

c 1,2,3 

r 1,2 

The general principle of the analysis-of-variance 
procedure used in the program is first to perform a 
formal factorial analysis and then to pool certain 
components in accordance with summary instructions 
that specifically apply to the particular design. The 
summary instructions for four different designs are 
presented in the output section. 

Program 

Description 

The analysis of variance program consists of the 
main routine, named ANOV, a special input routine 
DA T3, and one subroutine from the Scientific Sub
routine Package: AVAR. 
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Capacity 

The capacity of the sample program and the format 
required for data input have been set up as follows: 

1. Up to 14 factors 
2. The total number of data points is limited 

only by the size of available core storage used for 
input. 

3. (12 F(6, 0)) format for input data cards. There
fore, if a problem satisfies the above conditions, it 
is not necessary to modify the sample program. 
.However, if the input data cards are prepared using 
a different format, the input format statement must 
be modified. The general rules for program modi
fications are described later. 

Control Cards 

Two control cards are required for each problem 
and are read by the main program, ANOV. 

The first card is prepared as follows: 

Columns Contents 
For Sample 

Problem 

1-6 Problem number (may be ·SAMPLE 
alphaineric) 

7-8 Nuinber of factors 04 

The second card is prepared as follows: 

Columns 

1 
2-5 

6 

7-10 

11 
12-15 

16 
17-,20 

66 

67-70 

Contents 

Label for the first factor 
Number of levels for the 
first factor 
Label for· the second 
factor 
Number of levels for the 
second factor 
Label for the third factor 
Number of levels for the 
third factor 
Label for the fourth factor. 
Number of levels for the 
fourth factor 

Label of the fourteenth 
factor 
Number of levels of the 
fourteenth factor 

For Sample 
Problem 

A 
0004 

B 

0003 

c 
0003 

R 
0002 

Leading zeros do not have to be keypunched. 

Data Cards 

Data is keypunched in the following order: x 1111, 

x2111' x3111' x1211• x2211' x3211' • • ·' x4332. 
In other words, the leftmost subscript (namely, the 
first factor) is changed first; then the second, third, 
and fourth subscripts. In the sample problem, the 
first subscript corresponds to factor A; the second, 
third, and fourth subscripts, to factors B, C, and 
R. Since the nuinber of data fields per card is 
twelve, implied by the format (12 F(6, 0)), each row 
in Table 3 is keypunched on a separate card. 

Deck Setup 

Deck setup is shown in Figure 23. 

Data ~ 
,C=C=on=tr=o=I =i'I--- . Last problem 

Cards 

Data ~ ,C=====<t- Second problem 
Control 

Cards 

Data ~ ,C=.======iL· .. First problem 

Control 
Cards 

AVAR 
Procedures and main program 

ANOV 

Figure 23. 

Sample 

The listing of input cards for the sample problem is 
shown in Figure 24. 

1'SAl'PL£ 4 10 
A 4f 3C ,. 2 20 

10 9 a 24 a • 3 2 a 9 a 30 
4 12 3 • zz 1 16 2 2 2 1 2 40 
5 IC 5 a 23 • 17 3 2 a 6 3 50 
2 14 • 13 ZS 16 II 3 2 1 5 3 60 
1 II 5 a ze 18 lC • • 6 5 9 70 

• IC 27 a 2• 16 II 1 a 9 a 15 80 

Figure 24. 
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output 

Description 

The output of the sample analysis-of-variance pro
gram includes the numbers of levels of factors as 
input, the mean of.all data, and the table of analysis 
of variance. In order to complete the analysis of 
variance properly, however, certain components in 
the table may need to be pooled. This is accom
plished by means of summary instructions that 
specifically apply to the particular experiment. 
Some of these are presented in Table 4. 

As mentioned earlier, the sample problem is a 
randomized complete block design with three factors 
replicated twice. Therefore, it is necessary to pool 
certain components in the table of analysis of vari
ance shown in Figure 25. Specifically, the compo
nents AR, BR, ABR, CR, ACR, BCR, and ABCR 
are combined into one value, called the error term. 
The result is indicated in Figure 25. Since these 
data are purely hypothetical, interpretations of the 
various effects are not made. 

Table 4. Instructions to Summarize Components 
of Analysis of Variance 

Randomized 
Single Classification Two-way Classificatio Complete Block Split Plot 
with Replicates with Cell Replicates with Two Factors 

---
(Input) 
Factor No. 1 Groups =A Rows =A Factor 1 =A Main treatment = A 

2 Replicates = R Columns = B Factor 2 = B S 11btreatmc11t = B 
3 Replicates = R Blocks = R Blocks = R 

<Output) 
Sums of squares A A A A 

R B B B 
AR AB AB AB 

R R R 
AR AR AR 
BR BR BR 
ABR ABR ABR 

Summary Error = R + CAR> Error = R + CAR) Error= CARl+!BRl Error= !BRl+!ABRl 
instruction +<BRl+CABRl +CABRl (b) 

Analysis of Groups A Rows A Factor 1 A Main treatment A' 
variance Error Columns B Factor 2 B Blocks R 

lnteractior.i AB Interaction AB Error (a) AR 
Error Blocks R Subtreatmenl B 

Error Interaction AB 
Error Cb) 

Sample 

The output listing for the sample problem is shown 
in Figure 25. 

ANAL VS IS OF VARIANCE ••••• SAMPLE 

LEVELS OF HCTORS 
A 4 
B 3 
c 3 
• 2 

GRANO MEAN 9.40278 

SOURCE OF SUHS OF DEGREES OF MEAN 
VARIATION SQUARES FPEEDOH SQUAFl:ES 

A 229.04166 3 76.34721 
B 722.69434 2 361.34717 
AB 1382.08325 6 230.34720 
c 55.11110 2 27 .55554 
AC 42.00000 6 1.00000 
BC 13.13889 4 3.28472 
ABC 140. 75000 12 11. 72917 

• 141 .68054 I 141.68054 
AR 1B.Sl944 3 6.27315 
AR 6.(12778 2 3.01389 
ABR 176.97221 6 29.49536 
CR 40. 77777 2 20.38889 
AC• 50 .55554 6 8.42592 
BCR 62.63889 4 15.65972 
ABCR 151.C2777 12 12.58565 

TOTAL 3233.31763 71 

END OF SAMPLE PROGRAM 

Figure 25. 

Program Modifications 

Input data in a different format can also be handled 
by providing a different format statement. In order 
to familiarize the user with the program modifica
tions, the following general rule is supplied in terms 
of the sample problem: 

Only the format statement and the variable per card 
count indicator for input data may be changed. Since 
sample data are either one- or two-digit numbers, 
rather than using a six-column field, as in the 
sample problem, each row of data might have been 
keypunched in a two-column field; if so, the format 
is changed to (12 F(2, 0)). This format assumes 
twelve 2-column fields per card~ beginning in 
column 1. 

Operating Instructions 

The sample analysis of variance program is a stan
dard PL/I program. Special operating instructions 
are not required. Data set SYSIN is used for input; 
data set SYSPRINT, for output. 

Timing 

The execution of this sample program on a System/ 
360 Model 40, using an IBM 2540 Card Reader as 
input and an IBM 1403, Model Nl, as output, is 11 
seconds. 
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ANOV,, ANDV lC 
I*********************>:<*************"********************************* *I A~ CW 2 O 
I* *I ANi:JV 30 
I* TO READ THE PROBLEM PARAMETEP CACl..D FOR ANALYSIS OF VARIANCE, */ANDV 40 
I* CALL THE PROCEDURES FOR THE CALCULATlON CF SUMS (1F SQUARES, */AWW SC 
I* DEGf:.EES OF FREEDOM ANO MEAN SQUAPEt ANO P~INT FACTOQ LEVELS, *ONOV 60 
I* GRflNO MfAN AND ANALYSIS OF VA~IANCE TABLE, */ANOV 70 
I* *-/ ANQV 80 
I*********************** **>l< **** *** ** * ** * * *** ** >l<**** * ** ** * ** "* ** * >l<** ***I AN OV 90 

PROCEOUFF. OPTIONS (MAIN),, ANOV 10(1 
OECLARF. A.NOV 110 

ll1J1K1LtM1MH,NI AN(IV 120 
FIXED 8INAf:.Y1 ANDV 13C 
ERROR EXTERNAL CHARACTER! i I, ANOV 140 
PRl CHARACTER (6), ANOV 150 
CH CHARACTER I 80J,, A"JOV 160 

I• 
ON F.NDFILE ISYSINI· GO TO EXIT,. 

SlC(I •• 

I• 
I• 
I• 
I* 

GET EDIT !CHI IACBCJJ,, 
GET STRING (CHl EDIT tPRl,Kl IA16J,Fl21),, 

N 

PR1 •••• PR0t3LEM NUHBEP (HAY BE" ALPHAMERTCJ 
K •••••• NUMBEP. OF FACTORS 

=I Z**KJ-1,. 
ONE., 

BEGIN,. 

I• 

I• 
I• 
I* 
I• 

OECL-ARE 
I SUM SOC NJ, SMEANI NJ ,GMEAN,SUN I 
FLOAT BINARY', /*SINGLE PRECISION VfRSJON 
FLOAT BINARY 153lu />:<DOUBLE PRECISION VE~SIDN 
ILEVF.LIK),NDf(NJ,ISTEPIKll e!NARY FIXED, 
IHEAOIKJ,FHT(Kl) CHARACTER llJ,. 

GET EDIT ICHJ IAl801),, 
GET STRING ICHJ EDIT flHEADl!),LEVELIIl DO I= l TO Kil 

114!AIU 1 Fl4Jl),. 

HEAQ •• ,FACTOR LEVELS 
LEVEL. .LEVELS OF FACTORS 

PUT EDIT [ 1 ANAL'fSIS OF VAOIANCf,., •• 1 ,PRl1'LEVELS OF FACTORS 1 1 
I PAGE 1 SKIP (4), COLUMN( 10 I ,A, A I 61 ,SK [ Pl4) ,COLUMN( 10), Al,. 

PUT EDIT ((HEADIIJ,LEVELllJ DO I"' 1 TO Kii 
(SKIP ,COLUMN I 131 ,Al ll tXI 71,F!4 l l,. 

M =DP.OD ILEVEll,. 
MH ""PROD [LEVEL+!),, 

TWO,. 
BEG JN,, 
DECLARE 

X{MHl 

*IANDV 110 
ANOV 180 
A"JOV 19C' 
ANOV 200 
ANOV 21C· 

*/AN(IV 22C 
*/ANOV 230 
*/ANOV 240 
*IA'lfJV 250 

ANOV 260 
ANOV 27C 
A~inv 280 
MWV 29C 
ANOV 30C 

l*S*/ANCV 31C 
l*D*/A".lOV 32C 

All!OV 330 
A~l('IV 34C 
ANOV 350 
ANOV 36C 
ANOV 370 

*I /\NOV 38(1 
*I A!llOV 390 
-tJ./ ANOV 4CC 
*/ANOV 410 

ANOV 420 
ANOV 430 
ANOV 440 
AllJOV 45C 
ANOV 46C 
ANOV 47C 
A"lOV 48C 
ANOV 49C 
ANOV 500 
A"JDV 51(1 

FLOAT BINARY~, 

FLOAT BINARY 153),. 
/*SINGLE PRECISION VE~SlON /*S~/ANOV 520 

I* 
x :Q,. 

/*DOUBLE PRECISION VERSION 

I• 
I• 
I• 

I• 
I* 
I• 

I• 
I• 
I• 

READ IN ALL INPUT DATA 

CALL DAT3 (M,X),. 
CALL AVAR I K ,LEVEL ,H, X,GHEAN, SUMSO ,NDF ,S~EAN It, 
If ER ROP NE I 0 I 

THEN DO,. 
PUT EDIT ( 1 1N ROUTINE AVAR ERROR CODE= 1 ,ERRORI ISKIPl2J, 

CO LUHN( 1(1) ,A,A(l I l,, 
GO TO SlOO,. 
END,, 

PRINT THE GRAND HEAN 

PUT EDIT ('GRAND HEAN' ,GMEAN) ISKIPl6l ,COLUHNI lCJ,A,Fl2C 15) 11 , 

PRINT ANALYSIS OF VARIANCE TABLE 

PUT EDIT { 1 SOURCE OF' ,•SUMS OF 1 , 1 DEGREES OF 1 1 1 MEAN 1 , 

I VA? IAT ION'' I SQUARES'' IF? EEOOM 1 • I SQUARES I I 
I SKJPI 6) ,CDLUMN( lOJ ,A,XI 181,A,XI101 ,A,Xl9J,A,SKIP, 
COLUMN( 10) ,A,XI 18) 1A1XI lll 1A,X 110) ,AJ 1. 

PUT SKIPI 21,, 
I STEP= 0 1 • 
IS TEP I 11= lr, 

DOl=lTON,. 
L = 01. 

DO J = 1 TO K,, 
FMHJJ=' I,. 
IF ISTEPIJJ NE 0 
THEN DO,. 

ENO,. 

L =L+l,. 
f."\TCLJ.:HEADIJ),, 
END,. 

I* INITIALIZE FOR PF.INT OUT 

PUT EDIT l(FMT(LJ DO L= 1 TO K),SUMSQ(l),NOF(IJ,SMEANCill 
I SKI Pi COLUMN 110), I Kl A { l l, COLUMNt23l t F ( 2Ct 5), X 110), 
Fl6) ,Fl2C151lt• 

IFILTN 
THEN DO,. 

ENO,. 

DO J = 1 TO Kr, 
IF ISTEPIJI= 0 
THEN DO,. 

ISTEPIJJ=l,. 
GO TO Sl60,. 
END,, 

ISTEP(Jl=O,. 
END,. 

Sl60 •• 
END I. 
"=M-1,. 

SUN .:SUM( SUMSOl,, 
PUT EDIT ( 1TOTAL 1 ,SUN,Ml ISKIP(211COLUMN(lOl1A1XllOl1Fll815l 1 

END,. 
ENO,, 

X( lCI ,F(61) I. 

GO TO su~o •• 
EXIT•. 

PUT FILE ISYSPRINTJ EDIT l 1 END OF SAMPLE PROGRAM') 
(SKIP( 5) ,COLUMN( 101 ,AJ I• 

END,. /*END OF PROCEDURE ANOV 

/*D*/ANGV 530 
ANOV 54C 

*/ANGY 550 
*I A"JDV 560 
*I ANOV 57(1 

ANOV 580 
A'H'.IV 590 
ANOV bOO 
ANOV 61C 
ANOV 620 
llNOV 63C 
A~DV 640 
A~IOV 65C 

*I ANDV 660 
*I ANDV 670 
*I ANOV 680 

ANOV 690 
*I ANOV 7('0 
*/ANOV 710 
*IMWV 720 

ANOV 73C 
MWV 74C 
ANOV 75C 
ANOV 760 
M!tJV 71C 

*I ANOV 780 
ANOV 790 
MWV BOC 
ANOV 81(1 
ANOV 820 
ANOV 830 
ANOV 84C 
ANOV 850 
ANOV 860 
A"IOV 870 
ANOV 880 
MllDV 890 
ANOV qoo 
ANOV 910 
ANOV .q20 
ANOV 930 
liNOV 940 
ANOV 950 
ANOV 96(' 
ANOV 910 
ANOV qac 

· ANOV 99(1 
ANOVlCOO 
ANOV1010 
ANOV1020 
ANOV1030 
A~OV1040 

.\NOV1050 
ANOV1060 
ANOV1070 
ANOV1080 
ANDV1090 
ANOVl 100 
ANOVll 10 
ANOVl 120 
AN0Vll3Q 
ANOV1140 
ANOV1150 

*/ANOV1160 

DAB., DAT3 10 
I********* l(o:* * **** *** *** * *** ** ** **** * * **** ***** ***** **** * *** ** *********I DA T3 2 0 
I* *IDAT3 30 
I* TO READ A VECTOR OF FLOATING POINT DATA. */DAT3 40 
I* •IDAT3 50 
I*******************************************************"'****** *******I DA T3 6 0 

PROCEDURE Pl,D I,. DAT3 70 
DECLARE DAT3 80 

CH CHARACTER {8CJ, OAT3 90 
(l,M,N1Nl,N2J DAT3 100 
FIXED BINARY, DAT3 LIO 
DCM) FLOAT BINARY,. OAT3 120 ,. 

I• 
!• 
!• 

N EQUAL THE NUMBER OF DATA POINTS PER 80 COLUMNS OF A DATA 
CM.D, 

ON ENDFILE I SY SI NJ 
GO TO EXIT,. 
N =121 • 
Nl =l,. 
N2 =N1. 

s10 •• 
IFMLEN2 
THEN N2 =Hr. 
GET EDIT (CHI IA19CJJ,, 
GET STRING (CHI EDIT {[Diii DD J.: Nl TO N2JJ llNJF(6,0)),, 
Nl =N2+1,. 
IF Nl LE .., 
THEN DO,, 

r-.:2 =N2+N,, 
GO TfJ SlO,. 
END,, 

REVERT ENOFILE ISYSIN),, 
RETUR.N, • 

EXIT,. 
PUT FILE ISYSPRINTI EDIT ('ERROR INSUFFICIENT OATA 1 J 

I SKIP( lJ,COLUMNllOJ ,Al 1 • 
STOP,, 
ENO,. /*END Of PROCEDURE DAT3 

DISCRThHNANT ANALYSIS MDSC 

Problem Description 

*IDAT3 130 
*/DAT3 140 
*/DAT3 150 
*/DAT3 160 

DAT3 170 
DAT3 180 
Do\T3 190 
OAT3 200 
DAT3 210 
DAT3 220 
DAT3 230 
OAT3 240 
OAT3 250 
OAT3 260 
DAT3 270 
DAT3 280 
DAT3 290 
DAT3 300 
DAT3 310 
DA T3 320 
DA T3 330 
DA T3 340 
DAT3 350 
DA T3 360 
DA T3 370 
DA T3 380 

*/DA T3 390 

A set of linear functions is calculated from data on 
many groups for the purpose of classifying new 
individuals into one of several groups. The classi
fication of an individual into a group is performed 
by evaluating each of the calculated linear functions, 
then finding the group for which the associated prob
ability is largest. 

The sample problem for discriminant analysis 
consists of four groups of observations, as presented 
in Table 5. The number of observations in the first 
group is eight, the second group seven, the third 
group seven, and the fourth group eight. The number 
of variables in all groups is six. 

Program 

Description 

The discriminant analysis consists of the main pro
gram MDSC, a special input routine DAT2, and 
three subroutines from the Scientific Subroutine 
Package: DMTX, MINV, DSCR. 
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Table 5. Sample Data for Discriminant Analysis 

Observation x, X2 X3 X4 x~ x6 

Group l l 3 10 9 8 24 8 
2 4 12 .3 8 2_2 7 
3 9 3 2 8 9 8 
4 16 2 2 2 7 2 
5 5 10 5 8 23 9 
6 17 3 2 8 6 .3 
7 2 10 9 8 29 16 
8 7 10 5 8 28 18 

Group 2 l 9 10 27 8 28 16 
2 11 7 8 9 8 15 
.3 8 10 2 8 27 16 
4 l 6 8 14 14 1.3 
5 7 8 9 6 18 2 
6 7 9 8 2 19 9 
7 7 10 5 8 27 17 

Group .3 l .3 11 9 ..... 15 20 10 
2 9 4 10, 7 9 9 
.3 4 1.3 10' 7 21 15 
4 8 5 16 16 16 7 
5 6 9 10 5 2.3 11 
6 8 10 5 8 27 16 
7 17 .3 2 7 6 3 

Group 4 l 3 10 8 8 23 8 
2 4 12 .3 8 2.3 7 
3 9 3 2 8 21 7 
4 15 2 2 2 7 2 
5 9 10 26 8 27 16 
6 8 9 2 8 26 16 
7 7 8 6 9 . 18 2 
8 7 10 5 8 26 16 

Capacity 

The capacity of the sample program and the format 
required for data input have been set up as follows: 

1. Up to 25 groups 
2. The number of variables and the number of 

observations depend on the size of core available 
for input. 

3. (12 F(6, 0)) format for input data. Therefore, 
if a problem satisfies the above conditions, it is 
not necessary to modify the sample program. . How
ever, if input data cards are prepared using a dif
ferent format, the input format statement in the 
special input routine may be modified. The generii.l 
rules for program modification are described 
later. 

Input --· 

Control Cards 

Two control cards are required for each probl~m 
and are read by the main program; MDSC. 

The first card is prepared as follows: 

Columns For Sample 
Contents 

Problem 

1-6 Problem number (may SAMPLE 
be alphameric) 

7-8 Number of groups 04 
(greater than 1) 

9-10 Number of variables 06 
11-12 Number of cards per 01 

observation 

The second card is prepared as follows: 

Columns 

1-3 

4-6 

7-9 

10-12 

73-75 

Contents 

Number of observations 
in the first group 
Number of observations 
in the second group 
Number of observations 
in the third group 
Number of observations 
in the fourth group 

Number of observations 
in the 25th group 

For Sample 
Problem 

08 

07 

08 

Leading zeros are not required to be keypunched. 

Data Cards 

Since input data are read into the computer one ob
servation at a time, each row of data in Table 5 is 
keypunched on a separate card, using the format 
(12 F(6, 0)). This format assumes twelVe 6-column 
fields per card. 

If there are more than twelve variables in a 
problem, each row of data is continued on the sec
ond and third cards until the last data point is key
punched. However, each row of data must begin on 
a.new card. · 

If there is more than one data card per observa
tion, the data card c.ount indicator (NC ARD), which 
appears in columns 11-12 of the first control card, 
must be changed to agree with the number of data 
cards per observation. 
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Deck Setup 

The deck setup is shown in Figure 26. 

Data 

Control 
Cards 

Data 'i ,C.==:::;;i_ Second problem 
Control 

Cards 

.Data ~ l 
,c.::'.:C=~=~=;~=:==<t / First problem 

Procedures and main program 

DMTX 

MDSC 

Figure 26. 

Sample 

The listing of input cards for the sample is shown 
in Figure 27. 

DISCRIMINANT ANALYSIS ••••• SAHPLE 

NUMBER OF GROUPS 
NUMBER JF VARIABLES 
SAMPLE SIZES.• 

GROUP 

GROUP 

GROUP 

GROUP 

I 

GROUP 
I 
2 
3 
4 

MEANS 
7.87500 

2 HEANS 
7.14286 

3 MEANS 
7.85714 

4 MEANS 
7. 750CO 

7. 50COC 

8. 57143 

7 .85714 

8.Q(l('(IQ 

POOLED DISPERSION MATRIX 

ROW I 
19.61876 -ll .16208 

ROW 2 
-11.16208 11.1:14505 

ROW 3 
-5.21497 5.61813 

ROW 4 
-6.09890 1.91758 

ROW 5 
-22. 74855 22. 60982 

ROW 6 
-9.54052 10.66757 

Figure 28. 

4.62500 7. 25000 ta.sooco 

9.57L43 7.85714 20.14285 

8.85714 9.28571 17.42856 

6. 750('0 7. 37500 21.37500 

-5.21497 -6, C9890 -22. 74855 

5.61813 l.91758 22 .60982 

39.45938 3.93681 16.23486 

3.93681 9.83310 4.62156 

16 .23486 4.62156 62.78633 

9.. 34546 3.83791 30.18262 

SAl"PLE °' 6 1 
e l l e 

3 IC 9 e ,. 8 
4 12 3 e 22 l 

• 3 2 8 9 e 
16 2 2 2 l 2 

5 10 5 e 23 9 
11 3 2 e • 3 

2 IC • e 29 16 
l 10 5 8 2E 18 

• 10 21 e 28 16 
11 l a 9 • 15 

• 10 2 e 27 16 
I 6 e H 14 13 
1 8 9 6 18 2 
1 9 8 2 19 9 
1 IC 5 e 27 17 
3 11 9 15 2C 10 

• 4 10 7 ' 9 

• 13 10 1 21 15 
8 5 16 16 16 7 
6 9 10 5 23 11 

• IC 5 8 27 16 
17 3 2 7 6 3 

3 10 8 8 23 8 
4 12 3 8 23 1 
9 3 2 8 21 1 

15 2 2 2 1 2 

' IC 26 8 27 16 

• • 2 8 26 16 
7 8 6 • 18 2 
1 10 5 8 2t 16 

Figure 27. 

Description 

The output of the sample program for discriminant 
analysis includes: 

1. Means of variables in each group 
2. Pooled dispersion matrix 
3. Common means 
4. General Mahalanobis D-square 
5. Constant and coefficient of each discriminant 

function 
6. Probability associated with the largest dis

criminant function evaluated for each observation 

Sample 

The output listing for the sample problem is shown 
as Figure 28. 

B. 87500 

12.57143 

10.14286 

9.25000 

-9.54052 

10. 66757 

9.34546 

3.83791 

3C. 18262 

29. 57480 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
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CGMMON MEANS 
7.66667 7.96667 

GENERALlZED MAHALANOBIS 0-SOUARE 

DISCRIMINANT FUNCTION l 

CONSTANT COEFFICIENTS 

-za. 49431 
2.63870 

DISCRIMINANT FUNCTION 2 

CONSTANT COEFFICIENTS 

-29.21Cl 1 
2.6193C 

OISCRl'HNANT FUNCTION ' 
CDNSTANT CCEFFICIENTS 

-31.86435 
2. 74450 

OISCFIMINANT FUNCTION 4 

CC:NST ANT COEFFICIENTS 

-3C. 82C28 
2. 7186C 

7.33333 7 .90000 

12. 76063 

2.122c5 -o. t 7167 

2.2523C -0.04816 

2.39588 -Q.06457 

2.C39?7 -0.13352 

EVALUATION CF CLASSIFICATIN1 FUNCTIONS FOR EA.CH CBSERVATION 

GRQUP l 

OBSERVATION 
I 
2 
3 

GROUP 2 

OBSE!<VAT ION 
I 
2 

GROUP 3 

OBSERV~TION 

I 
2 
3 
4 
5 
6 
7 

GROUP 4 

OBSERVATION 
I 
2 
3 
4 
5 
6 
7 
8 

PROBABILJTY ASSOCJATEO'WITH 
LARGEST DISCRP'INANT FUNCTION 

O. 38C65 
c. 37C45 
r.36261 
C.441ClO 
c. 34454 
C,44215 
c. 31787 
c.2n14 

PRCGABI LI TY ASSOCIATED -WITH 
LARGEST DISCFIMINANT FUNCTION 

c.51czq 
C. 5CC6C 
C.3476C 
c .43130 
( .44282 
('. 36407 
(.28515 

PRCBABtllTY ASSflCIATEO WITH 
LARt.EST OISCRIMIN~NT FUNCTION 

c. 67611 
C.46629 
c. 54636 
c. 66688 
o. 3C600 
o·. 33C43 
G. 39005 

PROBABILITY ASSOCIATED WITH 
LARGEST OISCRIHINANT FUNCTION 

c. 33727 
e.37475 
c. 62340 
G.456'i7 
c-.52115 
C.34061 
Q.43135 
c. 27849 

ENO OF SAMPLE PROGRAM 

Figure 28. (Continued) 

Program Modification 

LARGEST 
FUNCTl ON NO. 

4 
I 
I 
I 
I 
3 
2 
2 

LARGEST 
FUNCTION NO. 

2 
3 
4 
3 
4 
2 
2 

LAI< GEST 
fUNCTION NO. 

3 
2 
2 
3 
2 
4 
3 

LARGEST 
FUNCTION NO. 

4 
l 
4 
I 
2 
4 
4 
I 

1. Changes in the input format statement of the 
special input routine, DAT2: 
Only the format statement for input data may be 
changed. Since sample data are either one- or 
two-digit numbers, rather than using six-column 
fields, as in the sample problem, each row of data 
mighthave been keypunched in two-column fields; 
if so, the format is changed to (6 F(2, 0)). This 
format assumes six 2-column fields per card, 
beginning in column 1. 

I.883I9 

2.13260 

1.94539 

10. 13332 

o.58476 -0.40477 

0.43732 -o. 21784 

0.426}-9 -o. 3211 a 

o. 71677 -0.48760 

2. If there are more than twelve variables in a 
problem, each row of data is continued on the sec
ond card until the last data point is keypunched. 
However, each row of data must begin in a new 
card. If there is more than one data card per ob
servation, the value of the data card count indicator 
(NCARD), which appears in columns 11-12 of the 
first control card, must be changed to agree with 
the number of data cards. 
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Operating Instructions 

The sample program for discriminant analysis is a 
standard PL/I program. Special operating instruc
tions are not required. Data set SYSIN is used for 
input; data set SYSPRINT, for output. 

Timing 

The execution of this sample program on a System/ 
360 Model 40, using an IBM 2540 Card Reader as 
input and an IBM 1403, Model Nl, as output, is 28 
seconds. 

HDSC.. HDSC 10 
l*****************:****************************************************IHDSC 20 
I* *IHDSC 30 
I* TO READ THE PROBLEM PARAMETER CARD AND DATA FOR DISCRIMINANT *IMDSC 'i-0 
I* ANALYSIS, CALL THE PROCEDURES TO CALCULATE VARIABLE MEANS IN */HOSC 50 
I* EACH GROUP, POOLED DISPERSION HATRJX, COMMON COEFFICIENTS OF */MDSC 60 
I* DISCRIMINANT FUNCTIONS AND PROBABILITY ASSOCIATED WITH LARG- */HDSC 70 
I* EST DISCRIMINANT FU.NCTIDN OF EACH CASE IN EACH GROUP, ANO */HDSC 80 
I* PRINT THE RESULTS. •IMDSC 90 
I* •IHDSC 100 
l*********************************************************************/MOSC 110 

PROCEDURE OPTIONS (HAIN),. HOSC 120 
DECLARE MDSC 130 

CI,J,K,LrMrNlrN2,NN) MDSC 140 
FIXED BINARY, HOSC 150 
PRl CHARACTER (61, MDSC 160 
ERROR EXTERNAL CHARACTER 11), MDSC 170 
CNCARDrNV) EXTERNAL, MDSC 180 
CH CHARACTER 1801 1 • HDSC 190 

I• 
ON ENDFJLE ISYSINJ GO TO EXIT,. 

SLOO •• 

•IMDSC 200 
MDSC 210 
MDSC 220 
MOSC 230 
MDSC 240 

I* 
I* 
I* 
I* 
I* 
I* 

GET EDIT ICHI IAIBOJI,. 
GET STRING ICHJ EDIT lPRL,K,H,NCARDI CAl6),3 Fl2JJ, .. 

PRl •••••• PROBLEM NUMBER IMAY BE ALPHAMERIC) 
K ••• ••• •• NUMBER OF GROUPS 
H •••••••• NUMBER OF VARIABLES 
NCARO •••• NUMBER OF CARDS PER OBSERVATION 

NCARD;NCARD•ao,. 
NV =O,. 

ONE •• 
BEGIN,. 

,. 
I* 
I* 

DECLARE , 
NIK) FIXED BINARY, 
( XBARIM,K) ,CI M+l rKJ ,O IH,Ml rCMEANlM) 1DET ,V,CONJ 
BINARY FLOAT,. /*SINGLE PRECISION VERSION 
BINARY FLOAT (53),. /*DOUBLE PRECISION VERSION 

READ SAMPLE SIZE OF EACH GROUP 

*IHDSC 250 
•IHDSC 260 
*/MOSC 270 
*IHDSC 280 
*IHDSC 290 
*/HDSC 300 

MDSC 310 
MOSC 320 
HOSC 330 
MDSC 340 
MDSC 350 
MOSC 360 
MOSC 370 

/*S*/MDSC 380 
/*D*/MDSC 390 

•/MOSC 400 
*/MDSC 410 

I* */MOSC 420 
GET EDIT (CHI IAISOI l ,. MDSC 430 
GET STRING {CHI EDIT CfNlll DO I::: 1 TO Kl I MDSC 440 

(25 Fl3JJ ,. MOSC 450 
NN :::SUH I NJ,• MOSC 460 

Tito.. MOSC 470 
BEGIN,. MOSC 480 
DECLARE MDSC 490 

LG<NNJ FIXED BINARY, MDSC 500 
XtNN,MJ FLOAT BINARY, HDSC 510 
P(NN) , MDSC 520 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /•S•/MOSC 530 

I* BINARY FLOAT 153) ,. !•DOUBLE PRECISION VERSION /*D*/MOSC 540 
PUT EDIT I 'DISCRIMINANT ANALYSIS ••••• • 1PRl, ' NUMBER OF GROUPS•,K, MOSC 550 

' NUMBER OF VARIABLES 1 1H1' SAMPLE s1zes •• 1 , 1 GROUP') MDSC 560 
IPAGE1SKIPC4J rCOLUMNUOJ ,A,A,SKIPC2J rCOLUMNI 10),A,X 171 1 Fl3) 1 MDSC 570 
SKIPI 1I1COLUMNC lOJ rArFC7J rSKIPI lJ ,COLUMN I lOJ,A,SKJPI 1), MOSC 580 
COLUtllNl22J,Al 1 • MDSC 590 

PUT EDIT lllrNCIJ DO J:::: 1 TO KJJ ISKIPUJ,COLUHNC221,F(31rXC8lt HDSC 600 
Fl4J I,. HOSC 610 

PUT EDIT I' I) ISKIPIZJ,Alr• MDSC 620 

~= READ IN DATA. IN THE HANNER EQUIVALENT TO A 3-DIMENSIONAL =~=g~~ ::g '* ARRAY x11,1,u,x12,1,u,x'3,1,1J,ETC. THE FIRST SUBSCRIPT •/MDSC 650 
I* IS THE CASE NUMBER, THE SECOND SUBSCRIPT IS THE VARIABLE */HOSC 660 
I* NUMBER AND THE THIRD SUBSCRIPT IS THE GROUP NUMBER */MDSC 670 
I* •/MDSC 660 

,. 
I* 
I* 

DO I = 1 .TO NN, • 
CALL OAT2 CM,CMEANI ,. 

00,J = 1 TO M,. 

ENO,. 

XI 1 r JI ::::CHEANIJI ,. 
END,. 

CALL DMTX IKrM1N1X1XBAR,OI ,. 
IF ERROR NE '0' 
THEN DO,. 

PUT EDIT l'IN ROUTINE DHTX ERROR CODE= 
ISKIPl2 I ,COLUMN( 10 I ,A,Al LI J,. 

GO TO FIN,. 
END,. 

PRINT MEANS AND POOLED DISPERSION MATRIX 

I ,ERROR) 

MOSC 690 
MDSC 700 
MDSC 710 
MOSC 720 
MOSC 730 
MOSC 740 
MDSC 750 
MDSC 760 
HOSC 770 
MOSC 780 
MDSC 790 
HDSC 800 
MDSC 810 

*/MDSC B20 
•/MDSC 830 
*IHDSC 840 

DO I :::: l TO K,. MDSC 850 
PUT EDIT ( 1 GROUP 1 ,I,•MEANS 1 J lSKIP(211COLUMNlll1,A1 F(3) 1 X(2) 1 HDSC 860 

A) r• MOSC 870 
PUT EDIT (lXBARIJ,I) DO J= 1 TO HJ> ISKIPIL),COLUMNILO), MDSC 880 

(6JF (15,5n ,. MDSC 890 
ENO,. MOSC 900 

PUT EDIT ( 1 POOLEO DISPERSION MATRIX') ISKIPt3J1COLUMNllOJ,Al1• MDSC 910 
DO I :::: l TO M,. MOSC 920 
PUT EDIT I 1ROW 1 11J (SKIPl2J ,COLUMN( lOl 1Arff3) ),. MOSC 930 
PUT EDIT ((D(l,J' DO J:::: l TO MJI ISKIP,CO(UMNClOJ,6 FIL5,51Jr• MOSC 940 
END r. MDSC 950 

CON ::::Q, • MDSC 960 

I* 
I* ,. 
,. ,. ,. 
I* ,. 
I* 

I• ,. ,. 
I• 

CALL HINV I D1M ,DET ,CONJ.. 
IF ERROR NE '0' 
THE/II DO,. 

PUT EDIT C 'JN ROUTINE HJNV ERROR CODE .,. 
COLUMN( 10} rArAI 11J1• 

GO TO CONT,. 
ENDr. 

•,ERROR) ISKIP12J, 

CALL DSCR IK,HrN1XrXBARrDrCHEAN1V1CrP1LGJ,. 
lF ERROR NE '0' 
THEN no, •. 

PUT ED IT I 1 IN ROUTINE DSCR ERROR CODE :::: 
I SKIP (2 I ,COLUHNUO I ,A,All J J,. 

GO TO SlOOr. 
ENO,. 

PRJ NT THE COMMON HE ANS. 

1 1ERRORI 

PUT EDIT ( 1 COHHON MEANS' I ISKlP(4J ,COLUMNllOltAJ 1. 

PUT EDIT llCHEANllJ DO 1:::: 1 TO HJJ ISKIPrCOLUHNllOJ,16JF(l5,5)1,. 

PRINT GENERALIZED MAHALANOBIS 0-SQUARE 

PUT EDIT ('GENERALIZED HAHALANOBIS 0-SQUARE•,VJ 
ISKIPl4J ,COLUMN I 101,ArFI 15,5) ,SKIPI 2)1 r• 

PRINT CONSTANTS AND COEFFICIENTS OF DISCRIMINANT FUNCTIONS 

DO I :::: 1 TO K,. 
PUT EDlT !'DISCRIMINANT FUNCTION'11r 1CONSTANT *'• 

'COEFFICIENTS' J ISKIPl2) ,COLUMN I 1Dl 1A1 Fl3), SKIPC 211 
COLUHNI 16) ,A,XC3J ,A),• 

PUT EDIT lCllrll, 1 * 'I ISKIPl2J,COLUMN<LOl,Fll4r5J.AJ 1 • 
PUT EDIT llCIJ,IJ DD J:::: 2 TO H+ll) ISKJP,COLUHNl32Jr 

16JF (14,5) Jr• 
END,. 

PRINT EVALUATION OF CLASSIFICATION FUNCTIONS OF EACH 
OBSERVATION. 

PUT EDIT I 'EVALUATION OF CLASSIFICATION FUNCTIONS FOR EACH•, 
1 OBSERVATION 1 J ISKIPl41,COLUHNl10J,A,AJ,. 

Nl 
N2 

=L,. 
::::N( lJ t• 

DO I = l TO K,. 
PUT EDIT I 'GROUP' 1I 1 'PROBABILITY ASSOCIATED WITH', 'LARGEST' r 

• OBSERVATION', 'LARGEST DISCRJHINANT FUNCTION', 
'FUNCTION .NO. I J 
ISKJ P 12) 1COLUMNI 10J,A,F13 J ,SKIP,COLUHNl28) ,A,XC lll rA1 
SKIP,CDLUHNllQJ 1A1X(5J ,A,XCBJ ,Al,• 
=O;. 
DO J = Nl TO N21• 
L ""l+l,. 
PUT EDIT (L,PIJJ ,LGCJJ) 

rXl20J 1Fl6J J ,. 
ENO,. 

IF I :::: K 
THEN GO TO CONT,,. 
Nl =Nl+Nlllt. 
N2 =N2+Nll+ll,. 
ENO,. 

MOSC 970 
HDSC 980 
HDSC 990 
HOSClOOO 
HDSC1010 
MOSC1020 
HDSC1030 
HDSC1040 
MDSC1050 
MDSC1060 
HDSC1070 
MOSCLOSO 
HDSCL090 
HDSCllOO 

*/MDSClllO 
•IHDSC112D 
*/HDSCL130 

HDSCL140 
HDSCL150 

•IMDSCL160 
*/MDSC1170 
*/MDSC1180 

MOSC1190 
MDSC1200 

•IHOSC1210 
*/MDSC1220 
•/HOSC1230 

HOSC1240 
MDSC1250 
MOSC1260 
HOSC1270 
HDSC1280 
MDSC1290 
MDSC1300 
MDSC1310 

•/MOSC1320 
•/HDSC1330 
*/HDSC1340 
•/HDSC1350 

MDSC1360 
MDSC1370 
MDSC1380 
MDSC1390 
HDSC1400 
MOSC1410 
HDStl420 
MOSC1430 
MDSC1440 
MDSCllt50 
MDSC1460 
MDSC1470 
HOSC1480 

CONT•• 

(SKIP, COLUMN( 10) r f 16 J, Xf 20) ,FI 81 5Jf1DSC1490 
MDSC1500 
HDSCL510 
MDSC1520 
HDStl 530 
MOSC1540 
HOSC1550 
HDSC1560 
MDSC1570 
HDSC1580 
HOSC1590 
MDSC1600 

END,. 
ENO,. 
GD TO SlOOt • 

EXIT•• 
PUT FILE ISYSPRINTJ EDIT I 'END OF 

I SKIPl5J 1COLUHNI 101 ,AJ,. 
FIN •• 

ENO,. 

SAMPLE PROGRAM'} 

/*END OF PROCEDURE MDSC 

HOSC1610 
HDSC1620 
HOSC1630 
HDSC1640 

*/MDStl650 

DAT2. • 01H2 IC 
I**************"********************* **:Ii<******************************* I DAT 2 20 
I* */0AT2 3C 
I* TO READ FLOATING POINT DATA, ONE OBSERVATION AT A TIME. */DAT2 4C 
I* DATA MAY BE SAVED ON A DATA SET. */DAT2 50 
/* */DATZ 60 
I**********************-****************'******************************* I OAT 2 10 

,. 

PROCEDURE IM,OJ,, DATZ 
DECLARE DATZ 

XOATA FILE STi<EAM ENVrnONMENT (CONSECUTIVE v12000.2co1)' OAT2 
tNCARO,NYI EXTERNAL, DAT2 
CH CHll.RACTERlflJCARO), OAT2 
II,M,MMJ FIXED BINARY, Dti.T2 
Dl*l FLCAT BINARY,. DATZ 

ON ENOFILE I SYSIN I 
GO TO EXIT,. 
GET EDIT !CH I IAINCAROl I,. 
MM =CEIL{M/121,. 
GET SJRING lCHl EDIT (IOI I I DO I"' l TO HJ) 

I (MM) I I 12JF ( 6,CJ ,XI 811 l,. 
IF NV= 1 
THEN PUT FILE IXOATAJ EDIT ICDlfl DO I.,, l TO Mil llMJF(6,0l),. 
REVERT F.NOFILE I SY SIN),. 
~ETURJl.I,. 

*/DATZ 

EXIT •• 

DATZ 
DAT2 
DAT2 
DATZ 
OAT2 
DATZ 
OAT2 
DATZ 
OAT2 
!)A T2 
OAT2 
DAT2 
OAT2 
DATZ 

PUT FILE ISYSPRINTI EDIT !'ERROR INSUFFICIENT DATA' I 
ISKIPll I ,COLUMNI 101,AI,. 

STOPt 4 

ENO,. /*ENO OF PROCEDURE OAT2 

PRINCIPAL COMPONENTS ANALYSIS FACT 

Problem Description 

*/OAT2 

BC 
90 

100 
llO 
120 
13(1 
140 
150 
lbC 
170 
180 
19C 
200 
21C · 
22C 
230 
240 
250 
260 
210 
260 
290 
300 

A principal component solution and the varimax 
rotation of the factor matrix are performed. Prin
cipal components analysis is used to determine the 
minimum number of independent dimensions needed 
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to .account for most of the variance in the original 
set of variables. The varimax rotation is used to 
simplify columns (factors) rather than rows (vari
ables) of the factor matrix. 

The sample problem for principal components 
analysis consists of 23 observations with nine 
variables, as presented in Table 6. In order to 
keep the number of independent dimensions as small 
as possible, only those eigenvalues (of correlation 
coefficients) greater than or equal to 1. 0 are 
ret.ained in the analysis. 

Table 6. Sample Data for Principal 
Components Analysis 

Observation X1 X2 x, X4 Xs x6 

l 7 7 9 7 15 36 
2 13 18 25 15 13 35 
3 9 18 24 . 23 12 43 
4 7 13 25 36 11 12 
5 6 8 20 7 15 .46 
6 10 12 30 11 10 42 
7 7 6 11 7 15 35 
8 16 19 25 16 13 30 
9 9 22 26 24 13 40 

10 8 15 26 30 13 10 
11 8 10 20 8 17 40 
12 9 12 28 11 8 45 
13 11 17 21 30 10 45 
14 9 16 26 27 14 31 
15 10 15 24 18 12 29 
16 11 11 30 19 19 26 
17 16 9 16 20 18 31 
18 9 8 19 14 16 33 
19 7 18 22 9 15 37 
20 8 11 23 18 9 36 
21 6 6 27 23 7 40 
22 10 9 26 26 10 37 
23 8 10 26 15 11 42 

Program 

Description 

X7 Xs X9 

60 15 24 
61 18 30 
62 14 31 
63 26 32 
18 28 15 
27 12 17 

. 60 20 25 
64 20 30 
66 15 32 
66 25 34 
20 30 18 
30 15 19 
60 17 30 
59 19 17 
48 18 26 
57 20 30 
60 21 17 
67 9 19 
62 11 20 
61 22 24 
55 24 31 
57 27 29 
59 20 28 

The principal components analysis sample program 
consists of a main routine, FACT, a special input 
routine named DAT2, and five subroutines from the 
Scientific Subroutine Package: CORR, MSDU, 
TRAC, LOAD, and VRMX. 

Capacity 

The capacity of the sample program and the format 
required for data input have been set up as follows: 

1. Up to 96 variables can be read. 
2. Up to 99999 observations can be read. 
3. Up to eight data cards per observation can be 

read. 

4. (12 F(6, 0)) format for input data cards. · 
Therefore, if a problem. satisfies the above condi
tions, it is not necessary to modify the sample 
program. However, if input data cards are pre
pared using a different format, the input format 
statement in the inputprocedure, DAT2, must be 
modified. The general rules for program modifi
cation are described later. 

Input 

Control Card 

Columns Contents For Sample Problem 

1-6 Problem ·number SAMPLE 
(may be alphameric) 

7-11 Number of obser-
vations 00023 

12-13 Number of variables 09 
14-19 Value used to limit 0001. 0 

the number of eigen-
values of correlation 
coefficients. Only 
those eigenvalues 
greater than or· equal 
to this value are re-
tained in the analysis. 
(A decimal point 
must be specified.) 

20-21 Number of data 01 
cards per observa-
tion. 

Leading zeros do not have to be keypunched. 

Data Cards 

Since input data are read into the computer one ob
servation at a time, each row' of data in Table 6 is 
keypunched on a separate card, using the format 
(12 F(6, 0)). This format assumes twelve 6-column 
fields per card. 

If there are more than twelve variables in a 
problem, each row of data is continued on the second 
and third cards until the last data point is keypunched .. 
However, each row of data must begin on a new card. 

Deck Setup 

The deck setup is shown in Figure 29. 
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SAHPLECOC23Q90C01.C 1 
1 1 9 1 15 36 60 15 24 

13 lB 25 15 13 35 61 18 30 Data 'i 
,c.::C=o=n=t=ro=I=::{\_ Last problem 9 16 24 23 12 43 62 14 31 

1 13 25 36 11 12 63 26 32 
16 15 

Card 

Data 'i 
,c.::C=a=n=t=ro=l=::;;i'- Second problem 

Card 

Data !/ _¢.==(\__ . First problem 

Control 

Procedures and main program 

CORR 

FACT 

Figure 29, 

Sample 

The listing of input cards for the sample problem is 
shown in Figure 30. 

PRINCIPAL COMPONENT ANALYSIS ••••• SAMPLE 

NO. OF CASES 23 
NO. OF VAR !ABLES 9 

MEANS 
9.30435 12.60870 23.00000 18 .00000 12.86957 

19.39130 25.13043 

STANDARD DEVIATIONS 
2.70412 4.59978 5.33427 8. 33393 3.13781 
5.56563 6.09249 

CORRELATION COEFFICIENTS 

ROW l 
1.00000 0. 34987 0.11975 0.12102 0.21917 -0.09549 

ROW 2 
o.34987 1.0COOC 0.4l3ll 0.35572 -0.08243 -0.MlOO 

ROW 3 
0.11975 0.41311 1. 00000 0.41512 -0.43119 -0.(18346 

ROW 4 
0.12102 0.35572 0.41512 l. 00000 -0.31288 -0.50365 

ROW 5 
0.21917 -0.08243 -o. 431 79 -0.31288 1.00000 -0.23000 

ROW 6 
-0.09549 -0.09100 -0.08346 -o. 50365 -0.23000 1.00000 

ROW 1 
0.20901 0.29622 -0.10252 0.49856 0.03310 -0 .44520 

ROW 6 
-0.12908 -C.32044 O.C3215 0.22539 -o .00475 -0.25441 

ROW 9 
o.05a1a o. 35387 o. 27833 o. 59890 -o. 30341 -0.37456 

Figure 31. 

6 6 20 1 15 46 26 
10 12 30 11 lC 42 21 12 17 

1 6 11 1 15 35 6C 20 25 
16 " 25 16 13 30 64 20 30 

9 22 26 24 13 40 66 15 32 
6 15 26 30 13 10 6< 25 34 
6 10 20 6 17 40 2C 30 10 

• 12 20 11 8 45 3C 15 19 
11 11 21 3C lC 45 6C 11 30 

• 16 26 27 " 31 59 19 17 
lC 15 24 16 12 29 48 16 26 
11 11 30 19 19 26 57 20 30 
16 • 16 20 le 31 6C 21 17 

• ' 19 .. 16 33 61 9 19 
7 18 22 • 15 37 62 11 20 
8 11 23 18 • 36 61 22 24 
6 6 21 23 1 40 55 24 31 

10 • 26 26 10 37 57 27 29 

• 10 26 15 11 '2 5' 20 28 

Figure 30. 

Description 

The output of the sample program for principal 
components analysis includes: 

1. Means 
2. Standard deviations 
3. Correlation coefficients 
4. Eigenvalues 
5. Cumulative percentage of eigenvalues 
6. Eigenvectors 
7. Factor matrix 
8. Variance of factor matrix for each iteration 

cycle 
9. Rotated factor matrix 

10. Check on communalities 

Sample 

The output listing for the sample problem is shown 
in Figure 31. 

34. 82600 54.00~0(' 

9.29149 14.87826 

o.2oc:io1 -0.12908 o. 05818 

0.29622 -0.32044 0.35387 

-0. 10252 0.03215 0.27833 

0.49856 C.22539 a. 59aqc. 

0.0331C -C.00475 -o. 3C341 

-0.44520 -o. 25441 -a. 37456 

l.OOCOC -o. 28050 0.6{'124 

-0.2805C 1.ocooo 6.13516 

0.60124 0.13516 l. ococc 

10 
20 
30 
40 
50 
60 
10 
80 
90 

100 
110 
120 
130 
140 
150 
160 
110 
180 
190 
200 
210 
220 
no 
2•10 
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EIGENVALUES 
2.94988 1.64368 1. 55514 1.06579 

CUMULATIVE PERCENTAGE OF EIGENVALUES 
0. 32776 C.51C40 0.68319 o. 80161 

EIGENVECTORS 

VECTOR l 
0.16437 0.34836 0.28797 0.49661 -o .16806 -0.32922 0.39935 0.01287 0.47518 

VECTOR 2 

o. 34837 O.l'J6552 -0.44647 -0.11893 0. 61210 -0.26428 0.38860 -o. 24845 -0.06014 

VECTOO 3 
-0.29899 -0.40825 -0.23534 0.17377 0 .14468 -o .43545 0.01881 0.61587 0.12470 

VECTOR 4 
0.54441 0.16909 C.38288 0.0416, 0 .30537 -0.16163 -0.43410 0.4C283 -0.23789 

FACTOR ~ATRJX I 4 FACTf:IRSI 

VAPIABLE l 
0.28232 0.44663 -c. 37286 C. 562C3 

VARIABLE 2 
o. 59811 0.0840C -o. 5 6394 0.17457 

VARIABLE 3 
0.4946(' -0.57240 -c. 29348 Q.39528 

VARUBLE 4 
0.85293 -0.15248 0.21611 Q.04297 

VARIABLE 5 
-o. 28865 o. 78475 0.18C43 c. 3152<; 

VARIABLE • -0.56544 -0.33882 -0.54303 -0.16686 

VARIABLE 7 
0.0859(' 0.49521 O.C2345 -0.44816 

VARIABLE 8 
0.02211 -0.31853 O. 76BC2 Q.41587 

VAQfABLE 9 
0.81614 -0.07710 0.15551 -0.24559 

I TERATlOl\I VARIANCES 
CYCLE 

0 0.211283 
I 0.336136 
2 O. 3970?C 
3 0.4030C4 
4 0.405175 
5 0.405527 

• 0.4C5579 
1 0.4C5586 
8 0.4C5586 
9 0.4C5586 

10 0.405586 
11 0.4C55B6 
12 0.4C5586 

ROTATED FACTOP MAT!<l)( ( 4 FACTOR SI 

VARIABLE I 
C'.05498 0.07183 -o, C·5 578 o. 85011 

VAPIA8lE 2 
0.29329 -o. 39653 -0.35581 0.60549 

Vf.,q_IABLE 3 
c .05114 -o .82493 O. l 5C68 0.32984 

VARIABLE 4 
o. 74040 -C.414Cl o.2457g 0.13972 

VAOJABLE 5 
-C.CQ091 o.8C662 Q.13525 0.39228 

VARIABLE 6 
-IJ.66236 -0.21579 -0.44983 -0.20503 

V .ARIABLE 7 
'). 86t;97 0.18299 -o. 34918 O. C883C 

VMIABLE 8 
0.C36C Z -0.05500 Q.91375 -0.15962 

VARIABLE q 
C.8C53l -o. 32759 0.00994 -o. C238C 

(.HECK ON CCIMMUNALITIES 

VAq_IA8LE ORIGINAL FINAL DIFFERENCE 
I C.734~9 0.73408 0.00001 

' o.13c4q c. 73647 0.00001 
C.81464 0.81463 0.00001 
c. 79955 o. 7gg54 0.00001 
c.03109 o. 83107 0.00001 
o. 75725 o. 75724 0.00001 
C.92,006 C.92005 0.00001 
o. 86476 C.86474 0.00001 
c. 75652 0. 75651 0.00001 

ENO OF SAMPLE PPOGRAM 

Figure 31. (Continued) 
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Program Modifications 

Input data in a different format can also be handled 
by providing a different format statement. In order 
to familiarize the user with the program modifica
tions, the following general rules are supplied in 
terms of the sample problem: 

1. Changes in the input format statement of the 
special input subroutine, DAT2: 

Only the format statement for input data may 
be changed. Since sample data are either one- or 
two-digit numbers, rather than using six-column 
fields as in the sample problem, each row of data 
might have been keypunched in two-column fields; if 
so, the format is changed to 9F(2, 0). This format 
assumes nine 2-column fields per card, beginning in 
column 1. 

The special input subroutine, DAT2, is 
normally written by the user to handle different 
formats for different problems. The user may 
modify this procedure to perform testing of input 
data, transformation of data, and so on. 

2. If there are more than twelve variables in a 
problem, each row of data is continued on the 
second and third cards until the last data point is 
keypunched. However, each row of data must begin 
on a new card. If this condition exists, the value 

· of the data card count indicator (NCARD), which 
appears in columns 20-21 of the control card, must 
be changed to agree with the number of data cards 
per row. 

Operating Instructions 

The sample program for principal components 
analysis is a standard PL/I program. Special 
operating instructions are not required. Data set 
SYSIN is used for input; data set SYSPRINT, for 
output. 

Timing 

The execution of this sample program on a System/ 
360 Model 40, using an IBM 2540 Card Reader as 
input and an IBM 1403, Model Nl, as output, is 45 
seconds. 

FACT.. FACT 

I******************************************************•************** IF ACT 
I* */FACT 
I* TO READ THE PROBLEM PARAMETER CARO, CALL FIVE PROCEDURES TO */FACT 
I* PERFORM A .PRINCIPAL COMPOl'IENT SOLUTION ANO THE VARIMAX ROTA- •!FACT 
I* TION OF A FACTOR MATRIX, AND PRINT THE RESULTS. */FACT 
I* */FA.CT 
I********************************************************************* IF A CT 

,. 

PROCEDURE OPTIONS CHAIN»,. FACT 
DECLARE FACT 

(I, JO,J,K,M,HV,N,NC ,NWI FACT 
FIXED 81NARYt FACT 
ERROR EXTERNAL CHARACTER(ll, FACT 
(NV,NCAROJ EXTEFINAL, FACT 
CON FACT 
FLOAT BINARY, FACT 
PRl CHARACTER (6), FACT 
CH CHARACTER 180), • FACT 

ON ENDFILE CSYSIN) GO TO EXIT,. 
*/FACT 

Fft.CT 

10 
20 
3C 
4C 
50 
60 
70 
BO 
90 

lOC 
llO 
120 
130 
140 
150 
160 
17C 
184'.: 
190 
200 

SlOC •• FACT 210 
GET EDIT ICHI IA180)),. 
GET STRING ICHJ EDIT CPRl,N1H1CCN,NCARDI (Al6J 1 F(5J,f(2) 1 Fl6,0I. 

f(2) J'. 

FACT 220 
FACT 230 
FACT 240 

I* */FACT 250 
I* PRl •••••••• PRCBLEH NUMBER IMAY BE ALPHAMERIC J */FACT 260 
I* N. ••••.,••.NUMBER OF CASES */FACT 270 
I* Mo••••••• •• NUMBER OF VARIABLES */FACT 280 
I* CON •• , •••• ,CONSTANT USED fCl DECIDE HOW MANY EIGENVALUES */FACT 290 
I* TO RETAIN */FACT 300 
I* NCARD ...... NUMBER OF DATA CARDS PER OBSERVATION */FACT 310 
I* */FACT 320 

NCARQ:NCARD•ao,. FACT 330 
ONE•• FACT 340 

BEGIN 1 • FACT 350 
DECLARE FACT 360 

I R(H,H) ,V(H,M) 181 HI ,OCH) ,S (HJ, TI Ml ,XBAR (HI, TV( 51), XI I, 1) I FACT 37C 
BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/FACT 380 

I* BINARY FLOAT 1531,. /*DOUBLE PP.ECISION VERSION !•D•/FACT 390 

,. ,. ,. 
I• ,. 
I* 

I• ,. ,. 

PUT EDIT ('PRINCIPAL COMPONENT ANALYSis ••••• 1 ,PRlr 'NO. OF CASES', FACT 400 
N1 1 NO. OF VARIABLES 1 ,MJ FACT .410 
( PAGE,SKIP{4) ,COLUMN( 10 I ,A, At SK IP( 2) tCOLUHNI 13), At X( 41, F(6) FACT 42(1 
,SKIPlll1COLUMNl13JtA1Fl6),SKIPJ1. FACT 430 

IO :Q, • FACT 440 
X =O, • FACT 450 
NV =O,. FACT 460 
CALL CORR (N,H,I01X1XBAR,S1V1R1Dlro FACT 470 
IF ERROR NE 1 C' FACT 480 
THEN DO,. Fa.CT 4qc 

PUT EDIT t'IN ROUTINE CORR ERROR CODE= '1ERRORJ FACT 500 
ISKIPl2J,COLUMNC101,A,Alll 11• FACT 510 

GO TO SlOO,. FACT 52C 
ENO,. FACT 530 

PUT EDIT ('HEANS 1 J ISKIPl21,COLUMNClOl,AJ,, FACT 540 
PUT EDIT llXBAHJJ DO J= 1 TO HIJ tSKIP,COLUHNl10~,{7)F(l5,5J),, FACT 550 

PRINT MEANS ANO STANDARD DEVIATIONS 

PUT EDIT {'STANDARD DEVIATIONS 1 1 ISKIPl2J,COLUHN(l0),Al1. 
PUT EDIT llSIJ) DO J= l TD 11)) ISKIP,COLUHNl10J,17JFl15t511ro 

PUT 

PRINT CORRELATION COEFFICIENTS 

EOIT 1 1 CGRRELATION COEFFICIENTS' I ISKIP(2),COLUHN(l0),AJ,. 
00 I = 1 TC Mr, 
PUT EDIT I 'ROW',ll (SKIPIZJ,COLUHN(LOJ,A,F{3)J1. 

*/FACT 560 
•/FACT 570 
*/FACT 580 

FACT 590 
FACT 600 

*/FACT 610 
*/FACT 620 
*/FACT 630 

PUT EDIT llR(l,JJ 00 J= 1 T(l H)I (SKIP,COLUHN(lOJ,9 Fll2,5)J,. 
ENO,. 

FACT 640 
FACT 650 
FACT 660 
FACT 6 70 
FACT 680 

MV =0,. 
CALL HSOU (R,V,M,MVJ,. 
IF ERROR NE 1 0 1 

THEN OD,. 
PUT EDIT ('IN ROUTINE MSDU ERROR CODE 1 1ERROR) 

( SKIPl2) ,COLUMN I LO l tA1AI lJ J,, 
GO TO SlCC,. 
ENO,, 

CALL TRAC IM,R ,CON,K,01, • 
IF ERROR NE 'C' 
THEN DO,. 

PUT EDIT ('IN r<OUTINE TRAC ERROR CODE"' •,ERROR) 
I Sl<.IP{2J ,COLUMN( 101,A,A( 11 I,• 

GO TO s1oc,. 
ENO,. 
DO I = I TO Kr. 
S(J) =Rll,I),. 
ENO,• 

I* PRINT EIGENVALUES 

PUT EDIT ( 1 EIGENVALUES 1 J (SKIPl31,COLUHN( lG),A),. 
PUT EDIT llSIJI 00 J:: l TO Kil lSKIP,COLUHNUOJ,9 Fll2,5J>,. 

PRINT CUMULATIVE PERCENTAGE OF EIGENVALUES 

PUT EDIT ( 1CUMULATrllE PERCENHGf OF EIGENVALUES 1 ) 

( SKIPl21rCOLUMN(101 ,Al,. 
PUT EDIT llOIJJ 00 J= 1 TO Kil ISKIP1COLUMNC10l19 Fll2,SJ),. 

FACT 6qc 
FACT 700 
FACT 710 
FACT 720 
FACT 730 
FACT. 740 
FACT 750 
FACT 760 
FACT 770 
FACT 780 
FACT 7qo 
FACT BOO 
FACT 810 
FACT 820 
FACT 830 

*I FACT 840 
FACT 850 
FACT 860 
FACT 870 
FACT 880 

*!FACT aqo 
*/FACT qoo 
*/FACT 910 

FACT 920 
FACT 930 
FACT 940 

I* •/FACT q50 
I* PRINT EIGENVECTOflS AND FACTOR MATF<JX */FACT %C 
I* */FACT 970 

,. 
I* ,. 

,. 
I* ,. 

PUT EDIT I 1EIGENVECTORS'I {SKIPDliCOLUHNllOl1AI,. FACT q00 
00 J = 1 TO K,. FACT 99C 
PUT EDIT ( 1 VECTOR' ,J) ISKJP(21,COLUMNtl011A1f(3J J,. FACTlOOO 
Pl.IT EOlT ((Vll,JJ DO I: 1 TC Mil (SKJP,COLUHNl10h9 F(l2,5Jl,. FACTlOlO 
END,. FACT1020 

PUT EDIT l 1 FACTOR MATRIX (',K, 1 FACTORS)'} FACTl030 
( SKIPl3J,COLUMNI 101 ,A,Ft31 ,A),. FACT1040 

CALL LnAo IM1K1f:1VJ,. f"ACT1050 
IF ERROR NE 1 0 1 FACT1060 
THEN DO,• FACT1070 

PUT EDIT l'IN ROUTINE LOAD ERROR CODE'= 1 1ERRORJ FACT1080 
I SK I Pl2J,COLUHNI10) ,A,AI 1 I),. FACT1090 

GO TO SlCC,. FACTllOO 
ENO,, FACTlllO 
DO I :::: l TO M,. F.ACTl 120 
PUT EDIT ( 1 VARIABLE 1 ,JJ (SKIP{2J1COLUMNllOl1A1F(3JJ,. FACT1130 
PUT EDIT flVCl 1 JJ DO J:: 1 TO Kii (SKIP1COLUMNIIOl19 Fll215J),. FACT1140 
END,. FACTl 150 

CALL VRHX IM1K1V1NC,T11,a,r,01,. FACT1160 
IF ERROR NE 1 C 1 FACTl 170 
THEN DOt • FACTl 180 

PUT f.OIT l 1 1N ROUTINE VRMX ERROR CODE= 1 ,ERRORl FACT1190 
(SKI Pl 2) ,COLUMN( 101 ,A, AC l l I,, FACT1200 

GO TO SlOO,. FACT1210 
ENO,. FACT1220 

NW =NC+l,. I* PRINT VARIANCES *IFACT1230 
PUT EDIT ( 1 1TERATION 1 , 1VARIANCES 1 , 1 CYCLE•) (SKIP(3JrCOl.UHNflO),A, FACT12o\-0 

XI 71 , At SK I P,COLUHN ( 10 I , Al,• FACTl 2 50 
DO I = l TO NW,, FACT1260 
NC =I-1,. FACT1270 
PUT EDIT CNC,TVtlJJ (SKIP,COlUMNllOJ,F(5),f(2Q,6JJ,. FACT1280 
ENO,. FACT1290 

PRINT ROTATED FACTOR MATRIX 

PUT EDlT 1 1 RDTATEO FACTOR MATRIX l 1 1Kt 1 FACTORSl 1 1 
l SK IP13J, COLUMN 110) ,A,Fl3J ,Al,.. 
DO I = l TO M, • 

*IFACT130C 
*/FACT1310 
*/FACT1320 

FACT1330 
FACT1340 
FACT1350 

PUT EDIT ( 1 VARIABLE 1 ,II 
PUT EDIT (IVII,JI 00 J:: 

ISK1Pl2) ,COLUHNllOJ ,A,FC3J J, • FA'CT1360 
L TO K}J (5KIP,COLUMNl10),9 Fll2,5JI,, FACT1370 

END,. 

PPINT COMHUNALITIES 

PUT EDIT l'CHECK ON CCHHUNALITJES 1 1 1 VARIABLE'1'0RIGINAL'1'FINAL't 
1 DIFFH ENCE 1 I I SKIP (3), COLUMN( lCJ ,A, SKIPC 2) ,COLUMN( 10 J, A, 
Xl7J,A,XI 12) ,A,XC 10) ,AJ t• 

DO I = l TO M,. 

FACT1380 
*IFACT1390 
*/FACTL400 
*/FACT1410 

FACT1420 
FACT1"30 
FACT1440 
FACT1450 
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PUT EDIT 11,B(JJ,TIIJ,DUll 
END,• 

szoo •• 
END,. 

ISKIP,COLUMNtlOJ,FCSJ,3 f(lS,5)),. FACT1460 
FACT1470 
FACT1480 
FA.CT1490 
FA.CTL500 GO'TO SlOO,. 

EXIT •• FA.CT1510 
FA.CT1520 
FACTl 530 

PUT FILE fSVSPRINTI EDIT ('END OF SAHPLE PRDGRAH'J 
I SKI Pl 5 J ,COLUMN I 10) ,AJ, • 

ENDr • /*END OF PROCEDURE FACT •/FACT1540 

DATZ.. DH2 10 
/*'/;.** ** ***** * **** *** * **** ** **** * * ** **** ***** ** ******* ** **** * **********ID AT 2 2 C 
I* */OAT2 3C' 
I* TO PEAD FLOATING. POINT DATA, ONE OBSE!lVATION AT A TlME. */DAT2 40 
I* Oti.Hi MAY BE SAVED ON A 01\Hi si:r. *IDAT2 50 

" ~~· ~ I**************************************************·******************* IO.ti. T2 7 C 
PROCeo'uRE IM ,o I'. DAT2 BC 

,. 

DECLARE DAT2 90 
XOATA FILE STREAM ENVIRONt-IENT !CONSECUTIVE v12oco,2001J, DAT2 100 
INCARO,NVJ EXTERNAL, DATZ llC 
CH CHARACTERINCARO), DAT2 120 
llrMrMMJ FIXED BINARY, OAT2 130 
Dl*J FLOH BINARY,. oqz 140 

CN ENDFILE I SYSI NJ 
GO TO EXJT,. 
GET EDIT ICHI IA(NCARO)),. 
MM =CEILIM/12J,. 
GET STRING (CH) EDIT ltDIIJ DO I= 1 TOM)) 

I IH/olJ I ( 12)Fl6,0l ,X{8l J) ,. 
IF NV= l 
THEN PUT FILE IXOATA) EDIT ((0111 DO I= 1 TO Mll ICl!JFl6,C)),. 
REVERT ENOFILE (SYSINI,. 
RETURN,. 

EXIT,• 

*/DAT2 150 
OAT2 16C 
oti. T2 110 
Of\T2 180 
DAT2 190 
Oti. T2 200 
OAT2 21C 
0AT2 22C 
DAT2 230 
OAT2 240 
DAT2 250 
DATZ 260 
OAT2 270 
CATZ 280 
OAT2 290 

PUT FILE ISVSPRINTJ EDIT ('ERROR fNSUFFICIENT DATA') 
l SKI?l lJ,COLUMN(lOI ,AJ, • 

STOP,• 
ENO,, />!<END OF PROCEDURE OAT2 

. KOLMOGOROV-SMIRNOV TEST KOLM 

Problem Description 

*/OAT 2 3CO 

This program is concerned with the problem of 
determining from what probability density function 
a particular sample is drawn, or whether two 
different samples were drawn from the same 
population. In other words, in the one-sample 
case, the actual distribution function of the sample 
is compared with one or more theoretical distribu
tion functions, which may be normal, and/ or 
exponential, and/or Cauchy, and/or uniform, and/ 
or a user-specified distribution. In the two-sample 
case, the two sample (actual) distribution functions . 
making up the pair are compared with one. another. 

From the above comparisons, a statistic is 
de:cived. In the one-sample case, this .statistic 
evaluates the probability that the statistic will be as 
great as or greater than its current value, if the 
hypothesis that the actual (sample) and the theoreti
cal distribution functions are equal is correct. In 
other words, if the probability is determined to be 
0. 40, for example, rejecting the hypothesis of 
equality of the distributior1 f 0.:mctions will be an in
correct action 40 times out of 100. Similarly, in 
the two-sample case, the hypothesis being tested is 
the. equality of the two actual (sample) distribution 
functions. 

This probability is calculated using asymptotic 
formulae. This means that the sample sizes in
volved should be large. Sizes greater than 100 are 
suggested by the literature. Inthis connection, the 
remarks given under subroutine SMIR should be 
considered. 

Note also that added problems arise when, in the 
one-sample case, the parameters of the continuous 
distribution in question are estimated from the 
sample. Lilliefors discusses these problems (f:lee 
reference given in KLMO description). 

Program 

Description 

This program consists of the main routine KOLM; 
and four subroutines from the Scientific Subroutine 
Package: KLMO, KLM2, SMIR, and NDTR. 

Capacity 

This program allows up to two samples,· each with 
500 or fewer observations to be examined. If the 
user desires to modify this program to handle more 
observations, the instructions given below under 
"Program Modification" should be followed • 

Each job consists of two control cards and the data 
cards ( 1-3 below) • 

1. Job control card (minus signs in cc 1-4) 
2. Program control card. Each job requires 

one program control card, defined below: 

Columns 

1 - 20 

21 

22 

Contents 

Title (alphameric) 

1 -- one-sample test 
2 -- two-sample test 
Leave blank for one-
sample test. 
O -- Read both samples 

(two-sample. tests). 
1 -- Read only one 

sample and compare 
it with the first 
sample read on pre
ceding job. 

For Sample 
Problems 

Uniform test 
(Job 1) 
Uniform-
Gauss Test 

. Gob 2) 

1 (job 1) 
2 (job 2) 
O (job 1) 
1 (job 2) 

23 0 -- Do not print th~· · 0 (job 1) 
sample(s). 

1 -- Print the sorted 1 (job 2) 
sample(s). 

(FlO. 3, ten per line) 
(The rest of this control card pertains to a one
sample test.) 
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Columns 

24 

25 - 29 

30 - 34 

35 

36 - 40 

41 - 45 

46 

47 - 51 

52 - 56 

57 

58 - 62 

63 - 67 

68 

69 - 73 
74 - 78 

Contents 

0 -- Do not compare 
with normal pelf. 

1 -:- Compare with 
normal pelf. 

u -- mean of the normal 
pelf 

s -- standard deviation 
of the normal pdf 

0 -- Do not compare 
with exponential pelf. 

1 -- Compare with 
exponential pelf. 

u -- mean of the 
exponential pelf 

s -- standard devia
tion of the. exponential 
pelf 

0 -"." Do not compare 
with Cauchy pelf. 

1 -- Compare with 
Cauchy pelf. 

u -- median of the 
Cauchy pelf 

s -- u-s is the first 
quartile of the 
Cauchy pelf 

0 -- Do not compare 
with uniform pelf. 

1 -- Compare with 
uniform pelf. 

u -- left endpoint 
of the uniform pelf 

s -- right endpoint of 
uniform pelf 

0 -- Do not compare 
with user's pelf. 

1 -- Compare with 
user-specified pelf. 

u} Parameters for 
s user-specified pelf 

u and s are described 
fully in "Description of 
Parameters" under 
subroutine KLMO, and 
are read using Format 
F (5 , 0); decimal points 
will override the 
format specification. 

For Sample 
Problems 

1 (job 1) 

O. 5 (job 1) 

o. 5 (job 1) 

1 (job 1) 

O. 5 (job 1) 

1. 0 (job 1) 

1 (job 1) 

o. 5 (job 1) 

1. O (job 1) 

1 (job 1) 

o (job 1) 

1. o (job 1) 

0 (job 1) 

O (job 1) 
O (job 1) 

3. Data is read into the computer one sample at 
a time. The reading of a sample is terminated by a 
data element of 999999. New samples must begin on 
a new card, Data. elements are punched on cards 
using format F(6, 0), which assumes twelve 6-column 
fields per card; decimal points on the card override 
the format specification. Since the routines KLMO 
and KLM2 sort the sa!llples, no particular order 
within a sample is necessary •. 

Deck Setup 

The deck setup is shown in Figure 32. 

Sample. (data) 

· Job Control 
Card · 

Sample (data) 

Program 
Centro I Card 

Job Control 
Card 

j 

First problem 

NDTR 

SMIR 

KLM2 Procedures and main program 

KLMO 

KOLM 

Figure 32. 

Sample 

The listing of input cards for the sample problems 
is shown in Figure 33. 
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lJNIFORJI TEST lCC lOOC .scoo. s1oco.s'cccc1lOOC.50CCC1 lOCOCOOOOCl 
o.377 c.2t:c 0.112 o.6EB o.5a1 0.290 o.51" 0.412 0.204 o.976 0.010 o.326 
c.795 a.en o.a10 o.686 c.2ee o.555 0~131 c."21 o.931 o.745 0.092 c.a43 
0.231 o.ec6 0.153 0.263 o.eo" c.458 0~5oe c.-;2e c.9i;4 c.6oe 0.102 o.743 
0.005 c.i;s1 o.t:64 o.425· c.s1c c.596 o.444 o.3c2 c .. ei1 0.193·0.146 0.0.n 
0.202 c.2c1 c.662 0.161 c.c43 c.·150 0.111 o.i;~3 o.665 0.411 o.477 o.164 
0.692 0 .. 6E3 C.E67 C.054 o.sie C.624 0."083 o.ee2 C.540 0.301 0.953 0.006 
o.45e o.6oi;4 0.041 o.oi;oi;s a.6C4 o.666 o.561 o.3fl o.1s6 o.630 0.311 o.589 
o.13c; c.536 c.963 c.oi;s6 c.C68 o.eo1 o.19oi; o.c;e5 c.113 o.816 fJ.880 o.931 
c.67C 0.64C a.sos o.c73 o.19t: o.516 o.336 0.371 0.1-;1 0.843 0.288 0.139 
a.242 o.zcc o.czs o.349 c.e1c c.c00 o,.652 c.1c;o c.21s c.939 0.161 c.514 
o.636 c.19c o.416 c.786 c.s73 0.161 o.845 c.16e c.4oc o.00a 0.126 o.3t:5 
c.652 c.632 c.-;23 c.E'l4 c.161 o.oi;69 o.965 a.en c.151 c.e51 0.340 o.383 
0.243 c.cca c.86C c.coi;3 c.ei6 c.c~a 0.006 o.515 o.033 o.56S o.a93 o.47a 
o.982 o.6f6 a.154 c.c;33 o.as c.ec;c o.ftos c.441 a.963 c.a10 o.195 o.876 
o.so1 c.123 o.22a c.u4 o.~31 p.010 c.c83 0.202 o.1e6c; o.996 a.152 o.545 
0.503 0.111 c.110 c.-;12 c.2c;e 0.042 0.574 o.c65 0.225 o.766 o.s1c o.520 
o.996 c.2c;2 c.19c c.111 c,.556 c.337 o.c12 o.C42 c.143 o.4s2 0.601 o.302 
o.353 c.3-;1 o.zot: c.6Cl2 0.119 0.154 c.450 c.c;1e c.453 o.463 o.699 0.022 
0.842 C.E59 C.577 C.725 C.16~ 0.450 0.232 0.34117 C.OCO 0.864 0.181 0.311 
0.236 0.622 a.607 o.c1t2 0.181 o.346 o.ca6 c.i;c4 c,.365 0.053 0.031 o,.745 
0.136 0.113 0.455 c.1ce c.15e 0.512 0.012 o.c;2s c.45S c.3e1 0.193 o.12a 
o.62'i c.220 o.657 o.c;t:2 c.e6c c.501 c.26e c.c9s 0.101 0.203 a.sea 0.101 
o.9oc; a.He o.1ce c.9C9 o.ce9 o.34S 0.211 o.556 c.840 0.033 o.639 o.539 
o.482 0.0~1 C.'i01 0.011 c.2-;s 0.097 a.sen C.41E C.835 0.101 0.733 0.029 
a.581 C.224 ·c.112 a.6Sc; O.'i45 a.741 0.94C c.c;t:1.1 C.36a 0.434 0.365 0.285 
0.422 c.%7 o.oos o.32e o.s24 o.595 c.253 c.151 o.66S o.SCJ4 0.554 o.984 
0.913 0.622 o.s16 c.502 o.364 c.667 0.124 c.344 o.546 o.11s o.1s1 0.302 
a.457 c.021 o.a19 c.c;23 o.3t::S o.ee2 c.01c c.121 c.637 o.734 o.671 a.416 
o.45c:i o.ccc; c.919 0.434 c.331 a.c19 a.soc c.2e4 c.209 o.694 o.zs3 o.4S4 
o.11e o.91s 0 .. 212 o.a21 o.5U a.634 0.195 c.'i6Z c.01c; o.956 Q.560 0.161 
0 .. 524 c.2c;4 0.047 a.634 o.382 o.s91 0.103 c.3C3 c.as9 o.607 o.c>3e o.367 
0.463 C.411 0.664 0.142 C.476 C.178 0.785 C.113 0.610 0.646 0.390 0.520 
o.611 c.i;ee· o.431 c.699 0.312 a.sea 0.612 o.e10 c.e14 c.5i;1 0.256 c.164 
0.67t; 0.6C3 0.5a4 C.595 O.C33 0.846 0.-183 C"'Cl9 C.43a C.868 0.343 0.244 
0.376 a.CH C.'i09C C.3et C.371 0.001 0.467 c.5c;z C.348 0.759 0.422 0.697 
o.3se o.oss o.a36 c.510 c.585 c.842 o.793 c.111 o.c;26 o.964 0.450 0.022 
o.ces 0.311 0.102 c.et6 c.sn o.494 o.zoe o.ec3 c.948 o.462 0.242 o.2a1 
0.546 0.6oi;8 0.269 a.339 O.l:c07 a.594 0.102 C.266 0.677 0,.668 0.913 0.462 
o.562 c.2C7 a.us c.u4 c.ec;5 c.991 o.0c;3 c.442 c.615 c.1c9 a.122 o.9so 
0.208 c .. 6is6 a.304 a.557 o.605 0.611 o.2st: c.ss4 o.595 0 .. 115 a.936 0.118 
a.141 C.153 0.654 C.541t c.376 C.363 0.793 c.1ts2 C.812 0,447 0.3.76 0.231 
o.644 a.2t:3 o.1a5 c.341 c.982 c.e29i;9999i; 

UNIFORl'-G~LS~ TEST 211 
-0.283 C.'i016 0.776 C.6'SC c.c;1a 0.506 c.816 c.348 C.659-0.301 0.630-0.3'i7 

o.51s c.221 1.253 o.421 o.49c; o.28e l.l81i-o.2M 0.099 0.051 0 .. 411 o.951 
0.273 o.1s1t o.e61 c.-;n c.446 0.102 1.451 c.c35 c.s1s c.110 0.559 1.053 

-1.157 0.9C2 0.533 1.270 0.161 1.110 l.19C 0.433 O.S73 C.374 1.317 1.255 
o.541 1.145 0.661-0.011 c.1t22-a.15CJ-o.031 o.cee o.4a6 o.849 o.s9s c.312 

-0.324 0.025 0.632 0.365 0.375 0.6'i04-0.206 C.126-0.381 1.149 0.983 1.184 
-c.011 c.6~3 o.266 l.C35 C.53t: C.936 1.177 l.H4 0.782 0.198 0.222 0.445 

0.714 C.6C7 0.374 C.341 C.79C 0.302 1.075 C.2C4 a.436 0.887 0.234 0.874 
0.048 o.c;;3a o.n3-o.340-o.c12 a.1tc;1·0.4H c.e1to c·.091 o.51a o.606-0.340 
a .. 656 c.t:t:C 0.584 C.837 c.454 C.695 0.6a6 0.053-0.276 1.600 1.394-0.038 
1.113 o.1t:2 a.6't2 o.ies-c.c23 0.031 o.soe c.313-0.718-c.249 o.124-0.096 

-o.29c; 0.1% t.086 c.487 0.311 o.635 o.462 c.ssc; c.181 1.799 0.281 o.583 
0.313 a.3n 1.c61 (j.oi;t;6 c.1c2 c.068-0.221 c.1r;a 0.305-0.021 a.849 1.063 
l.04c; 0.226-Q.297 c.c;::rn o.e2e o.ea4 1.211-0.391 0.001-0.004 1.238 o.376 
0.410 1.01s o.cs3-o.020 o.362 0.601 0.031 o.t:34 0.109 a.524 1.356 1.024 

-0.602 C.763 1.261 0.3C2-C.C63 0.104 a.446-C.410 a.401 0.704 l.070-0.a23 
-0.064 l.c81-o.731-o.1t16 1.1s6 o.648 o.624 o.2s1 o.643 0.141 c.11r; 0.174 
-o.s52-c.u3 o.583 c.140 c.592-0.144 0.222 o.3e8 o.563 0.933 l.1oa 1.022 
a.ate c.6Et: o.683 o.514 c.2a1t-c.2so o.35E 1.2c3-0.643 0.110 0.012 0.399 
o.89'ii c.1tco o.994 o.8ao c.143 a.1c2 1.12c c.391 0.191 o.196 1.176 0.149 
0.512 1.132 c.916 c.s39 c.445 1.330 o.56"! c.Eio o.6'i9 0.615 0.310 o.sa6 
o.44e-o.415 o.:n 1 c.ese c.e3s-0:291 o.211t c.985 a.484 1.004 1.598 o.494 
o.461 1.iee o.536 c.3a1 1.339-o.ou o.c64 c.113 c.619 o.6a4 o.687 0.622 
c.291 c.2c3 o.378 1.313 c.829 0.422 o.c78 c.cs1 0.143 o.·e6a-o.302 o.693 
o.633 1.116 o.11e-o.1t69 c.663 o.1ce o.685 c .. e50 o.566 o.657 1.211 o.394 

·, i o.643-o.os5-c.coo o.eei 1.163· 0.520 o.787 l.4S3 1.366 o.so1 0.301 1.384 
-0.541 1.116 0.236 C.675 l.llt; l.COO 0.250 a.457-C.OlC 0.098 0.975 0.288 

o.686 c.7t:4 0.001 o.t:'i7 c.1er; 0.259 a.4l't c .. E:ec a.e5z 0.315 0.231 0.203 
1.39.lf c.u1 o.963 c .. 699 c.401t-c.121t 0.503 a.on 1.e3a-o.313-o.461 o.1CJ1 
0.12~ l.61c 0.224 o.4co o.65E a.CJoo 1.034 a.cos o.eo1 c.920-.o.1ss o.786 
o.387 1.243 c.875 o.989 o.ne-0.152 o.coc; 1.329 o.562 o.687 o.968 o.490 
o.16C c.111-c.025 1.125 c.211 1.206 1.221-c.11t5-c.oe0 o.629-0.131 0.212 
0.388 0.712 l.Clt6-C.067 C.76C a.428 0.852 C.E61 C.,610 0.359 1.352 0.571 

-o.a11-o.2c5 1.084 c.occ; 0.-;11 o.438 l.C5a o.H6 c.884 o.954-0.215 1.295 
o.34t:-1.01a 1.c49 o.417 1.23c 1.121 t.43S c.e23-o.069 a.46't 1.261-0.119 
o.e12 c.5.H o.s15 0.190 0.101 o.e51 O.c94 0.116 c.916 a.406 o.201t a.494 
1.109 a.u3 o.460 c.a2e-o.174 0.457 o.584 c.a32-o.026 1.265-0.232-0.373 

-0.112 c.913 c.673 c.3a3 o.a35 1.226-0.012 c.c;20 1.201-0.003 o.632 0.004 
o.951 c.3c1 o.19a 1.479 o.1q6 1.058 o.873 c.ot:o c.524 0.501 a.313 a.954 

-o.c12 a.9e8 o.351 o.C53 o.24e c.,,30-0.319 0.533 o.6ea 0.524 o.4-47 t.376 
-0.263-0.0l:lt C.301 1.486 0.351 O.Ba6-C.374 0.135 0.958-0.262 Q.332 0 .. 963 
1i;c;999oi; 

Figure 33. 
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Description 

The output from the program KOLM gives the 
statistics and probability statements described be
low, and in addition identifies the distribution func
tions being considered. Sorted samples are print
ed on option. 

The following items are produced as output: 
1. Z score, where 

z = ..fD. Dn for the one-sample test; n is 
the sample size, and Dn is the maximum 
difference between the empirical distribu
tion function and the theoretical distribu
tion function. 

m is the size of the second sample; n is 
the size of the first sample; Dm n is the 
maximum difference between the'two em
pirical distribution functions. 

2. The probability of incorrectly rejecting the 
hypothesis of equality of distribution functions. 

Sample 

Sample output is shown in Figure 34. 

UNiFOR"I TEST 

a l SAi.,PLE HST WAS REQUESTED. 

THF SIZE OF SA"'IPLE l IS 4q9., 

THE l-IYPOTHESIS THU THE SAMPLE IS FR0'4 A(NI NOP.MAL 
WITH ~EAN C.5C·".'':! AND VARIANCE C'.2500 

~~N ~~5:;~~~b~DF~!T~H~~o~:=~t~:v c.ccc OF ~EING INCOR~ec:r. 

THE HYPOTHESIS THAT Tl.IF SAMPLE IS FP0"4 A(NJ E0 XPONENTIAL 
WITH MEAN C.5C".'·::' AND VAi;>JA~CE 1.cooo' 
CAN ~F PEJECTED WITH pi;irBASILITV O.CCC OF REING. INCIJRRECT. 
IS 8.8033E+OO Fr~ THIS SA~rLE. 

DISTRIBUTION 

THE STATISTIC l 

DISTRIBUTION 

THE STATISTIC l 

ThE 1--YPOTHESIS THAT THE SA"'IPLE IS FRGM AfNI CAUi:Hv DISTRIBUTION 
WIT!--' MEAN C.5COO ANO Fll\.ST QUARTILE -0.50.0C 
CA'! SE REJECTED ftITli P~.OSABILITV C.COC 1'."'F SEIN'i INCORRECT. THE ST·ATISTIC l 
IS 7.8813E+IJO FOR nns SAMPLE. 

THE HVPOTH1:SIS THAT THE SAMPLF IS FROM A(NI UNIFORM DISTRIBUTION 
P! THE HJTERVAL O.OOOG T,, l.at;CC INCLUSIVE 
CAN '3E REJECTED WITH PR.OBA!HLITV t;·.989 OF BEINt; INCORRECT. THE STATISTIC l 
IS 4.444~E-Cl F[lll THIS SAMPLC. 

THE JCB WITH TITLF U~(FC!R"1 Tt:ST WAS CCMP.LETEO. 

Figure 34. 
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UNI FORM-GAUSS TEST 

A 2 SAMPLE TEST WAS I< EQUESTED. 

THE SIZE OF SAi'IPLE 2 IS 492. 

' SDKTED SAMPLE ONE AS FOLLOWS 
0.occ c .005 0.005 O.OC6 0.006 0.006 o.ooa 0.009 0.010 0.012 
o.o 12 0.018 0.019 O.Cl9 0.021 0.022 0.022 0.025 0.029 0.033 
0.033 0. 033 O.C37 O.C41 0.041 0.042 0.042 0.042 0.043 O.C47 
O.G53 0.054 0.055 c.o5a 0.062 0.065 0.068 0.073 0.073 0.077 
c .079 0.079 0.08('1 0.083 C.083 a.ass o.oa0 0.092 0.093 0.093 
c .097 t).C'9fl c.102 o.1c2 0.103 0.111 0.112 0.113 O.ll3 O.lB 
'7.117 0.117 G.119 0.121 0.123 0.136 0.139 0.139 0.141 0.143 
'7.148 0. 151 0 .153 0.154 0.156 0.157 0.158 0.161 0.163 0.164 
•':.164 0.167 0 .168 0.110 0.112 0.177 0.110 o. na 0.178 0.178 
r: .181 0. 181 c .183 0.188 0.19C C.190 0.193 0.195 0.195 0.196 
r. .1c;1 0.1'19 o.2or 0.201 c.202 0 i2P.3 0.204 0.206 0.201 0.208 
o.2c0 0.209 c .215 0.220 0.224 0.225 o.22a 0.231 0.231 0.232 
".'. 236 0.242 0.242 C.243 0.244 0.253 0.256 0.256 0.260 0.263 
0 .263 0.264 0.264 0.266 0.268 0.269 0.212 0.275 0.211 Q.282 
c. 283 0.284 0.285 0.287 0.200 0.288 0.290 0.292 0.294 0.298 
'J .299 0.3(:1 c.302 0.302 0.302 C.303 0.304 0.311 0.311 0.312 
(' .326 o. '328 0. 331 0.336 0.337 0.339 0.340 0.341 0.343 0.344 
c. 345 o. 348 0.348 0.349 0.349 0.353 0.360 0.363 0.364 0.365 
I) .365 0.365 0.365 0.367 0.367 o.:n1 0 .. 371 0.376 0.37fi 0.376 
'.') .377 I). 377 0.381 C.381 o. 382 c. 383 0.388 0.390 0.397 0.40C 
C .4C9 (:.411 C·.416 0.416 0.422 0.422 0.425 0.427 0.430 0.431 
r: .434 1).434 0.441 0.442 0.444 0.447 0 .. 450 0.450 0.450 0.453 
c .454 0.455 0.455 0.457 C.458 0.458 0.459 0.462 0.462 0.462 
C:.463 C.463 0.467 0.469 0.470 0.411 0.472 0.476 0.477 0.476 
c .482 0.482 0.492 0.494 C.500 (' .501 0.501 C.502 o.503 0.504 
G. 5G8 c. 512 Q.514 a. 514 0.515 0. 516 0.516 0.518 0.518 0.520 
C. 52C c. 524 0.531 C.5?6 0.539 0.540 0.544 0.545 0.546 0.546 
c .5'54 c. 5 'i5 0 .556 0.55"6 0.557 0.560 0.561 0.562 0.565 0.570 
c .570 lj. 572 C.574 0.577 0.580 0.581 0.581 0.585 0.588 0.589 
C.591 c. 5gz 0.594 0.594 0.595 C.595 0.595 o.596 0.597 0.603 
C .6C4 o. 61:'5 C.6C7 C.607 0.607 0.607 0.608 Q.610 0.611 0.615 
iJ .617 c. 622 0.622 0.624 C.629 C:.630 0.632 0.634 0.634 0.636 
'.1.6 37 C.6'311 0.639 C.64C 0.644 0.646 0.652 0.652 0.654 0.657 
c .659 C.662 G.662 C.664 0.664 C.665 Q.666 0.666 o.667 0.668 
a .668 C,670 c .671 C.b72 Q.677 c .679 Q.683 0.686 0.608 0.692 
c .694 o.69o'.. o.696 C.697 0.698 0.699 Q.699 o. 701 0.102 0.101 
·".". 708 0. 7Cfl o. 109 c. 715 o. 722 c. 724 0. 725 o. 726 0. 728 o. 733 
o. 734 o. 737 o. 741 a. 742 c. 743 C. 745 0. 745 o. 746 0. 750 0. 751 
c .752 o. 753 c. 754 C. 759 c. 761 C. 761 o. 766 o. 767 o. 783 o. 785 
c. 785 c. 786 o. 101 o. 7qc o. 793 o. 793 o. 795 0.801 0.801 0.803 
C' .8C4 0.805 0.806 0.810 G.810 C.810 0.812 0.814 0.816 0.816 
C.816 c.011 0.827 c. 829 C.833 c .835 0.836 0.837 0.840 0.842 
C· .842 IJ,843 c.a43 0.844 o.845 c .846 o.651 0.859 0,860 o. 860 
0 .864 C.867 c .86e 0.870 C.87C C.876 o.880 0.882 0~882 o.a0a 
c .889 O, e9C 0.892 0.893 C.895 0.904 0.907 0.909 0.909 0.913 
c .913 0.918 c ,919 C.923 C.923 0.924 0.926 0.928 0.928 0.931 
."1.<J:j.l ".933 Q,936 G.939 C.940 0.945 0.948 0.95C 0.951 0.953 
1).953 0.956 C.95f. C.962 0.963 C.%3 0.964 0.965 C.967 0.969 
r:.969 C.972 ('. 973 c. 973 C.976 c .978 0.982 C.982 C.984 0.984 
!:· .985 0.C/88 C.99C c.991 0.994 c .c;95 0.996 0.996 

Soneo SAMPLE TWO AS FOLLOWS 
-.l.157 -1.018 -o. 737 -o. 718 -0.643 -G.6C·2 -C.552 -0.541 -0.476 -C.475 
-c .469 -0.467 -0.410 -c.3c;7 -C.391 -C. ?Sl -a. 379 -0.374 -(1.373 -G. 340 
-0 .340 -0.324 -0.313 -0.302 -0.301 -c. 299 -o. 297 -(1.297 -0.283 - c. 280 
-o .216 -0.275 -c·.264 -o. 263 -c .2b2 -r.249 -0.232 -0.221 -0.206 -C.205 
-0.188 -0.183 -C.179 -G.174 -0.112 -C.159 -0.152 -0.145 -0.144 -0.131 
-0.124 -O.C96 -0.088 -O.C.77 -0.012 -0, C72 -C. C69 -O.C67 -0.064 -0.064 
-o .063 -0. C55 -C·.C38 -C.C37 -0.026 -0.r25 -O.C23 -C.023 -o.c21 -'J.020 
-c .012 -0,Cll -0.011 -o.c 11 -0.ClC -c .rct. -O.C'03 o.oco C.004 o.r:r.5 

') .007 O.C'07 Q.Q09 C.CC9 c.012 C', C25 0.035 0 .035 0.C37 C.<'37 
0.048 0.051 Q.053 O.C53 0.057 0, C6C O.C64 0.068 0.071 0.078 
o.oa3 0.088 0.091 C.C94 0.098 C.099 c.102 Q, 109 0.110 (!. !.13 
0 .118 0.124 0.125 0.126 0.131 c .133 0.143 0.147 C.149 0.154 
0.160 0.174 0.176 c .171 0.181 0.185 0.19C 0.191 0.191 0.196 
0.196 0.196 C·.19E C.198 0.203 c.2c3 0.204 0.21:'4 0.214 o. 217 
0.222 o. 222 C·.224 0.226 0.221 c .231 C.234 C.236 0.248 C. 25C 
0.257 o. 259 (...266 0.212 0.273 ·c.284 0. 287 0.288 0.288 0.297 
C.3Cl 0.3Cl 0.302 0.302 C.303 c .305 C.307 0.310 0.313 ('. 313 
0.315 0.317 0.317 c. 332 0.341 Q. 346 0.348 0. 351 o. 35 l o. 358 
0.359 0.362 0.365 0.372 0.373 c.31.-.. Q.374 C.375 c. 316 i:'.378 
C.381 o. 387 C..387 C.388 C.388 c .391 C,394 0.399 C.400 0.400 
0.401 0.4C4 0.406 0.406 c .411 (',414 C.417 G.418 C.418 C.421 
~.422 0.422 o.42!! C.430 0.433 C.436 0.438 (1.445 0.445 0.446 
0.446 0.447 0.448 0.454 0.457 c .457 0.46C, C.462 0.464 C.467 
Q.484 0.487 0.490 C.494 C.494 c,407 0.499 o.501 0.506 a.sea 
0.512 o. 514 C.515 IJ.515 c.520 0.524 0.524 0.524 0.533 o. 533 
o.536 o. 536 C.537 o.547 0.559 C.559 c.562 G.563 0.563 o.s6D 
0.571 0.573 0.57& C.583 0.583 c. 583 o. 584 c. 584 o.5e6 0. 592 
0.6Cl 0.604 0.6C6 C.6G6 f).607 o.tto 0.610 C.616 0.619 0.622 
0.624 0.629 C,63r:· C.632 Q.632 O.C.33 (1.634 C.635 C.642 o.643 
0.643 C-.64fl 0.653 c .650 0.657 o. 658 o.65q C.660 C.663 C.667 
IJ.673 0.675 C.675 0.680 C.683 o.ce5 0.686 ('.686 0.687 C.687 
0.688 0.690 o.693 0.694 0.695 (!,697 0.699 c .699 o. 702 o. 702 
o. 704 c. 704 o. 7C7 0. 7CB o. 714 0, 7!.8 o. 719 o. 733 c. 735 a. 740 
o. 743 o. 760 c. 761 o. 762 o. 763 r. 764 o. 770 ('. 712 o. 716 o. 782 
c. 786 o. 787 o. 789 (I. 790 ('. 798 Co .801 0. 801 0.806 o.a12 O. B16 
0.818 0.823 c .828 C.828 C.829 o. E'32 0.831 0.838 Q.839 0.840 
0.849 o.849 0.85C 0.852 C.852 0. 057 C.858 C,861 Q.867 C.868 
0.873 0.874 o. 875 0.875 c.88C c. 881 o.884 0.884 0.887 0.898 
0.899 0.9CO G.902 0.910 0.913 ·::.916 0.'316 0.916 C.917 C.920 
0.920 0.930 0.933 0.936 0.937 c.ci35 0.951 Q,951 0.954 0.954 
0.958 0.963 o.q63 0.968 0.975 c .983 C.985 0.988 0.989 c.994 
0.996 1.000 1.004 l .c22 1.024 !.034 1.035 1.046 l.G49 1.049 
1.050 1.053 1.058 l.C63 1.067 l .C70 1.075 l.C75 1.C84 1.066 
1.087 1.108 1.11c 1.116 1.119 1.120 1.125 1.127 1.132 1.145 
lol49 1.156 l.163 1.173 1.176 1.176 1.177 1.184 1.188 1.189 
1.190 1.203 1.206 1.207 1.217 l. 217 1.221 l.226 1.230 l. 238 
1.243 1.253 1 .255 1.261 1.261 1.265 1.270 1.295 1.313 1.317 
1.329 1.330 1.339 1.352 1.356 1.366 1.376 l.3!34 l. 394 1. 394 
1.435 1.451 l .479 1.486 1.493 1. 598 1.600 1.644 l.67C 1. 709 
l. 799 1.838 

THE HYPOTHESIS THAT THE TWO SAMPLES ARE. FRC-11 THE SAME PCPULAT ION CAN BE REJECTED WITH USYHPTDT IC) 
PROSABIUTY OF BEING INCORRECT OF o.ccc. T~E STATISTIC l IS 2.59COE+OO FOR THESE SAMPLES. 

THE JOB WITH TITLE UNIFORM-GAUSS TEST HAS C!1MPLETEO. 

ENO OF SAMDLE PROGRAM 

Figure 34. (Continued) 
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·Program Modifications 

1. Program capacity may be increased or de
creased by making changes in the allocation state
ments. If this is done, the limits on the DO state
ments may require modification, as will be the 
case if data formats require changing. It is also 
possible that output formats may require changes. · 

2. Any modifications to the subroutine KLMO in 
terms of added continuous pdf' s should be reflected 
in the program KOLM. It may be necessary to: 

a. Modify the declaration of DIST (5, 3), 
which contains the switches calling on pdf1 s 
and also contains the parameters u and s 
used by KLMO. 

b. Modify the pdf titling cards numbered 
KOLM 230 through 270. 

c. Modify the· section of the program from 
S70 through: SlOO to reflect changes a and 
b above. These statements call KLMO to 
perform tests and output results. 

3. List of variables in KOLM, and their usage: 

D-

DAS2 -
DIST-

ERROR-

I-

IFL -
IES -

IO -
IR -

IS -

M
N
P-

S2 -

TITl -
TITLE -

Temporary vector used in reading 
samples 
Job Control Card name (----) 
5 by 3 matrix. The five elements in 
column 1 are switches that allow the 
5 pdf' s to be used in one-sample tests. 
Columns 2 and 3 contain the parame-
1ter~ u and s for the associated testo 
Error (in using KLMO, used for 
skipping the test concerned) 
Counter used to print correct pdf name 
for pdf used in the test 
Error indicator (job deck error) 
Error (in using KLMO, used for error 
message) 
Switch (used for printing samples) 

· Number of samples to be read in cur
rent job 
Number of samples to be used in cur
rent job (1 or 2) 
Size of the second sample 
Size of first sample 
Probability of being incorrect if hy
pothesis is rejected 
Temporary storage for u and s out
put 
Current pdf names 
Job title 

X - Sample 1 
Y - Sample 2 
z - z statistic from KLMO or KLM2 

Operating Instructions 

This sample program is a standard PL/I program 
and needs no special operating instructions. Data 
set SYSIN is used for input; data set SYSPRINT, 
for output. 

Error Messages 

The following error conditions will result in mes
sages, followed by the action specified: 

1. Neither a one-nor two-sample test is re
quested, or the size of either sample is larger 

· than 500 -- CC. 21, CONTROL CARD, INCORRECT, 
OR SAMPLE SIZE TOO LARGE. JOB IGNORED. 
Action: Cards are read until a new job control 
card is found, or until the hopper is empty. 

2. ·Sample size is less than 100 (not an error) -
NOTE THE REMARKS CONCERNING ASYMPTOTIC 
RESULTS AND SAMPLE SIZE IN SUBROUTINE 
SMIR. Action: none. Job continues. 

3. The requirement of subroutine KLMO that 
certain parameters be nonzero or positive is vio
lated -- AT LEAST ONE (S) ENTRY PARAMETER 
FOR THE SUBROUTINE KLMO WAS INCORRECT. 
THE TEST FOR THE ASSOCIATED CONTINUOUS 

·PDF WAS IGNORED. Action: All tests are made 
for cases where the parameter s was correct. 

4. A case in which an error requires aborting 
the job, and the succeeding job in the job stack re
quests a two-sample test where the second sample 
is to be compared with a (first) sample, which was 
read on the previous job-'- THIS JOB CALLS FOR 

.. THE USE OF A PREVIOUSLY READ SAMPLE, AND 
THE PREVIOUS JOB WAS IGNORED BECAUSE OF 
ERRORS. JOB IGNORED. . Action: Cards are read 
until a new job control card is found, or until the 
hopper is empty. _ 

5. The job control card preceding a job is not 
there or is incorrect -- FIRST CARD IN JOB DECK 
(JOB CONTROL CARD) IS INCORRECT. Action: 
Cards are read until a new job control card is 
found, or until the hopper is empty. 

Timing 

The execution time of this program on a System /360 
Model 40, using a 2540 Card Reader as input and a 
1403 Printer, Model Nl, as output, is 35 seconds 
for job 1 and 55 seconds for job 2. 
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KOLM.. KOLM 10 
l"*******************************************************************IKOLM 20' 
A W~~ ~ 
I* THE PURPOSE OF THIS ROUTINE JS TO: •/KOLM 40 
I* ( lJ READ THE CONTROL CARD FOR A ONE 00. TWO SAMPLE TEST• O/KOLH 50 
I* 121 READ THE SAMPLE DATA ANO DETERMINE THE SAMPLE SIZES. O/KOLH 60 
I* 131 CALL SHIR, KLHDt AND KLH2 FDR CALCULATION OF O/KOLH TO 
I* PROBABILITIES. O/KOLH 80 
I* . l~I PRINT RE SUL TS. */KOLM 90 
I* */KOLM 100 
l**************"*****************************************************IKOUI 110 

PROCEDLRE OPTIONS IHAJNJ ,. KOLM 120 
DECLARE KOLM 130 

(DASH,DAS2J CHARACTER 141 t KOLM 140 
CI,J,K,L,HtNrlS,IRtIOtlFLtEI FIXED BINARY, KOLM 150 
IOISTC5t31tDU2),X(501J,YC5011,PrZtS2J FLOAT BINARY, KOLM 160 
TITLE CHARACTER 1201, KOLM 170 
TITll51 CHARACTER (161, KOLM 180 
IES CHARACTER U 1 r KOLM 190 
ERROR EXTERNAL CHARACTER I lJ t • KOLM 200 

ON ENDFILEISYSINI GD TO S?.oo,. KOLM 210 
SW ""01 • KOLM 220 
JFL aO, • KOLM 230 
DASH""'---•,. I* INITIALIZE NAMES */KOLM 240 
TITUU =1 NORMAL •,. I* ANO JOB CONTROL CARD */KOLM 250 
TIT112J = 1 EXPONENTIAL. '•• KOLM 260 
TIT1131 = 1 CAUCHY 1 t• KOLM 270 
TIT U 41 "" 1 UNIFORM 1 , • KOLM 280 
TlTll 51 =1 USER-SPECIFIED 'r• KOLM 290 

SlO.. KOLM 300 
GET EDIHDAS2rEICAl4)rXl75JrFll)J,. KOLM 310 
IF DASH::o0AS2 KOLM 320 
THEN I* READ TITLE ANO */KOLM -330 

S20.. I* PROGRAM PARAMETERS O/KOLM 340 

s30 •• 

S40 •• 

DO,. KOLM 350 
GET EOITI TITLErlSrlR,JO,OlSTIO,:t:) 1EJ IAC20Jr3 Fil 1 r5Cfl lJr2 FC 5JKOLH 360 

J,XllJ,FllJJ t• KOLM 370 
IES = 1 0 1 r• KOLM 380 
PUT EDIT ITJTLE)(Al20U PAGE,. 1 KOLH 390 
PUT EDIT I' A'rIS, 1 SAHPLE TEST WAS REQUESTEO.•JISKIPl31rA121r KOLH 400 

Fl2),A(271 It• KOLM 410 
IF SW=O AND IS=2 ANO lR=l KOLK ~20 
THEN DO,. KOLM 430 

PUT EDJTI 1 FIRST JOB REQUIRES PREVIOUS DATA FOR A TWO SAH'KOLH 440 
r 1PLE TEST.•)(SKIPl3J,Al47),Al9JJ,. KOLM 450 

SW =l t. KOLM 460 
GO TO SltO,. KOLM 470 
END,• KOLM 480 

SW =l,. KOLM 490 
IF IR=O I* NO. OF SAMPLES DECISION O/KOLM 500 
THEN IF IS GE 1 KOLM 510 

THEN GO TO Sl40,. KOLM 520 
ELSE /* NO. OF SAMPLES WRONG •/KOLM 530 

KOLM 540. 
DOr. KOLM 550 
PUT EDITI 1 Ct.21 OF THE PROGRAM CONTROL CARD JS INCO'KDLH '560 

r 1RRECT. JOB IGNORED.')CSKIPC3J,Al42J,Al201J,. KOLM 570 
KOLM 580 

GET EOJTCDAS2rEJlAlltlrXC75J,FllJI,. KOLM 590 
IF OASH::oOAS2 KOLM 600 
THEN DO,. KOLM 610 

JFL =l,. KOLM 620 
GO TO S20,. KOLM 630 
ENO,. KOLM 640 

ELSE GO TD S40,. KOLM 650 
ENO,. KOLM 660 

ELSE If IFL NE 0 KOLM 670 
THEN DO,. I* ERROR IN PREVIOUS JOB O/KOLM 680 

PUT EDJTI 1 THIS JOB CALLS FOR THE USE OF A PREVJOUSL'KOLH 690 
r 1 Y READ SAMPLE, AND THE PREVIOUS JOB WAS IGNORE'KOLP'I 700 
, 1 0 BECAUSE Of ERRORS.• ,•JOB IGNORED.• J ISK1Pf3), KOLM 710 
A142JrA146J,Al20J,SKIPrA113J),. KDLP'l 720 

GO TO S40,. KOLM 730 
END,. KOLM 740 

ELSE GO TO s1ao.. KOLM 750 
END,. KOLM 760 

ELSE OO,. KOLM 770 

sso •• 

PUT EDITI 1 FIRST CARO IN JOB DECK IJOB CONTROL CARDI IS INCDRR'KDLM 780 
,•ECT.•JISKIPl3)1Al521rA14JJ,. KOLM 790 

GD TO S40, • KOLM 800 
ENO,. KOLM 810 

KOLM 820 
IF IS,.2 . KOLM 830 

KOLM 840 
KOLM 850 
KOLM 860 
KOLM 870 
KOLM 880 

THEN GO TO SlBO, • 
ELSE IF IS GT 2 

S60 •• 

THEN GO TO S30 1• 
ELSE GO TO S65,. 

IF IS LE 1 
THEN DO,. 

I* ONE SAMPLE TEST USING ALL */KOLM 890 
I• DISTRIBUTIONS REQUESTED . */KOLM 900 

S65 •• 

S7o •• 

sea •• 

DO I=l TO 5t. 
IF DISTU tl> NE 0 
THEN GO TO S70r • 
ENO,. 
PUT EDITI 1 ND PDF COMPARISON JS 

KOLM 910 
KOLM 920 
KOLM 930 
KOLM 940 
KOLM 950 

ASKED FDR. 1JISKIPl31,A(321J,. KOLM 960 
KOLM 970 

DO I=l TO S , • KOLM 980 
IF OJSTU rlJ = l KOLM 990 
THEN CALL KLMO(X,N,ZrPrI ,DIST( I ,21,oISTll,3))'. KDLHlOOO 
IF ERROR='O' OR ERROR= 1 3 1 KOLH1010 
THEN KOLM1020 

DO,. I* OUTPUT RESULTS •/KOLH1030 
PUT EDJTI' THE HYPOTHESIS THAT THE SAMPLE IS FROM AINI 'KOLM1040 

rTITlllJ, 1 DISTRIBUHON' J(SKIPl3),A147J,AU61 1 All31J KOL111050 
t• KDLM1060 

If I LT 3 I* PREPARE OUTPUT */KOUU070 
THEN DOr• KOLM1080 

SZ =DISTflt3J002,. KOLM1090 
PUT EDIT(' WITH MEAN 1 ,DISH1r2J, 1 AND VARIANCE' 1 S21 KOLMllOO 

(SKIP1AllOl rf( 13141,A(13) ,F U3,4J J,. KOLMlllO 
GO TO sea,. KOLM1120 
ENO,. KOLH1130 

ELSE IF I=3 KDLH1140 
THEN DO,. KOLM1150 

S2 =DJSTII12J-DISTClr3J,. KOLM1160 
PUT E~IT( 1 WITH MEAN 1 1DISHir2Jr 1 AND FIRST '• KOLM1170 

'QUART.ILE 1·rS2) CSKIP,AI lOJ 1F 01 l3r41rAI1111 KOLM1180 
A18J rfll3r411,. KOLM1190 

GO TO sea,. KOLHl200 
ENO,. KOLM1210 

ELSE If I LE 4 KOLM1220 
THEN DOr. KOLM1230 

PUT EDITC' IN THE INTERVAL 1 ,DISHJ,21t' T0 1 KOLM1240 
,OISTCI,3J., 1 JNCLUSIVE 1 JISKIPrAl16J. KOLM1250 
FU3,4J ,AUi ,F113r4J tAI 101 Jr• KDLM1260 

KOLM1270 

S90 •• 

PUT EDJTI 1 CAN BE REJECTED WITH PROBABILIT'KOLH1280 
r'Y'rPr' OF BEING INCORRECT. THE STAT'KDLH1290 
,•JSTJC z•,• 1s•,z,• FOR THIS SAMPLE.'IKOLM1300 
I SKI Pr Al321tAI1) rF C 6t3 It A I 30 J, Al 7 I, SKIPKOLM1310 
rAl3),Ell2,411AU7J ),. KOLH1320 

END r • KDLM1330 
GO TO S90 t • KOLM1340 

ENO,. 
ELSE IES =ERROR, .. 

ENO,. 
ENO,. 

KOLM1350 
KOLM1360 
KOLM1370 
KOLH13BO 
KOLM1390 

ELSE GO TO SUO,. 
IF IO NE 0 I* OUTPUT S~MPLE ONE DECISION. *l~~t=~:~~ 
THEN DO,• KDLM1420 

KOLM1430 
KOLM1440 
KDLM1450 

PUT EDIT 11 SORTED SAMPLE ONE FOLLOWS•HSKIPl3J,A(26IJ 1 • 

PUT EDIT ((XIJI DO J=l TO NJllSKIPrlO CFl10r3JJI,. 
END,. 

IF IES "''0' KOLH1460 
KOLM1470 THEN 

5100 •• 
oo,. ~~t:t::g 
~~~ E~~y· l· THE JOB WITH TITLE•,TITLE,•'wAs COHPLETEO.•J :~t=~~~g 

CSKIPl3J tAl 22J 1AI 181 tAUSI J ,. KOLM1520 

~~E~R:~~=~~; T I 'NOTE THE REMARKS CONCERNING ASYMPTOTIC RESULTS'~~t=~~:g 
r' AND SAMPLE SIZE IN SUBROUTINE SHIR.• JCSKIPC31rA1461 1 KOLM1550 
Al 36 I) t • KOLM1560 

GO TO SlO,. KOLM1570 
ENO,. KOLM1580 

ELSE DO,• KOLM1590 

s110 •• 

PUT EDIT( 1 AT LEAST ONE ISi ENTRY PARAMETER FOR THE SUBROUTINE'KDLMl600 
r 1 KLKO WAS INCORRECT. 1 , 1 TEST FOR THE. ASSOCIATED CONTINU'KOLM1610 
,•nus PDF WAS IGNORED. 111SKJPl31tAl52J1Al2lltSKIPrAC32Jr KOLM1620 
Al201) 1 • KOLM1630 

GO TO SlOO,. KDLM1640 
END r • KOLM1650 

CALL KLM21XtYrNrKtZrPI t• 
IF 10=0 

I* TWO SAMPLE TEST 
I* OUTPUT SAMPLES DECISION 

KOLM1660 
•IKOLMI670 
O/KOUH680 

KOLM1690 THEN 
s120 •• 

ELSE 
Sl30 •• 

Sl40 •• 
N 

Sl50 •• 

KOLMl 700 
oo,. 
PUT EDI Tl 1 THE HYPOTHESIS THAT THE TWO SAMPLES ARE FROM THE • 1 

1 SAKE POPULATIO~ CAN BE REJECTED WITH lASYHPTOTICI • 1 

KOLMino 
KDLMl 720 
KOLMl 730 

1 PROBABILITY OF BEING INCORRECT OflrPt'• THE STATISTIC Z 
,•JS •,z,• FDR THESE SAMPLES. 1JlSKIPC3JrAl50J,Al50JtSKIPr 
Al34J 1fl613 I rAU8) rAC31 1E(l2,4J rAl 191 J,. 

GO TO SlOO,. 
END,. 

oo,. 
PUT EDIT 1 1 SORTED SAMPLE ONE AS FOLLOWS' llSKIPl3J,AC 2911,. 
PUT EDIT llXCJI DO J=l TO NJICSKIPtlO Fll013JJ,. 
PUT EDIT I' SORTED SAMPLE TWO AS FOLLOWS'JISKIP'3JrA129JI,. 
PUT EDIT llYIJI DO J=l TO KlllSKJP,10 Fll0t3J>,. 
GD TO Sl20 1 • 

ENO,. 

=a,. 
DO l=l TO SO,. 
GET EDI Tl IOI KJ DO K"'l TO 

DO J=l TO 12,. 
IF, DIJJ = 999999.0 
THEN GO TO sno •• 
N =N+l,. 
IF N GE 501 
THEN 

oo,. 

I* READ FIRST SAMPLE 

121rEIC12 f(6J,XCllrFUIJ,. 

I* CHECK FOR END OF SAMPLE 

/O HAXH1UH SAMPLE. SIZE 

'KOLM! 740 
KOLM1750 
KDLM1760 
KOLM1770 
KOLMl 780 
KOLM1790 
KOLMlBOO 
KOLM1810 
KOLM1B20 
KOLM1830 

. KOLM1840 

. KDLM1850 
KOLM1860 

. KOLM1870 
KOLM1880 

•IKOLMl890 
KOLH1900 
KOLH1910 
KOLH1920 

O/KOLM1930 
KOLM1940 
KOLH1950 

*/KOLM1960 
KOLM1970 
KOLM1980 
KOLH1990 

PUT EDIT C' SAMPLE SIZE 
lSKIPl31tAC431 j,. 

GO TO S4Q,,. 

IS TOO LARGE. JOB IGNORED. t JKOLM2000 
KOLM2010 
KOLM2020 

ENO,. 
XINI =D(JJ,. 
ENO,. 

ENO,. . 

I* PLACE SAMPLE IN X 
KDLM2030 

*/KOLH2040 
KOLM2050 
KDLH2060 

Sl70. • KDLH2070 
PUT EOITI I THE SIZE OF SAMPLE 1 IS•,N, '·') ISK1Pl31rA124J,f(4),AI 11) KOLH2080 .. 
GO TO SSO,. 

Sl80 •• 
M =O,. 

DO I=l TO 50,. 
I* R!=AD SECOND SAMPLE 

GfT E~~T~!~'i~ ~~.:=l 'To 12>,E.J Cl2 FC6J ,X<71tfllJ ••• 

IF OIJl=999999.0 
THEN GO TD Sl90r. 
H =K+lt• 
IF H GE 501 
THEN 00 1 • 

I* CHECK FOR END OF SAMPLE 

I* MAX SIZE OF SAMPLE 

KOLM2090 
KOLH2100 
KOLH2110 

*/KOLM2120 
KOLM2130 
KOLM2140 
KOLH2150 

*/KOLH2160 
KDLM2170 
KDLM2180 

*/KOLM2190 
KOLM2200 

PUT EDITf' SAMPLE SIZE 
I SKIPl3 I 1 A(43 J J,. 
GO TO S401. 

IS TOO LARGE. JOB IGNORE0. 1 J KOLM2210 
KOLH2220 
KOLM2230 

END,. 

ENO,. 
YlMJ =DIJJ 1• 
END,. 

I* PLACE SAMPLE IN Y 
KDLH2240 

*/KOLMZ250 
KOLM2260 
KOLH2270 

Sl90.. KOLM2280 
PUT EDITI' THE SIZE OF SAMPLE 2 IS'tHr'•'llSKIPl31,Al24 .. F(4J,A(llJ KOLM2290 .. 
GO TO S60,. 

s200 •• 
PUT FILE ISYSPRINTJ EDIT PEND Of SAMPLE PROGRAM') 

I SKJPl.211COLUHNI lOJ ,A),. 
ENO,. I* END OF .PROCEDURE KOLK 

TRIPLE EXPONENTIAL SMOOTHING EXPN 

Problem Description 

KOLM2300 
KDLM2310 
KDLM2320 
KOLH2330 
KOLH2340 

*/KOLH2350 

Given a time series X, a smoothing constant, and 
three coefficients of the prediction equation, this 
sample program finds the triple exponentially 
smoothed series S of the time series x. · 
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Program 

Description 

The sample program for triple exponential smooth
ing consists of the main program, named EXPN, a 
special input routine, named DAT3, and one sub
routine from the Scientific Subroutine Package: 
EXSM. 

Capacity 

The capacity of the sample program and the format 
required for data input have been set up as follows: 

(12F(6, 0)) format for input data cards. There
fore, if a problem satisfies the above conditions, 
the sample program need not be modified. How
ever, if input data cards are prepared using a 
different format, the input format in the input 
routine DAT3 must be modified. The general 
rules for program modification are described 
later. 

Control Card 

One control card is required for each problem and 
is read by the main program, EXPN. This card is 
prepared as follows: 

Columns Contents For Sample Problem 

1-6 Problem number SAMPLE 
(may be alpha-
meric) 

7-10 Number of data 0038 
points in a given 
time series 

11-15 Smoothing constant, 0.1 
<Y. (0. 0 < <Y. < 1. 0) 

16-25 First coefficient o.o 
(A) of the predic-
tion equation 

26-35 Second coefficient o. 0 
(B) of the predic-
tion equation 

36-45 Third coefficient (C) o.o 
of the prediction 
equation 

Smoothing constant and three coefficients must be 
keypunched with decimal points. 

Leading zeros do not have to be keypunched. 

Data Cards 

Time series data are keypunched using the format 
(12 F(6, 0)). This format assumes that each data 
point is keypunched in a six-column field, with 
twelve fields per card. 

Data Setup 

The deck setup is shown in Figure 35. 

Data 1 · 
,C::.===:(lc_ . Last problem 

Control 
Card 

Data 1 
,C==:=:;;,1- Second problem 

Control 
Card 

Data ~ 
,C:::::.===<1-- . First problem 

Control 
Card 

EXSM 
Procedures and main program 

EXPN 

Figure 35. 

Sample 

The listing of input cards for the sample problem is 
shown in Figure 36. 

SA!o'FLE 38 • l o.c o.c c.c 
430 426 422 "19 414 413 412 4C9 411 411 422 430 
43€ '941 441 455 461 453 44€ 449 454 463 470 472 
41t: 4El 'i03 487 491 492 485 '486 482 479 479 476 
4 72 4 iO 

Figure 36. 

Description 

The output· of the sample program for triple expo
nential smoothing includes: 

1. Original and updated coefficients 
2. Time series as input and triple exponentially 

smoothed time series 
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Sample 

The output listing for the sample problem is shown 
in Figure 37. 

TRIPLE EXPO~ENTIAL S"100THlt'tG ••••• SAMPLE 

NU"lBEG OF DATA POINTS 38 
St<!OQTHING (C~SUNT c.1cc 

COEFFICIENH 

ORIGINAL c .ccoc~ C. OOOOQ c.00000 

UPDl'\T E 484.flCl 76 1.71309 C,C4166 

SMOOTHED DAU 
(NPUT DATA IFOHCASTI 
t.:;i.c.ccccc 430.CCCOO 
426.r:CC.CC 426, CC.COG 
422, O:ICCC 422.COOCC 
4l'i,CCCCC 4te. oocoo 
414.':'CCCC 414.29980 
413. r:rccc 411:'.23950 
412, CCC-CC 407. 08960 
4(9,(((r( 4C4.667rn 
411. ccc.:c 402.22363 
411.r:cccc 401.25049 
422.CCCCC 402.64515 
430:. CCG(C 405.61621 
438,C".:·".'CC 41(.71338 
44 t. ((('!(( 417.46948 
44 7. ccccc. 423.99829 
455. CC CCC 431.18286 
461. ccccc 439.43359 
4~3.r:·cccc 447.87866 
4~3. 0C0C-O 452,21558 
44g, r:cccc 454.11?522 
454. CCC(( 455.8C713 
46~. cc ore. 458.54614 
47':.rcccc 463.3C518 
4 72. cccci:: 469.('6445 
47?.r.C~·'."C 474.C9521 
4E.l.COiCC 479.11C35 
483.CCCCC 4e4.3B623 
487.CCCCC· 488.94629 
4<;1. CCC CC 493. 50854 
492. ccocc 49!:'.05444 
485.CCCCC 501.~~992 
406.CGCC.C SCZ.12549 
482.r.cocc 5C2. 44434 
4 79.CCCCC 501.167Z4 
47C:.CCOCC- 49e.92749 
4 76. cci:cc t.96.84155 
41z.cr.r:cc 494. CC806 
41i:.ccccc 49C.3C420 

Figure 37. 

Program Modifications 

Input data in a different format can also be handled 
by providing a different format statement. In order 
to familiarize the user with the program modifica
tion, the following general rules are supplied in 
terms of the sample problem. 

Changes in the input format statement of the 
input routine DAT3. 

Only the format statement and the variables 
per card count indicator (NF), which appears 
in subroutine DA T3, can be changed. Since 
sample data are three-digit numbers, rather 
than using six-column fields, as in the sample 
problem, each data point might have been key
punched in a three-column field, with 24 fields 
per card. If so, the format is changed to 
(24 F(3, 0)) and the variables per card count in
dicator (NF) is. changed to agree with the number 
of variables per data card. 

Operating Instructions 

The sample program for triple exponential smooth
ing is a standard PL/I program. Special operating 
instructions are not required. Data set SYSIN is 
used for input; data set SYS PRINT, for output. 

Timing 

The execution of this sample program on a System/360 
Model 40, using a 2540 Card Reader as input and a 
1403 Printer, Model Nl, as output, is 33 seconds. 

E XPN.. EXPN 10 
I***************************************_.***************************** I EX PN 2 0 
I* */EXPN 30 
I* TO PEAD THE PROBLEM PARAMETER CARO ANO A TIME SERIES, CALL */EXPN 40 
/'fl. THE PRf\CEOURE EXSH TO SMOOTH THE TIME SERIES, ANO PRINT THE •/EXPN SC 
I* RESULT. O'/EXPN 60 
I* */EXPN 70 
I********** >l<* ** ** * *** >l<•**** * * **** **** ****************** ** ** ***********IE X PN 80 

PROCEDURE OPTIONS IMAINI t• EXPN 90 
OECLAF E EXPN lOC 

(A,R1C1AU FLOAT SlNARY, EXPN 110 
(I,NX) EXPN 120 
FIXED BINAPY, EXPN 13C 
ER~Orl. EXTERNAL CHARACTER(ll 1 EXPN 140 
CH CHARACTER (80), EXPN 15C 
PRl CHARACTER (6) to EXPN 160 

ON ENOFILE (SYSlN) GO TO EXIT,. 
s100 •• 

*IEXPN 170 
EXPN 180 
EXPN 190 

CARO */EXPN 200 
EXPN 210 
EXPN 220 

*/EXPN Z30 I• 
I• 
I• 
I• 
I• 
I• 

I• ,. 
I• 

GET EOtT ICHJ IA180Jlt• /*READ PROBLEM PARAMETER 
GET STRING ICHJ EDIT (PRI,NX,AL,A1B1CJ 

tAC6J,FC41,FC5,ol,3 FllG,CJI,. 

PRl ••••• PROBLEM NUMBER (MAY BE ALPHAHERICI 
NX •••••• NUMBER Of DATA POINTS IN TIME SERIES 
AL.•••• .SMOOTHING CONSTANT 
A,a,c ••• COEFFICIENTS OF THE PREDICTION EQUATION 

*/EXPN 240 
•IEXPN 250 
*/EXPN 260 
*IEXPN Z70 
•/EXPN 280 

PUT EDIT I 1TFIPLE EXPONENTIAL SMOOTHJNG ••••• 1 ,PRll lPAGE,SKIPl4J, EXPN 290 
COLUMN(lOl,A,AJ,. EXPN 300 

PUT EDIT ('NUMBER OF DATA POINTS 1 ,NXI ISKIP(2),COLUHN(l0),A,F(6)),. EXPN 310 
PUT EDIT ('S/oiOOTHING CONSTANT',ALJ (SKIP,COLUHNllOl1A,Fl9,3)),. EXPN 320 

PRINT ORIGINAL COEFFICIENTS 
*/EXPN 330 
*IEXPN 340 
*/EXPN 350 

PUT EDIT C 1 CCEFFICIENTS 1 , 1 A•,•B'1'C'J 
X(l4),A,XC141,Al,. 

ISKIPIZJ,COLUMN(lOl,A,X(9),A, EXPN 360 

PUT EDIT ('ORIGINAL' ,A,B,C) (SKIPC2) ,COLUMN( 101,A,FI 19,5), 
2 Fq5,5JJ,. 

ONE•• 
BEGIN,. 
DECLARE 

EXPN 370 
EXPN 380 
EXPN 390 
EXPN 400 
EXPN 410 
EXPN 42t:i 
EXPN 430 

I• 

I~= 
,. ,. 
I• 

IXINXJ,SINXIJ FLOAT BINARY,. 
CALL DAT3 (NX,XJ,. I* READ TIME SERIES DATA 
CALL EXSM CX,NX1AL1A1B1C1Slt. 
IF ERROR NE 1 0 1 

THEN 00 1 • 

PUT EDIT C 1 IN PDUTINE EXSM ERROR CODE = 
C SKI Pt 21,COLUMN(10 J ,A,AC U),. 

GU TO SlOC'1 • 
END,. 

PRINT UPDATED COEFFICIENTS 

I ,ERRORJ 

PUT EDIT 1 1 UPOATE•,A,B,C) (SK1P(2J,COLUMN(10),A,FC20,5), 
2 FU5,5J),. 

PRINT INPUT AND SMOOTHED DATA 

PUT EDIT l 1 SMOOTHED DATA•, 1 INPUT DATA 1 ,'IFORECAST)I) 
I SKIP( 3 J t COLUMN( 39) ,A,SKI p, COLUMN( 17 J' A,xc 13)' AJ f. 

PUT EDIT ICXCIJ,S(I) DO I= 1 TO NX)) ISKIP,COLUHN1lOJ,Fll71SJ, 
XIBJ,F(l5,5}1,. 

END,. 
GO TO SIOQ,. 

*/EXPN 440 
EXPN 450 
EXPN 460 
EXPN 4 70 
EXPN 480 
EXPN 490 
EXPN 500 
EXPN 510 

*/EXPN '520 
*IEXPN 530 
•/EXPN 540 

EXPN 550 
EXPN 560 

*/EXPN 570 
*IEXPN 580 
*/EXPN 590 

EAIT •• 

EXPN 600 
EXPN 610 
EXPN 620 
EXPN 630 
EXPN 640 
EXPN 650 
EXPN 660 
EXPN 670 
EXPN 680 

PUT FJLE I SYSPFINTI EDIT I 'ENO OF SAMPLE PROGRAM' J 
C SKIP( 5) ,COLUMN( 10) ,AJ t. 

ENO,• /*END OF PROCEDURE EXPN */EXPN 690 

DAB.. DAT3 10 
I******** >le** >l<**** *** ***** >l<***** * ***** * * ** *** ** ********* ** *** * *********I DAT 3 2 C 
/* */DAT3 3C 
I* TO READ A VECTOR OF FLOATING POINT DATA. */OAT3 40 
I* */DA T3 50 
/ **** * ****!(<**** ** ******** *********** * ** ***** ****** *** *** * >l<* * **>l< **** * * * /OA T'3 60 

I• 
I* ,. 
I* 

PROCEDURE (M,DJ,. OATJ 7D 
o=u• Mn w 

CH CHAqACTER I BC I, !>.H3 90 
I I ,11,N, Nl ,NZ I DA T3 100 
FIXED BINARY, !JAT3 110 
DIM) FLOAT BINAF<Y,. OH3 120 

N EQUAL THE NUMBER OF DATA POINTS PER ac COLUMNS OF A DATA 
CARD, 

ON ENOFILE I SVSINJ 
GO TO EXIT,. 
N =12, • 
Nl =l,. 
NZ ,,.N,. 

*/DA.T3 13C 
*IDAT3 140 
*/DAT3 150 
*/DA T3 160 

SlC •• 

DAT3 170 
DAT3 l8G 
DA T3 190 
DA T3 200 
OAT3 210 
DA T3 220 
1JA T3 230 
DA T3 Z40 
DAT3 250 
OA T3 260 
DAT3 270 
DAT3 280 
DA T3 290 
OAT3 300 
OH3 310 
DA T3 320 
DA T3 330 
DA T3 340 
OA T3 350 
DA T3 360 
DAT3 37C 
01\ T3 380 

IF M LE N2 
THEN NZ =M1. 
GET EDIT ICHI (A(BCIJ,. 
GET STRTNG (CHI EDIT llDllJ DO I= Nl TO N2lJ ((NIF(6,0)),. 
Nl =N2+1,. 
IFNlLEM 
THEN OD,. 

N2 =N2+N,. 
GO TrJ SIO,. 
ENO,. 

REVERT ENOFILE ·ISYSINJ,. 
RETUPN 1 • 

EXIT •• 
PUT FILE ISYSPRINT> EDIT l'ERROR INSUFFICIENT DATA') 

I SKI PC l) ,COLU~NllOl ,A) 1. 

STOP •• 
END,• /*ENO OF PROCEDURE OAT3 */DA T3 390 
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ALLOCATION OF OVERHEAD COSTS (COST) 

Problem Description 

A standard problem in finance is the allocation of 
overhead costs (for example, electricity, transpor
tation, ••• ) to productive (charge) departments. 

Overhead costs are initially charged to auxiliary 
departments. The costs of the auxiliary depart
ments must be distributed among the productive 
departments using a given allocation key. For any 
auxiliary department the allocation key gives the 
distribution of unit costs among all departments 

·(productive and auxiliary). 
The problem is to calculate a transition matrix 

that can be used to obtain the final cost allocation 
to productive departments (by multiplying it with 
the given cost vector). 

Mathematical Background 

The calculation procedure is best described using 
matrix notation. 

Let n be the number of auxiliary departments 
and m the number of productive departments. 

The given allocation keys form a matrix K of 
dimension n+ m by n, where the i-th column gives 
the distribution of unit costs of the i-th auxiliary 
department among all m+ n departments. 

n-columns 

_ (R) } n-rows 
K- s } m-rows 

K (given) is segmented into two parts, R and S. 

(1) 

R is of dimension n by n and S of dimension m 
by n. R contains the allocation keys for charging 
auxiliary departments by an auxiliary department, 
while S contains the allocation keys for charging 
productive departments by an auxiliary department. 

If R is null, S is already the required transition 
matrix. 

Note that all elements of K are nonnegative and 
that the sum of all elements in any column is one. 

Let C be the vector of dimension n+ m containing 
the costs of auxiliary departments (first n elements) 
and the costs of productive departments (last m 
elements): 

( CA) 1 n 
C = CP J m (2) 

Distributing overhead costs CA according to allo
cation key K gives a new vector 

CA1 = R.CA 
(3) 

CP1 = S.CA + CP 

and by iteration 

k 
c~ = R. c~-1 = R • CA 

CPk = S. C~-l + CPk-l 
(3) 

A realistic allocation key requires each auxiliary de
partment to allot part of its costs to productive de
partments. 

Under this assumption for the elements r ik of R. 

O :s; r ik s; a< 1 for all i = 1, 2, ••• , n (4) 
k=l,2, ••• ,n 

and 

n 

L: rik s; a< 1 for all k = 1, 2, ••• , n 
i=l 

(5) 

This means Rk-+ 0 fork '-+ 00 and I-R is nonsingular. 
Therefore, iteration (3) will give the allocation 

of costs C to productive departments. 
One step is sufficient if R = 0 (when no auxiliary 

department is charging an auxiliary department 
again). 

The process (3) is easily described in matrix 
notation: 

n ' Ck-1 = (: ~r ' Co 

(6) 

Therefore: 

lim 
k ... 00 (~ 
lim 
k ... 00 

( 
k ' 

R k-l O _ 0 
S(I+ R+ ••• + R ) I) - ( T ~) 

defines the desired transition matrix T, which will 
give the final cost allocation with a single matrix 
multiplication: 

T =lim 
k ... 00 

k-1 -1 
S • (I+R+ ••• +R ) = S • (I-R) 

The rows of T may be calculated one at a time from 

(7) 
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Programming Considerations 

Calculation of T is done in two major steps: 
1. The matrix (I-R)T is factored into a product 

of two triangular matrices L • U = (I-R}T. 
2. The column vectors of ST (that is, row vec

tors of S) are divided by the triangular factors L and 
u. 

Doing the second step sequentially, one column 
at a time, saves considerable storage space, since 
the only data needed in core simultaneously is an 
n by n matrix, containing (I-R) T, the triangular 
factors L and U, and a vector of dimension n. This 
allows calculation of the transition matrix T, which 
allocates overhead costs, for a very large number 
of charge departments, as long as the number of 
auxiliary departments is of moderate size. 

Program 

The program for allocation of overhead costs con
sists of the main pror5ram, COST, and two proce
dures from the Scientific Subroutine Package: 

MFG -- triangular factorization of a general 
matrix 

MDLG-- division by triangular factors from left
hand side 

Capacity 

The limitation on the number of auxiliary depart
ments depends on the size of storage available for 
data. The number of productive depaitments is 
not limited by core size. 

Dynamic storage allocation is used for data ar
rays with extent n+ 1 by n. 

One control card is required for each data set. 
This card is prepared· as follows: 

Columns Contents For Sample Problem 

1-10 Problem number HILBERT 
(may be alpha-
meric) 

11-15 Number of auxil- 6 
iary departments 

16-20 Number of pro- 4 
ductive departments 

Leading zeros do not have to be keypunched. 

Data Cards 

The rows of matrix K =(~)are read into the com
puter one at a time. 

The elements are keypunched in successive 
cards, assuming six 10-column fields per card. 
These fields are 11-20, 21-30, 31-40, 41-50, 51-60, 
61-70. Columns 1-4 are used for identification of 
the row. Each row must start with a new card. An 
input format of F(lO, 8) is used for the ten-column 
fields. 

Deck setup is shown in Figure 38. 

,c===D=a::;talyast problem 
Control 

Card 

Data y 
,===='11--. First problem 

Control 
Cord 

Procedures and main program 

COST 

Figure 38, 

Sample 

A listing of input cards for the sample problem is 
shown in Figure 39. 

HILBERT 4 

AAOl O. 341417430.247540110 • 2079163 lQ.18562 5310. l 71lq9560•16104686 
AA02 O. 170708710. 165026 720. 15593 7250. 1485002 00.142666220~ 13804018 
AA03 0.113805770.123770050."124749710.123750150.122285360 •. 12078517 
AA04 O. 08 5354320. 099016010. 10395812 0.106071590. l 06999690.10736459 
AAOS O. 068283430. 082513330. 089106970. 092812650. 095 110830. 09662812 
AA06 O. 056902890. 070725730. 077968590. 082~00.100. 085599720. 08704371 

AAOl 
AA02 
AA03 
AA04 

o. 048173910 .061885020. 069305410. 074250100. 0770 l 7910. 08052343 
o. 042677180. 055000910. 062314890. 06 7500050. 071333110. 07432 931 
o. 037935260. 0495 08000. 056704450. 061875090.065 845960. 06902003 
0. 034141730.0450 07280. 051979080. 05 7115480. 0611426 70. 06441'8 73 

Figure 39, 

As output, the resulting transition matrix T is 
listed rowwise. 

10 

20 
30 
40 
50 
60 
70 

80 
90 

100 
110 
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Sample 

The output listing for the. sample problem is shown 
in Figure 40. 

*** ***** ********** ************************** 
ALLOC,!!.TION OF OVERHE&.O COSTS 

******************************************** 
PR.O~LEH • HJLeERT 

MJM13EP. OF AUXILIARY DEPARTMENTS = 
NU"ldER OF PRODUCTIVE OEPAIHf.',ENTS "' 4 

RESULTANT ERROR INOICti.TOR WITHIN PROCEDURE HFG ERROR =O 

2.9081767RE-Ol. 2.89823l74E-Cl 2.fl8753211E-Cl 2o87737966E-M 2.86809385E-Ol 2o85970271E-Ol 

AAC2 2. 59Bl3845E-V 1 2. 596 761 sae-01 2. 5qso7656E-Cl 2. 59332657E-Ol 2. 5 1H 61770E-Ol 2. 58998632E-Ol 

2 • 34915495€-01 2 • 35311449€-01 2. ~c; 733 33C E-01 2. 3613C2 97E-O l 2. 364909C5E-CH 2 0 36814141 E-01 

?.. l4453995E-l'l 2.1519C649E-Cl 2. BOG6935E-C 1 2.16'199796E-Ol z. L 753907ZE-Ol 2. l8217134E-Ol 

Figure 40, 

Program Modifications 

Input data in a different format can be handled by 
providing different formats in corresponding GET 
EDIT statements. 

Error Messages 

The value of the error indicator as set by procedure 
MFG is included in the listing: 
ERROR= 10 1 means successful factorization. 
ERROR= 1P 1 

ERROR= 181 

ERROR = 'C' 

ERROR= 'W' 

means incorrect value N. 
means incorrect data matrix R. 
(I-R) .is singular. 
means (I-R) is nearly singular. To 
avoidabreakdownofthe method, in
put data has been slightly modified. 
means (I-R) is nearly singular. 
Results may have poor accuracy. 

In the case ERROR = 'S', calculation is bypassed. 

Operating Instructions 

The sample program for overhead cost allocation 
is a standard PL/I procedure. Special operating. in
structions are not required. Data set SYSIN is used 
for input; and data set SYSPRINT, for output. 

Timing 

The execution time of this sample program on a 
System/360 Model 40, using a 2540 Card Reader and 
a 1403 Printer, Model N2, as output, is 19 seconds .. 

COST.. COST lC 

1•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••1cosr 2c 
" N~U ~ 
I* ALLOCATION OF OVERHEAD COSTS */COST 40 
I* •/COST 50 
1•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••1cosr 6C 

PROCEDURE DPTIONS(MAJNJ,. COST 70 

DECLA~=ROR EXTERNAL CHARACTER<Llt l•ExrERNAL ERROR .INDlCATOR .,gg~~ :g 
CCNR,CHNFJ CHARACTERUOJ, COST lCO 
CH CHARACTER( 11, COST 110 
EPS BINARY FLOAT, COST 12C 
I I, INDrKrltMtNI COST 130 
BINARY FIXED1 • COST 140 

ON ENDfILE ISYSINJ GO TO BACK,. COST 150 
START.. . /*SET EPS FOR INTEli.NAL TEST FOP•/COST 160 

EPS =lE-6,. /*LOSS OF SIGNIFICANT DIGITS t/COST 170 
GET EDIT CIJST 180 

CCNR,N,MtCHl /*READ NUMSER OF COLUMNS, ROWS •/COST 190 
1AllOJ,Fl5J ,Fl5l1Xl59J,AllJJ,. COST 20C 

PUT EDIT /*\fRITE HEADING t/COST 210 
1 1 ********************************************'• COST 22C 
'* . *' t COST 23C 
'* ALLOCATION Of OVERHEAD COSTS *' 1 COST 240 
'* *' • COST 250 
'******************·*****************•********' 1 COST 26C 
IPAGE,SKIPt2J,(5JlXl30J,A,SKIPJJ,. COST 270 

PUT EDIT COST 280 
l 1 PROBLEK = 1 tCNR1 1 NUMBER OF AUXILIARY DEPARTMENTS • 1 ,N, COST 290 
1 NUMBEP OF PRODUCTIVE DEPAPTl"ENTS ='tMJ COST 300 
l SKIPl2 J tXI 30) ,A 1A1121 I SK IPl21 1Xl30I ,A,F(5) l It. COST 310 
BEG JN,. COST 320 
DECLARE cnsT 330 

IRIN1NJ ,SIN1ll t COST 340 
WlNJ DEFINED SllSUB,lJJ COST 35C' 
BINARY FLOAT, /*SINGLE PRECISION VERSION /•St/COST 360 

I* BINARY FLOATl53), !•DOUBLE PRECISION VERSION l•Dt/COST.370 
I PER C NJ CO ST 39C• 
BINARY FIXED,. COST 390 

IND •l,. /*CALCULATE VALUES FOR INPUT */COST 4N'I 
L =N,. !•FORMAT LIST •/COST 41C 

DO WHILE IL GT 6J,. COST 420 
L =L-61. COST 4"3C 
IND =IND+l,. /*IND' MEANS THE NUMBER OF CARDS*/COST 440 
END,. /*FOR ONE ROW OF R */COST• 450 
=l6-LJ•l01• /*L SPECIFIES HORIZONT. SPACING*/COST 460 
00 J •l TO Nt• /*EXECllTE LOOP OYER ROWS OF P: */COST 470 
GET EDIT /*READ I-TH ROW Of MATRIX R "'./COST 48C 

CCHNR,WJ COST 490 
IAl1C),(JNDHl6)FC10,BJ,X(20J)),. COST sec 

GET EDIT /*HORIZONTAL SPACING */COST 51C 
ICNRI COST 52C' 
CXIL1.AC101) 1 • COST 530 

W( lJ =hi J)-1.. /•COMPUTE TRANSPOSED (U-Rl */COST 540 
R(•,IJ=--Wt• /*WHERE U MEANS UNIT MATRIX */COST 550 
END,. COST 560 

CALL MFGC R1 I PER,NtEPSJ,. /•CALL FACTORIZATION PPOCEDURE */COST 570 
PUT EDIT /*WRITE ERROR INDICATOR OF MFG */COST SBO 

l'RESULTANT ERROR INDICATOR WITHIN PROCEDURE MFG 1 r COST 590 
'HFOI' =' 1ERROPllSKIP<3J1XClOJ1A1·XllO),A,AJ,. COST 600 
DO I =l TC M,. /•EXECUTE LOOP OVER ROWS OF S •/COST 610 
GET EDIT /•READ ANY ROW OF MATRIX S */COST 620 

ICH~R 1 WJ COST,630 
CAllCl1UNOllC6JFll018J,Xl20Jllt• COST 640· 

GET EDIT . COST 650 
( CNRI COST 660 
IXIL1 1AC1Cll,. COST 670 

IF ERROR NE 'S' COST 680' 
THEN oa,. !•PERFORM MATRIX DIVISION •ICOST.690 

CALL MDLGCR,S1IPERtN1l81 1 0 1 J,. 'COST 700 
PUT EDIT /*WRITE ALLOCATION ROW •/COST.710 

C CHNR, W) COST 72p 
c SKI Pl 2) ')(( 31 'A~ )((51rCINDIll61en7, 8), xc 181 >),. COST 7,30 

ENO,. COST 740 
ENO,. COST.750 

END 1 • COST 760 
GO TO START,. COSTJ770 

BAC~ND,. /•END OF PROCEDURE COST ,.,,gg~r-~:~ 
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